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1 Introduction

In this paper we present new explicit solutions for the two-point @) D-algorithm [5] (which is
equivalent to the discrete-time relativistic Toda chain [23, 28, 16]). These solutions can be
naturally constructed starting from the famous Frobenius elliptic determinant (see, e.g., [8, 3]).
This approach allows one to find an explicit expression for corresponding Laurent biorthogonal
polynomials in terms of the elliptic hypergeometric function 3F>(z). These polynomials contain
several free parameters and appear to be biorthogonal on the unit circle with respect to a dense
point spectrum. In two special cases we already obtained explicit examples of cn- and dn-
elliptic polynomials which are orthogonal on the unit circle with respect to a positive dense
point measure [33]. These polynomials provide first known explicit (i.e. expressed in terms
of the elliptic hypergeometric function) examples of such measures (see also [24] for general
properties of polynomials orthogonal with respect to measures of singular type and [21] for an
example of such polynomials). The obtained polynomials P, (z) possess a remarkable “classical”
property. This means that DP,(2) = pnPn_1(2), where D is a generalized derivative operator:
Dz" = ppz"' (with some coefficients p,,) and P,(z) are polynomials of the same type but
with shifted parameters. In our case the operator D is an elliptic generalization of the ordinary
derivative operator D = 0,, u, = n and g-derivative operator with p, = (¢" —1)/(¢ — 1).

*This paper is a contribution to the Proceedings of the Workshop “Elliptic Integrable Systems, Isomonodromy
Problems, and Hypergeometric Functions” (July 21-25, 2008, MPIM, Bonn, Germany). The full collection is
available at http://www.emis.de/journals/SIGMA /Elliptic-Integrable-Systems.html
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In the degenerated case (when both periods of elliptic functions become infinity) we obtain
biorthogonal analogs of the Krall-Jacobi orthogonal polynomials. We show that these biorthogo-
nal polynomials satisfy a 4th order differential equation which can be presented in the form of
quadratic operator pencil.

2 Laurent biorthogonal polynomials and their basic properties

The Laurent biorthogonal polynomials LBP P, (z) appeared in problems connected with the
two-points Padé approximations (see, e.g., [15]).

We shall recall their definition and general properties (see, e.g., [15, 12, 14], where equivalent
Laurent orthogonal functions are considered).

Let £ be some linear functional defined on all possible monomials 2" by the moments

cn = L{z"}, n=0,£1,£2....
In general the moments ¢, are arbitrary complex numbers. The functional £ is defined on
N>
the space of Laurent polynomials P(z) = > a,2" where a, are arbitrary complex numbers

n=—N1
and Nj o arbitrary integers:

N2
L{P(z)} = Z A C,-
——N;

The monic LBP P,(z) are defined by the determinant [12]

Co C1 c. Cn
C_1 Co e Cp—1
Pul2) = ()" , (2.1)
Cl—n €62—n ... C1
1 z ... 2"

where A,, is defined as the Toeplitz determinant

Co C1 o Cp1
Cc_1 C oo Cp—2
An _ 0 0
Cl—n Co_pp ... ()

It is obvious from definition (2.1) that the polynomials P,(z) satisfy the orthogonality property
L{P(2)27"} = hpbpn, 0<k<n,

where the normalization constants h,, are
ho = co, hn = Apt1/Any.

This orthogonality property can be rewritten as the biorthogonal relation [22, 12],
LL{P(2)Qm(1/2)} = hnbpm,

where the polynomials @,,(z) are defined by the formula

Co C_1 . C_n
C1 (&) ce. Cl—p

Qu(z)= (A" ... o ] (2.2)
Cpn—1 Cpn—2 ... C_1

1 z 2"
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{Q}

We note that the polynomials @, (z) are again LBP with moments ¢y,*" = c_,.
In what follows we will assume that

Ap£0, n=12,... (2.3)
and that

A £0, n=1,2,..., (2.4)
where by A,(qj ) we denote the determinants

c; Ci4l -+ Cnyj—1
AV =1, AD=| Gt G e G2 (2.5)
CLiin Cojn .. &

If the conditions (2.3) and (2.4) are fulfilled, the polynomials P,(z) satisfy the recurrence
relation (see, e.g., [12])

Poi1(2) + (dp — 2)Po(2) = 20, Py—1(2), n>1, (2.6)

where the recurrence coefficients are

Pn+1 (0) Tn+1 o Tn—l—lAn

d, = — =nt = 0 =0,1,... 2.7
P, (0) " T Tl 70, n=01..., (2.7)
hn Tn+1An71
by, = d,, = 7 =1,2,... 2.

with T, = Aﬁ}’. Note the important relation

bn hn Anf 1 AnJrl

@Zhn,lz A2 , n=12,...
from which one can obtain expression for the normalization constant h,, in terms of the recurrence
parameters:

By = 11;[1 i (2.9)

There is a one-to-one correspondence between the moments ¢, and the recurrence coeffi-
cients by, d,, (provided restrictions b,d, # 0 are fulfilled).
We say that the LBP are regular if b,d,, # 0. This condition is equivalent to the condition

A AN 20 n=0,1,....

In the regular case there is a simple formula relating the biorthogonal partners @, (z) with
polynomials P, (z) [12]:

2Pyy1(1/2) — z”_an(l/z)'

0 (2.10)

Qn(z) =
In what follows we will use so-called rescaled LBP

pn(z) =q"P,(z/q), n=20,1,...
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with some non-zero parameter g. It is easily verified that the rescaled polynomials Pn(z) are
monic LBP satisfying the recurrence relation

Poi1(2) + (dn — 2)Po(2) = 2by Pu_1(2)
with

dyp, = qby, bn = qby,.

The rescaled LBP P,(z) differ from initial LBP P,(z) only by a trivial rescaling of recurrence
parameters. The moments ¢, of the rescaled LBP are connected with initial moments c¢,, by the
relation é, = ¢"¢,. Note that the rescaled biorthogonal partners @, (z) are transformed as

Qn(z) = ¢ "Qn(2q). (2.11)

There is a connection between the LBP and the restricted relativistic Toda chain [16]. Assume
that LBP P, (z;t) depend on an additional (so-called “time”) parameter ¢. This mean that the
recurrence coefficients b, (t), dy,(t) become functions of the parameter t. We assume that the
relation

bn

Pu(z) = —d—Pn_l(z)
n
holds for all n = 0,1,.... This ansatz leads to the following equations for the recurrence
coefficients [16]
7 bn+1 bn ; <1 1 >
dn = — , bp =0bn | — — . 2.12
" dn+1 dn—l " " dn dn—l ( )

For the corresponding moments ¢, (t) we have the relation

Cn = Cn—1, n=0,+1,4+2,....

Another possible ansatz [16]

Pn(z) = —bn(Pn(z) — 2Pu-1(2))
leads to the equations

dp = —dp(bns1 —bn), by = —bp(bps1 — bp_1 + dn_1 — dy). (2.13)
In this case we have for the moments the relation

Cn = Cn+1, n=0,41,4+2,....

In spite of the apparent difference between equations (2.12) and (2.13), it can be shown
(see, e.g., [16]) that these two systems are both equivalent to the restricted relativistic Toda
chain equations. The term “restricted” in this context means that it is assumed an additional
condition

by = 0.

