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1 Introduction

Since 1980’s many integrable systems with infinitely many degrees of freedom have been studied
by means of infinite dimensional homogeneous spaces. Well-known examples are: the KP hierar-
chy and the Sato-Grassmann manifold ([10, 12, 11, 3] etc.), the Toda lattice hierarchy and
“GL(c0)” (23, 13, 15, 16] etc.), the modified KP (mKP) hierarchy and the flag manifold ([5, 6,
2,7, 17] etc.). In this paper we add one more example to this series: the coupled modified KP
(cmKP) hierarchy and the fibered flag manifold.

The modified KP hierarchy is defined in [2] and [17] as a system consisting of two sets of
equations: the Lax equations for continuous variables ¢ = (t1,t2,...) and a set of difference
equations for the discrete variable s. The cmKP hierarchy has the same description but the
normalization of the operators is different. By this difference the moduli space of solutions of
the mKP hierarchy (= the flag manifold) is enlarged.

Actually a special case of the cmKP hierarchy has been known since [23], in which the Toda
lattice hierarchy was introduced. A half of the Toda lattice hierarchy without dependence on
half of time variables is a cmKP hierarchy (See Appendix B). Therefore the cmKP hierarchy
can be considered as the mKP hierarchy coupled to the Toda field.

In this special case the solution space is parametrized by the basic affine space GL(c0)/N
where N is the subgroup of infinite upper triangular matrices with unity on the diagonal. In
other words it is a product of the full flag manifold and (C*)%. The solution space of our cmKP

hierarchy is (partial flag manifold) x [] (C™s \ {0}) in general. (See Corollary 1.)
ses’

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue “Integrable Systems and Related Topics”.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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The dispersionless (quasi-classical) limit of the cmKP hierarchy is taken in the same way
as the dispersionless KP and Toda hierarchies. (See [21] and references therein.) We call the
resulting system the dispersionless cmKP hierarchy (the demKP hierarchy in short). In fact the
demKP hierarchy was first introduced by one of the authors [18] (in a slightly different form)
as a system which interpolates two versions of the dispersionless mKP hierarchies, one by [8]
and [1] and the other by [17]. Hence the name “dispersionless coupled mKP hierarchy” has
another interpretation: It connects variants of the dispersionless mKP hierarchy.

This paper is organized as follows: The part on the cmKP hierarchy (Section 2) follows
standard recipe. We start from the Lax representation similar to that of the mKP hierarchy [17]
and introduce the dressing operator and the wave function as solutions of linear problems. We
show existence of the 7 functions and construct them explicitly, using the DJKM free fermions.

The dispersionless counterpart is discussed in Section 3, following the strategy of [21]. The
basic objects are a formal power series £ and a polynomial P. The hierarchy is defined by the
Lax equations. Then we introduce the dressing function, the Orlov—Schulman function, the S
function and the 7 function. We also discuss the relation with the dispersionless mKP hierarchy
and the characterization of the 7 function.

In Section 3.8 the cmKP hierarchy and the demKP hierarchy, so far discussed independently
in principle, are related via the WKB analysis.

Equivalent formulations of the cmKP hierarchy are discussed in the appendices.

2 Coupled modified KP hierarchy

2.1 Definition of the cmKP hierarchy

In this section we define the emKP hierarchy with discrete parameters {ns}ses C Z, where S is
a set of consecutive integers (e.g., S =7, S = {0,1,...,n} etc.) as in [17]. The dispersionless
limit can be taken only when S = Z, ny = Ns. Set S’ = S\ {maximum element of S} if there
exists a maximum element of S and S’ = S otherwise.

The independent variables of the cmKP hierarchy are the discrete variable s € S and the
set of continuous variables ¢t = (t1,t2,...). The dependent variables are encapsulated in the
following operators with respect to x:

L(s;z,t) = 0+ uy (s, x,t) + us(s, 2, )0 4 - -- (2.1)
= Z un(sv Z, t)al_nv
n=0
P(s;z,t) = po(s,z,t)0™ + -+ + pm,—1(s,x,t)0 (2.2)
mgs—1

= Z (s, z, )0,
n=0

where 0 = 0., ugp = 1, po # 0, ms := ngy1 — ns. P(s;x,t) is defined only for s € S'. We often
write L(s), P(s) instead of L(s;x,t), P(s;x,t). The notation (L(s), P(s))ses stands for a pair

of sequences ((L(s))ses, (P(s))ses)-
The ¢cmKP hierarchy is the following system of differential and difference equations:

OL(s)
Ot
L(s+1)P(s) = P(s)L(s), (2.4)

(8‘; _Bu(s+ 1)) P(s) = P(s) <8(l _ Bn(s)) , (2.5)

= [Bn(s)vL(S)]a (2.3)
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where B, (s) = Bp(s;z,t) = (L(s;x,t)”)>0. The projections like (+)so are defined as follows:
for A(z,0) = > an(x)0",

nez

Asp = Z an(z)0", Asp = Z an(x)0",
n>0 n>0

Aco = Z an(x)0", Ao = Z an(x)0"
n<0 n<0

The last equation (2.5) can be written in the form

OP(s)
oty

as well. Since Bj(s) = 0, equations (2.3) and (2.6) for n = 1 imply that = and ¢; always appear
in the combination x + ¢7.

Note that the cmKP hierarchy is almost the same as the mKP hierarchy in [2] or [17] but
the forms of L(s), P(s) and B, (s) are different.

= B,(s+1) P(s) — P(s) Bu(s), (2.6)

Remark 1. We can start from P(s) with the 0-th order terms, but if (L(s), P(s))secz satisfies
the cmKP hierarchy, we can gauge away such terms. See Appendix A for details.

By the well-known argument (cf. [3, § 1], [23, Theorem 1.1]) we can prove that the Lax
equations (2.3) is equivalent to the Zakharov—Shabat (or zero-curvature) equations,

G 0

_% _Bm(S)’aitn _Bn(s)_ _Oa (27)
or

[ 0 c 0 N

_%—B()(()T—B()__O, (2.8)

where Bf(s) := —(L(s)")<o = Bp(s) — L(s)".

2.2 Dressing operator, wave function
Similarly to the mKP hierarchy, we can show the existence of the dressing operator.

Proposition 1. For any solution (L(s), P(s))scs there exists an operator W (s) = W (s;x,t;0)
of the form

W (s;z,t;0) = (wo(s;z,t) + wi(s; z, )01 4 ), wo(s;x,t) #0, (2.9)
satisfying equations
L(s)W(s) = W(s)d,  P(s)W(s) = W(s+1), 8gis) = BS(s)W(s). (2.10)

In fact, equations (2.3), (2.8), (2.4) and (2.5) are compatibility conditions for the linear
system (2.10).

We call W(s;x,t;0) the dressing operator.

The wave function w(s; ) = w(s;z,t; \) is defined by

w(s;z,t; \) = W(s; z, t; 9)es @A)
(2.11)

m .
ij sy, )N )\”Sef(”t’”,
7=0
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o0
where x + t := (z + t1,to,t3,...), E(x +t,A) = xA+ > t, A", It is subject to the equations:

n=1
L(s)w(s; A) = Aw(s; A),

Ww(s; A) = Bp(s)w(s; \), (2.12)
P(s)w(s; A) = w(s+ 1; \).
Recall that the mKP hierarchy in [17] is defined by the equations (2.3)—(2.5) for operators
L(s) = L™XP(s), B, (s) = B™XF(s), P(s) = P™KP(s) normalized as

LPEP (s 2t) = 0 4+ ud®P (5,2, 6)07 + uPKP (5,2, )02 4 - -+, (2.13)
BEEP (g 2. 1) := (L8P (552, 6)") >0, (2.14)
PPEP (50 1) = 0™ + qi(s, 2, 0)0™ L - g, (5, 1, 1), (2.15)

Its dressing operator W (s) = W™KP(s) is normalized as
WREP(6) = (1 + wi®F(5)97L + ... )9m, (2.16)

7?KP,C(S) _

and satisfies the same linear equations (2.10) as the cmKP hierarchy, where B (s) = B
(L ()" <o = BT () — L ()"

Proposition 2. (i) Let (L(s), P(s))ses be a solution of the cmKP hierarchy and W (s) be the
corresponding dressing operator of the form (2.9). Then (L™KP(s), P™KP(s)),cq defined by
PP (5) i wo(s) M L(s)wo(s), PP (s) o= wo(s + 1)L P(s)wo(s)

is a solution of the mKP hierarchy and W™KF (s) := wq(s) "W (s) is the corresponding dressing
operator.

