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Abstract. We prove that the logarithm of a group-like element in a free algebra coincides
with its image by a certain linear map. We use this result and the formula of Le and
Murakami for the Knizhnik—Zamolodchikov (KZ) associator ® to derive a formula for log(®)
in terms of MZV’s (multiple zeta values).
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1 Logarithms of group-like elements

Let F), be the free associative algebra generated by free variables z1, ..., zy, let f, C F;, be the
free Lie algebra with the same generators, and let fn, F be their degree completions (where
Z1,...,Ty have degree 1). A group-like element of F, is an element of the form X = 1+ (terms of
degree > 0), such that A(X) = X ® X, where A is the completion of the coproduct F,, — F®2,
for which z1,...,zy, are primitive. It is well-known that the exponential defines a bijection
exp: fn {group like elements of F, nt (also denoted x — €e*). We denote by log the inverse
bijection.

We denote by CBH,,(z1, ..., z,) the multilinear part (in x1,...,z,) of log(e®! - --e*"). Define
a linear map

cbhy, 1 F, — fn

by cbhy (1) = 0 and cbhy, (x4, - - - @, ) := CBHg(z;,, ..., x;, ). This map extends to a linear map
cbhn: Fyy — T

Proposition 1. If X € E, is group-like, then log(X) = C/I:En(X)

Proof. It is known that F,, = U(f,), so that the symmetrization is an isomorphism
sym: S(f,) — F,. Denote by p,: F, — f, the composition of sym~! with the projection
S(fn) = ®k>05%(§n) onto S*(f,) = fr. We first prove:

Lemma 1. p, = cbh,.
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Proof. If g is a Lie algebra, let pg: U(g) — g be the composition of the inverse of the sym-
metrization S(g) — U(g) with the projection onto the first component of S(g). If ¢: g — b is
a Lie algebra morphism, then we have a commutative diagram

Ul — o
U(e)l 1o
U = b

It follows from Lemma 3.10 of [4] that if & > 0 and F} is the free algebra with generators
Yiy- -y Yk, then pr(yi,...,yx) = CBHg(y1,...,yx). If now @ = (i1,...,i;) is a sequence of
elements of {1,...,n}, we have a unique morphism ¢;: fx — fn, such that y; — x;, ...
Yk 7 Tiy, -

Then

)

- gb"’(CBHk(yl’ o ’yk)) = CBHk(xlw s awik) = Cbhn(xh o 'l'ik)a

which proves the lemma. |

End of proof of Proposition 1. We denote by p, : ﬁn — /f\n the map similarly derived from
the isomorphism £, ~ Dr>0SF (/f\n) (where @ is the direct product). Then p, = cbh,, implies
Pn = cbhy,.

If now X € F), is group-like, let £ := log(X). We have X = 14+0+¢2/2!+---; here (* € S*(},),
S0 Dn(X) = £. Hence c/len(X) =/ = log(X). [

2 Corollaries

The KZ associator is defined as follows. Let Ay, A1 be noncommutative variables. Let Fy be
the free associative algebra generated by Ay and Aj, let fo C F5 be its (free) Lie subalgebra
generated by Ag and A;. Let ﬁg and ?2 be the degree completions of Fy and fa (Ap and A; have
degree 1).

The KZ associator ® is defined [1] as the renormalized holonomy from 0 to 1 of the differential
equation

6= (2 + 2 ) 6ta) 1)

z z—1

ie, ® = GlGal, where Gy, G € B O)o,1 are the solutions of (1) with Go(2) ~ 240 a5 2 — 0T
and G1(z) ~ (1 — 2)41 as z — 17; here Ojo,11 is the ring of analytic functions on ]0,1[, and
ﬁz ®V is the completion of F5 ® V w.r.t. the topology defined by the FQZ" ® V (here FQZ" is
the part of Fy of degree > n).

We recall Le and Murakami’s formula for ® [3]. We say that a sequence (aq,...,a,) € {0,1}"
is admissible if a; = 1 and a,, = 0. If (ay,...,ay) is admissible, we set

1
wah...,an - / Way © "0 Wq,,
0

where wy(t) = dt/t, wi(t) = dt/(t — 1) and f; Q10 -0Q, = fagtlgmgtngb ar(t1) A+ A ag(ty).
Up to sign, the wq, .. q, are MZV’s (multiple zeta values).

n
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If (i1,...,4,) is an arbitrary sequence in {0,1}", and (a1, ...,a,) is an admissible sequence,

define integers C’Z 112" by the relation

> G AL Ay
(i1,.-,in)€{0, 1}
_ Z (_1)card(S)+card(T)Afllafd(T)A(al’ o an)S’TAgard(S)

9

S C {alan =0},
T C {,3|a5 = 1}
where for any S C {ala, = 0}, T C {Blag = 1}, Alay,...,a,)>T = I A,,, (the

a€[1,n]\(SUT)
product is taken in decreasing order of the a’s).

Theorem 1 ([3]).

=1+ 2. Wareian OF 0 A - A

n>1 (ai,...,an) admissible
(i15...,1n) € {0, 1}

Since ® € F) is a group-like element, Proposition 1 implies that log(®) = C/bT12(<I>), therefore:
Corollary 1.

log(®) =) > Wayoan CEU 0" CBH, (A, -, Ay
n>1 (aj,...,ay) admissible
(i1y. .- in) € {0,1}"
Using the explicit formula of [2], one computes similarly the logarithm of the analogue ¥ of

the KZ associator of the equation G'(z) = (A/z+ > be/(z —())G(z).
¢Iir=1
Proposition 1 also implies:

Lemma 2. Let g be a nilpotent Lie algebra, G be the associated Lie group, let a < b € R.

Fiz h(z) € C%Ja,b],g) and let H be the holonomy from a to b of the differential equation
H'(z) = h(2)H(z), where H(z) € C*([a,b],G). Then

log(H) = Z/ CBH,,(h(zn), ..., h(z1))dz1 - - - dzp.

n>1 <21 <<z, <b
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