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Abstract

In this paper we survey recent developments over the last 25 years on the mixed fractional
moduli of smoothness of periodic functions from L, 1 < p < co. In particular, the paper includes
monotonicity properties, equivalence and realization results, sharp Jackson, Marchaud, and
Ul’yanov inequalities, interrelations between the moduli of smoothness, the Fourier coefficients,
and “angular” approximation. The sharpness of the results presented is discussed.
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1 Introduction

To open the discussion on mixed moduli of smoothness, we start with function spaces of dominating
mixed smoothness. The Sobolev spaces of dominating mixed smoothness were first introduced (on
R?) by Nikol’skii [49, 50]. He defined the space

5;1,7“21/[/(]_:{2) = {f S LP(RQ) : HfHS;NzW(Rz) = HfHLp(R?)

H a"’lf

Lp<R2>}’

where 1 < p < o0, 11,79 = 0,1, 2. Here, the mixed derivative % plays a dominant role and it

Lp(R2) H Lp(R2) H Oz ' 0xy?

gave the name to these scales of function spaces.

Later, the fractional Sobolev spaces with dominating mixed smoothness (see [43] by Lizorkin
and Nikol’skii), the Holder-Zygmund-type spaces (see Nikol’skii [49] [50] and Bakhvalov [4]), and
the Besov spaces of dominating mixed smoothness were introduced (see Amanov [I]). We would
also like to mention the paper [3] by Babenko which considered Sobolev spaces with dominating
mixed smoothness in the context of multivariate approximation. It transpires that spaces with
dominating mixed smoothness have several unique properties which can be used in different settings,
for example, in multivariate approximation theory of periodic functions (see [69, 1.3] and [81]) or
in high-dimensional approximation and computational mathematics (see, e.g., [76]).

To define Holder-Besov spaces (Nikol’skii-Besov) of dominating mixed smoothness, the notion
of the mixed modulus of smoothness is used, i.e.,

Wk(fat)p = wk17~~7kd(f7 tl,...’td)p = sup “Aﬁf”p’
|hi|<t;,i=1,....d

where the k-mixed difference is given by
k _ Ak k
A —Ahio--~oAhj,

k= (ki,....kq), h=(hi,...,hg),
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and A;Z is the difference of order k; with step h; with respect to x;; for example,

A,l“f(xl,...,xd) = f(z1,...,xi + hiy...,zq) — f(z1,.. ., 24 ..., 2q),

ki
AP f(ry,. . xg) = (—1) (lj) f@r,. x4 (ki — Hhiy .. xq), ki€ N
j=0

In their turn, moduli of smoothness of an integer order can be naturally extended to fractional
order moduli. The one-dimensional fractional modulus of smoothness was introduced in the 1970’s
(see [11, [78), 92] and the monograph [67]). Moreover, moduli of smoothness of positive orders play
an important role in Fourier analysis, approximation theory, theory of embedding theorems and
some other problems (see, e.g., [67, [75], 82] 84 [85, 01} [02]). Note that one of the key results in this
area of research — an equivalence between the modulus of smoothness and the K-functional —
was proved for the one-dimensional fractional modulus in [11] and for the multivariate (non-mixed)
fractional modulus in [I01} [102]; see also [16, B7, [72]. Clearly, mixed moduli of smoothness are
closely related to mixed directional derivatives. Inequalities between the mixed and directional
derivatives are given in, e.g., [12].

In general, the modulus of smoothness is an important concept in modern analysis and there are
many sources providing information on the one dimensional and multivariate (non-mixed) moduli
from different perspectives. Concerning mixed moduli of smoothness, two old monographs [I] and
[86] can be mentioned where several basic properties are listed. Also, there is vast literature on the
theory of function spaces with dominating mixed smoothness (see Section below). The main
goal of this paper is to collect the main properties of the mixed moduli of smoothness of periodic
functions from L,(T%), 1 < p < oo, from the point of view of approximation theory and Fourier
analysis.

This paper attempts to give a self-contained development of the theory. Since many of the
sources where the reader can find these results are difficult to obtain and many of the results
are stated without proofs, we will provide complete proofs of all the main results in this survey.
Moreover, there are several results in Sections 4-11 that are new, to the best of our knowledge.

For the sake of clarity, in this survey we deal with periodic functions on T?. We limit ourselves
to this case to help the reader follow the discussion and to put the notation and results in a more
compact form. All the results of this survey can be extended to the case of T¢, d > 2.

