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Abstract. We introduce an odd double affine Hecke algebra (DaHa) generated by a classical
Weyl group W and two skew-polynomial subalgebras of anticommuting generators. This
algebra is shown to be Morita equivalent to another new DaHa which are generated by W
and two polynomial-Clifford subalgebras. There is yet a third algebra containing a spin Weyl
group algebra which is Morita (super)equivalent to the above two algebras. We establish
the PBW properties and construct Verma-type representations via Dunkl operators for these
algebras.
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1 Introduction

1.1. The Dunkl operator [3], which is an ingenious mixture of differential and reflection ope-
rators, has found numerous applications to orthogonal polynomials, representation theory, non-
commutative geometry, and so on in the past twenty years. To a large extent, the Dunkl
operators helped to motivate the definition of double affine Hecke algebras of Cherednik, which
have played important roles in several areas of mathematics. In recent years, the representa-
tion theory of a degenerate version of the double affine Hecke algebra (known as the rational
Cherednik algebra or Cherednik-Dunkl algebra) has been studied extensively ([5, 4]; see the
review paper of Rouquier [14] for extensive references).

In [16], the second author initiated a program of constructing the so-called spin Hecke alge-
bras associated to Weyl groups with nontrivial 2-cocycles, by introducing the spin affine Hecke
algebra as well as the rational and trignometric double affine Hecke algebras associated to the
spin symmetric group of I. Schur [15]. Subsequently, in a series of papers [8, 9, 10, 17], the
authors have extended the constructions of [16] in several different directions.

The construction of [16, 10] provided two (super)algebras $Hf;, and 5’)‘7[, associated to any
classical Weyl group W which are Morita super-equivalent in the sense of [17]. These algebras
admit the following PBW type properties:

A% = CHIRCr @ CW @ Chl,  $Hy, 2C{h*} @ CW~ ®C[p.

Here we denote by h the reflection representation of W, by C[h*] the polynomial algebra on h*,
by Cy+ a Clifford algebra, by C{h*} a skew-polynomial algebra with anti-commuting generators,
and by CW ™ the spin Weyl group algebra associated to the element —1 in the Schur multiplier
H2(W,C*).

*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection
is available at http://www.emis.de/journals/SIGMA /Dunkl_operators.html
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In contrast to the rational Cherednik algebra (cf. [5, 14]) which admits a nontrivial automor-
phism group, the construction of the algebras ﬁf,v is asymmetric as ﬁf/v contains as subalgebras
one polynomial algebra and one polynomial-Clifford subalgebras C[h*] @ Cy- (the polynomial-
Clifford algebra also appeared in the affine Hecke—Clifford algebra of type A introduced by
Nazarov [13]). Moreover, in type A case, ,Vf)f,v contains Nazarov’s algebra as a subalgebra,
see [16].

1.2. In the present paper, we introduce three new algebras Hff,, Hj;7 and Hyy, which are shown
to be Morita (super)equivalent to each other and to have PBW properties as follows:

Hfy = Clh] ® Cp @ CW @ Cy= ® C[h*],
H;;f 2 C{h} @ CW~ ® Cyp» ® C[h],
Hy = C{h} @ CW @ C{h*}.

A novel feature here is that the algebra Hf}, contains two isomorphic copies of the polynomial-
Clifford subalgebra and there is an automorphism of Hfj, which switches these two copies.
Similar remark applies to the algebra Hy,. We further show that the odd DaHa Hy of type
A contains the degenerate affine algebra of Drinfeld and Lusztig as a subalgebra (see [5] for
a similar phenomenon).

It turns out that the number of parameters in the algebras Hf,, Hy;7 and Hyy is equal to one
plus the number of conjugacy classes of reflections in W, which is the same as for the corre-
sponding rational Cherednik algebras and differs by one from the algebras introduced in [16, 10].
However, in contrast to the usual Cherednik algebras, we show that each of the algebras H,
Hy, and Hy, contain large centers and are indeed module-finite over their respective centers.

1.3. In Section 2 we present a finite dimensional version of the Morita (super) equivalence
of the DaHa mentioned above, and introduce the necessary concepts such as spin Weyl group
algebras and Clifford algebras associated to the reflection representation b.

The Schur multipliers H?(W,C*) for finite Weyl groups W were computed by Ihara and
Yokonuma [6] (cf. Karpilovsky [7, Theorem 7.2.2]). For example, H2(Wpg,,C*) = Zg x Zy X Zs
for n > 4. Given any finite Weyl group W (not necessarily classical) and any 2-cocycle o €
H?(W,C*), we establish a superalgebra isomorphism (in two versions +, —)

DY Cpe ¥ CW ™ = Gy @ CWO,

For the purpose of the rest of this paper, only the case when W is classical and o = +£1 is
needed. The special case when o = —1 was established in [9], and this special case was in turn
a generalization of a theorem of Sergeev and Yamaguchi for symmetric group.

We construct and study the algebras Hf;, Hj;7 and Hyy in the next three sections, i.e., in
Sections 3, 4, and 5, respectively. Among other results, we establish the PBW properties as men-
tioned earlier and construct Verma-like representations of the three algebras via Dunkl operators.
Note in particular that a representation for Hyy (see Theorems 5.10, 5.13, and 5.14) is realized
on the skew-polynomial algebra with anti-commuting Dunkl operators. Anti-commuting Dunkl
operators first appeared in [16], also cf. [10]. In a very recent work [1], Bazlov and Berenstein
introduced a notion of braided Cherednik algebra where anti-commuting Dunkl operators also
make a natural appearance. After the second author communicated to them our construction
of Hyy for type A, they have also produced a similar algebra in their second version (cf. [1,
Corollary 3.7]).

Finally, in the Appendix A, we collect the proofs of several lemmas stated in Section 3 and
Section 5.
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2 Schur multipliers of Weyl groups and Clifford algebras

2.1 A distinguished double cover

As in [9, 10], we shall be concerned about a distinguished double covering W of W:
1—Zy — W—W — 1.

We denote by Zo = {1, 2}, and by {; a fixed preimage of the generators s; of W for each i. The
group W is generated by z,ti,...,1t, with relations

o 1, ifm;; =1,3
2 L \Mi — ) 1] 5 9y
=1 ()™ {z, if myj = 2,4, 6.

The quotient algebra CW~ := CW /{z+1) of CW by the ideal generated by z + 1 is called
the spin Weyl group algebra associated to W. Denote by t; € CW ™ the image of ¢;. It follows
that CW ™ is isomorphic to the algebra generated by t¢;, 1 < i < n, subject to the relations

y L 1, ifm;; =1,3
+ \Mg (1 \m4+1 — ’ 1 39y
(it )™ = (=1)™ _{ L me=

The algebra CW ™ has a natural superalgebra (i.e. Zo-graded) structure by letting each ¢; be
odd.

Example 2.1. Let W be the Weyl group of type A,, By, or D,, which will be considered
extensively in later sections. Then the spin Weyl group algebra CW ™ is generated by t1,...,t,
with relations listed in Table 2.1.

Table 2.1. The defining relations of CW .
Type of W | Defining Relations for CW —

Ap t2 =1, titip1t; = tivatiti,
(titj)>=—1if i —j| > 1

t1,...,tp—1 satisfy the relations for CW, .

B, 2 =1, (tity)? = —1if i #n —1,n,
(tn_1tn)* = —1
t1,...,tn—1 satisfy the relations for (CWXR_I,
D, t2 =1, (tity)? = —1ifi #n—2,n,

tn—otntn—2 = thtn—oty

2.2 Clifford algebra

Denote by b the reflection representation of the Weyl group W (i.e. a Cartan subalgebra of the
corresponding complex Lie algebra g). In the case of type A,,_1, we will always choose to work
with the Cartan subalgebra h = C” of gl,, instead of sl,, in this paper.

Note that b carries a W-invariant nondegenerate bilinear form (—, —), which gives rise to an
identification h* = h and also a bilinear form on h* which will be again denoted by (—, —). We
identify h* with a suitable subspace of CV in a standard fashion (cf. e.g. [9, Table in 2.3]). Then
describe the simple roots {a;} for g using a standard orthonormal basis {e;} of CV. It follows
that (o, o) = —2cos(m/myj ).
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Denote by Cy- the Clifford algebra associated to (h*, (—, —)), which is regarded as a subalgebra
of the Clifford algebra Cy associated to (CV, (-, —)). We shall denote by ¢; the generator in Cy
corresponding to v/2e; and denote by f3; the generator of Cy+ corresponding to the simple root oy
normalized with 61-2 = 1. In particular, Cy is generated by c1,...,cy subject to the relations

2 _ e -y
c; =1, cicj = —¢j¢; if @# 7.