(ii) Conversely, if a sequence {(f©(s),..., f"=1(s))}ses of non-zero constant vectors and
a solution of the mKP hierarchy (L™KF (s), P™XP(s5))scs are given, there exists a unique function
f(s) = f(s;x,t) such that

% f(s5;0,0) = fF)(s) forall s€S,0=k<msg, (2.17)

and (L(s) == f(s)LL™KP(s) f(s), P(s) := f(s+1)"LP™KP () f(5))ses is a solution of the cmKP
hierarchy. (Mmyax(s) = 0°-)

Proof. (i) Note that the linear equations (2.10) imply that

aango(s;:c,t) = —uy(s;z, t)wo(s;x,t), (2.18)
wo(s; 2, t)po(s;z,t) = wo(s + 1;2,1), (2.19)
£w0(s; x,t) = —(L(s)”)owo(s;x,t). (2.20)

Equation (2.18) and (2.19) mean that L™XP(s) = wq(s) ' L(s)wo(s) and P™KP(s) = wpg(s +
1)1 P(s)wp(s) have the required form (2.13) and (2.15). It follows from equation (2.20) that

wols) ™ (a - Bn<s>) wols) = - — BEN(s)

Oty
where B™EP () is defined by (2.14) from L™KP(s). It is easy to see that (L™KP(s), PKP(5)) g
satisfies the system (2.3)—(2.5).
(ii) is proved in almost the same way as the fact mentioned in Remark 1, so we prove it in
Appendix A. |
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It was shown in [17] that dressing operators of the mKP hierarchy are parametrized by the flag
manifold: Let V be an infinite dimensional linear space @, Ce, with basis {e, },ez and %
be its subspace defined by V9 = @uzo Ce,. (Actually we have to take completion of V, but

details are omitted.) The Sato—Grassmann manifold of charge n, SGM (") is defined by
SGM™ = {U c V| index of U — V/V? is n}. (2.21)

The set of dressing operators of the KP hierarchy is SGM©) as is shown in [10, 12] or [11] and
the set of dressing operators of the mKP hierarchy is the flag manifold

Flag := {(Uy)ses | Us € SGM™) | U, € Uyyq}. (2.22)

See Proposition 1.3 of [17]. Hence the set of the dressing operators of the cmKP hierarchy is
described as follows.

Corollary 1. The dressing operator of the cmKP hierarchy (W (s))ses is parametrized by Flag x

[T (€™ A\ {0}).

ses’

Schematically, this space is an infinite dimensional homogeneous space GL(c0)/Q, where @ is
a subgroup of the group GL(o0) of invertible Z x Z matrices defined as follows: g = (gi;)ijez € Q
if and only if

o, i>mng,jSnsori>ng+ 1,7 < ng+ 1 for some s € 5, (2.93)
94 1, i=j=mns+1 for some s € S. '
In fact, if we consider an intermediate parabolic subgroup P defined by
9= (9ij)ijez € P <= gij =0 (i > ns,j < ng for some s € ), (2.24)

GL(00)/Q is considered as the fiber bundle
GL(0)/Q — GL(0)/P,

over GL(00)/P = Flag. A point on a fiber (Us)ses € Flag specifies a series of non-zero vectors
in Ust1/Us (3 €9). (Umax(S)-l-l = V)

We do not go into details of infinite dimensional homogeneous spaces. In this picture it is
clear that the group GL(c0) acts on the space of solutions transitively. The action is explicitly
described in terms of the fermionic description of the 7 functions. See the end of Section 2.5.

2.3 Bilinear identity

Recall that the wave function and the adjoint wave function of the mKP hierarchy have the
form

meP(s; z,t; )\) — WmKP(S)ef(x—i-t;)\) _ ’lf)mKP(S; z, )\))\ns ef(oc-i—t;A)7

meP(S; Tt A) =1+ wlanP(S;xvt)A_l te (225>
and

'LUmKP’*(S;m',t; )\) — ((W(s)mKP)*)—le—é(I-‘rt;)\) _ meP’*(S;l',t; )\))\—nse—f(u’v-‘y—t;)\)?

P (s, 1 0) = T (s, DA (2.26)
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where A* for an operator A denotes its formal adjoint: z* = x, 0* = —0, (AB)* = B*A*. These
functions are characterized by the bilinear residue identity:

Resy—oo meP(S; x,t; \) meP’*(sl; 2t N)d\ =0, (2.27)

for any z, t, 2/, t and ' < s. See § 1 of [17] for details.
The wave function of the cmKP hierarchy is also characterized by a bilinear identity as
follows:

Proposition 3. (i) The wave function of the cmKP hierarchy satisfies the following identity:

0, §<
Resy—oo w(s; , t; Nw(s's 2/, ¢ X) d\ = {1’ S/ * (2.28)
, 8§ =s.
Here w(s,t; \) is the adjoint wave function defined by
W(s;x, by N) i= W (s; z, t;9)e C@HA), (2.29)
W(s,t;0) = =0~ L (W (s, t;0)71)*. (2.30)

(ii) Conversely, let w(s;z,t; A) be a function of the form (2.11) and w(s;x,t;A) be a function
of the form (2.29), where the operator W (s) has the form

W (s;x,t;0) = (wWo(s; 2, t) + Wy (s;2,t)(—0) L +---)(=9) ™ L. (2.31)

If the pair (w(s;z,t;N), w(s;x,t;\)) satisfies the equation (2.28), then w(s;x,t;\) is a wave
function of the emKP hierarchy and w(s;x,t; \) is its adjoint.

Proof. (i) When s’ = s, we have only to show

(e}

1, a=1(0,0,...),

. (2.32)
0, otherwise

Resy—co

%(s; 2, N)w(s; 2’ M) d\ = {

for each multi-index a = (a1, ag, .. .).
Let us recall DJKM’s lemma (Lemma 1.1 of [3]): For any operators A(x,d,) and B(z,0:),
we have

Resy—oo A(z, 9,)e™ B(2, 81/)6_’”/)‘61)\ = f(z,2), (2.33)
where f(x,2') is determined by
f(z, 207 6(x — ') = (A(x, 0,) B* (2, 0,)) <06 (x — 2). (2.34)

Since W (s;0)W (s;0)* = &~ by the definition (2.30) of W (s;d), we have (2.32) for a =
(0,0,...) thanks to (2.33).
When «a # (0,0, ...), we can prove by induction that

0° () o
5 w(s;z,t; \) Zc (532, t)0"w(s; z,t; N),
i>1
where cga)’s are differential polynomials of coefficients of B, (s)’s. Hence the left hand side

of (2.32) vanishes due to (2.33) because

Zc (s;2,8)0" | W(s;x,t;0)W (s;2,t;0)* Zc (s;2,1)0" 1 (2.35)

i>1 i>1

is a differential operator.
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When s’ < s, the bilinear residue identity (2.28) is equivalent to the vanishing of its Taylor

coefficients:
(63

Resy—oo aatiu(s; z,t; N (s’s 2, 1 N) dh =0, (2.36)

for each multi-index co. When « = (0,0,...), this follows directly from (2.33) since
W(s;0)W (s';0)" = W(s;0)W(s';8)" 1971
= P(s—1)P(s—2)---P(s' + 1)P(s)0 1,

which is a differential operator due to (2.2). For o # (0,0,...), the proof is similar to the case
r_
| (118) When s’ = s and t = t/, the bilinear residue identity (2.28) is equivalent to
(W (s;2,t;0)W (s;2,,0) ) <o = 01,
which means
W (s; @, t;0)W (s;2,t;0) =01,
because W (s; x,t; 6)W(s;x,t;8)* is of order —1. Hence
W(s;z,t;0) = =0 L (W (s;z,;0)"1)*. (2.37)
Putting s’ = s — 1 and t = ¢/, we have
(W (s;x, t; B)W(s —1Lx,t,0)")<0 = 0.
from (2.28). This means
W(s;z,t;0)W(s — 1;2,t;0) 0~ = (differential operator),
by (2.37). Hence we obtain
P(s—1;0) := W(s,t;0)W(s — 1,t;0) "
= (differential operator of order ms_; divisible by 0). (2.38)

Finally, put s’ = s and differentiate (2.28) with respect to t,. Then we have

Res)y—oo s, t; N)w(s, t; A)dA = 0,

0 w
oty
namely,

<<8W(S) + W(s)8”> W(s)*> —0.