This means that in formulas (2.12) or (2.13) we should assume n = 0,1,2,.... For the non-
restricted relativistic Toda chain equations (2.12) or (2.13) are valid for all integer values of
n=041,42,....
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3 Laurent biorthogonal polynomials and @) D-algorithm

The (restricted) “discrete-time” relativistic Toda chain corresponds to the following ansatz for
the moments

cn(t+ h) = cpya(t), n=0,%£1,+2,...,

where h is an arbitrary parameter. We have the transformation formula for the corresponding
Laurent biorthogonal polynomials

Po(z;t +h) = Py(2;t) + bp(t) Pr—1(2; 1) (3.1)
and
(dp, — bp)Pp(z;t — h) = 2Py (2;t) — Puy1(z;t). (3.2)

Formulas (3.1) and (3.2) can be interpreted as Christoffel and Geronimus transformations for
LBP [32].
The corresponding recurrence coefficients are transformed as [32]

bn+1 - dn
bn - dn—l ’

bn+1 - dn

dn(t+h) = dn—l b —d R

bn(t +h) = by, (3.3)

(in r.hus. of (3.3) it is assumed the argument ¢ for the coefficients by, d,,). These relations can
be presented in a slightly different equivalent form as

anin = dn—lgna En - dn = bn+1 — dp, (34>

where we have denoted b, = b, (t + h) etc for brevity. Relations (3.4) describe so-called QD-
algorithm for the two-point Padé approximation (see, e.g., [5] for details). In other words,
the (restricted) discrete-time relativistic Toda chain is equivalent to the @ D-algorithm for the
two-point Padé approximation.

Usually, this algorithm works as follows. We start from the given moments c,(t), n =
0,+1,4+2 ... where the dependence on “time” is trivial:

Cn(t + h) = Cn—i—l(t)
and define the coefficient dy(t) for all t =ty + jh, j = 0,£1,£2 as

co(t + h)
Co (t) ’

The initial value ¢y is not essential, usually it is assumed that ¢ty = 0, in this case we can write

do(t) =

do(t + jh) = df) = le.
J

Assume that by(t) = 0 for all ¢. Then at the first step we find by (t) = bgj) for all t = jh from
the second relation (3.4):

b — 4

i1
i 5 _d(J )

Then we find dgj) from the first relation (3.4)

e W

bg])
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This process can be continued to find b(j ) dg ), .... The process is non-degenerate if by; G )d #0

for all n and j. Then we obtain all sequences dL), bgf), n=0,1,2,... for j=0,4+1,£2,....

There is a remarkable connection with the @ D-algorithm for the ordinary orthogonal poly-
nomials [5]. Indeed, let us introduce the monic polynomials

Wi (z) = PUY(2), (3.5)

where the polynomials P,(Lj)(z) are defined as Péj)(z) = P,(z; hj).
Then relations (3.1) and (3.2) become

WU () = W (z) — ) W(J (2) (3.6)
and

W () = Wi () = WP (), (3.7)
where

f9) = pltn—1)

{ el) — pl+n) _ 4G+n)

) n n n

These relations can be interpreted as Geronimus and Christoffel transforms for the orthogonal
polynomials W) (2). The compatibility condition between (3.6) and (3.7) leads to the recurrence
relation

W () + gPWD () + W () = W (2),

which describes the three-term recurrence relation for the ordinary orthogonal polynomials
W )(z) where the recurrence coefficients are [5]

g9 = —el) _

n

Ry )

Moreover we have compatibility conditions for the coefficients e,(qj ), T(Lj )

eUFD pl+1) — G) £() Ut 4 U = U 4 f,SQ N (3.8)

n_

Relations (3.8) coincide with those introduced by Rutishauser and describing the ordinary @ D-
algorithm [7]. It is easy to verify that relations (3.8) are equivalent to relations (3.4) for the
two-point @ D-algorithm.

Thus starting from known solution PT(Lj )(z), bg ), d%j ) of the discrete-time relativistic Toda
chain (or, equivalently, two-point Q) D-algorithm) we can obtain a set of the ordinary orthogonal
polynomials Wéj )(z) depending on additional “time” parameter j. Note that sometimes the
introduced orthogonal polynomials Wy(Lj ) (z) depending on an additional discrete parameter j are
called the Hadamard polynomials [2, 13]'.

From the definition (3.5) it follows that the orthogonal polynomials WT(Lj ) (z) can be presented

in determinantal form as

Cji+1  Cj+2 - Cppjtl
4 1 Ci+2  Ci43 ... Cjtn42
WD) =—=| ... ... ... .,
H(J)
n Cn+j Cn4j+1 - Con+j
1 z e "

1The authors are indebted to A. Magnus for drawing their attention to these references.
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where Hflj ) stands for the Hankel determinant

Ci+1  Cji+2 .- Cj+n
gG — | G+2 G+3 - Gintd
n
Cjtn Cjin+1 .-+ Cjyon—1

Clearly we have the relation

HY) = (=1)r(=D/2 A (),

n

Thus the orthogonal polynomials Wy(lj )(z) are orthogonal

(0, W W) = a5

n

where the linear functional 7() is defined by the moments

D =0 2™ =i, n=0,1,2,..., j=041,42,....
The normalization constant qﬁlj ) has the expression
() (J+n+1)
q(j) _ Hn+1 _ (_ nAn—i-l
" H,(j) A%ﬂﬂ) ’

It would be instructive to interpret (3.1) and (3.2) in terms of so-called bilinear technique
by using the determinantal identities. This technique is standard in the theory of integrable
systems.

As a first step, we give a compressed expression to d,, — b, as

(1) AG=D)
d. —b — AnpBn 7

0
AL

which can be derived from the determinantal identity, or Jacobi identity, for the Toeplitz deter-
minant:

Ag'zl = (AU)2 — AGFDAG-D),

n n

A,

Then the relations (3.1) and (3.2) can be transformed to the following bilinear equations,

AW GG+ = AUFD50) Aﬁfff)a,(ff),
j

UéﬂllAg) - zag)Ag-)H _ Aflj_:—ll)(j’(lj—1)7
respectively, where the functions aflj ) are defined by
G

. 0(3% CE)]) .. cgzl
o=\
CSJER nggn e cgj )
1 z ... 2"

(Note that o) is proportional to the Laurent biorthogonal polynomial pY )(z).)
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4 Laurent and Baxter biorthogonal polynomials

There is an alternative (but essentially equivalent) approach to biorthogonal polynomials pro-
posed by G. Baxter [4]. The pair P,(z), Qn(z) of the biorthogonal polynomials is defined in
this approach by means of initial conditions Py = Qg = 1 and the following recurrence system

Poi1(2) = 2Pu(2) = eQn(2),  Qui1(2) = 2Qu(2) — e Pi(2), (4.1)
where e"?) are some complex coefficients. It is clear that eM = - +1(0), e? = —Qn+1(0).

Notation P(z) is standard for so-called reciprocal polynomials, i.e. P} (2) = 2" P,(1/z2), Q}(2) =
2"Qn(1l/z). Assume that eg)eg)(l - egll)e,(f)) # 0 (this is the nondegenerate case). Then,
excluding Q7 (z) from the system (4.1) we arrive at a 3-term recurrence relation for the polyno-
mials P,(z):

Poi1(2) + dpPr(2) = 2(Pp(2) + by Pr—1(2))

coinciding with (2.6), where

(1) (1)

—_ & AT ¢ VN )
d, = NOR by, = D (1—e,’1€,:74)-
n—1 n—1

Clearly, polynomials @, (z) satisfy similar relations with interchanging superscripts 1, 2.
Conversely, assume that we have the nondegenerate Laurent biorthogonal polynomials P, (z)

satisfying (2.6). We can construct their biorthogonal partners @,(z) by (2.10). Then it is
(1)

elementary to verify that polynomials P,(z), @,(z) satisfy system (4.1) with e;,” = —P,+1(0),
e = —Qn+1(0). Sometimes system (4.1) is more convenient for analysis due to apparent

symmetry between polynomials P,(z), Q,(z) and corresponding coefficients eﬁ}), 67(12). Note
also that the Laurent and Baxter biorthogonal polynomials in turn are equivalent to the so-
called Laurent orthogonal polynomials proposed by Jones and Thron [15]. The Jones and Thron
polynomials contains terms z* with both positive and negative degree k. For details of this
equivalence see, e.g., [12] and [22].