For example, we have

1
51‘:7(61'—01'4&), 1§Z§n—1

V2

and an additional one

) oo itW=Wg_,
Pn = %(%-1 + ¢p) it W=Wwp,.

Note that N = n in the above three cases. For a complete list of 3; for each Weyl group W, we
refer to [9, Section 2] for details.

The action of W on h and h* preserves the bilinear form (—,—) and thus W acts as auto-
morphisms of the algebra Cy«. This gives rise to a semi-direct product Cy+ x CW. Moreover,
the algebra Cp- x CW naturally inherits the superalgebra structure by letting elements in W be
even and each ; be odd.

2.3 A superalgebra isomorphism
We recall the following result of Morris (the type A case goes back to Schur).

Proposition 2.2 ([12, 15]). Let W be a finite Weyl group. Then, there exists a surjective
superalgebra homomorphism Q : CW ™ ——Cy« which sends t; to 3; for each 1.

Given two superalgebras A and B, we view the tensor product of superalgebras A ® B as
a superalgebra with multiplication defined by

(a@b)(d @) = (=D (aa’ @ bb')  (a,d’ € A, bV € B),

where |b| denotes the Zy-degree of b, etc.
Now, let C,, x_ CW ™ denote the algebra generated by the subalgebras C,, and CW ™ with the
following additional multiplication:

tiCj = —Cjiti VZ,]

Note that C, x_ CW™ has a natural superalgebra structure by setting each ¢; and t; to be odd
for all admissible ¢, j. We also endow a superalgebra structure on Cy ® CW by declaring all
elements of W to be even.

Theorem 2.3. We have an isomorphism of superalgebras:
$: Cpe x_ CW™ — Cp» @ CW

which extends the identity map on Cy« and sends each t; to (3;s;. The inverse map U is an
extension of the identity map on Cy- and sends each s; to Bit;.

We first prepare a few lemmas.

Lemma 2.4. We have ((t;)D(t;))™i = (—1)™at1,
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Proof. Proposition 2.2 says that (¢;t;)™i4 = (3;3;)™#4 = (—1)™@ 1. Also recall that (s;s;)™i =1.
Then we have

(D(t)D(8))™ = (BisiBysy)™ = (Bif;)™ (sis)™ = (=1)™ . u
Lemma 2.5. We have 3;®(t;) = —®(t;) 85 for alli, j.
Proof. Note that (3;,3;) = 23? = 2, and hence

2(ﬁ76’b) Si
BiBi = —BiB; + (B;, i) = —BiBj + (@]’7@)&2 = —0iB;".

Thus, we have
Bib(t:) = B;Bisi = —BiB si = —BisiBy = —D(t:) 55" u

Proof of Theorem 2.3. The algebra Cyp« x_ CW ™ is generated by ; and ¢; for all i. Lem-
mas 2.4 and 2.5 imply that ® is a (super) algebra homomorphism. Clearly & is surjective, and
thus an isomorphism by a dimension counting argument.

Clearly, ¥ and ® are inverses of each other. |

Let us denote by Cy«qp the Clifford algebra associated to ((b*, (—, —)) @ (f), (—, —))), and re-
gard it as a subalgebra of the Clifford algebra Coy associated to ((CV, (—, =))@®((CV)*, (-, —))).
We shall denote by e; and v; the counterparts to ¢; and 3; via the identification Cp« = Cy.

By [9, Theorem 2.4], there exists an isomorphism of superalgebras

®: CyxCW — Cy@CW~ (2.1)

which extends the identity map on Cy and sends each s; to —v/—1v;t;. The isomorphism ® was
due to Sergeev and Yamaguchi when W is the symmetric group.

Theorem 2.6. We have an isomorphism of superalgebras:
P Cheon X CW — Chrgp @ CW

which extends the identity map on Cy+gp and sends each s; to /—1B;v;s;. The inverse map W is
the extension of the identity map on Cy+gp which sends each s; to /—13;v;s;.

Proof. The isomorphisms @ in Theorem 2.3 and ® in (2.1) can be readily extended to the
following isomorphisms of superalgebras which restrict to the identity map on Cy«gqp:

(O3 Ch*®b X (CW i Ch &® (Ch* X _ CW_) s
D Cp® (Cp x— CW™) — Chegy @ CW.

Observe that ® = ® o @, and so ® is an isomorphism. |

2.4 The case of general 2-cocycles

The materials of this subsection generalize the Section 2.3 above and [9, Section 2]; however,
they will not be used in subsequent sections.
The Schur multipliers H?(W, C*) for finite Weyl groups W were computed by Ihara and

k
Yokonuma [6] (also cf. Karpilovsky [7, Theorem 7.2.2]). In all cases, we have H?(W,C*) = [] Zs
j=1
for suitable £k =0,1,2, 3.
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Consider the following central extension of W by H?(W, C*):

1 — H*(W,C*) — W — W — 1.

k
We denote by z; the generator of the ith copy of Zg in H?(W,C*) = ] Z2 and by t; a fixed
j=1
preimage of the generator s; of W for each i. The group W is generated by z1,..., 2k, t1,...,tn
subject to that z; is central of order 2 for all 7, and the additional relations shown in Table 2.2
below (cf. [7, Table 7.1]). In particular, the values of k can be read off from Table 2.2.

Table 2.2. Central extensions W of Weyl groups.

Type of W | Generators/Relations for W

t2=1,1<i<n,
An (TL Z 3) titi+1ti = ti+1titi+1, 1 S 7 S n—1
titj = thjti if mij; = 2

B, f=85=1 (tz)* = 21(tat1)”

Bs 2 =12 =12 = 1, titaty = totite,

tits = z1tst1, (tat3)? = 2a(tstz)?

t? = 1, 1 S /) é n, titi+1ti = ti+1titi+1, 1 S ) S n—2
Bn(n24) titj:zltjti,1§i<j§n—1,mij:2

titn = ZQtntia 1 S ) S n—2

(tn—ltn)2 = Z3<tntn—1)2

Dy t% =1,1<1¢ <4, titit; = titt; if ms; = 3

tit3 = z1t3ty, t1la = zataty, t3la = 23tats

t2=1,1<i<n, titjt; = tjt;t; if my; =3
Dn(n25) titj:zltjti,1§i<j§n,mij:2,i7én—l
tn—1tn = zotptn—1

En—678 t2=1,1<i<n, titjt; = tit;t; if my; = 3
titj = thjti, if mij =2

t2=1,1<i <4, titi1t; = timatitiyn (i =1,3)

Fy titj = thjti7 1 <<y <4, ms; = 2,
(tats)? = zo(t3ta)?
G 2 =13 =1, (lit2)® = 21(t2th)?

For a = (a;)i=1,..x € H*(W,C*), the quotient CW® := (CW/(Zz — o, Vi) can be identified
as the algebra generated by t1,...,%, subject to the relations:

mi; 1, ifmij:l,?),
(tZt]) T = { aij7 if mij = 2,4,6,
where «;; € {1} is specified by a € H*(W,C*) as in Table 2.2.
Let Cy« x_ CW™% denote the algebra generated by subalgebras Cp- and CW ™ with the
following additional multiplication:

t; B =Bty  Vij



Hecke—Clifford Algebras and Spin Hecke Algebras IV: Odd Double Affine Type 7

where we have denoted by ¢; the generators of the subalgebra CW ™% of Cy« x_ CW ™%, in order
to distinguish from the generators t; of CW® below. We impose superalgebra structures on the
algebras Cy« x_ CW ™ and on Cyp» ® CW® by letting t;” be odd, t; be even, and 3; be odd for
all 4.

Theorem 2.7. Fiz a 2-cocycle o € H?(W,C*). We have an isomorphism of superalgebras:

P Cpe x— CW ™ = Cpr @ CW*
which extends the identity map on Cy« and sends t; to Bit; for each i. The inverse map T s
the extension of the identity map on Cy« and sends t; to Bit; for each i.
Proof. By Lemma 2.5, we have §3;3; = —Blﬂ;i. Recall that t; is odd and t; is even. So we
have 3;®% (t7) = —®(t;) B for all admissible 4, j. Moreover,

(D2 (t;)d* ()™ = (BitiBit;)™ = (Bif3;)™ (tat;)™5 = (=1)™+ (tt5)™

_{1 if my; = 1,3,

— Q4 if m;; = 2, 47 6.