Otn <0

Using (2.37), we can rewrite this equation as
oW (s)
Oty

Thus we have recovered the linear equations (2.10). [

W(s)™! = =(W(s)0"W(s)™")<o.

Corollary 2. The function w™XF (s;2,t; \) := w(s; z,t; \) /wo(s; 2, t) is a wave function of the
mKP hierarchy. Its adjoint wave function is

wEP* (552,15 \) i= —wo(s; 2, 1)A(W(s; 2,15 N)).
Proof. This can be directly deduced from Proposition 2. Alternatively we derive it from Propo-
sition 3 here. Functions w(s;z,t; \)/wo(s;z,t) and —wq(s; z,t)0(w(s; x,t; \)) are expanded with

respect to A as in (2.25) and in (2.26) respectively. Hence differentiating (2.28) with respect
to #/, we obtain the bilinear residue identity (2.27) for the mKP hierarchy. |
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2.4 T function

In this subsection we prove that the wave functions of the cmKP hierarchy are ratios of the
7 functions. In contrast to the (m)KP hierarchy, we need two series of 7 functions to express
the wave function, unless mg = 1.

Theorem 1. (i) Let w(s;x,t; \) be a wave function of the cmKP hierarchy and w(s;x,t; \) be
its adjoint. Then there ezist functions To(s;t) and T1(s;t) such that

w(s: a4 ) To(s;x+ 1t — [A_l]))\nseg(:c+t;>\) (2.39)
L T1(s; 2+ 1) ’

QI)(S’ .t )\) — T1 (37 x + t + [)\_1]) )\—ns—le—f(a?-‘rt;/\) (240)
T To(s;x +t) ’

where [A71] := (AL, A72/2,073/3,...). The 7 functions 7o(s;t) and 71 (s;t) are determined only
up to multiplication by an arbitrary function of s.

(i) If ms = ns41 —ns = 1, we can choose T functions so that T1(s;t) = 70(s + 1;t).

(iii) The T functions are characterized by the following bilinear residue identity:

Resy—co TS5t — [)\_1])7‘1(5'; t+ [)\_1])eg(t’)‘)_g(t/’)‘))\”S_”S’_l d\

/
_ 0, s < s, (2.41)
Ti(s;t) To(s;t'), s =s.

Proof. (i) Let us denote the non-trivial parts of the wave function (2.11) and the adjoint wave
function (2.29) as follows:

w(s;x, t; A) = wp(s; x, t) + wi (s; x,t))\fl + wa(s; x,t))fQ 4+

Namely,
w(s;m, 6 N) = W(s;z, t; A eE@EHEN)
W(s; 2,8 A) = W(s; 2, 4 AT EEHEY),
Putting s = ', x = 2’ = 0, replacing t, by t,, + (7" /n, t], by t, in the bilinear identity (2.28),

we have

1
1 = Resy—o <w(s;t ¢ N (st /\)1_/\)(_1> dA

= d(s;t + [(']; Qo (si 8 ). (2.42)
In the limit (' — 0 we have
wo(s;t)wo(s;t) = 1. (2.43)

Since wo(s;t) " tw(s;t; \) is a wave function of the mKP hierarchy (cf. Corollary 2), there exists
a tau function 7¢9(s;t) such that

W(s;t;A)  To(sit— (A7)
w ) (2:44)
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Define the function 71 (s;t) by

. To(sst)
Ti(s;t) == wo(5:1); (2.45)

Equation (2.39) follows from (2.44) and (2.45). Equation (2.40) follows from (2.42).
(ii) From (2.40) and (2.42), we can see that dependence of 79(s;t) on ¢, (n > 1) is determined
uniquely by the equation

0log To(s;t)

= A,(s;t), 2.4
o (511 (2.46)

where

Ap(s;t) = —Resyzoo | A" Z)‘_j_l(‘)at + 88)\ logw(s;t; A) | dA.
j=1 J

See § 1.6 of [3] for detailed arguments.
When ngy1 = ng + 1, by putting s’ = s — 1 and replacing ¢, by t, +(~"/n, t}, by t, in the
bilinear identity (2.28), we have

0 = Resy—o (ﬁ)(s;t +[¢71; )\)Qf)(s — 1t )\)1_1>\C_1) d\
= d(s;t + [(T']; Qs — 1;8¢) — wolsit + [¢')do(s — 1;1).
Using (2.42) and (2.43), and putting ( = A, we obtain

W(s—1;tN)  wo(sit+ A1)

w(s;t; \) wo(s — 1;t)

Therefore, we have from definition (2.46),

dlogmy(s;t) Ologmo(s —1;t)  Jlogwo(s — 1;¢)

Hence, we can fix the dependence of 7y(s;t) on s by
log 79(s;t) —log (s — 1;t) = —logwp(s — 1;t).

Comparing this with the definition (2.45), we find that 71(s;t) = 70(s + 1;¢), as desired.
Statement (iii) is a direct consequence of (i) and the bilinear residue identity for the wave
functions, (2.28). [

2.5 Construction of 7 function

In this subsection we construct 7 functions of the cmKP hierarchy in terms of the free fermions
or, in other words, the Clifford algebra as in the case of the KP hierarchy [3] or of the Toda
lattice hierarchy [15, 16].

Let v, and ¢} (n € Z) be free fermion operators, i.e., generators of a Clifford algebra A
which satisfy the canonical anti-commutation relations:

['¢ma ¢n]+ = [1/}127 1/}:;]-4- =0, [wma w;]-i- = Omn; (247)
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where [A, B]y := AB+ BA. The Fock space F and the dual Fock space F" are generated by the
vacuum vector |vac) and its dual (vac| over A respectively. F and F" contain states of charge
k, |k) and (k| respectively, which are characterized by

0 n<k 0 m 2k
) =4 ! Ry =4 =5 2.48
Vulk) {]k+1>, n=k, Ynlk) {k—1>, m=k—1, (2.48)

0 n=>k 0 m <k
k — ) - ’ k *: ’ ’ 2.49
(1 {(k—u, n=k—1, Kl {<k+1y, m=k. (2:49)

In fact, |[vac) = |0) and (vac| = (0]. The pairing of F and F" is naturally defined by (k|k) = 1.
We define the operators J(t), ¥(\) and ¢*(\) as follows:

JE) =) ta > Yk, (2.50)
n=1 keZ

YA =D X", (A =D AT (2.51)
nez neL

We quote important formulae from § 2.6 of [3]:

(m|e?Dp(N) = A 1€l (i — 1]/ DD, (2.52)

(m|e?Dy*(\) = X €N (i 4 1] D), (2.53)
The bilinear identity comes from the following intertwining relation [3, § 2.1]:

D Ung @ vng =Y gbn @ gui, (2.54)

neL neZ

where g is an arbitrary element of the Clifford group generated by ,,’s and 9} ’s.
Putting this equation between (m + 1|e’® @ (m’ — 1]e/®) and |m) @ |m’), we have

Resy—oo (m 4 11e? Op(N)glm) (' — 116”1 (\)glm') 2
— Z(m + 1\6J(t)1/)ng\m><m’ — 1|6J(t/)w:Lg|m/>
nez
=Y (m+ 1! O gy m) (m' — 1]’ gy m).
nez
Thus we obtain
d\

Resa—oo (m + 1|e?p(A)g|m) (m’ — 1\6J(t/)1/}*(/\)g|m'>7

0, m' < m,
(m +1]e’Wglm + 1)(m|e’ W glm), m' =m +1

due to (2.48).
For a Clifford group element g we define 7 functions by

T0(s:t) := (ngle’Dglns), m1(s;t) := (ns + 1]e’Pgln, +1). (2.56)

The bilinear residue identity (2.41) holds because of (2.52), (2.53) and (2.55). Namely, we have
constructed a pair of 7 functions of the cmKP hierarchy for each ¢ in the Clifford group.