There is an important special case when all the Toeplitz determinants are positive A, > 0
and moreover the moments satisfy the condition

Cn = C_p

(as usual, ¢, means complex conjugation of ¢,). In this case the biorthogonal partners @, (z)
coincide with complex conjugated polynomials Q,(z) = P,(z) and there exists nondecreasing
function o(6) of bounded variation on the unit circle such that the orthogonality relation

j/ZW}31@¥9)z3n(e-49)do(9):: P Gm (4.2)
0

holds. Ie. in this case we have polynomials P,(z) which are orthogonal on the unit circle
(abbreviated as OPUC [24]). Historically, these polynomials were introduced first by Szeg6 [29]
and are called the Szegd polynomials orthogonal on the unit circle. They satisfy the recurrence
relation

Poi1(2) = 2Py(2) — an2"Pu(1/2), (4.3)

where the coefficients a, = —P,+1(0) are called the reflection (or Schur, or Verblunsky, ...)
parameters. The relation (4.3) was first derived by Szegé himself [29]. The reflection parameters
are complex numbers satisfying the important inequality

lan] <1, n=0,1,2,.... (4.4)
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In fact, condition (4.4) is equivalent to the condition of positive definite Toeplitz forms A, > 0
or to existence of a positive measure on the unit circle providing orthogonality property (4.2).

If, additionally, all the moments are real, then they satisfy condition c¢_,, = ¢,. In this case the
reflection parameters are real parameters satisfying the restriction —1 < a, <1, n=0,1,2,....
The biorthogonal partners then coincide with initial polynomials @, (z) = P,(z). It is easy
to show that the measure do is symmetric with respect to real axis in this case, namely the
function o (@) satisfies the condition o(27w — 6) + o () = const.

For further details concerning theory of OPUC see, e.g., [11, 24].

5 Frobenius elliptic determinant formula
and biorthogonal functions

Assume that v;, u;, 9 =0,1,... are two arbitrary sequences of complex numbers. Let

H,, = det||gijl|i,j=0,...n—1,
where

U(Ui +v; + ﬂ)

ai??&@%“M%W+ww%

9ij =

where o(z) is the standard Weierstrass sigma function (see, e.g., [1, 30]) and (3, 71, 72 are
arbitrary.
Recall that the Weierstrass sigma function is defined by the infinite product [1]

2
, u uou
o(u) =11 (1—S>exp<8+282>,

where the product is taken over all points of the lattice s = 2mw; +2m’ws3, m,m’ = 0, £1,+2, ...
excluding the point with m = m/ = 0. 2w; and 2w3 are the so-called primitive elliptic periods.
It is convenient to introduce the third period 2ws = —2w; — 2ws [1]. The Weierstrass sigma
function possess quasi-periodic properties [1]

o(u+2wy) = —exp(2ny(u 4+ wy))o(u), a=1,2,3,
where the constants 7, are defined as
na:C(wa)a a=1,2,3

and ((u) = o'(u)/o(u) is the Weierstrass zeta function [1].

We have
o(U+V+p)II o(ui —u;)o(vi — vj)
H, = > exp(mU + 1V 5.1
" o(B) [T (ui +vy) (U +7V) (5-1)
/L?]

n—1 n—1
(we denote U = > w;, V. = > v; for simplicity, moreover it is assumed that the upper limit

i=0 i=0

for 4, j in the products is n — 1).

Formula (5.1) was obtained by Frobenius in [9]. A simple elementary method to derive formu-
la (5.1) can be found in [3]. Frobenius and Stickelberger derived also in [8] several other explicit
formulas for “elliptic determinants” in connection with the theory of rational interpolation.
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Let ¢r(x), ¥r(x), k =0,1,... (we assume that ¢y9 = 19 = 1) be two sets of functions in some
argument x. Assume that there exists a linear functional £ such that

(L, ¢j(x)hi()) = gij-

The linear functional £ is defined on the space of functions constructed from bilinear combi-
nations of the type

f@) = 3 cndilw)in(z)

1,k=0

with arbitrary coefficients c;p.
Introduce the following functions

goo go1 . gon
1 g10 gi1 ce Jin
P =3, (52)
n
9n—1,0 IGn-1,1 .-+ Gn-1n
po(z) H1(x) ... onlz)
and
goo g10 e 9n0
1 go1 gi1 ce gnl
n
gon-1 9JGin-1 --- Gnn-—-1
Yo(z) i(z) ... ¥n(z)
where
Ay = Hy = det||gijlij=0,..n—1- (5.3)

By construction, these functions are biorthogonal

with respect to the functional £, where the normalization coefficients h,, are

An—i—l

o= 3

Expanding the determinant in (5.2) over the last row we have explicit expression for the poly-
nomial P, (z):

Po(z) =Y (-1)"Fpuor(@),

k=0
where
H, (k)
Pnk = An

The auxiliary determinants Hy, (k) are defined by canceling the kth column, i.e.

Hy, (k) = det [|gij (K)]]ij=0,...n-1,
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where

o(u; +v;(k) + )
o(ui +vj(k))o(B)

ij(k) = exp(y1u; + 7205(k)).

Here the sequence v;(k) is defined as

’ B Vi if 1<k,
Uz(k) - { Vi+1 if 4 Z k.

Thus the determinant H,, (k) is obtained from the determinant H,, by replacing sequence v; with
the sequence v;(k). (By definition H,(n) = H, and v;(n) = v;.) But formula (5.1) is valid for
any sequences u;, v;. Hence we can calculate all the determinant H, (k) explicitly. Omitting
obvious calculations we present the result
(on—v3) OU +V +vn — v + B) [n} nl—[l o(u; + vg)

o(U+V+p0) k o(u; +vp)’

Pnk = e’
=0

where

ny _ i=0
[kz] 1=t o (v — v) ﬁ o(v; — )

i=k+1

are “generalized binomial coefficients”. Similar expression can be obtained for the biorthogonal
partners Q,(x) if one replaces the parameters v; with u;.

In case when the sequence v; is linear with respect to j: v; = wj+& we obtain the conventional
“elliptic binomial coefficients” [10]:

k [E]l[n — k]! 1]’

where [2] = o(wzx)/o(w) is so-called “elliptic number” and [z]x = [z][x + 1]---[x + k — 1]
is elliptic Pochhammer symbol. Note that usually the elliptic number is defined in terms of
the theta function [z] = 61 (wx)/01(w) [10], but for our purposes these definitions are in fact
equivalent.

We thus constructed an explicit system of biorthogonal functions P, (z), @, (z) starting from
the elliptic Frobenius determinant. This system can be further specified by a concrete choice of
the basic functions ¢, (x), ¥, (z) and the linear functional o. Note that the idea to construct
explicit families of biorthogonal functions directly from corresponding Gram determinants is due
to Wilson [31]. For general biorthogonal rational functions the determinant representation can
be found e.g. in [25] and [6].

6 Laurent biorthogonal polynomials
from the Frobenius determinant

In what follows we will assume that the period 2wy is a real while the period 2ws is purely imagi-
nary. This means that the fundamental parallelogram is a rectangle. Such choice is standard
for many practical purposes because in this case the function o(x) takes real values on the real
axis x [1]. This is important for existence of a positive orthogonality measure on the unit circle.
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Put
=72 =7, ul:_zw+a7 /Uj:jwv

where w is an arbitrary real parameter which is incommensurable with the real period 2wy over
the integers, i.e. we will assume that

’LUNl ;éwlNQ (61)

for any integers N1, No. Then for the entries of the Frobenius matrix we have

gij = e'yw(j—i)+’yo¢ O'(U)(] — Z) + 06+ Oé) .
o(w(j —1i) + a)o(p)
This matrix has the Toeplitz form. We can therefore define corresponding monic Laurent
biorthogonal polynomials by the formula

Co C1 e Cp,
1 C_1 Co .. Cp—1
P,(z) = — B I (6.2)
A,
C-nt+1 C—npy2 ... C1
1 z . 2™
where the moments are defined as

Cn = gon = erwntye o(wn+pB+a) (6.3)

o(wn + a)o(B)

and the Toeplitz determinant A,, is defined by (5.3).
As in the previous section, define the elliptic numbers [z] as

[z] = o(wz)/o(w),
and the elliptic Pochhammer symbol
(], = [z][z +1]--- [x + n —1].