Clearly, ®* preserves the Zs-grading. Hence, it follows that % is a surjective superalgebra
homomorphism, and thus an isomorphism by dimension counting. It is clear that ¥¢ is the
inverse of <. |

Denote by Cp x4 CW ™ the algebra generated by subalgebras Cp- and CW ™% with the
following additional multiplication:

tig; =6yt Yi,g,

where we have denoted by t;r the generators of the subalgebra CW™¢ of Cyp» x4 CW ™%, in
order to distinguish from the generators ¢; of CW®. We impose superalgebra structures on the
algebras Cp+ x4 CW ™ and on Cyp @ CW* by letting tj be even, t; be odd, and 3; be odd for
all 4.

Theorem 2.8. Fiz a 2-cocycle o € H?*(W,C*). We have an isomorphism of superalgebras:
Y : Cpe 1y CW ™ = Cpe @ CW®

which extends the identity map on Cy= and sends tj — —+/—18;t;. The inverse map \Il‘j‘r is the
extension of the identity map on Cy« and sends each t; to v—lﬁit;".

Proof. By Lemma 2.5, we have 3;3; = —ﬁ,ﬁ;i. Recall that tf is even while t; is odd. Then
B0 (t5) = (1)) B} for all admissible 4, j. Moreover,

(DG ()DL (EN)) ™ = (=BitiByt;)™ 5 = (BifBjtits)™ 5 = (Bif3;)™ (tit;)™
N 1 if mi; = 1, 3,
| —aiy if my = 2,4,6.
It follows that <i>a+ is an isomorphism of superalgebra with inverse \IJS‘r |

Denote by Cyp+gp x4+ CWe the algebra generated by subalgebras Cy«gp and CW® with the
following additional multiplication:

tif; = Bi'ti,  twy=vit, Vi

We impose superalgebra structures on the algebras Cyp«qp X+ CW® and on Cyrgp @ CW by
letting each t; be even, and letting each 3;, v; be odd.
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Corollary 2.9. For a 2-cocycle o € H*(W,C*), we have an isomorphism of superalgebras:
Ch*@h X CWwe = Ch*@h & CcCwe
which extends the identity map on Cy+gp and sends each t; to /—1B;v4t;.

Remark 2.10. When a = +£1 and CW® becomes the usual group algebra CW or the spin
group algebra CW ™, we recover the main results of Section 2.3.

3 The DaHa with two polynomial-Clifford subalgebras

In the remainder of the paper, W is always assumed to be one of the classical Weyl groups of
type An—_1, By, or Dy, and we shall often write Ca,, for Cy-gyp.

3.1 The definition of Hy

Let W be one of the classical Weyl groups. The goal of this section is to introduce a ratio-
nal double affine Hecke algebra (DaHa) Hff, which is generated by CW and two isomorphic
“polynomial-Clifford” subalgebras. Note that this construction is different from the double
affine Hecke—Clifford algebra introduced in [16, 10] which is generated by CW, a polynomial
subalgebra, and a “polynomial-Clifford” subalgebra.

Identify Clb*] = Clz1,...,xy,] and C[h] = Cly1, ..., yn], where z;, y; (1 < i < n) correspond
to the standard orthonormal basis {e;} for h* and its dual basis {e¢;} for h, respectively. For z, y
in an algebra A, we denote as usual that

[z, y] = 2y —yx € A.

3.1.1 The algebra Hfy; of type A,

Definition 3.1. Let t,u € C and W = S,,. The algebra Hfj; of type A,_1 is generated by z;,
yi (1 <i<mn), Cqy and W, subject to the following additional relations:

TiTj = X4, YiYj = YjYi (V4,7),

oc; =¢jo, oe; = ej o,
ori=alo, oyi=yloc (NoeW, Vi), (3.1)
e;xj = Tje;, CiTj = (—1)5”%']'01‘ (Vi,7),

ciyi = Y;iC eiy; = (—1)%y;e; (Vi,7),

i, x5] = u(l + cic;) (L + eje)siy (i # J), (3.2a)
[yi, T;] = teie; — uZ(l + cci) (1 + ene;) sk (3.2b)
kot

Alternatively, we may view ¢, u as formal variables and Hfj, as a C[t, u]-algebra. Similar
remarks apply to other algebras defined in this paper.

3.1.2 The algebra Hfy; of type D,

Let W = Wp,. Regarding elements in W as even signed permutations of 1,2,...,n as usual,
we identify the generators s; € W, 1 < i < n — 1, with transposition (i,7 + 1), and s,, € W with
the transposition of (n — 1,n) coupled with the sign changes at n — 1, n. For 1 <1i # j < n, we
denote by s;; = (i,j) € W the transposition of ¢ and j, and 5;; = (¢,7) € W the transposition
of i and j coupled with the sign changes at ¢, j. By convention, we have

Spn—1n = (n - 17”) = Sn, Sij = (17]) = SjnSim—15nSin—1Sjn-
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Definition 3.2. Let t,u € C and W = Wp,,. The algebra Hfj; of type D,, is generated by x;,
yi (1 <i<mn), Co and W, subject to the relations (3.1) with the current W, and (3.3a)—(3.3b)
with ¢ # j below:

[yi, Hfj] = u(l + CiCj)(l + eje,-)sij — u(l — CiCj)(l — ejei>§ij7 (3.3&)
[y, T;i] = teie; — uZ(l + ki) (1 + epe;) sk + u Z(l — cxci)(1 — exe;)Sg. (3.3b)
ki ki

3.1.3 The algebra Hf;; of type B,

Let W = Wpg,. We identify W as usual with the signed permutations on 1,...,n. Regarding
Wp,, as a subgroup of W, we have s;;,5;; € W for 1 < i # j <n. Further denote 7; = (i) € W
the sign change at ¢ for 1 < ¢ < n. By definition, we have

Tn = (1) = Sn, Ti = (1) = SinSnSin-

Definition 3.3. Let t,u,v € C, and W = Wp, . The algebra Hj; of type B,, is generated by x;,
yi (1 <i<mn), Cyy and W, subject to the relations (3.1) with the current W, and (3.4a)—(3.4b)
with ¢ # j below:

i, 2] = w(l + cicj) (1 + ejei)sij — u(l — cicy) (1 — ejeq)si;, (3.4a)
[Vi, zi] = tcie; — uZ(l + crci) (1 + exei) Sk +u Z(l — cxci)(1 — exe;)Sp; — vy (3.4b)
ki ki

3.2 The PBW basis for H;,

We shall denote 2% =x7" - -- 20" for a=(a1,...,an) €LY, *=c{" - ¢ for e = (e, ..., €y) €ZY.
Similarly, we define y and e®. Note that the algebra Hff; contains C[h*], Cy+, C[h], Cy, and CW
as subalgebras.

Theorem 3.4. Let W be Wy, _,, Wp, or Wg, . The multiplication of the subalgebras C[h*],
C[b], Cy+, Cy, and CW induces a vector space isomorphism

n

C[h*] ® Cyr @ CW @ C[h] ® Cp — H.

Equivalently, the elements {xo‘cﬁweelgﬂ o,y € Z e, € € 28, w € W} form a linear basis for HS
(the PBW basis).

Proof. Recall that W acts diagonally on V' = h* @& hh. The strategy of proving the theorem
follows the suggestion of [16] to modify [5, Proof of Theorem 1.3] as follows.

Clearly K := Cy, x CW is a semisimple algebra. Observe that F¥ := V ®¢ K is a natural
K-bimodule (even though V' is not) with the right K-module structure on E given by right
multiplication and the left K-module structure on E by letting

wherev eV, we W, a € K.
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The rest of the proof can proceed in the same way as in [5, Proof of Theorem 1.3], and it
boils down to the verifications of the conjugation invariance (by ¢;, e; and W) of the defining
relations (3.2a)—(3.2b), (3.3a)—(3.3b), or (3.4a)—(3.4b) for type A, D or B respectively, and the
verification of the Jacobi identities among the generators x; and y; for 1 < i < n.

Such verifications are left to Lemmas 3.6, 3.7 and 3.8 below. |

Remark 3.5. The algebra Hfj; has two different triangular decompositions:

Hiy = Clh*] © (Can x CW) @ Clp],
Hiir = (Clh*] @ Cy+) @ CW @ (Cy @ C[D]).

The detailed proofs of Lemmas 3.6, 3.7 and 3.8 below (also compare [10]) are postponed to
the Appendix.

Lemma 3.6. Let W = Wy, ,,Wp, or Wg, . Then the relations (3.2a)—(3.2b), (3.3a)—(3.3b),
or (3.4a)—(3.4b) are invariant under the conjugation by c¢; and e; respectively, 1 <i < n.