The action of GL(oo) mentioned at the end of Section 2.2 is realized as the action of the
Clifford group, g — ¢'g (¢’ € GL(o0)) in (2.56). Hence the above construction exhausts all the
solutions of the cmKP hierarchy.

The vertex operator description of the gl(oo) symmetry is the same as that for the KP
hierarchy in [3].

(2.55)
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3 Dispersionless modified KP hierarchy

3.1 Definition of the dcmKP hierarchy

Let N be a positive integer. When ny, = Ns, we can introduce the parameter h into the
cmKP hierarchy and take the dispersionless limit, as is done for the mKP hierarchy in [17].
Now for the demKP hierarchy, the independent variables are the continuous variables s,z and
t = (t1,t2,...). The dependent variables are encapsulated in £(k;s,t) and P(k;s,t), which are
respectively formal power series and polynomial of k£ having the following form:

L(s) = L(k;s,t) =k +ui(s,t) + ua(s, )k Zun s, t) ki, (3.1)

P(s) = P(k;s,t) = po(s, )k~ + -+ pn_1 Z pn(s, EN ™. (3.2)

Here ug = 1, pg # 0. We do not write the dependence on x explicitly for the reason we are going
to see later.
The N-demKP hierarchy is the following system of equations:

oL
ﬁ = {Bn, E}, Bn = (En)>0, (33)
oL
55 = = {log P, L}, (3.4)
dlogP 0B,

5t = 0s (3.5)

where now the projection (-)sq is with respect to k, log P is formally understood as

log P =logpo + log k™ + > " puk ™™,

n=1
and {, -} is the Poisson bracket

of g Of 0
{f(k,x),g(k,x)}:a%%_%%

As usual, the n = 1 case of equations (3.3) and (3.5) implies that the dependence on z and t;
appears in the combination x + ¢;. As a result, we usually omit x and identify t; with x.

By the standard argument, equation (3.3) is equivalent to the Zakharov—Shabat (or zero-
curvature) equations

0B, 0B, B oB: 0B,
ot ot +{Bn, B} =0, or ot ot

where B, = —(L")<o = B, — L.

4B B Y =0, (3.6)

Remark 2. As in the case of the cmKP hierarchy (cf. Remark 1), even when we start from
polynomial P with a constant term, P(s) = po(s)k™ + -+ + pn(s), we can gauge away py(s).
See Appendix A.
In general, we can let P be a power series with leading term pok”, and have infinitely many
o0
negative power terms, i.e., ? = > p, k¥ ™. In particular, if P = £V, then equation (3.4) says

n=0
that there is no dependence on s, and (3.5) is equivalent to (3.3). This is the dmKP hierarchy

considered by Kupershmidt [8], Chang and Tu [1].
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Remark 3. Suppose (£, P) is a solution of N-demKP hierarchy (3.3)-(3.5) and Q(¢) = amn(™+
-+ + ag is a polynomial with coefficients ag, ..., a,, independent of s, z and ¢t. If Q(L(k))P (k)
is a polynomial of k without constant term!, then it is easy to see that (£, PQ(L)) is a solution
of (N + m)-demKP hierarchy. We say that this solution is equivalent to the solution (£, P).

3.2 Dressing operator

As in [21], we can show the existence of a dressing operator.

Proposition 4. For any solution (L(s),P(s)) of the demKP hierarchy, there exists an operator
expad ¢(s) that satisfies

L = (expad ¢)k,
Vi = By, V¢ =log P —log LV, (3.7)

where ¢(s) is a power series of the form ¢(s) = iojo On(s; )k, (ad f)g ={f, g} and

- 1 o
Vuy® = mZ:() m(ad ) u

for series ¥, ¢ and variable u.
Comparing the coefficients of k% on both sides of equations in (3.7), we have
Corollary 3. The function ¢o(s,t) satisfies

dpo dpo
B, —(L")o, s = log po.

3.3 Orlov—Schulman function

Using the dressing operator ¢, we can construct the Orlov—Schulman function M by

M = e2d® (Z nt k" 4+ + Nsk1>

n=1

= tp L1 = WL 3.8
nz:l n +x+ e + nz:l v (3.8)

where v,, are functions of s, t. M has the property that it forms a canonical pair with £, namely
{L, M} =1. (3.9)
Using Lemma A.1 in Appendix A of [21] and Proposition 4, we find that

oM oM

As in [20], we can show by using the equations (3.3)—(3.5), (3.10), (3.9) and Corollary 3 that
the expansion of B,, and logP with respect to £ can be expressed through the functions v,.
More precisely,

1We do not need to impose this condition when we consider the generalized cmKP hierarchy as in Remark 2.
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Proposition 5. We have the following relations:

_ n 8¢0 > 1avm —m
Bn_£+8tn Zm@tn£ ’

m=1

0o 1 Ovy, .
_ N _ m
logP =log L + D5 E l—m—as L.

3.4 Fundamental two form and S function

The fundamental two form w is defined by

w=dkAdz+ Y _ dBy Adty + dlogP A ds.

n=1

(3.11)

(3.12)

The exterior derivative d is taken with respect to the independent variables k, x, s and ¢t. From

definition, w is closed

dw =0,

and it follows from the zero-curvature equation (3.6) and equation (3.5) that

wAw=0.

(L, M) is a pair of functions that play the role of Darboux coordinates. Namely

dLNdM = w.

In fact, we can prove as Proposition 2 in [20] that

Proposition 6. The system of equations (3.3)—(3.5), (3.10) and (3.9) are equivalent to

dL N dM = dk Ndax+ > dBy A dty + dlog P Ads.

n=1

This formula implies that there exists a function S(L;s,t) such that

dS = MdL + kdx + ) Bydty, + log Pds,

n=1
or equivalently,
oS oS 0§ oS oS
ﬁ_Mv %_aitl_ka 871571_6”7 E_

From the formula (3.8) and Proposition 5, it is easy to see that

Proposition 7. The S function is given explicitly by

S = Ztn£"+xﬁ+slog[,N—Z%E”H—gbg.

n=1 n=1

(3.13)
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3.5 Tau function

We introduce the power series k(z; s,t) as the (formal) inverse of L(k;s,t) with respect to k, i.e.
L(k(z;s,t);s,t) = z and k(L(k;s,t);s,t) = k. Define the Grunsky coefficients by,,, m,n > 0
and bno = bon, n > 0 of k(z) = k(z;s,t) (cf. [4, 9, 19]) by the expansions

k(z1) — k(z2)
log ﬁ = Z bmnzl Z y (314)

log— anoz " (3.15)
Obviously, by, are symmetric. In terms of the Grunsky coefficients, we have (cf. [4, 9, 19])

(L") =nbno,  Bp=L"~nbyg+n Y buml ™. (3.16)

m=1

Comparing with (3.11), we find that

v 0
Ou b, 6‘;’: — by, (3.17)
Therefore by the symmetry of Grunsky coefficients, the first equation gives
0 0
Um _ 9O (3.18)
ot,  Otp

Consequently, we have

Proposition 8. There erists a tau function Tqemkp(8;t), determined up to a function of s, such
that

010g TdemKP
—= T =, 1
ot v (3.19)

Define F = log Tqemkp- It is called the free energy. Using equations (3.19) and (3.17), we
can rewrite the equations (3.14), (3.15) as

1 8(250 P 1 8(250 P
21 eXp o ot 21" | — zexp o 2
n=1 n=1 n

0*F omn
= (21 — 2z2) exp Z Z o TR T 25" ] . (3.20)

m=1n=1

Comparing the coefficients of z§ on both sides, we have

10¢g _,\ 0y ~=1 O?F _,
Z exp (;nat z )—z—l— ot _;natnatlz . (3.21)

On the other hand, we can formulate a partial converse of Proposition 8 as:

Proposition 9. If Tgemkp(s,t) and ¢o(s,t) are functions that satisfy the equation (3.20), then
the pair of functions (L, P), where L(k) = L(k; s,t) is defined by taking the inverse of the formal
power series

k(z) = k(z;s,t) = zexp (Z ;gfo _n>

n=1
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and P(k) = P(k; s,t) is defined so that its composition with k(z) is given by

_ e A _ 00\ N - 19°10g TaemkP __p,
P(k(z)) = P(k(z;s,t);s,t) =exp ( s > z"' exp (— Z W T z , (3.22)

n=1
satisfy the demKP hierarchy (3.3)—(3.5), in the generalized sense as Remark 2.