The elliptic hypergeometric function is defined by the formula

r+1Er <Ci Z) = Z arlslazls - [ar), eMs(s=1) 58 (6.4)

57) T L [l (ool
where
S r P41
M:Twlw <1+;bi—;ai>.
We have

Proposition 1. The Laurent biorthogonal polynomials defined by formulas (6.2) and (6.3) are
expressed in terms of the elliptic hypergeometric function:

—n,a4+1,—(G+1)n—F+1
Y A e (6.5)
a+1l—-n,—(G+1)n-p
whered:aw_l,ﬁzﬁw_l and
B, — cnm [—&]n [an+ B+ n] (6.6)

[+ 1n  [an + 3]

is the coefficient to provide monicity Py (z) = 2™ + O(z""1) of the polynomials Py (z).
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Remark. The parameters of the elliptic hypergeometric function in our case satisfy condition
1+by+by=a1+ax+as

and hence M = 0 in the definition of the hypergeometric function (6.4). Our definition of

the elliptic hypergeometric function is in accordance with the conventional one [10, 27]. The

main difference is replacing the theta functions with the Weierstrass sigma functions. This

replacement leads to appearance of the additional factor eMs(s=1)  Indeed, there is relation
between these functions [1]

2
o(z) = const - exp (21(01) 01(z/(2w1))

(the constant factor is not essential because it is canceled in all expressions for elliptic hy-
pergeometric series). Using this relation we can replace all sigma functions with the theta
functions 61 (z) which leads to formula (6.4).

Now we calculate the normalization coefficients h,, directly from Frobenius formula (5.1):
Apy1 % o(a(n+1) 4+ ) [n]!?

A, ole) olan+p) [-a+1pla+1],
In what follows we will assume the following restriction a # wm for any integers m. Indeed,

otherwise the normalization coefficient h,, becomes singular and we have a degeneration.

We observe also that the determinant Aﬁ}’ defined by (2.5) with j = 1 is obtained from AS)
by the shift of the parameter « — a+ w because ¢, 4+1(a) = ¢, (a4 w). Thus in general we have
the important formula

Ag)(a) = Ay (a+ jw).

h = (6.7)

In particular, we have

LA T @) o(atw)nt1)+8) (0] 63)
Ag) T, ola+w) o((at+wn+p8) [—a.]é+2], '

Formulas (6.7) and (6.8) allow us to find explicit expressions for the recurrence coeffi-
cients b,, d,.
Indeed, from (2.7) and (2.8) we have

( N 5 N A oA
g o e (6= nlBt (@t 1)+ D) + o] 69)
ho 6+ (4 DIB+ (@+ ][+ a(n+ 1)
and
b h L PB4 @t D+ DI+ an - 1)) (6.10)
S [6+ (&+ 1)n][B + an][a+n]jéd+n+1] '

We thus obtained a new explicit example of the Laurent biorthogonal polynomials which have
both explicit expression in terms of the elliptic hypergeometric function (6.5) and explicit re-
currence coefficients (6.9), (6.10).

As a by-product, we have also obtained a new explicit solution of the discrete-time relativistic
Toda chain or, equivalently, a new explicit solution of the two-point () D-algorithm. Indeed, the
recurrence coefficients by, d,, given by (6.9) and (6.10) provide an explicit elliptic solution of the
two-point @) D-algorithm (3.4) with ¢t = o, h = w. In turn, using correspondence (3.5) we can
obtain elliptic solution of the ordinary @QD-algorithm (3.8), or equivalently, the discrete-time
Toda chain solutions. As far as we know these solutions are new.

In order to find explicit (bi)orthogonality relation for these polynomials we need first the
explicit Fourier expansion of the elliptic functions of the second kind. We will do this in the
next section.
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7 Fourier series of the elliptic functions of the second kind

Assume that f(z) is the simplest elliptic function of the second kind [1]

o(z+a+p)

o(z + ) " (7.1)

f(z) =&

with some complex parameters s, 3, a, 7. The function f(z) is quasi-periodic with respect to
periods 2wy, 2ws:

fz+2w) =mf(z),  flz+2w3) = p3f(2), (7.2)

where pi1 = 282173 — ¢2180+2937  We demand that function f(z) be purely periodic with
respect to the (real) period 2wy j:

f(z+2wij) = f(2),

where j = 1,2,... is an arbitrary positive integer. This leads to the condition ,u{ =1or
Jjlwiy +mpB) = imm, (7.3)
where m = 0,+1,42,.... Note that for j > 1 we should avoid the values m = 0, +j, +25, ...

because they correspond to pure 2wi-periodicity. Of course, it is assumed that m and j are
coprime, i.e. pu1 is a primitive root of the unity of order j:

2Tmi

H1 =€ J

Moreover, we assume that a = —ag — i1, where both parameters ag 1 are real and are
restricted by conditions

O§a0<2w1, 0< o <2|w3]. (74)

Conditions (7.4) mean that the parameter —« lies within the fundamental parallelogram (i.e.
rectangle in our case). If « takes values beyond this parallelogram, it is possible to reduce it to
canonical choice (7.4) using shifts by periods 2w, 2ws. Due to quasiperiodicity property of the
function f(z) this will lead only to redefining of the parameter . Moreover we assume that the
imaginary part —aj of « is nonzero. This assumption is very natural if we would like to avoid
singularities of the function f(z) on whole real axis. Equivalently, one can present « in the form

a=—ay— 2vws, (7.5)

where 0 < v < 1 is a fixed parameter which describes the relative value of the imaginary part
a1 = —2ivws with respect to the imaginary period 2ws.

Thus we have the function f(z) which is periodic and bounded on the whole real axis. It is
possible therefore to present f(z) in terms of the Fourier series

() = i Ay exp (”,W). (7.6)

Our problem now is to calculate the Fourier coefficients A,,.
By definition,

17 —2ri ,
A, = T/o f(z)exp (T) dz, T = 2jw; (7.7)
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(the integral is well defined because by our assumptions the function f(z) has no singularities
on the real axis).

In order to calculate the integral in (7.7) we exploit standard method of contour integration
(see, e.g., [1] for calculation of the Fourier expansion for Jacobi elliptic functions). Choose the
contour I' as the rectangle with vertices (0, 2jwi, 2jwi + 2ws, 2ws) (i.e. the horizontal length
is 2jw; and vertical length 2|ws)).

We have (the contour is traversed counterclockwise)

/Ff(z)/T exp<_27;mz> dz:/1+/2—|-/3+/4,

where [}, [; correspond to horizontal sides of the rectangle, and integrals [,, [, correspond to
vertical sides.

Due to periodicity property f(z+ 2jwi) = f(z) we have [, + [, = 0. For the two remaining
horizontal integrals we have

[+
1

and
2ws+T _2 .
/:—/ f(z)/Texp( 7rmz> dz.
3 2ws T

Making the shift z — z + 2ws and using quasi-periodic property (7.2) we have

/ < 47riw3n>/
= —pzexp | —
3 T 1

and thus

/Ff(z)/T exp (_27;"Z> dz = <1 — uzexp (—4”?3”>> A, (7.8)

Hence, in order to calculate the Fourier coefficient A,, we need to calculate the contour integral
in Lh.s. of (7.8). This can be done by standard methods of residue theory.
o . . — 2
Indeed, inside the contour I' the function f(z)exp (%)
at points

has only j simple poles located

zs = ag + 1a1 + 25wy, s=0,1,...,7—1.