Let us also mention that since any L,-function f on T? can be written as

f(z,y) = F(z,y) + ¢(z) +¥(y) + ¢,

where F' € L)(T?), ie., [ Fdz = [ Fdy = 0 and since wa, a,(f501,02)p = Way 0 (F301,02)p, it
suffices to deal with functions from Lg(Tz).

1.1 How this survey is organized

After auxiliary results and notation given in Sections 2 and 3, in Section 4 we collect the main
properties of the mixed moduli, mainly, various monotonicity properties and direct and inverse
type approximation theorems. In Section 5 we prove a constructive characterization of the mixed
moduli of smoothness which is a realization result (see, e.g., [24]). This result provides us with
a useful tool to obtain the results of the later sections. In particular, this allows us to show
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the equivalence between the mixed modulus of smoothness and the corresponding K-functional in
Section 6.

In Section 7 two-sided estimates of the mixed moduli of smoothness in terms of the Fourier
coefficients are given. In Section 8 we deal with sharp inequalities between the mixed moduli of
smoothness of functions and their derivatives, i.e., wk(f,t), and wi(f*,t),. Section 9 gives sharp
order two-sided estimates of the mixed moduli of smoothness of L, functions in terms of their
“angular” approximations.

In Section 10 we study sharp relationships between wy(f,t), and wi(f,t),. One part of this
relation is usually called the sharp Marchaud inequality (see, e.g., [15 22} 23]), another is equivalent
to the sharp Jackson inequality ([14, [I5]). It is well known that these results are closely connected
to the results of Section 8 because of Jackson and Bernstein-Stechkin type inequalities. Finally, in
Section 11, we discuss sharp Ul’'yanov’s inequality, i.e., sharp relationships between wi(f,t), and
wi(f,t)q for p < g (see [75]).

In Sections 7-10, we deal with two-sided estimates for the mixed moduli of smoothness. In order
to show sharpness of these estimates we will introduce special function classes so that for functions
from these classes the two-sided estimates become equivalences.

1.2 What is not included in this survey

In this paper, we restrict ourselves to questions which were not covered by previous expository
papers and which were actively developed over the last 25 years. For example, we do not discuss
questions which are quite naturally linked to the mixed moduli of smoothness such as

- Different types of convergence of multiple Fourier series (see Chapter I in the surveys [29] [104]
and the papers [17, 28]);

- Absolute convergence of multiple Fourier series (see Chapter X in the surveys [29, 104] and
the papers [48], [47]);

- Summability theory of multiple Fourier series (see the paper [103] and the monograph [105]);

- Interrelations between the total, partial and mixed moduli of smoothness; derivatives (see
[10, 211, [39] B8, [88]);

- Fourier coefficients of functions from certain smooth spaces (see, e.g., [2, [7, 29]);

- Conjugate multiple Fourier series (see, e.g., the book [I06] and Chapter VIII in the survey
[29]);

- Representation and approximation of multivariate functions (see, e.g., [5, 17, 18, 20} [64] [77]
and Chapter 11 of the recent book [95]); in particular, for Whitney type results see [27];

- Approximate characteristics of functions, entropy, and widths (see [35] 63], B8] [79] [80] [100]).
Also, we do not deal with the questions of

- The theory of function spaces with dominating mixed smoothness,
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in particular, with characterization, representation, embeddings theorems, characterization of ap-
proximation spaces, m-term approximation, which are fast growing topics nowadays. Let us only
mention a few basic older papers [42] 43, [44], the monograph [9] by Besov, II'in and Nikol’skii, the
monograph by Schmeisser and Triebel [71], the recent book by Triebel [93], and the 2006’s survey
[69] on this topic. The reader might also be interested in the recent work of researchers from the
Jena school [34], 40} [68, 70, 94, 098, 99]; see also [32, B36]. The coincidence of the Fourier-analytic
definition of the spaces of dominating mixed smoothness and the definition in terms of differences
is given in the paper [96].

2 Definitions and notation

Let L, = L,(T?), 1 < p < oo, be the space of measurable functions f of two variables that are
2m-periodic in each variable and such that

2w 21 1/p

111z, xz) = / / faeyPdedy | < oc.
0 0

Let also LY(T?) be the collection of f € Ly(T?) such that

21
/f(w,y) dy =0 for a.e. z
0
and
27
/f(l‘ay) dz =0 for a.e.y.
0

If F(f,d1,02) > 0 and G(f,01,d2) > 0 for all 61,2 > 0, then writing F'(f,d1,02) < G(f, 1, 02)
means that there exists a constant C', independent of f,d1, d2 such that F'(f,d1,02) < CG(f,01,02).
Note that C' may depend on unessential parameters (clear from context), and may change form
line to line. If F(f,d1,02) < G(f,d1,02) and G(f,d1,02) < F(f,01,02) simultaneously, then we will
write F'(f,d1,02) < G(f,61,02).