Lemma 3.7. The relations (3.2a)—(3.2b), (3.3a)—(3.3b), or (3.4a)—(3.4b) are invariant under
the conjugation by elements in Wa, ,, Wp, or Wp, respectively.

n

Lemma 3.8. Let W = Wy, ,, Wp
among x;, y; n Hif, for 1 <i<mn.

or Wp, . Then the Jacobi identity holds for any triple

n

Remark 3.9. For W = Wy, _,, Wp, or Wg,, the algebra Hfj; has a natural superalgebra
structure by letting x;, y;, s; be even and ¢y, e; be odd for all admissible 4, j, k. Moreover, the
map w : Hij; — H{}; which sends

n

Ti — Yi, Yi — —Xy, c; — €, e; — —cj, 5j > 8j Vi, J

is an automorphism of Hj;.

3.3 The Dunkl representations

Recall K = Ca, x CW. Denote by $), the subalgebra of Hfj, generated by K and yi,...,yn.
A K-module M can be extended to $),-module by demanding the action of each y; to be trivial.
We define

— TnAd W
M, = Indﬁy M.
Under the identification of vector spaces
My =Clzy,...,2,] ® M,

the action of Hj; on M, is transferred to Clxy, ..., z,|®M as follows. K acts on Czy,...,2,]Q0M
by the following formulas:

w- (z; @m) =z} @wm,
¢i - (z;@m) = (=1)%z; @ e;m,

e (z; ®@m) =x; ®e;m,

where ¢;,e; € Cop, w € W. Moreover, z; acts by left multiplication in the first tensor factor,
and the action of y; will be given by the so-called Dunkl operators which we compute below
(compare [3, 4]).

A simple choice for a K-module is Cs,,, whose K-module structure is defined by letting Co,
act by left multiplication and W act diagonally.
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3.3.1 The Dunkl Operators for type A,,_;1 case

We first prepare a few lemmas. It is understood in this paper that the ratios of two (possibly

noncommutative) operators g and h always means that % = % - h.

Lemma 3.10. Let W = Wy, _,. Then the following holds in Hj, forl € Zy and i # j:

l l l

oh— a2t b — (=1)ll
[y, 2] = u ( — “cicy | (1= eiej)sij,

Tj — Ty Tj+ T

l l

l l l l
l z; — (=) rp — x| x— (—ag)
A _ E 1 Nop.
[yu Hfl] Ci€; 2 U o (xz . + T + Tp CLC; ( + ekez)skz

Proof. This lemma is a type A counterpart of Lemma 3.13 for type B below. A proof can be
simply obtained by modifying the proof of Lemma 3.13 with the removal of those terms involving
Sijy Skiy Ti therein. |

Lemma 3.11. Let W = Wy
HCC .
W

1, and f € Clzy,...,x,). Then the following identity holds in

i, /1 = tcieif = —UZ (f I + ferei — e f2+

1 i )Ski-
2.%',‘ T — T T+ T ) ( + ekez)sm

ki

Proof. It suffices to check the formula for every monomial f of the form aclll - zln which
follows by Lemma 3.10 and an induction on a based on the identity

l a a1y _ l alla ! a la
yir 2t - agagfy) = lys 2t aglag] + o o ag v g u

Now we are ready to compute the Dunkl operator for y;.

Theorem 3.12. Let W = Wy, , and M be a (C2, x CW)-module. The action of y; on the
module Clz1,...,x,| @ M is realized as the following Dunkl operators: for any f € Clxy, ..., zy]
and m € M, we have

_ T — fSki CLCi — Cres F5Ki
yio(f®m):tcieif / ®m—u2( ! —i—fkl kéif )®(1+ekei)skim.
2x; vy T; — Tk T; + g

Proof. We calculate that

yio (f@m) = [y, fleom+ f@ym = [yi, fl@m.

Now the result follows from Lemma 3.11. [ |

3.3.2 The Dunkl Operators for type B,, case

The proofs of Lemmas 3.13 and 3.14 are postponed to the Appendix.

Lemma 3.13. Let W = Wpg,. Then the following holds in H{j, forl € Z, and i # j:

l l l =)
xh —at at —(=1)'a;
l J v J 4
[yi,a:j] =Uu (l‘j — + 7 T+ CiCj> (1 - eiej)sij
l l l l
xh — (=) oz —
—u ( 1 S Z'cic]) (14 ejej)s44,

Tj+ x; T; — Xy
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l ! 1
. wh — (—x;)! x; — xk zi — (—x)
[yi, i) = tcﬁli - UZ < ‘ cici ) (14 exe;)ski
oy XT; — xk ZT; + Ty,
l l l l l l
zi — (= T T 0 ) (1 N3 z — (i)
—u — crci | (1 —epe;)sp — v———>1;.
vy T; + Tg T; — Tk 2x;

Lemma 3.14. Let W = Wp,, and f € Clz1,...,z,]. Then the following holds in H :

f—1m fofori | g
5 —UZ( +

T — T T; + T,

[yia f] = tciey ckci> (1 + ekei)ski

%

ki
NETA (f—fs’“' s

2x; T; + T T; — Tk

ckcl-) (1 — ekei>§ki-
ket

Now we are ready to compute the Dunkl operator for y;.

Theorem 3.15. Let W = Wpg, and M be a (Cop, x CW)-module. The action of y; on the module
Clx1,...,zn] ® M is realized as the following Dunkl operators: for any f € Clxy,...,x,] and
m € M, we have

o(f®@m)= tcieif — /" ®@m — “Z <f - + il Ck:Cz') ® (1 + ege;)skim

2:6'1' oy Ty — Tk T+ Tk
— fSki — fSki — fTi
— uz (f L e | ckci) ® (1 — ege;)Sgim — vf / ® T;m
ki T+ Tk T; — Tk 2Ii

Proof. We observe that

o(fem)=ly, flom+ f@ym= [y, fl@m.

Now the result follows from Lemma 3.14. [ |

3.3.3 The Dunkl Operators for type D,, case

Due to the similarity of the bracket relations [—, —] in D,, and B, cases (e.g. compare (3.3b)
with (3.4b)), the formula below for type D,, is obtained from its type B, counterpart in the
previous subsection by dropping the terms involving the parameter v.

Theorem 3.16. Let W = Wp,, and let M be a (Cap X CW)-module. The action of y; on
Clzi,...,zn] ® M is realized as the following Dunkl operators: for any f € Clxi,...,zy,] and
m € M, we have

o(f®@m)= tcieif ® m — 'LLZ ( fsm f [ CIng‘) ® (1 + exei)sgim

2 oy in + Tk
Ski — fSki
_ UZ <J;Z +ka ];z ka Ckci) & (1 — ekei)gkim

3.4 The even center for H‘{,‘C,

Recall that the even center Z(A) of a superalgebra A consists of the even central elements of A.
It turns out the algebra Hj; has a large center.
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Proposition 3.17. Let W be either Wy, ,, Wp, or Wg,. The even center Z(Hij;) contains
Clz?,..., 22" and Cly?,...,y2]" as subalgebras. In particular, HS. is module-finite over its

rn
even center.

Proof. Let f € C[z%,...,22]". Then f— f7 = 0 for each i. Moreover, by the definition of HS,
f commutes with Co,, W, and z; for all 1 < ¢ < n. Since f = f% for all w € W, it follows
from Lemmas 3.11 and 3.14 that [y;, f] = 0 for each i. Hence f commutes with Cly,...,yn].
Therefore f is in the even center Z(HSf;). It follows from the automorphism w of Hff; defined

in Remark 3.9 that C[y?,...,y2]" must also be in the even center Z(HS). [

4 The spin double affine Hecke—Clifford algebras

Recall that W is one of the classical Weyl groups of type A,_1, By, or D,. The goal of this
section is to introduce and study the spin double affine Hecke-Clifford algebra (sDaHCa) Hy;/,
which is, roughly speaking, obtained by decoupling the Clifford algebra Cy from the DaHa HI,
in Section 3. The spin Weyl group algebra CW ™ appears naturally in the process. We remark
that the algebra H;/ is different from either the spin double affine Hecke algebra or the double
affine Hecke—Clifford algebra introduced in [16, 10].

4.1 The definition of sDaHCa Hy;/

Following [10], we introduce the notation

titig1---t5, ifi <y, titi—1---tj, ifi>7,
tiyy = : tiy; = :
1, otherwise, 1, otherwise.

Define the following odd elements in CW ™~ of order 2, which are an analogue of reflections in W,
forl1<i<j<n:

tij = [i,5] = (=177 Mg -ttt -t

t]z - []72] = _[iaj]v

fo=Tig] = { (—1)]:_’:_1tj¢n—1tiTn—2tntn—2utn—1u7 for type Dy,
U ’ (_1)J_thTnfltiTantntn—1tntn72litnfllj7 for type Bna

all
<
Il
)
I
—
|
—_
N
3
|
.
S+
<+
i
—_
~
3
~
i
—_
s

(1<i<n).