At zp = —a = a + i the function f(z) has the residue
r=re o(f).

At zs the function f(z) has the residue
Ts = Qir.

Hence we have that the residue R, of the function f(z)/T exp (%) inside the rectangle I will
be

re X% J re X% .
S e =" g0,
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where
mn

X=—"") q:M1€XT=exp<
Jwi

2mi(m — n)>
— )
If n # mmodj then R, = 0. Nonzero value of the residue will be only for n = m + jt,
t=0,£1,42,.... In this case

jre X* ko (p) afn iTat
= = exp exp .
T 2w w1 w1

Comparing with (7.8) we get

Ry

omiR
A, = M p=m,mEj,m+2j,...
1 — pgexp (—727313’5”)

and
A, =0, if n#m modj.
We can simplify this expression using the Legendre identity [1]
s
w3 — M3w1 = o5

which is valid if Im(ws/w1) > 0. Also we use the notation [1]

h = exp <Z7TW3> .
w1

In our case when w; > 0, iws < 0 we have that 0 < h < 1 (this is so-called normal case for the
elliptic function [1]).
We then have

. _imB
L3 = B2m/ie wy

and
1 — 2v(m—n)
R, = Roexp <_mo<nm>) PR
Jwi
where
Ry = ko (B) exp <Oéﬁ?71>
2&)1 w1

and we took into account relation (7.5).
Thus for n =m + jk, k=0,4+1,4+2 ... we have

2miRg exp (—M) h~2vk

w1

An (7.9)

i3
1—e «1h—2k
and A, = 0 if n # m mod j.
Recall that j is a fixed positive integer — the order of the root of unity p;, while m is a fixed
nonnegative integer (lesser than j) coprime with j. Thus for large j the nonzero coefficients A,
are more rare then for small j.
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There are two important simplest cases:
(i) if j = 1 and m = 0. This case corresponds to the period 2w;. Then the Fourier coefficients
A, are nonzero for all n = 0,£1,42,... and we have

2mi Ry exp (—%) h—2w
A, = .

_inB
1l—e «1h2n

(ii) if 7 = 2 and m = 1. This case corresponds to the period 4w;. In this case all even Fourier
coefficients are zero As,, = 0 and for the odd Fourier coefficients we have

2miRg exp (—M) h—2mv

w1

A2n+1 =

3
l—e “1h=2n

Note that in all cases the Fourier series (7.6) converges inside the strip —v; < Im(z) < vg,
where

v1 = 2|ws|(1 —v), vg = 2|ws|v.

This results follows from standard theorems concerning asymptotic behavior of the Fourier
coefficients A, and A_,, for n — oo [1]. The parameters vy, vy are positive as follows from the
inequality 0 < v < 1. These conditions are very natural because the boundary lines Im(z) =
2v|ws| and Im(z) = 2(v — 1)|ws]| of the strip pass through the poles of the function ¢(z). Note
that for v = 1/2 (i.e. when the pole of the function ¢(z) lies on the horizontal line Im(z) = |ws]|)
we have the strip symmetric with respect to the real line: |Im(z)| < |ws|. The latter case
correspond, e.g., to the Jacobi elliptic functions sn(z; k), cn(z; k), dn(z; k) [1].

8 Explicit biorthogonality relation

In this section we obtain explicit biorthogonality property of the obtained Laurent biorthogonal
polynomials.

To do this we need to find explicit realization of the moments ¢, given by formula (6.3). We
note that

Cn = f(wn)a

where f(z) is the elliptic function of the second kind (7.1) (in our case k = 1/0(83) but the
constant x does not play any role in formulas for the polynomials P,(z) and their recurrence
coefficients by, dy,).

Assume first that the parameter « is chosen to provide the periodicity of the function f(z)

with period 2w17, j = 1,2,.... Then we have the Fourier expansion (7.6) from which one obtains
e ITSWn >
Cn = Z Agexp < - ) = Z Aszy, (8.1)
S=—00 Jwi S=—00
where
25 = exp (”,m”), s=0,41,+2,. .. (8.2)
Jw1

is an infinite set of points belonging to the unit circle |z5] = 1. Due to condition (6.1) we have
that all these points are distinct zg; # z; if £ # s and hence they are dense on the unit circle.
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From (8.1) it follows that the moments ¢, are expressible in terms of the Lebesgue integral

1 2m
Cn = — e dp(9)
2w 0
over the unit circle |z| = 1, where p(6) is a (complex) function of bounded variation on the

interval [0, 27| consisting only from discrete jumps Ay localized in the points 05 given by (8.2).
Thus we found explicit realization of the moments ¢, and hence we immediately obtain
biorthogonality relation for our Laurent biorthogonal polynomials

Z AsPn(Zs)Qm(l/Zs) = hn(snma (83>

S=—00

where Q,,(z) are biorthogonal partners (2.2) with respect to polynomials P,(z). The Fourier
coefficients A play the role of discrete weights in this biorthogonality relation. Hence we have
obtained

Proposition 2. In the periodic case f(z+2w1j) = f(z) the elliptic polynomials (6.5) P,(z) are
biorthogonal (8.3) on the unit circle |z| = 1 with respect to a dense point measure with weights As
given by expression (7.9).

Note that the biorthogonal partners @,(z) in our case can be found explicitly in terms of
the elliptic hypergeometric function. Indeed, from (2.2) we see that the polynomials @,(z) are
Laurent biorthogonal polynomials corresponding to the “reflected” moments ¢, = c_,. From
explicit expression (6.3) it follows that the moments c_,, are obtained from the moments ¢,
by reflection of the parameters a — —a, 8 — —f3, v — —7, whereas the parameter w remains
unchanged (under such procedure we obtain the moments —c_,, but any constant common factor
in front of moments leads to the same polynomials @, (z)). Hence we can obtain expression
for the polynomials @, (z) from the expression (6.5) for polynomials P,(z) by reflection of
parameters «, 3, :

. —n,1—a,(a—1 341
Qn(z):Bn?)E? " OZA(O[A )n+ﬂf ;Ze’yw 9
l—-n—-a,(&d—1)n+p

where the coefficient B, is obtained from corresponding coefficient B, (6.6) by the same
reflection of the parameters a, (3, .

Thus both polynomials P, (z) and their biorthogonal partners @, (z) have similar expressions
in terms of elliptic hypergeometric function.

So far, we assumed that the function f(z) is periodic with the period 2wy j. This assumption
means that the parameter v should satisfy condition (7.3). Parameters « and ( are assumed
to be arbitrary (with the only condition (7.4)). What happens if the function f(z) is not
periodic, i.e. if the parameter « is arbitrary? It appears that this general case can be easily
reduced to the already considered. Indeed, assume that we change the parameter +, i.e. assume
that the parameters o and 3 remain the same but 4 = v 4 x, where y is an arbitrary complex
parameter. Then it is easily seen from explicit expression (6.5) that the new Laurent biorthogonal
polynomials pn(z) are obtained by simple rescaling of the argument:

Pu(z) = ¢"Pu(2/q),

where g = e¢"X. This corresponds to transformation of the moments ¢, = eq"c¢, as seen directly
from (6.3) (the common constant € = e is inessential and can be put equal to 1).
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Assume that we choose the parameter x such that the new function

f(2) = & o(z+a+ ﬁ)eﬁz
o(z + )
will be periodic with the period 2w;j. This means that the parameter y should be chosen from
condition (see (7.3))

wi(y+x) +mpB = irm/j, (8.4)

where m is co-prime with j.
Then the new polynomials P,(z) will be biorthogonal on the unit circle according to above
obtained proposition:

Z Aspn(zs)Qm(l/zs) - hn(sfrm’w (85>

S=—00

where the spectral points zs; on the unit circle are given by (8.2) and the weights A, by (7.9).
Note that the normalization coefficients h,, remain unchanged under the rescaling transform as
seen from (2.9), i.e. hy = hy,.