Proof. From (3.21), we have

=1 9*F _,
k(Z)—Z‘I—atl—nZ::lnatnatlz .

Therefore, it follows immediately from the definition of log P that

dlog P
otq

_ OK(L)

L fixed Os

L fixed

As in the proof of Proposition 3.2 in [19], this implies equation (3.4).
On the other hand, let by, m,n > 0 be the Grunsky coefficients of k(z) defined as in (3.14),
(3.15). Comparing the equations (3.20) with (3.14), (3.15), we find from (3.16) that

90 o~ 1 9108 TaemKP o,
Oy Zem Otaots,

Therefore,
0B, k(L) 9B, _ OlogP 5.23)
Ot1 | £ fixed Otn |1 fixed 95 |1 fixed Otn |rtixed '

The first equation implies equation (3.3). On the other hand, by using the second equation
in (3.23) and equations (3.3) and (3.4), we have

ag)tip - aai” + {log P, B, }
_ OlogP dlogP oL 0B, 0B, 0L
© Otn ea 0L Otn 05 |ppyeq  OL Os
OlogP oL 0B, dlogP 0B, 0L
oL % 8t1 L fixed - atl L fixed oL % a
This gives equation (3.5). [

3.6 Relation with the dmKP hierarchy

The dmKP hierarchy in [17] is defined by the system of equations

8£deP . o
S = (B pankey, (3.24)
8EdeP
o _ {lOg demKP7£deP}, (325)
Jlog pAmKP 352mKP dmKP 72dmKP
oL, = s —{logP , B, } (3.26)
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for the power series

ﬁdeP(k; s,t) =k + ungP(s,t)k_l + ungPk—2 e (3.27)

By (ks s, t) = (LM5F (ks 5,6)™) >0,

PP (ks 5,1) = kY + 1 (s, )RV -+ g (s, ). (3.28)
We have

Proposition 10. If (L(s), P(s)) is a solution of the demKP hierarchy, then the pair (LY™KP (s),
PAemKP (g)) where

LIEP (5) = LIMKP (ko5 1) = L(k — w1 (s,1); 8, 1), (3.29)
PAmKP (o) — PAMKP (1 g 1) = po(s,t) TV P(k — uy (s, t); s, 1),

1$ a solution of the dmKP hierarchy.

Proof. It is easy to see that LIMKF and PImEP defined by (3.29) has the form required by (3.27)
and (3.28). Let exp <ad > gbn(s,t)k‘_”) be the dressing operator of the solution (L(s),P(s)).
n=0

EdeP log fpdeP

Using Corollary 3, it is easy to check that can be written as

log PARKF — g=adén jog p . 020 (3.30)

EdeP — e ad qboE
’ 0s

Since
e ML )so + (LM)o = e P (L)50 = (721 L)>0,
we have

BrKEP = emrddop, ?,;:“). (3.31)

Using this relation, equation (3.30), equations (3.3)—(3.5) and Lemma A.1 in [21], it is a direct
computation to verify that (LImKP PdmKPY satisfy equations (3.24)—(3.26). [ |

The map (3.29) is called a dispersionless Miura map, corresponding to the Miura map between
a solution of KAV hierarchy and a solution of modified KdV hierarchy.

3.7 The special case P = pok

In the special case where N = 1 and P = pok, we have from Corollary 3 and equation (3.15),
(3.17),

0o 0
longlogPO+logk_— £+Z ¢0

Comparing with (3.12), we find that

& log Taemkp _ Ovn _ 9o

Ot 0s 0s Ot
Therefore we can fix the dependence of Tq.mkp on s by the equation

0log Tgemkp

Js =%



Coupled Modified KP Hierarchy and Its Dispersionless Limit 17

and equation (3.20) can be written as

=1 0*F _, =1 9*F _,
21 exXp <_Zn838tnz1 > — 29 €Xp <_Zn838tn22 )
n=1

1 fm —-n
= (21 — 2z2) exp <Z Z o 875 (% 25 ) , (3.32)

m=1n=1

which we call the dispersionless Hirota equation for demKP hierarchy with P = pgk. The
counterpart of Proposition 9 becomes

Proposition 11. If Tgemkp(S,t) is a function that satisfies the dispersionless Hirota equation
(3.32), then the pair of functions (L, P), where L(k) = L(k;s,t) is defined by inverting

n ot,0s

1 621 cm
k(z) = k(z;s,t) = zexp (— E OgTdKPZ—n>
and

2]
P(k) =P(k;s,t) = kexp <—8O%Z;CHIKP>

satisfy the demKP hierarchy (3.3)—(3.5).

Proof. This can be directly deduced from Proposition 9. |

Comparing with Proposition 3.1 in [19] and its following discussion, we find that if (L(k; s, 1),
P(k;s,t) = po(s,t)k) is a solution of demKP hierarchy, L£(k;s,t) is a solution of the hierarchy

oL n
ot = WEz0. L)
L1(k; s,t) = L(py'k; s,t) is a solution of the hierarchy

oL

o = (D0, Li}r, (3.33)
(2%

and Ly/o(k;s,t) = E(pgl/Qk; s,t) is a solution of the hierarchy

L1 /9 1
atn/ _{( 172)>0 + 5 (£1)2)o, /51/2} : (3.34)

Here {-,-} is the Poisson bracket of dToda hierarchy:

{f(k,s),g(k,s)}r = kg@ _ kaf Jg

Ok 0s Js Ok’
(3.33) and (3.34) can be considered as gauge equivalent form of the demKP hierarchy with
P = pok and with gauge parameter 1 and 1/2 respectively. For the cmKP version of (3.33)
and (3.34) we refer to Appendices B, C and D. The form (3.34) was used in the work [22].
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3.8 Quasi-classical limit of the cmKP hierarchy

The dispersionless KP hierarchy and the dispersionless Toda hierarchy are obtained as quasi-
classical limit of corresponding “dispersionful” hierarchies. See [21]. The demKP hierarchy
is also quasi-classical limit of the cmKP hierarchy. In this subsection we briefly explain the
correspondence.

Let us define the order as in [21], § 1.7.1:

ord" (Z an,m(t)h”8m> = max{m — n|anm(t) # 0}. (3.35)

In particular, ord"(h) = —1, ord"(9) = 1. The principal symbol (resp. the symbol of order 1) of
an operator A =Y ay ,h"0™ is

oh(A) = pord"(4) Z anmk™,
m—n=ord"(A)
respectively
olM(A) == h! Z apmk™.
m—n=l

Let us redefine the cmKP hierarchy with a small parameter i as follows. Fix a positive
integer N. The discrete independent variable s runs in S := AZ. Operators L, P are of the form

L(s;z,t) = iun(h, s, x,t)(hO) ", (3.36)
o

P(s;z,t) = Y pu(h,s,2,t)(hO)N T, (3.37)
n=0

where ug = 1, pg # 0 and all coefficients uy(h, s, z,t) and py(h, s, x,t) are regular in A. Namely
they do not contain negative powers of A. The cmKP hierarchy is rewritten as

R22E) = (o), Lo, 3.39
(L(s+h) — L(s))P(s) = [P(s), L(s)], (3.39)
(Bn(s) — Bn(s+ h)) P(s) = | P(s), hé)(zn — Bu(s)] . (3.40)

where B, (s) = By(s; z,t) is defined as before. The principal symbols of (3.38), (3.39) and (3.40)
give equations (3.3), (3.4) and (3.5) of the demKP hierarchy respectively, where £(s) = of(L(s))
and P(s) = al'(P(s)).

The dressing operator W (s;x,t;0) (2.9) should have the form

W (s;x,t; h;0) = exp(h X (h, z,t;9)) (h)™*,
X(hya,t;0) = xn(hy2,t)(h0) ™",
n=0
where x,(h, z,t) is regular in A. The principal symbol of X is the function ¢ in Proposition 4.