The notations [i, j], [, j] here are consistent with the inclusions of algebras Cw,  <CW, <
Cwyg, .

As in [16] (also cf. [9, 10]), a skew-polynomial algebra is the C-algebra generated by by, ..., by
subject to the relations b;b; + bjb; = 0, (i # j). This algebra, denoted by C[bi,...,b,], is
naturally a superalgebra by letting each b; be odd, and it has a linear basis given by b :=
¥ bk for o = (ky,. .. k) € 2.

Consider the group homomorphism p : Wg, — S,, defined by p(s;) = s; and p(s,) = 1 for
1 <i < n—1. By restriction if needed, we have a group homomorphism

*

p: W — 8, o—plo)=0c

for W =Wy, ,,Wp, or Wp,,. Observe that 7;" = 1 and Efj =s;j forall 1 <i# 5 <n.
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Definition 4.1. Let t,u,v € C, and W = Wy, ,,Wp,, or Wg,. The sDaHCa Hy; is the
algebra generated by z;, n; (1 <@ <n) and Cyp+ x CIW ™, subject to the relations

ning = =i, v =xr; (i #j),
Cﬂ]j = —77]'01', c,;xj = (—1)6i-7l'jci (V’i,j),
tixj = xjiti, tinj = —n;i t; (ti S (CW_)

and the following additional relations:

(i) = w1+ e)lig] (i #9).

Type i s, 2i] = te; +uy_(1+ exei) [k, ],

ki
i, 2] = w((1 + cicp)i, j] — (L= eic))li, j]) (i # ),
Type Do Qi i) = tei +u > (1 + exei)[kyi] — (1 — i) [k, d]),

ki
i, 23] = w((1 + cicj)[i, ] — (L= cicp)li 5]) (i # J), B
Type B: “ni,xi] =tei+u Yy ((1+ cpes) [k, 1] — (1= cpes) [k, 1]) + vfd].

ki

4.2 Isomorphism of superalgebras

For W =Wy, _,,Wpg,, or Wp,, we recall an algebra isomorphism (see [10, Lemma 5.4])

n-1
®: CyxCW — ChCW™

which sends
(ex — ei)sik — —V =2 [k, ],
(ex + €i)Sik — —vV/ =2 [k, 1], (4.1)
eiti — —V—11[i]

for i # k, whenever it is applicable. The inverse of @ is denoted by W.
Note that the algebra H;7 has a natural superalgebra structure by letting each 7;, ¢;, t; be
odd and x; be even for all admissible 4, j.

Theorem 4.2. Let W be W4 Wp, or Wg, . Then,

n—1’ n

1) there exists an isomorphism of superalgebras
@ Hf (¢, u,v) — Cyp @ Hyf(—t, —V/—2u, vV~ 1v)
which extends ® : Cp x CW — Cy @ CW™ and sends
Yi > €in, Tj > T, ¢ G, Vi
2) the inverse
U Cp @ Hyf(—t, —vV—2u,vV—1v) — H{{ (¢, u, v)
extends ¥ : Cp @ CW™ — Cy x CW and sends

n; — €Yi, T — Xy, C; — Cj, Vi
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Proof. We need to check that ® preserves the relations (3.1), (3.2a)-(3.2b), (3.3a)—(3.3b), and
(3.4a)—(3.4b) for W =Wy, ,,Wp, , and Wp, respectively.

First, we shall verify that ® preserves (3.4a)—(3.4b) with W = Wp, . Indeed, by (4.1) or [10,
Lemma 5.4], we have

(I)(IhS of (34&)) = ei[ni,xj] = —\/—72uei((1 — cjci)[i,j] - (1 + Cjci)m)
= ®(u((1+ cicy) (1 + ejeq)sji — (1 — cicj) (1 — ejei)sij))
= ®(r.h.s. of (3.4a)).
Also, we have
(I)(l.h.s. Of (3.4b)) = ei[m, xz]
= —t-eici — vV =2ue; »_ ((1+ exei)[k,i] — (1 — exei) [k, 1]) + vV—Tve;[i]
k£i

= @(tciei — U Z ((1 + ckci)(l + ekei)ski + (1 — ckci)(l — ekei)gki) — UTZ‘)
k#i
= ®(r.h.s. of (3.4b)).

It is easy to check that ® preserves (3.1), and we will restrict ourselves to verify just a few
relations among (3.1). For j # 4,7+ 1, we have

q)(siyj) = —V _1Vitiej77j = —V —lejT]jViti = @(yjsz)
Moreover,

D(spyn) = —V—1vptpenn = V—1tynn = =V —=1n,t, = P(—ypsy).

This proves that ® is an algebra homomorphism for type B,,.

By dropping the terms involving v in the above equations, we verify that the relations (3.3a)—
(3.3b) with W = Wp,_ are preserved by ®. By further dropping the terms involving [i7], 545 etc.,
we also verify (3.2a)—(3.2b) with W = Wy __,. So, the homomorphism & is well defined in all
cases.

Similarly, one shows that ¥ is a well-defined algebra homomorphism. Since ® and ¥ are
inverses on generators, they are (inverse) algebra isomorphisms. |

The isomorphism in Theorem 4.2 exactly means that the superalgebras Hff, and Hy  are
Morita super-equivalent in the sense of [17].

Corollary 4.3. Let W be one of the Weyl groups Wa, ,, Wp, or Wpg,. The even center
Z(Hyf) of Hyf contains Clnz, ..., n2]" and Clz3,..., 221V, In particular, Hyf is module-finite
over its even center.

Proof. By the isomorphism ® in Theorem 4.2 and the Proposition 3.17, we have that Z(Cy ®
H,;¥) contains the subalgebras C[n?, ..., n2]" and Cz%,...,22]", and so does Z(Hyf). [

rrn

4.3 The PBW property for Hy;,
We have the following PBW type property for the algebra Hi;;.

Theorem 4.4. Let W be one of the Weyl groups Wa, ,, Wp
the subalgebras induces an isomorphism of vector spaces

Cln, ... 7m] ® Cyr ® CW™ @ Clh*] —> Hf.

or Wg, . The multiplication of

n

Equivalently, the set {n®c‘ox"} forms a basis for Hy;7, where o runs over a basis for CW ™,

€ €Ly, and o,y € 7.
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Proof. It follows from the defining relations that Hy;/ is spanned by the elements *c‘cz” where
o runs over a basis for CW ™, a,y € Z}, and € € Z3. By the isomorphism V¥ : Cy @ Hy;; — Hf,
in Theorem 4.2, we see that the image WV (n®c‘oa”) are linearly independent in Hff, by the PBW
property for Hff; (see Theorem 3.4). So the elements n®cox” are linearly independent in Hy; .
Therefore, the set {n®c‘cz”} forms a basis for Hy;; . [ |

4.4 The Dunkl operators for Hy;,

Denote by b, the subalgebra of Hy;7 generated by 7; (1 <i < n) and Cyp= x_ CW ™. A (Cp» x_
CW™)-module V' can be extended to a bh,-modules by letting the actions of 7; on V' to be trivial
for each i. We define

H*C
Vyi=Indy "V =Clay,....zn] @ V.

On Clzy,...,2,] ® V, the element ¢; € CW™ acts as s; ® t;, ¢; € Cy= acts by ¢; - (z; ® v) =
(—1)% xj®c;v, and x; acts by left multiplication, and n; acts as anti-commuting Dunkl operators,
which we will describe in this section.

Under the superalgebra isomorphism @ : H{j; — C, ® Hy;7 in Theorem 4.2, we obtain anti-
commuting Dunkl operators 7; by fairly straightforward computation. They are counterparts of
those in Section 3, and we omit the proofs.

4.4.1 Dunkl operator for type A,_1
The following is a counterpart of Theorem 3.12.

Proposition 4.5. Let W = Wy, and V be a C,, x CW ™ -module. The action of n; on the

Hy,7-module Clxy,...,x,] ® V is realized as a Dunkl operator as follows. For any polynomial
f€Clzy,...,xy) and m € V, we have
_ fTi _ fSki C1C; — CnCu 5k )
77i0(f®m):tcz‘f ! ®m+uz f=f —i—f’“ k] ® [k, i]m.
2371’ oy Ty — T T; + T

4.4.2 Dunkl operator for type B,
The following is a counterpart of Theorem 3.15

Proposition 4.6. Let W = Wpg, and V' be a (C, x CW™)-module. The action of n; on the
Hy,7-module Clxy,...,x,] ® V is realized as a Dunkl operator as follows. For any polynomial
feClxy,...,xy) and m € V, we have

nio (f ®@m) :tCz‘fQ_xfn ®m+uz <f_f5ki + f_fSkiCkCi> ® [k, i]m

Xr; — X X; xr
ki [ k i+ Tk

—UZ <f — = fSkickcl-> ® [k:,i]m—|—vf — /T ® [i]m.

s Ti + Tg T; — Tk 2x;

)

4.4.3 Dunkl operator for type D,

Proposition 4.7. Let W = Wp, and V be a C, x CW™-module. The action of n; on the
Hy,7-module Clxy,...,x,]| @ V is realized as a Dunkl operator as follows. For any polynomial
feClxy,...,z,] and m € V, we have

oy i — Tk T + Tk
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- “Z <f S S e ckcl-> ® [k, iJm.
ki

T; + T T; — T

Remark 4.8. The general formula for the Dunkl operators ; for Hy;; resembles the Dunkl
operator y; for 9}, which appeared in [10, Theorems 4.4, 4.10, 4.14]. However, n;n; = —n;n;,
while y;y; = y;u; for @ # j.