Taking into account that Q,(z) = ¢ "Qn(2) (see (2.11)) we obtain from (8.5) the biorthogonal
relation

Y APu(25/0)Qum(a/%5) = hnbpm. (8.6)

S§=—00

Relation (8.6) means that for generic values of v polynomials P,(z) and @,(z) are biorthogonal
on the non-unit circle |z| = 1/|qg| with respect to the same dense point measure.

It is interesting to note that for every integer j = 1,2,... (i.e. for every period T" = 2w j)
we can construct corresponding circle providing biorthogonality relation (8.6). Thus there exist
infinitely many orthogonality circles for different values of the integer parameter j.

For the radius r of the circle of biorthogonality we have from (8.4) (recall that we assume
parameter w to be real)

n1fw
r=1/|q| = ‘e wi He“”[.

9 Positivity of the measure and polynomials orthogonal
on the unit circle

Return to the case when the function f(z) is periodic with the period 2w;j and consider an
important special case when all the Fourier coefficients of the function f(z) are nonnegative
Ay, > 0. In this case all spectral points zg belong to the unit circle |z5] = 1 and the measure on
the unit circle is a positive nondecreasing function.

We have 0 < h < 1. Thus for n — —oo we have

—iTagn

A, = 2miRpe “1 h72™.

It is seen that for positivity of A,, one should have 2mi Ry = kg, where kg is a positive parameter,
and for the real part of a we have the condition

ap = 2Jowr,  Jo=0,%£1,+2,.... (9.1)
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Now for for n — oo we have

A, = —moe%hz(lf”)k.
In this case we should have necessarily

Re(8) = (2J; + Vw1,  Jy =0,£1,+2,. ... (9.2)
It is easily seen that conditions (9.1) and (9.2) are also sufficient and so we have the

Proposition 3. The Fourier coefficients are positive (up to inessential common factor) if and
only if the real parts of parameters «, [ satisfy conditions (9.1) and (9.2). In this case the
expression for the Fourier coefficients can be presented in the form

h—21/k

A, = kop———————=-
" ﬁol—i—:‘ilh_Qk’

n=m+jk, k=0+1,+2,..., 0<v<l, (9.3)

7 Im(8)
and Ay, =0 if n # m mod (j), where kK1 = e “1  is a positive parameter (as usual by Im(3) we

denote the imaginary part of ().

In this case we have positive dense point measure on the unit circle. It is well known that
when the measure do is positive on the unit circle then biorthogonal polynomials become the
orthogonal polynomials on the unit circle [29, 11, 24]. In this case the moments ¢, satisfy the
restriction

C_p = Cp
and moreover all the Toeplitz determinants are positive
A, >0, n=12....

The property c_,, = ¢, can be verified directly from the definition (6.3) if the parameters «, (3
satisfy conditions:

a =2 1w — 2rws, 0= (2J1 + 1)w1 + i (9.4)

(here (31 is an arbitrary real parameter).

In this special case the obtained polynomials satisfy the Szeg6 recurrence relation (4.3). The
reflection parameters a,, are calculated as a, = —P,4+1(0) and using already found explicit
formula (6.5) for polynomials P, (z) we have a, = —By+1, where B,, is given by (6.6) (with «, 5
satisfying restrictions (9.4)). From general theory it follows that in this case the reflection
parameters should satisfy the restriction |a,| < 1. This property is not obvious from explicit
expression for a, in terms of elliptic Pochhammer symbols.

If, in addition to positivity of A,, we demand that the discrete measure should be symmetric
with respect to the real axis we then obtain the condition A_,, = A, for alln =0,1,2,.... It
is easily verified from explicit expression (9.3) that this is possible only for j =1 and j = 2. In
the first case, when j = 1 the period T' = 2w; and necessarily ¥ = 1/2 and k1 = 1, so that

Ko

Ay =-—9 9.5
hn —+ h—n ( )

But the Fourier coefficients with expression (9.5) correspond to the Jacobi elliptic function
dn(z; k) [30]. In this case the moments are ¢, = dn(wn;k) and indeed satisfy the property
C_n = cp; the reflection parameters are very simple: a, = dn(w(n + 1); k) for the even n and
an = —cn(w(n + 1); k) for the odd n.
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In the second case, i.e. when j = 2 we have the period 7' = 4w; and necessarily v = 1/2 and
k1 = h7!, so that
Ko
h—n—1/2 4 pn+1/2°

Agpy1 =

These Fourier coefficients correspond to the Jacobi elliptic function cn(z; k) [30]. Again the
moments ¢, = cn(wn; k) satisfy the desired property c_, = ¢, and we have the polynomials
orthogonal on the unit circle with simple reflection parameters: a, = cn(w(n + 1); k) for the
even n and a, = —dn(w(n + 1); k) for the odd n.

These two explicit cases of OPUC with dense point measure were first considered in [33].
Now we see that there exists much wider class of explicit elliptic OPUC with positive dense
measure on the unit circle. This class of OPUC contains essentially 3 arbitrary continuous
parameters: w, Im(a) = —aq, Im(3). We thus have two additional parameters with respect to
the only parameter w in [33]. Note however, that if one demands that OPUC were real (i.e. they
have real reflection parameters a,, and moments ¢,,) then nothing more general than “cn-"
“dn-"polynomials considered in [33] appear.

and

10 “Classical” property of LBP
Assume that P,(z) are arbitrary Laurent polynomials satisfying 3-term RR
Pri1(2) + dnPa(2) = 2(Pa(2) + bnPa-1(2))

with some recurrence coefficients b, d,.
For any sequence p,, n = 0,1,2,... of complex numbers such that pyg = 0 we define the
linear operator D which acts on the space of polynomials in the argument z by the rule

D2" = pu, 2" L.
Then it is clear that the operator D sends any polynomial of degree n to a polynomial of degree
n — 1 and moreover D{1} = 0. In this sense the operator D can be called as a generalized
derivative operator. If p,, = n then D = 0, coincides with the ordinary derivative operator with

respect to the variable z.
We say that LBP P,(z) are D-classical if

DPy(2) = pinPr_1(2), (10.1)
where Pn(z) is another set of LBP satisfying the recurrence relation
Pri1(2) + dpPo(2) = 2(Po(2) + by Po1(2))

with some coefficients d,, b, and initial conditions Py =1, P, = z — dj.

In [32] we considered the case of the ordinary classical LBP (i.e. with respect to the opera-
tor 0,) and derived necessary and sufficient conditions for existence of such polynomials. It
appears that there exists many different types of such classical LBP. The simplest ones are the
LBP constructed by Hendriksen and van Rossum [12]. The latter have explicit expression in
terms of the Gauss hypergeometric function.

Now return to our elliptic LBP P,(z) = P,(z;a, 3,7, w) (we indicate dependence on param-
eters a, 3, v, w for convenience) and consider the operator D with pu,, defined as

o(wn)

b= ot @) (10.2)
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Then from explicit representation (6.5) it is elementary to verify that the operator D transforms
these Laurent biorthogonal polynomials to the same family but with the sole parameter
changed:

DP,(z;a, 3,7, w) = pnPn-1(z;0, 3 — o, y, w)

which means that our elliptic polynomials P,(z;«, 3,7, w) are indeed “classical” polynomials
with respect to the operator D.