Remark 4. Solutions of the dispersionless KP and Toda hierarchies can be lifted up to solutions
of the KP and Toda hierarchies (with &) respectively by lifting the dressing operator. See
Corollary 1.7.6 and Corollary 2.7.6 of [21].
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As for the demKP hierarchy, we conjecture that any solution of the demKP hierarchy would
be lifted up to a solution of the cmKP hierarchy but there is difficulty coming from the form
of P(s). Naive lift of ¢(s,t) would cause a tail of P(s) which has non-positive order as a micro-
differential operator and negative order in the sense of (3.35). We can correct this by inductively
modifying X (s) to get P(s) of the form (3.37), but this inductive procedure might make X (s)
behave wildly with respect to s.

In the context of the WKB analysis of the linear equations (2.12) the S function introduced
in Section 3.4 is the phase function:

w(s;z,t;A) = exp(h™ (S + O(h))) (3.41)
S = Z tn A" + zX 4+ Nslog A — Z L N (3.42)
n=1 =

By replacing A with £, we obtain the .S function in Proposition 7.
If the conjecture in Remark 4 is true, the form of P(s) of the demKP hierarchy reduces
drastically by the following proposition.

Proposition 12. If a solution (L(s),P(s))ses of the demKP hierarchy is the quasi-classical
limit of a solution (L(s), P(s))ses of the cmKP hierarchy with h. Then P(s) = po(s, )k

Proof. Let 19(s;t) and 7i(s;t) be the tau function of (L(s), P(s))ses. They are expressed by
the Clifford algebra as in (2.56): for s € Zh

To(hs s;t) = (Nsh~t|e! M g | Nsh™t),

mi(h;s;t) = (Nsht + 1|e‘](t)h_1g|N.s:7i_1 +1). (3.43)
Defining
T(s5t) := <sh_1|6J(t)h_lg\sh_1) (3.44)

we have a solution (L(s), P(s))secz of the cmKP hierarchy with N = 1 whose 7 functions are
To(s;t) = 7(s;t), Ti(s;t) = 7(s + Rst). It is easy to see that the dressing operators W (s) of
(L(s), P(s))ses and W(s) of (L(s), ( ))sez are related by W(s) = W(Ns).

Hence L(s) = L(Ns) and P(s) = P(Ns+ (N — 1)h) - -- P(Ns). The symbol of order 0 of the
last equation gives

P(s) = a5 (P(s)) = o (P(Ns + (N = 1)h)) --- o (P(Ns)),

because ofl(AB) = of(A)ol(B) for any operators A, B, ord"(A) = ord"(B) = 0. Since P(s) is
of the form po(s,t)hd, P(s) is of the form po(s,t)kN. [

A proof of the above statement without lifting up to the cmKP hierarchy is desirable.
If P(s) = po(s,t)kY, we have Res L™d, log P(s) = N(L")o, which is equivalent to
31}” _ Naqbo

% —_— 8T7 (3.45)

because of (3.12) and Corollary 3. This equation together with (3.18) is a compatibility condition

of equations (3.19) and

910g Taemkp _
0s

which fixes the s-dependence of log TqcmKp-

—Nyo, (3.46)
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In fact, this is consistent with the quasi-classical limit. We express the 7 functions of
(L(s), P(s))ses as (3.43) and define 7(s;t) by (3.44). As in [21], that 7 function behaves as

T(sit) = eh*2F(FL,s,t)
and therefore 79 and 71 behave as
To(h; S;t) _ eh_QF(h,Ns,t)7 7_1 (h, S;t) — eh_QF(h,Nerh,t).
Substituting this into (2.39) and comparing the result with (3.41) and (3.42), we have

OF (I, Ns,t)
Otn

Hence log 7qemkp(s;t) = F(h, Ns,t)|n=0, which satisfies (3.19) and (3.46).

W OF(h,Ns,t)

~ s = ligo(s,t) + O(h?).

= vp(s,t) + O(h),

A Form of P(s), P(s) and proof of Proposition 2 (ii)

In the main text we assumed that operator P(s) of the cmKP hierarchy does not have the 0-th
order term as in (2.2). We also put similar requirement (3.2) to P(s) of the dcemKP hierarchy.
At first glance, these assumptions might seem artificial but in fact they are not restriction as
we show in this appendix.

Assume that L(s) is of the form (2.1) and that P(s) has the form

P(s;x,t) :=po(s,2,t)0™ + - + pmy—1(8, )0 + P, (8, x, 1)

= an(s,x,t)ﬁmf", po(s,z,t) #0, (A.1)

n=0
instead of the form (2.2). Assume further that (L(s), P(s))ses satisfies the system (2.3), (2.4)
and (2.5). We show that there exists a function f(s) = f(s,x,t) which satisfies
e The pair (L(s) := f(s) " L(s)f(s), P(s) := f(s + 1) P(s)f(s))ses is a solution of the
cmKP hierarchy.
e P(s) does not have the 0-th order term:

]5(8) =po(8)0"™ + -+ 4 Prm.—1(8)0 + Pm,(8), DPm,(s) = 0. (A.2)

In this sense we can assume without loss of generality that py,, (s) = 0in (2.2).
The following is the basic lemma:

N .

Lemma 1. Let Q = 3" q;(z)0N77 be a differential operator and f(x) is a function. Then the
i=0

0-th order term of the composition Q o f is the function Q(f) obtained by applying Q on f.

k
This is a direct consequence of the Leibniz rule: 8% o f = 3 (lﬁ) fl=n)gr,

r=0
Hence the second condition (A.2) for the function f(s,t) is equivalent to

P(s)(f(s)) = 0. (A.3)

Let us introduce an operator Cy,(s) by

F(8)7H0k, — Bu(s))f(5) = 04, — Cul(s),
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ie, Cn(s)= f(s) " Bn(s)f(s) — f(s)~ 1%”) (A.4)

Then, it follows from (2.3), (2.4) and (2.5) that the pair (L(s), P(s))ses satisfies the following
equations:

[L(s), 0, — Cu(s)] = 0, (A.5)
L(s+1)P(s) = P(s)L(s), (A.6)
(Ot — Cu(s +1))P(s) = P(5)(8r,, — Cnl(s)), (A7)

Hence if C,,(s) = (L(s)")s0, then (L(s), P(s)) is a solution of the cmKP hierarchy. By Lemma, 1
we have

_ _ _10f(s

Culs) = (F(5) B F ()50 + F(5) " Buls) (7)) — £(5)7 2.
Therefore the condition Cy,(s) = (L(s)")sq is equivalent to

(Or, — Bn(s))(f(s)) = 0. (A.8)

So, we have to find a function f(s) satisfying (A.3) and (A.8). This is done inductively as

follows. First solve equation (A.3) for t; = t3 = --- = 0 but for arbitrary . We denote the
solution by fo(s,x):

P(s;z,ty =ty =---=0)fo(s,z) =0, fo(s,0) = 1. (A.9)
Function fi(s,z,t1) = fo(s, z+t1) satisfies (A.3) as well as (A.8) withn = 1forty =t3 =--- = 0.

Suppose we have function fi,(s,z,t1,...,t,) which satisfies (A.3) and (A.8) with n =
1,...,m and t; = 0 (k > m). We can solve the Cauchy problem
0

e S, T, t1,...,1
6tm+1fm+1( 1, 5 m+1)

- Bm+1(s,x,t1, ce ,tm+1,0,0, ce )fm+1(3,x,t1, . ,tm+1) = 0, (AlO)
fm+1(s,x,t1, o 7tm70) == fm<37x7t17 o 7tm)7

with respect to t,,4+1. By (2.7) and (2.5) for n = m—+1, the solution f,,,11 of (A.10) satisfies (A.3)
and (A8) forn=1,....m+1landt; =0 (k>m+1).

The desired function f(s,t) = f(s,z,t1,t2,...) is defined by the inductive limit of the se-
quence fn(s,z,ty,to, ... ty).