5 The odd double affine Hecke algebras

In this section, we shall introduce an odd double affine Hecke algebra Hy which is generated
by CW and two isomorphic skew-polynomial subalgebras. Recall that W is assumed to be one
of the classical Weyl groups of type A,_1, B, or D,.

Recall also the group homomorphism p : W — S5, defined in Section 4 which sends o — o*
for all o € W. We shall need two (isomorphic) skew-polynomial algebras C{h*} = C[1, ..., &)
and C{h} = C[n1,...,nn], which are naturally acted upon by the symmetric group S,, or the
group Wp, by permuting the indices possibly coupled with sign changes. We shall denote the
action of 0 € Wp, by f+— f7.

5.1 The definition of Hy
As usual we denote [, 0]+ = &n + né.

Definition 5.1. Let t,u,v € C and W be W4, ,,Wp,, or Wg,. The odd DaHa Hyy is the
algebra generated by &;, n; (1 <1i <n) and CW, subject to the relations

ning = =i, &&= —&& (i #7),
o&;=¢&0o,  onj=n]o (cEW)

and the following additional relations:

i, &l = usij (i # J),
Type A: [7’]“52]4_ =1t- 1+U28ki,

L =
i, &il+ = u(sij + Sij) (i # J),
Type Do gy, Gl = - 14w (shi+5y),

t ki
15, &5+ = u (sij + 5ij) (i # J),
Type Br i, &ly =t 14w (sps +5i5) + v
P

The algebra Hy has a natural superalgebra structure by letting s; be even and n;, § be odd
for all 4, j.

Remark 5.2. The defining relations for the algebra Hyy differ from those for the usual rational
DaHa (also known as rational Cherednik algebra) Hw [5] by signs. One can introduce a so-called
“covering algebra” H (as done in [17, 10] in similar setups) which contains a central element z of
order 2, so that the algebras $y and Hyy are simply the quotients of H by the ideal generated
by z —1 and z + 1 respectively.

The definition of Hyy is motivated by the Morita (super)equivalence with Hj; and Hy; . The
defining relations above suggest a further extension of odd DaHa associated to the infinite series
complex reflection groups.
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5.2 Isomorphism of superalgebras

Lemma 5.3. Let W be one of the Weyl groups Wa, ,, Wp, or Wg,. The isomorphism & :

Co X CW™ — C, ® CW (see Theorem 2.3) sends

n

(Ck — Ci)[k, Z] — V2 Sk, (Ck + Ci)[]f,i] — V2 Sk, Cim — T;.

Proof. The lemma can be proved by induction very similar to [10, Lemma 5.4], and we skip
the detail. |

Theorem 5.4. Let W be one of the Weyl groups Wa,, ,, Wp, or Wg, . Then,

1) there exists an isomorphism of superalgebras
P H7 (¢, u, v) — Cp @ Hy (—t, V2u, —v)
which extends ® : CoX_CW~™ —C,, ® CW and sends

i — N, x; > ci&i, Vi

2) the inverse
U Cp @ Hy (—t, V2u, —v) — Hyf(t, u,v)
extends W : Cp, @ CW — Cp,, x_ CW ™ and sends

M = M, & — iy, Vi.

Proof. We first need to check that ® preserves the defining relations of Hy,7 (t, u,v) and so @
is a well-defined homomorphism. Using Lemma 5.3, we shall check a few cases in type B, case,
and leave the rest for the reader to verify. For ¢ # j, we have
O([mi, ;1) = —cjlni, &l = —V2uc;(si5 + 5i5)
U _
= ﬁ((l + cicy)(ci — ¢)sij — (1= cicj) (e + ¢5)545)
= & (u((1+ cicy)li, 4] — (1 = eic))[i, 1)),

O([n;, 1)) = —cilni &+ = —ci < —t+ \@uz (sik + i) — m‘i>

ki
= tc; — \/Quci Z (Sik + Ez‘k) + veT;
ki
= (tci + UZ (1 + epei) [k, i) + (1 — ceq) [k, 1)) + vn) .
ki

Also, if j # n, we have
@(tnxj) = CpSnci€j = cj€jcnsy = i'(xjtn),
(I)(tnxn) = CnSnCngn = Snfn - (i)(_xntn)7
. (tnnj) = CnSnlj = —1jCnSn = (i)(_njtn)a
(tnnn> = CnSnlin = —NnCnSn = (b(_nntn)'

i

i

Similarly, one shows that ¥ is a well-defined algebra homomorphism. Since $ and ¥ are
inverses on generators, they are (inverse) algebra isomorphisms. |
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The next corollary can be proved similarly to Corollary 4.3.

Corollary 5.5. Let W be one of the Weyl groups Wa, ., Wp, or Wg, . The even center for
Hy contains C[n?,..., 02|V and C[¢3,...,&2)W. In particular, Hy, is module-finite over its
even center.

Example 5.6. Usually there are other central elements beyond those given in the above corol-
lary. For example, &5 + €317 — us1(&1 — &) (m — n2) lies in Z(Hyy, ).

5.3 The PBW property for Hy,

We have the following PBW type property f(?r the algebra H which can be proved similarly
to Theorem 4.4, using now the isomorphism ®.

Theorem 5.7. Let W be one of the Weyl groups Wa, ,, Wp, or Wp, . The multiplication of
the subalgebras induces an isomorphism of vector spaces

C[El7--~7§n] ®CW®C[7]1, .. ,nn] — Hyy.
Equivalently, the set {£*on™} forms a basis for Hy, where o € W, and o,y € Z}.

5.4 The Dunkl operators for Hyy

Denote by b, the subalgebra of Hy, generated by 7; (1 <i <n) and CW. Let V be the trivial
CW-module, and extend V' a h,-module by letting the actions of each n; on V be trivial. Define

Vo= Indg "V = Cléy, ., Gl

On Cl&1,..., &), 0 € W acts as p(o) = 0¥, & acts by left multiplication, and »; acts as anti-
commuting Dunkl operators which we establish below. (It is easy to replace the trivial module
above by any CW-module.)

5.4.1 Dunkl operator for type A case

For each i, we introduce a super derivation ¢, on C[&1, . .., &y, defined inductively by O, (&) = di;
and

Og,(€ar ++~Car) = Z(_l)k_lgal &1 O (Cap )aryr + Cayr-
k
The formulas below for type A, _1 case can be obtained from Lemmas 5.11, 5.12, and Theo-
rem 5.13 with the removal of those terms involving s;;, 51;, and the parameter v therein.

Lemma 5.8. Let W = Wy, ,. Then the following holds in Hy forl € Z4 and i # j:

i &) = = 52 (5’“ = &&= &6 + (1)) sy,
L= (=8) I+1 lel+1 NS
i€l = 2= +u gj 52 g (66 -6 - (e +ad) s
Lemma 5.9. Let W = WAn ., and f € Cl&1,...,&]. Then the following identity holds in Hyy :
i, flv = 25 +UZ 52 — &) 5 — (&GS = & f™)) Shi-

k#i
Theorem 5.10. Let W = W4, . The action of n; on C[1, ..., &y] is realized as Dunkl operators
as follows:

i = t0g +“Z gg & ((& — &) sk — (&mi — &)
k#i k
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5.4.2 Dunkl operator for type B,, case
The proofs of Lemma 5.11 and 5.12 are given in the Appendix.