In particular, the choice @« = —ws3, § = w; corresponds to the OPUC dn-polynomials [33].
Under action of the operator D we obtain polynomials with a = —w3, 0 = w1 + w3 = —wo.
These polynomials correspond to the OPUC cn-polynomials [33]. Vice versa, action of the opera-
tor D on the cn-polynomials return them to dn-polynomials. In this case the coefficient pu, is
proportional to the Jacobi sn-function: p, = const - sn(wn; k) [33].

One can repeat action of the operator D. This leads to a chain of corresponding transforma-
tions of polynomials P, (z):

DmPn(Z; «, ﬁ> v ’U)) = UnpHn—1-"" ﬂnferanfm(Z; «, B - ma, 7, w)

One can consider the “p-exponential” function E,(x) which is a formal solution of the opera-
tor equation

DE,(z) = E,(x). (10.3)

Clearly we have a solution of the operator equation (10.3) in terms of the formal series

By(z)=) ——.
prd :u’llu’2 P /’LS

In case of the elliptic u, (10.2) we have
oo
_ [Oé + 1]5 S
EM(CU) = s:E . TIIZ . (104)

Function (10.4) is closely related with so-called “theta analogue” of the exponential function
proposed by Spiridonov in [26]2.
Obviously for an arbitrary complex parameter v we have

DE,(yx) = vEu(yx).

We can also introduce “even” and “odd” p-exponential functions which are p-analogs of the
hyperbolic “cosh” and “sinh” functions

oo sz o0 :L,Qs—&-l
C,(x)= _ S, (x) = _.
u( ) gﬂlﬂz“'/@e M( ) SZZE)MW'“MQSH

We have obvious relations

Cu@) = (Bu(z) + Eu(—2))/2,  Su(x) = (Eu(z) — Eu(—x))/2.
These functions both have the same property

D*Cp(yz) = 7*Culz),  D?*Su(yz) =*S,u()

2The authors are indebted to V. Spiridonov for drawing their attention to this result.
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with an arbitrary parameter 7, and hence for arbitrary parameters (o, 31 the function f(z) =
BoCl(yx) + B1Su(yx) is a formal solution of the operator equation

D*f(x) =~*f(=).

Note the obvious “intertwining” property of these functions:

DCu(vz) = vSu(yz),  DSu(yx) =vCu(yx).

We can use these properties in order to construct formal generating functions for the cn and
dn-circle polynomials.

Indeed, let Péc)(z) and PY(LD) be cn and dn-circle polynomials corresponding to the choices
a = —ws, § = —wy and @ = —ws, [ = wp respectively. As shown in [33] these polynomials

satisfy intertwining properties

C

DPO(2) = i P2)(2),  DPP(2) = pn P (2)

and hence
D?P(2) = pnpin 1 PLY(2),  D?PP)(2) = pppn—1PL)(2),

where one can choose p, = sn(wn)/sn(w).
Construct the generating functions for the polynomials Péc)(z) and P,(ZD)(Z) as the formal
series

0 n p(C) 00 (D)
FO) (z4) = Z P (2) FP)(z:1) = Z M (10.5)

)

n—o M1H2 " Hn o M1H2 " Hn
We have obviously
D F O (z;t) = tFP) (1), D, FP)(z; 1) = tFO) (1),
where notation D, means that the operator D acts only on the variable z. As a consequence
D2EO (z;t) = 2F O (z;0),  D*FP)(z;8) = 2 F D) (2;8).

This property means that both functions F(©)(z;t) and F(P)(z;t) can be expressed in terms of
“even” and “odd” p-exponential functions with respect to the variable z:

FO(z:1) = &o(t)Cul2t) + &1()Su(2t), (10.6)
FP)(z5) = no(t)Cpu(2t) + mu () Sp(2t) (10.7)

with some functions ;(t), n;(t), ¢ = 1,2. For these functions we have relations ny(t) = &1 (t),
m(t) = &o(t) which follow easily from intertwining relations. Remaining functions &y(t), &1(t)

can be found as follows. Put z = 0. Then from definition (10.5) we have
0 nBy(lC) i ntD)
e D) (0y) = !

RO =3 TR
r W GV CRER T = pafiy e i

where B,(LC), B are corresponding normalization coefficients (6.6). On the other hand from

(10.6) and (10.7) we have
FOO1) =&(t),  FPO:0) = &)
because C,(0) =1, S,(0) = 0.
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We thus have explicit expressions for the functions &y(t), £1(¢) in terms of formal series

< g0 P

t) = _ t) = _

60() 7;)#1#2"'Mn fl() 7;)#1#2"'ﬂn
() (D)

As shown in [33] the coefficients By’ and By, ’ are expressible in terms of the Jacobi elliptic
functions as follows:

BO) — _,©) _ —cn(wn), n even,
no— "n=1 7] dn(wn), n odd

and

BD) _ _, D —dn(wn), n even,
cn(wn),  n odd,
where a,(lc) and ang) are corresponding reflection parameters.
We can thus present expressions for {y(t) and &;(¢) in a more explicit form:
folt) = i cn(2ws)t*sn*(w) i dn(w(2s + 1))t25+sn25H (w)
0= — sn(w)sn(2w) - - - sn(2ws) pord sn(w)sn(2w) - - -sn(w(2s + 1))’
)

e}

B dn(2ws)t?sn?® (w) B 2. en(w(2s + 1))t lsn® 1 (w
&) = Z sn(w)sn(2w) - - - sn(2ws) sz:; sn(w)sn(2w) - - - sn(w(2s + 1))

s=0

Hence we were able to find explicitly the generating functions for the OPUC pl¥ (z) and pP (2)
in terms of p-exponential functions (10.6), (10.7). The problem of convergence of these functions
needs a separate investigation.

11 Rational limit of the elliptic functions
and corresponding Laurent biorthogonal polynomials

In this section we consider the rational limit of the elliptic functions, when both periods 2wy, 2wo
tend to infinity. In this case for the Weierstrass functions we have simple formulas [1]

o(z) = 2, ((z) =1/, p(z) = 1/22'
Hence for the moments ¢, (6.3) we have (one can put w = 1 and v = 0 without loss of generality)

¢, = ntfta (11.1)
B(n + «)
In this case the elliptic Frobenius determinant A, becomes the well-known rational Cauchy
determinant [18] and for corresponding Laurent biorthogonal polynomials (6.2) we have (o =
a+1)

(11.2)

- —oqn—B+1
o) = Bty (=)

z
a1 —n,—oqn—
with

(—a)p an+pB+n
(a+1), an+p

B, =

il
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where 3Fy(z) is the ordinary hypergeometric function [17] and (a), = a(a+1)---(a +n — 1)
is the Pochhammer symbol (shifted factorial). These polynomials satisfy the 3-term recurrence
relation (2.6) with

(a=n)(B+ai(n+1))(B+an)
(a1 +n)(B+ aan) (B + a(n+1))

dy = (11.3)

and

n?(B+on(n+1)(B+a(n—1))

= T BT am)(Bton)(atnt Diatn)

(11.4)

Note that as in the elliptic case we should require that
a#=0,+1,£2,...

because otherwise the normalization coefficients h,, become singular at some n > 0 which means
a degeneration.

As in the elliptic case the recurrence coefficients (11.3) and (11.4) provide an explicit so-
lution of the two-point @ D-algorithm (3.4) with ¢ = «, h = 1. Similarly, one can construct
corresponding solutions of the ordinary ) D-algorithm (3.8).