The second statement of Proposition 2 is proved in the same way. Suppose that a solution
(L™KP (5), PPKP (5)) .5 of the mKP hierarchy and a sequence {(f(©(s),..., f("™s=1(s))}ses of
non-zero constant vectors are given. Replace L(s), P(s) and B,(s) in the above argument
by L™KP(s), PmKP(5) and BMKP(s) respectively. (See (2.13), (2.15) and (2.14).) If we solve
equation (A.9) under the initial condition

O fo(s,0) = fH(s),  k=0,...,mg—1, (seS),
we obtain a function f(s) = f(s,z,t) such that
O fo(s;0,0) = fF)(s)  forall seS, 0<k<ms,

and (L(s) := f(s)"LL™KP(5) f(s), P(s) := f(s+1)"1P™KP(5) f(5))ses is a solution of the cmKP
hierarchy. |
We proceed to the case of the dcmKP hierarchy.
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Lemma 2. Let (L(s),P(s)), where

L(s) = L(k;s,t) =k+ Zunﬂ(s,t)k:*",

n=0

P(s) = P(k;s,t) = po(s, )EN + -+ py(s, t), (A.11)

be a solution of the demKP hierarchy. If p(s,t) is a function that satisfies the system of equa-
tions®

itn == Bn ( ,S,t y n 17 (A 12)

then the pair (L(s), P(s)), where
L(k;s,t) =N L(k:s,t) = L <k — 8('08(8’75) ; s,t> ,
x

ﬁ(k;S,t) — eap(s,t)/aseadgo(s,t)ﬁ(k;S’t) — e&p(s,t)/asp <k . a@és,t);87t> ’
X

is also a solution of the demKP hierarchy.

Proof. First, observe that

Therefore, we have

0L (00 2\ | ade
_ 92\ L pdepg il _yp 7
_{ Bn< 8x>—|—e Bn,ﬁ}—{Bn,ﬁ}.
Similarly,
0L (Do | a0, X -
el s A 3| =l .
s {83 +e ogP,E} {log P, L}
Finally,

Ot

_ 890 D 6230 9 ad 690 ad ¢
—{atn’bgp}*asatﬁas(e B) = { o 7B

dlogP 92y 00 iy ady [ OBn
ot _8tnas+{’e logPp+e™7 | &y — og P, B}

— {ead‘p log P, ead‘p[)’n}

= min — {logﬁ,l’;’n}. |

2The equation when n = 1 is a tautology.
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Lemma 3. Let (L(s),P(s)) be as in the lemma above. If P(k;s,t) has a root (s, t) as a poly-
nomial of k, the system

0 t
2ol B s it nx L, (A13)
Ot
has a solution, unique up to a function of s.
In particular, (A.13) for n = 1 implies that ¢(s,t) = —g—ﬁ. Hence the function satisfying
(A.12) is obtained and we can gauge away the constant term of P(s) according to Lemma 2.
N
Proof. Let us factorize P(k;s,t) as P(k;s,t) = po(s,t) [ (k — ¢i(s,t)). Differentiating by ¢,
i=1
we have
N 0,
810g7) ot 0
= n —1 . A.14
at., ; k— + ot 08 Po ( )

The left hand side is, due to (3.5),

dlogP 0B, B dlogP 0B, n OlogP 0B,
ot,  Os Ok Oz ox Ok

Substituting this into (A.14), multiplying 853—,;”, subtracting the same equation with m and n
interchanged, we have

0B,
ok

oP;(s,t OB, 0i(s,t
(Vi3 5, 1) waii ) _ o (%;Syt)waisn)

{Bns B } (35 5,t) =

by comparing the residue at k = ;. Using this equation, we can check the consistency of the
system (A.13) as follows:

Bl (5,1)55.0) = - (5.1)55.1)
= (G- ) wlsi s
+ O s, 0 ) T, 1) P
= (gf: — %i’j + {Bn,Bm}> (¥(s,t);5,t) = 0. (A.15)
Therefore, the system (A.13) has a solution ¢(s, ) unique up to a function of s. n

B Difference operator formalism

When the set {ns}ses is equal to the whole set of integer numbers Z, we can formulate the
cmKP hierarchy in terms of difference operators. In fact in this case the cmKP hierarchy can
be thought of as the “half” of the Toda lattice hierarchy of Ueno and Takasaki [23] whose
dependence on half of the time variables are suppressed.

In this appendix, we first present the difference operator formalism of the cmKP hierarchy
and then show in Appendix D that it is equivalent to the cmKP hierarchy in the main text.
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We also introduce a gauge parameter a, a # 0. (See [14] for the gauge parameter of the Toda
lattice hierarchy.)
Let L be a difference operator of the form

oo

L =bo(s,t)e” +bi(s,t) + ba(s, t)e ™% + - =Y bj(s, t)e 7%, (B.1)
7=0

where ¢k% is the k-step shift operator e f(s) = f(k + s) and t = (t1,t2,3,...) is a sequence
of continuous variables. We assume that by never vanishes: by(s,t) # 0.

We call the following system the difference operator formalism of the cmKP hierarchy with
gauge parameter o:

oL

ot = By, L|. (B.2)

Here B, is a difference operator defined by
B, = (L")20 — a(L")o, (B.3)

where (-)>o and (-)o are projections of difference operators: for A =3 a;(s)e’%,
J

Aso = Zaj(s)ejas, Ap = ap(s), Acg = Za (s)el%. (B.4)

520 <0

By the same argument as in [23, § 1], the Lax representation (B.2) of the cmKP hierarchy is
equivalent to the Zakharov—Shabat (or zero-curvature) representations:

[04,, — Bm, 0, — By] =0, (B.5)
[atm - Bfn’ atn - Bfl] = 07

where
B =B, — L"=—(L")«o — a(L")o. (B.7)

Example 1. Dispersionless limit of the case a = 1/2 is (3.34). It is related to the Lowner
equation. See [22].

The proof of the following proposition is the same as those of Theorem 1.2 of [23].
Proposition 13. For each solution of the cmKP hierarchy with gauge parameter «, there exists
a difference operator W of the following form with coefficients wo(s,t) = e~ gnd wj(s,t):

W = =29 Loy (s, t)e Zw] s,t)e 9% (B.8)

satisfying the equations

1 51

L=WeW | o = B:W, (B.9)

where the operators By, are defined by (B.7).

We call W the wave matriz.
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Proposition 14. (i) The operator W in Proposition 13 and the function (s, t) satisfy the
following bilinear equation for arbitrary t and t':

W (W ()7 = eI elsD=0(8) | (strictly upper triangular), (B.10)

R 0
where W (t) = W (t) exp (z tne”65> and the “(strictly upper triangular)” part is an operator
n=1
of the form Y an(s)em%.

n>0
(ii) Conversely, if a function ¢(s,t) and an operator %% of the form (B.8) satisfies the

equation (B.10), then the operator L defined by L = WeasW_l is a solution of the cmKP
hierarchy (B.2).

The proof is essentially the same as the proof of Proposition 1.4 and Theorem 1.5 of [23].
By means of ¢(s,t) in Proposition 13, we can change the gauge as follows.

Proposition 15. Let L be a solution of the cmKP hierarchy (B.2) with gauge parameter o
and ¢ be the function defined in Proposition 13. Then the difference operator defined by

I = la=e(s0) o~ (a—B)e(s:t) (B.11)

satisfies equation (B.2) with gauge parameter (3. Here 3 can be 0.