Lemma 5.11. Let W = Wpg, . Then the following holds in Hy, forl € Z4+ and i # j:

i, 514 = (! = &2+ + (1)) (505 + 555)

1
= “(52 — ¢ (& — g - &'55’ + (—1)15§+1)) (si5 + Sij),
L_ (gl
ol - S8 Eo ),
tud (67— G2 (1) ) (s o+ S)
ki
_ S 2(g &)Y & —;};&nn
+u) 52 &sk Et — (1) + &) (sin + 5ar).-
k#i

Lemma 5.12. Let W = Wpg , and f € C[&1,...,&]. Then the following identity holds in Hyy :

f - =
i, [l =t 2%, +v 2§Z Ti
tud 5 (&G = &) = (Gf ™ = &™) (i + Sik) -
k#i g

Theorem 5.13. Let W = Wp,_ . The action of n; on C[&1,...,&,] is realized as operators as
follows:

ta&"‘” 2& Lt u ZSQ e ((& — &) siw — (&mi — &)

Proof. It suffices to check the formula for every monomial f. Consider f = & --- &% where
a; € Z4, and observe that
I . arttan g _ .
9¢,(f) = 2, ni- f= [ fl+ +(=1) [ =i fl+
The theorem now follows by Lemma 5.12. |

5.4.3 Dunkl operator for type D,, case

The formula below for the Dunkl operator type D,, case is obtained from their type B, coun-
terparts (see Theorem 5.13) by dropping the terms involving the parameter v.

Theorem 5.14. Let W = Wp,,. The action of n; on C[{1, ..., &] is realized as Dunkl operators
as follows:

i = 10, +UZ 52 & ((& — &) sir — (&mi — &Tn))-
ki k

Remark 5.15. Let W = Wy, ,,Wp, , or Wp,. The Dunkl operators n; anti-commute, i.e.
nin; = —n;n; (i # 7). It is not easy to check this directly.
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5.5 An affine Hecke subalgebra

In this subsection, we will show that the odd DaHa of type A contains as a subalgebra the
degenerate affine Hecke algebra of type A introduced by Drinfeld and Lusztig [2, 11]. Let

3i=—Emi+u Y S

k<i
Lemma 5.16. We have [3;,3;] =0, Vi, j.

Proof. Let us assume i < j. Then,

Bisai) = | = &mi—&mi +u Y sig | = Gilmin&lemy — &l &lem) — ulimi, sij)
k<j
= ulsijng — & sijni) — u(&mi — &1j)si; = 0. m

Lemma 5.17. The following identities hold:
Si3i = 3i+18i — U, Si3j = 3;Si (j #1,i+1).

Proof. Recall that L; := > si; is the Jucys—Murphy element, and it is known that s;L; =
k<i
Liy1si —1 and s;L; = Ljs; for j # 7,7 + 1. The lemma follows from these relations. [ |

Proposition 5.18. The 3; (1 <i<mn) and S, generate the degenerate affine Hecke algebra.

Proof. The proposition follows from Theorem 5.7 and Lemma 5.17. |

A Appendix: proofs of several lemmas

A.1 Proofs of Lemmas in Section 3
A.1.1 Proof of Lemma 3.6

We will show that the relations (3.4a) and (3.4b) are invariant under the conjugation by ele-
ments ¢ and ¢;, 1 < [ < n. We will only verify for the ¢; and leave the similar verification
for the e; to the reader. Also, the verifications for the invariants in type A and D under the
conjugation by ¢; and e; are similar and will be omitted.

Consider the relation (3.4a) first. Clearly, (3.4a) is invariant under the conjugation by ¢,
and ¢; if [ # 4, j. Moreover, we calculate that

ci(r.hus. of (3.4a))c; = u((1 + cicj) (1 + ejei)si; — (1 — cics) (1 — eje;)545)
= [y, x;] = ¢i(Lh.s. of (3.4a))c;,

cj(r.hus. of (3.4a))c; = u((cje; — 1) (1 + ejei)sji — (—cjei — 1) (1 — eje;)si;)
= —[yi, zj] = ¢j(Lh.s. of (3.4a))c;.

Thus, (3.4a) is conjugation-invariant by all ¢;.
Next, we will show that the relation (3.4b) is invariant under the conjugation by each ¢;.
Indeed, we have

c¢i(r.h.s. of (3.4b))¢;

= tejc; — VCTiC; — UZ ¢i((1 4 cpei) (1 + egei) sk + (1 — crei) (1 — egei)Ski)c
ki
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= —tcie; + v —u Z((ka —1)(1 + ege;)sp; + (—cicr, — 1)(1 — exe;)Ski)
ki

= —tcie; +vT; +u Z((l + Ckci)(l + eri)ski + (1 — Ckci)(l — ekei)gkz’)
ki

= —[yi, xi] = ¢;(Lh.s. of (3.4b))e;.

For j # i, we have

cj(r.hs. of (3.4b))c;
= tcie; — UT; — UCj((l + Cjci)(l + 6]‘62')8]'7; + (1 — cjci)(l — ejei)Eji)cj
—u Z ci (1 + cpei) (1 + epes) sy + (1 — cpei) (1 — exei)Spi)c;
k#i,j
=tcie; — vT; — U((Cjcz‘ +1)(1+ €j€¢)8]’i + (—cjci +1)(1 - ejei)Eji)cj
—Uu Z ((1 + ckci)(l + eri)ski + (1 — ckci)(l — ekei)gki)
k#i,j
= ¢;j(Lh.s. of (3.4b))c;.

Therefore, the lemma is proved.

A.1.2 Proof of Lemma 3.7

We will show below that the relations (3.4a)—(3.4b) are invariant under the conjugation by
elements in Wp,. The proof can be readily modified to yield the Weyl group invariance of the
relations (3.2a)—(3.2b) and (3.3a)—(3.3b) in type A and D cases respectively, and we leave the
details to the reader.

(i) We check the invariance of (3.4a) under Wp,,.

Consider first the conjugation invariance by the transposition s;. If {I,k} N {3, j} = @, then
we have

slk(r.h.s. of (3.4a))81k = u((l + CiCj)(l + ejei)sij — (1 — CZ'Cj)(l — ejei)@-j)
= [yi,mj] = Slk(l.h.s. of (3~4a))5lk~

If {i,k} N {i,j} = {j}, then we may assume [ = j and we have

sjk(r-hs. of (3.4a))s;, = u((l + cicp) (1 + epei) s — (1 — cicp) (1 — ekei)gik)
= [yi, x| = sjr(Lhus. of (3.4a))s;y.

We leave an entirely analogous computation when {l,k} N {3, j} = {i} to the reader.
Now, if {l,k} = {i,j}, then

Sij(I‘.h.S. of (34&))&] = U((l + CjCi)(]. + eiej)sij — (1 — CjCZ')(l — eiej)Eij)
= [yj,SUi] == Sij(l.h.S. of (34&))8”

So (3.4a) is invariant under the conjugation by each transposition s.

It remains to show that (3.4a) is invariant under the conjugation by the simple reflection
Sp = Tp. Observe that (3.4a) is clearly invariant under the conjugation by s, for n # i,j.
Moreover, if j = n then we have

sn(r.hus. of (3.4a))sp, = u((1 — cicj)(1 — eje)5i5 — (1 + cicj) (1 + eje;)sij)
= —[yi, xj] = sp(Lh.s. of (3.4a))s,,.
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If ¢ = n, then we have

sn(rhus. of (3.4a))s, = u((1 — cicj)(1 — ej€;)5ji — (1 + cicj) (1 + eje;)sij)
= —[yi, z;] = sp(Lh.s. of (3.4a))sy.

This completes (i).

(ii) We check the invariance of (3.4b) under Wp, .
Consider first the conjugation invariance by sj. If {j,1} N {i} = &, then we have

sji(r.hus. of (3.4b))s
=tcie; — UT; — U Z sit((1+ epes) (1 + enei)ski + (1 — cpei) (1 — enei)Ski)sji
k1,7,
— usji (1 +¢jei) (14 ejei)sji + (1 —¢jei) (1 — ejei)s;i) sji
— usji ((1 + clci)(l + €l€i)81i + (1 — clci)(l — elei)gli) S41
= [yi, Qj‘z] = Sﬂ(l.h.S. of (3.4b))8ﬂ.

If {5,1} n{i} = {i}, we may assume that j = i, and then we have
sit(r.hs. of (3.4b))si
=tcer — usy (1 + ) (1 + eres)sji + (1 — ¢ei) (1 — ereq)si) sa

—u Y sa((1+ ere)) (1 + epei)si + (1 — cper) (1 — exes)Sp)sa — vy
oy
= [yl, xl] == Sil(l.h.s. of (3.4b))8il.