The biorthogonal partners have the expression

Qn(z)angFg<_”’1_O"(O‘_1)"+5+1-z>.

l—-a—n,(a—1)n+p8

In order to find the orthogonality measure for these polynomials we first note that the
moments (11.1) can be rewritten in the form

1

=74 =571+ c9, (11.5)

where the moments

O =1/(n+a)= Blim Cn

correspond to a special case of the “classical” Laurent biorthogonal polynomials considered by

(0)

Hendriksen and Van Rossum [12]. The moments ¢y’ correspond to the recurrence coefficients

2
a—n n

dy=——"" _ p,=— . 11.6

a+n+1 (a+n)a+n+1) (11.6)

The polynomials P,(z) are expressed in terms of the Gauss hypergeometric function [12]

Pa(z) = mgm <;T:_a1i;z> (11.7)

Formulas (11.7) and (11.6) are easily obtained from (11.3), (11.4) and (11.2) in the limit 8 — oc.
The biorthogonality property for polynomials (11.7) was found in [12]

/ Pn(z)Qm(l/z)zafldz = hnOnm,
C

where the contour C' is the unit circle and integrating path starts from z = 17, where 2271 =1
and stops at z = 17, where 2@~ = 2™,
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The moments (11.5) differ from the moments cﬁf’) only by the constant term 3~'. This means

that corresponding orthogonality measure on the unit circle has an additional concentrated mass
at z = 1. Thus the biorthogonality relation for polynomials (11.2) looks as

/C Pa(2)@um(1/2)w(2)d2 = hnpm,

where the weight function is

Zafl

w(z) = oZmia _

T+ B716(2 —1).

Note that inserting the concentrated mass at point z = 1 can be performed by the Geronimus
transform of the classical Hendriksen—van Rossum polynomials (see [32] for details).
The “classical” property (10.1) holds for the polynomials (11.2) with

n

'un:n—}—o[

In more details
DPn(Z, Oé,ﬂ) = /-annfl(z; o, — a)’

where P,(z; a, 3) stands for LBP (11.2) with explicit dependence on the parameters «, 3. Note
the operator D in this case does not coincide with the ordinary derivative operator d,. Hence
the polynomials (11.2) provide one of the simplest nontrivial examples of the “classical” LBP
with respect to a nonclassical “derivative” operator D.

Consider also a special case when both a and 3 are purely imaginary parameters:

o = 1isq, 0 = is9, 5189 > 0.

Then we can put (obviously the moments ¢,, are defined up to a unnecessary common constant
factor) by the expression

n+i(s; + s2)

n — :
n -+ 181

from which the condition ¢, = c¢_,, follows which means that the corresponding polynomials P, (z)
satisfy the Szegd recurrence relation (4.3) and one can expect that these polynomials are ortho-
gonal on the unit circle with respect to a positive measure. According to the general theory this
occurs if and only if the reflection parameters a, = —P,4+1(0) satisfy the restriction |a,| < 1 for
all n.

from (11.2) we see that a,—1 = —B,,. Then

|an,1|2 = Ban.
After simple calculations we get

st (sin+s2)®+n?  1+&
n? 47 (sin+ s2)? L+n2’

|an—1|2 =

where

M = n/Sl) fn = n/(nsl + 52)'
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It is easily seen that the condition |a,| < 1 is equivalent to the condition s1s9 > 0. In this case
we can present the orthogonality property in the form

27 ) B )
/ P (eYP,, (e7)p(0)dO = hpbpm,
6=0

where

_ 52 —s160

Using correspondence (3.5) consider the ordinary orthogonal polynomials WT(Lj )(z) = PT(Lj Jr")(z),

where by pY )(z) we mean polynomials (11.2) obtained under the substitution & — o + j.
We have

(11.8)

: - +1,1-8— ' 1
W@@yzﬂﬁ&< na+n+j+1,1-73 Ma+]+n+)w>’

atj+l—=B-nla+jt+n+l)

with

_(ra—j—n)y (atn+j+1)n+p
C(a+j+n+1), (a+n+in+p

These polynomials are orthogonal with respect to the moment sequence

. 1
@ —-p-1y =
T =0 P tatirl

In order to get corresponding orthogonality measure we first consider the limit 8 — oo. In this
limit we have the polynomials

Wéj)(z):Bn2F1< n,a+n—|—]+ Z)

a+j+1 '
with

— (_a_j_n)n
(a+j+n+1),

These polynomials coincide with a special class of Jacobi polynomials which are orthogonal on
the interval [0, 1] with the weight function w(x) = z**:

1
| e W @WE @)z = o
0
Indeed, for the moments we have

1
, 1 4
/ 2y = ——— = lim Tr(ﬂ).
0 at+j+n+l  pooo

Hence, the polynomials WT(Lj ) with nonzero 3 correspond to adding a concentrated mass M = 37!
at the endpoint z = 1 of orthogonality interval for the Jacobi polynomials. Le. the weight
function for the polynomials W )(ac) with finite values of 3 has the expression

w(z) =z + 716z — 1),
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Such polynomials are called the Krall-Jacobi polynomials (see, e.g., [19]). These polyno-
mials have a remarkable property: they are eigenfunctions of a fourth-order differential opera-
tor [19, 20].

Hence we can expect that our Laurent biorthogonal polynomials will satisfy corresponding
fourth-order differential equation too. We first consider a more elementary case 8 = co. Then
the Jacobi polynomials WY )(:c) satisfy the differential equation [17]

W @) 1, . aw (x)
+n(n+a+j+ 1)WY (z) =0, (11.9)

In order to return to the Laurent biorthogonal polynomials we need to shift the parameter
j — j —n. Then equation (11.9) becomes

2P (2) . . dPY(2)
—7  Talati—nt(ati-n+2)(1-22)———

+n(a+j+1)PY(z)=0.

z2(1—2)

We can rewrite this equation in the form of generalized eigenvalue problem

APU)(z) = A\,BPY)(2) (11.10)
for two differential operators

A=2(1-2)?+(a+j+1—(a+j+2)2)d.,, B=(1-2)0.—a—j—1,

where )\, = n is the generalized eigenvalue.
Consider now general case of finite values of the parameter 3. The orthogonal polyno-
mials (11.8) satisfy the differential equation of the 4th order [19, 20]

LW9D (z) = \, W (), (11.11)
where the differential operator L is

L= (z(1—2))*0; + z(1 — x)(&z + £0)05 + (1 — z) (ma + n0) 7 + ((13 + (0)De
with the coefficients

§1=2(a+j+4), §o=2(a+j+2),
m=—(a+j+2)(a+j+7) —28, no = (a+j+1)(a+j+2),
G=2a+ji+2)(a+p+7+1), Go=2@+j+D(a+B+7j+2).

The eigenvalue is
A=nn—-1)mn-2)(n-3)-&nn—1)(n—-2) —mn(n—1)+ (1n
=nnt+at+j+1)n*+nla+j+1)+208).

If we now substitute j — j — n into above formulas, we return to the Laurent biorthogonal

polynomials PT(Lj ) (z) which satisfy a differential equation of the 4th degree which can be presented
in the form

(n*La +nLy + Lo) PY(2) = 0, (11.12)
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where Ly is a differential operator of the 4th order, L; of the 3-rd order and Lo of the second
order. The operators Lg, L1, L2 do not depend on the parameter n. We thus see that the
Laurent biorthogonal polynomials P,(Lj )(z) given by (11.2), satisfy the quadratic operator pen-
cil equation (11.12) (with respect to the “eigenvalue” parameter n). When 8 = oo we have
generalized eigenvalue problem (11.10) which is equivalent to a linear operator pencil.

Hence the Laurent biorthogonal polynomials (11.12) can be considered as biorthogonal ana-
logs of the Krall-Jacobi orthogonal polynomials. They possess many useful properties of the
Krall-Jacobi polynomials including the 4th order differential equation they satisfy. The main
difference, however, is that in the biorthogonal case we have quadratic operator pencil equa-
tion (11.12) instead of usual eigenvalue problem (11.11).

We thus see that many nontrivial properties of the elliptic Laurent biorthogonal polyno-
mials are manifested already in the rational limit. Loosely speaking, one can say that elliptic
biorthogonal polynomials (6.5) are elliptic analogs of the Krall-Jacobi polynomials.
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