Simple calculation is sufficient to check (B.2) for L. We have only to note that the truncating
operations (-)>, (-)o (cf. (B.4)) commute with the adjoint operation e(@=#¢(s)(.)e=(a=Be(st),

C The cmKP hierarchy with a gauge parameter

As is naturally expected from Section B, we can introduce a gauge parameter « (o # 0) in the
cmKP hierarchy when {ns}scs = Z. In this case operator L(s) has the form as in (2.1) but P(s)
has a 0-th order term:
L(s) = L(t;8) := 0 +uy(s,t) +ua(s, )07 +uz(s, )02+ -+,
P(s) = P(s,t) == po(s,t)0 + pi(s, ), (C.2)

—~
—_
~—

which satisfy the condition
(1 —a)po(s,t)ui(s,t) + api(s,t) = 0. (C.3)
This condition is equivalent to saying that Bj(s) defined later is equal to 0. The cmKP hierarchy
in Section 2.1 is recovered when o = 1.
We introduce operators P (s) which play the role of the n-step shift operators:
P(s+n—1)---P(s+1)P(s), n >0,
PM(s):={1, n =0, (C.4)
P(s+n)"t---P(s—2)"'P(s—1)"!, n<o0.
The fundamental properties of P(")(s) are the following;:
Lemma 4. (i) Any microdifferential operator QQ has a unique expansion of the form
Q=> a,P¥(s). (C.5)
VEZL
If Q is a n-th order differential operator, the sum is taken over 0 < v < n.
(i)
P (5 4+ n) PM)(s) = PmHn)(g). (C.6)
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According to Lemma 4 (i), the operator L(s)" is expanded as:

oo

L(s)" = Y08 (s,8) P9)(s). (C.7)
j=0

For example, since L(s) = po(s,t) " P(s) — po(s,t) " 1p1(s,t) + u1(s,t) + -- -, we have

BV (s, ) = pols, )", BV (s,t) = —po(s,£) " pi(s,t) + ur (s, t). (C.8)
We define operator B,, by

Bn(s) = (L(s)") 5 — @bl (s, t)

= "0 (5, 6) P9 (5) + (1 — )bl (s, ). (C.9)
J

|
—

Il
=)

Here (-)>0 is the projection of a microdifferential operator to the differential operator part. It
is easy to see that condition (C.3) is equivalent to Bi(s) = 0 and that By, (s) = (L(s)")>o when
a=1.

The definition of the cmKP hierarchy with a gauge parameter « is the same as the usual
one, i.e., (2.3), (2.4) and (2.5).

Proposition 16. The pair (L(s), P(s))scz of sequences of differential operators

L(s) := el Pet) [(g)e~(aBels)
P(s):

I

@ B)¢(s+1t) p(g)e—(a=Pe(st) (C.10)

for s € Z is a solution of the system (2.3), (2.4), (2.5) with gauge parameter 3. Here 3 can be 0.

Proof. Let us check the condition (C.3) first. The operators L(s) and P(s) have the form

L(s) =0+ a1(s) +a(s)0 4,

P(s) = po(s)0 + pi(s), (C.11)
where

i1(s) = u1(s) — (o = B)¢'(s,1),

po(s) = el*? (‘p(5+1’t)_¢(s’t))1?0(8), (C.12)

B1(s) = el D Pl+10=060) (1, (5) — (0 — B)po(s)¢ (5, 1)).

Here ¢/(s,t) = 0p(s,t)/0x = Op(s,t)/0t1 = bgl)(s,t). Using the explicit form (C.8), we can
check that (1 — 3)po(s,t)a1(s,t) + Bpi(s,t) = 0.
The operator P(™(s) defined by (C.4) transforms as

P (s) i PM(s) := ela=Belstnt) p(n) gy (a=Belsi)

by the transformation (C.10). Hence (L(s))" is expanded as

(L))" =D 0" (s)P"=9)(s), (C.13)
=0

J

F0) () o (a=0) (- pls+n—iin) ()
B (s) 1= el@=P plat—platn=i))(n) ()



Coupled Modified KP Hierarchy and Its Dispersionless Limit 27

Particularly, E,(ln)(s) = bgln)(s), which implies

B (s) = (L(s))%0 — B(L(s))j
= @A D B ()e™ (@A) 4 (o — B)BM (s).

n

It remains to check (2.3) and (2.5) by straightforward computation. (Equation (2.4) is obvious
from the definition of L(s) and P(s), (C.10).) [

Corollary 4. The cmKP hierarchies with different gauge parameters are equivalent through the
transformation (C.10)

If B = 0 in Proposition 16, the resulting system is the mKP hierarchy. Proposition 2 is the
case when (a, 5) = (1,0). See Section 2.2.

D Equivalence of two formulations

The two formalisms of the cmKP hierarchy discussed in Appendix B and Appendix C are
equivalent. The proof is almost straightforward computation but lengthy.

Rewriting the difference operator formalism to the differential operator formalism is essen-
tially the same as the procedure described in § 1.2 of [23], where the KP hierarchy is embedded

0 .
in the Toda lattice hierarchy. Assume that a solution L = " b;(s,t)e=7)% of the system (B.2)
j=0
is given. The idea is to interpret the operator d;, — By as the operator bo(s,t)(P(s) — ).
Namely, we define the operator P by

P(s) :=bo(s,t) 10 — (1 — a)bi(s,1)), (D.1)

where t; is replaced by t; + x. (We do not write the dependence on x explicitly.) Using the
operator P (s) defined by (C.4), we define the L operator by

Zb s,t) P17 (s)

= bo(s,t) (s) + bi(s,t) + ba(s, )PV (s) + - - -
=0+ abi(s,t)+---. (D.2)

The condition (C.3) is automatically satisfied, thus we have B;(s) = 0.
First we prove (2.4). The left hand side of (2.4) is

L(s = bi(s+1)PE)(s), (D.3)
7=0
by the definition (C.4). The right hand side of (2.4) is

P(s)L ibj yp=J)
=0
12(

J=

RN

()0 — (1 — )by (s)ba s >) P9 () (D.4)
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Since 0b;(s)/0x = 0bj(s)/0t1, the Lax equation (B.2) with n = 1 gives information on 9b;(s)/0z.
Comparing the coefficients of e(1=7)% in (B.2), we have

b, (s)

o = bo(8)bira(s +1) = bo(s = j)bj4a(s)

+ (1 — a)bi(s)bj(s) — (1 — a)bi(s + 1 — j)b;(s). (D.5)

Substituting it into (D.4) and using the property (C.6) of PU)(s), we have
m .
= bi(s+1)PE)(s), (D.6)
7=0

which, together with (D.3), proves (2.4). The following formula is a consequence of (2.4):
L(s 4+ m)P™(s) = P (s)L(s). (D.7)

The proof of (2.5) is almost the same. Note that if we expand L" as
L =3 b (), (D8)
=0

operator L(s)™ is expanded as (C.7) with the same coefficients bg )( ) as in (D.8). This is proved
by induction with the help of (2.4) proved above and (C.6).

Hence the coefficients bj (s) n (C.9) are the same as in (D.8). Using this fact and (B.5)
m = 1, we can prove (2.6), i.e., (2.5). We omit details which are similar to the above proof
of (2.4). The formula

(8, — Bp(s +m))P"(s) = P (5)(8,, — Bn(s)), (D.9)
ie., ‘9]3;:)(3) = B, (s +m)P™ (s) — P (s)B,(s), (D.10)

derived from (2.5) shall be used in the following step.
Let us proceed to the proof of the Lax equation (2.3). Its left hand side is

8tn Z atn PE(s)
i n (s 41— j)PH1=i=F)(5) — L(s)B(s). (D.11)

(We used (D.10) and (C.6).) On the other hand, (D.7) and (C.6) imply

[By(s), -y ib" Yo (s +n — §)PUTI=I7R) () — L(s)By(s). (D.12)
7=0 k=0

In order to prove that (D.11) and (D.12) are equal, we have only to show

6()[ (8)
oty

= > (W)l 40— 5) = b)Y (s +1- k).
0<j<n,0<k
jt+k=l4+n
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which is nothing but the coefficient of e(!=9% of (B.2). Thus we have proved that a solution of
the difference operator equations (B.2) gives a solution of the system (2.3), (2.4) and (2.5).

Conversely, when a solution (L(s), P(s))sez of the system (2.3), (2.4), (2.5) is given and L(s)
is expanded as

ibj YPU=I)(s), (D.13)

Jj=0

then the L operator defined by (B.1) satisfies the system (B.2). Note that, due to condi-
tion (C.3), Bi(s) = 0, which means that ¢; and x always appear in the form ¢; + z. Hence
we can eliminate x by just replacing ¢ + z by t;. The Lax equation (B.2) for the difference
operator is proved by tracing back the above proof of (2.3).

Remark 5. This correspondence holds also for the case o = 0. If py(s) is normalized to 1, the
system (2.3), (2.4), (2.5) is the mKP hierarchy in [2, 17]. Its equivalence to the system (B.2)3
was proved in [2] by a different method.
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