It remains to show that (3.4b) is invariant under the conjugation by the simple reflection
Sp =Tp € Wp,. If i £ n, we have

sp(r.h.s. of (3.4b))sy
= teie; — vy — uSy (14 cnei) (1 + enei)sni + (1 — enci) (1 — €,63)Sni)) Sn

—u Y sn((1+ cpei) (14 epei)spi + (1 — cxei) (1 — exes)Shi)sn
k#i,n

= —v7; —u (1 — n€i)Sni + (1 + cnci)sni)) — u Z (1 + cei)sgi + (1 — cci)Ski)
k#i,n

= [yi, 7] = sn(Lh.s. of (3.4b))sy,.
If i = n, then

sp(r.h.s. of (3.4D))sy,

=tcpen — VT — U Z((l — Ckcn)(l — eken)Ekn + (1 + ckcn)(l + eken)skn)
k#n
= [Yn, Tn] = sn(Lh.s. of (3.4b))s,,.

This completes the proof of (ii). Hence the lemma is proved.

A.1.3 Proof of Lemma 3.8

We will establish the Jacobi identity for W = Wp, . The proof can be easily modified for the
cases of type A and D, and we leave the details to the reader.
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The Jacobi identity trivially holds among triple x;’s or triple y;’s.

Now, we consider the triple with two y’s and one x. The case with two identical y; is trivial.
So we first consider x;, y;, and y; where i, j, [ are all distinct. The Jacobi identity holds in this
case since

[, s, wll + [we, [, y5]] + (w5, [, 4]
=0+ [y, —u((1 + ¢jei) (1 + eiej)sji — (1= cjei) (1 = eiej)si;)]
+ [y, u (1 + qe) (1 —eier)sy — (1 — i) (1 — ezeq)si)] = 0.

Now for i # j, we have

[, i, ysll + (Y5, [T, vill + Y3 [y, @il

= 1Y —tcie; +u Z ((1 + Ckci>(1 + ekei)ski + (1 — CkCi>(1 — ekei)gki) + VT
i ki
+ [yi, u (1 + ¢jei) (1 + eiej)siy — (1 — cjei) (1 — eiej)3i5)]

= |y u Y (14 crei) (1 + epei)sps + (1 — cper) (1 — ekei)ski)]
L ki,j

+ g, u((1+ ¢je) (1 + ejei)sji + (1 — cje) (1 — ejei)sji)]

+ [y, w (1 + ¢jei) (L + eiej)sig — (1 — ¢jei) (1 — eie;)si;)]

= 0+u(y;(1+cjei) (1 + ejei)sji + y;(1 — cjei) (1 — ejeq)5ji)

- u((l +cjci) (1 + ejei)sjiy; + (1 —cje) (1 — ejei)Ejiyj)

+u (yi(1 + cjei) (1 + eiej)sji — yi(1 — cjei) (1 — eief)3is)

— u((l +cjci) (1 + eiej)sjiyi — (1 — ¢jci) (1 — eiej)gijyi) =0.
Thanks to the automorphism < of Hfj, which switches z; and y;, we obtain the Jacobi identity
with one y and two z’s from the above calculation. This completes the proof of Lemma 3.8.

A.1.4 Proof of Lemma 3.13

We will proceed by induction on [. For [ = 1, then the equations hold by (3.4a) and (3.4b). Now
assume that the statement is true for {. Then

[yi7 x?rl] = [yia xé]x] + xé [yi7 xj]

Ll ! N
:u<a:j—xi+a;j—(—mz)

Tj — Ty .Tj-i-l’i

CiCj) (1 — eiej)sijxj

xé — (—a;)! xé —at B
— U — CiCj (1 + eiej)sij:cj
Tj+ x; Tj—x;

+aju((1 4 eie)) (14 ejer)siy — (1= cicy)(1 = ejeq)5i5)

I+1 I+1 +1 +1
X — X, X —\—Z;
u ( J ! J ( Z) Ci0j> (1 — eiej)sij

Tj—x; xj+ @

41 N4 414
Y e e A N cicj | (14 eiej)sij,
Tj —+ x; Tj— Ty
lyi, 2571 = [ys, 2l + 2lfys, ;]
L (T L (7
— tee, i (z)™ o i (z3) .

2 2
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[ I
- (=
—uy ( ik 5 ) Ck:Ci> (1 + exe;)skiwi

kot T; — T J}i—f—.%'k
l l l l
L (— A
— UZ <$Z ( xk) S—— kckci> (1 — ekei)Ekixi
/ T + Tk Ti — Tk
k#i
— ua:i Z((l + cpei) (1 + ere) sk + (1 — cpei) (1 — exe;)Sk) + taﬁﬁciei — vxﬁn
ki
I4+1 I+1\7 I+1 I+1\7
i — () i R i
= tc;e; 7 2izz ) _ i 2{212 ) o
I+1 I4+1 I+1 1+1
T — i — (—x
—u : kg2 (Z2i) crci | (14 enei)ski
Py T; — Tk T+ T

I+1 I+1 I+1 _I+1
—u (5'3@ —(zap) ™ Lk
ZT; x Ty — T
ki i+ Tk 7 k

ckci> (1 — ere;)Ski-
This completes the proof.

A.1.5 Proof of Lemma 3.14

It suffices to check the formula for every monomial f. First, we consider the monomial g =

IT x;j . By induction and Lemma 3.13, we can show that the formula holds for the monomial

j#i

of the form g = ] x;j (the detail of the induction step does not differ much from the following
j#i

calculation). Now consider the monomial f = xlg.

i, f] = [yi, 2k]g + 2 [ys, g]

1 l l l
T, — (_J;z) T; — (—CE,)
= tc;e; 2 — v j
€1 2 ; g 21.@ Tig
xﬁ — wz :L‘i — (—%‘k)l
_ “Z + crci | (14 exe;)srig
‘\X; — Tk T+ Tp
k#i
l l l l
x, — (—Tf r, — T _
_ UZ i ( ) - kckci) (1 — exei)skig
/ T; + Tk Ti — Tk
ki
AT _ 1T
+t:véczelg g xég g Ti

2
1 (9— 9% g— g%
—uE T ckC; | (14 exe;)Sk:
Z<$i_$k+l‘i+l’kkz ( kl)kzz

— gSki — Ski
— uZ{L‘i <g g _9~9 Ckci> (1 — ekei)Eki

T; + Ty, T — Tk

ki
=/ f= " f— [ f_fgki
i 2z; Y 2x; T uk%;l T — g + 75+ 21 crei | (1 + exei)ski
f _ fgki f _ fs;ﬂ- B
B ug ( T; + Tk Com— Tk ckci ) (1= exei)Si-
1

So the lemma is proved.
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A.2 Proofs of Lemmas in Section 5
A.2.1 Proof of Lemma 5.11

We will proceed by induction on [. For [ = 1, then the equations hold by the definition of Hyy .
Now assume that the statement is true for [. Then

i, €4 = [y 51465 + (=)', &5+

ué-g i 52 (fZHl - gjgzl - fzfé + (—1)lf§+1) (Sij + Eij)ﬁj
5(2 5]22 (512 - sz)(sz‘j + §z‘j)
J
u£2 i &2 (dﬁ - gjgzl'ﬂ - 5@'%’“ + (—1)l+lf§+2) (Sij + Ez‘j)>
i J

i, &4 = [mi, €]4& + (—1)'E i, &+

g —(EhHn g — (g
= 2¢; Sito 2¢; ids
+u Z 52 §z§k (D) gl (sip +5a) &
k#i
+i(=&) +v(=&)'m +UZ 5 f]%) (ski + 5i)
ki & gk
§l+1 (gyl;-‘rl)n gﬁ-l—l o <§é+1)Ti
=t 261 +v 2, T;
+u Z 52 l+1 Ilc+2 — (- 4 fkff“) (sik + Sik)-
k#i

This completes the proof.

A.2.2 Proof of Lemma 5.12

It suffices to check the formula for every monomial f. First, we consider the monomial g =

II §; % . By induction and Lemma 5.11, we can show that the formula holds for the monomial

J#i

of the form g = ] f ' (the detail of the induction step does not differ much from the following
JFi

calculation). Now consider the monomial f = ff g.

[nia f]-‘r = [nhgi]-f—g + (_ )lé-'f[nlvg]-i-
_,G9- o), G- (&9)”

26 U7 25
+uy £2 a&k P (1) ) (sin + S g
k#i
+u2§2 (6~ )™ — (6™ — 60™)) (s + 52
k#i
g — (o) - (o)
= 252 v 2&' T
1Y g (16— 6™ — (6T — (e ™)g™) (e + 50

k#i
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_ e\l
+u Z 5(2?22 ((& — &) g"* — (&9™ — &k9™)) (sik + Sik)

ki
_ g (&g g (&g
B TR
tu Z 52152 ((5@ - fk) (dg)m - (fz‘(le'g)n - fk(fﬁg)m)) (Sik + §ik)-
ki 0 k

So the lemma is proved.
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