2.1 The best angular approximation

BY $mi 00(f), Soo,ms (f), and spm, m, (f) we denote the partial sums of the Fourier series of a function
f € LP(T?), i.e.,
2
1
sl 0) = = [ 5+ t19) D (1) s,
0
2

eama(£) = 1 [ £+ ) D) s,

0
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21 21
1
Smi,ma (f) = ﬁ / / f(w +t1,y+ tQ)Drm (tl)sz(tQ) dty dita,
0 0

where D, is the Dirichlet kernel, i.e.,

sin (m + 3)t
Din(t) = ——2-,

: m=20,1,2,...
2sm§

As a means of approximating a function f € LP(T?), we will use the so called best (two-
dimensional) angular approximation Y, m, (f) L,(T?) Which is also sometimes called “approximation
by an angle” ([53]). By definition,

Ym1,m2 (f)Lp('W) = T inf Hf - Tmhoo - Toomz”Lp(T?)v

ml,myToo,mQ

where the function T}, o € Lp(']I‘Q) is a trigonometric polynomial of degree at most m; in z, and
the function Too m, € Ly(T?) is a trigonometric polynomial of degree at most my in y.

2.2 The mixed moduli of smoothness

For a function f € L,(T?), the difference of order a; > 0 with respect to the variable z and the
difference of order ay > 0 with respect to the variable y are defined as follows:

[e.9]

AR(f) = Z (=" () fla + (a1 = v1)ha,y)
v1=0
and, respectively,
Ap(f) = Z (=1)"2 (52) f(a,y + (a2 — v2)ha),
vo=0

where (%) =1forv =0, (%) =« forv=1, (3):Wfowz2.

Denote by way,a, (f;01,02) 1, (r2) the mixed modulus of smoothness of a function f € L,(T?) of
orders a1 > 0 and as > 0 with respect to the variables x and y, respectively, i.e.,

Wa,az (f501,02) 1, (T2) = " |<Sc;lp*1 , AR (AR (NI, (T2)-

We remark that ||AZ‘11 (A%;(f))HLP(Tz) < C(ar, @) fllL,(r2), where C(a1, az) < glon]+lez]+2,

2.3 K-functional

First, let us recall the definition of the fractional integral and fractional derivative in the sense of
Weyl of a function f defined on T. If the Fourier series of a function f € L!(T) is given by

E cne™, co =0,
nez

then the fractional integral or order p > 0 of f is defined by (see, e.g., [107, Ch. XII})

1

27
fw) = (P @ =5 [ fOue -



Mized Moduli of Smoothness in Ly, 1 <p < oo: A Survey 7

where .
1nx

Valz) = Z (?n)ﬂ'

nez
n#0

To define the fractional derivative or order p > 0 of f, we put n:= [p| + 1 and

f(”)(x) — ﬂ]"‘ﬂf(x)'

dx”

By f(P1:r2) we will denote the Weyl derivative of order p; > 0 with respect to = and of order
p2 > 0 with respect to y of the function f € L(T?).

Denote by WZSO“’O) the Weyl class, i.e., the set of functions f € L)(T?) such that flend) ¢ LY(T?).
Similarly, W,EO’O‘Q) is the set of functions f € LY(T?) such that fOe2) ¢ L)(T?). Moreover, ngal’o@)
is the set of functions f € Lg(']I‘z) such that fle1.02) ¢ Lg(']IQ).

The mixed K-functional of a function f € Lg(’HQ) is given by

K(f7 tl,tg,OJl,OJQ,Z?) = |:Hf — 91— g2 — g”Lp(TQ)

in
0 0
91€W,§a1’ )7926W;E 'az),gEWZSQLQQ)

0 07
Ny + 18201982z, 32 + 157152192 1, 7o) |

at,

+ t5lg)

2.4 Special classes of functions

We define the function class Mp,1 < p < oo, as the set of functions f € LS(TQ) such that the

o o0
Fourier series of f is given by Y. > ay, ., cosvix cos vy, where
vi=1luvo=1
Auy vy = Quy 41wy = Oy a1 + Qo1 p gl 2 0 (2'1)

for any integers v and 9. Note that (2.1) implies
Anmy 2 Anmy M1 < Mg and  Gpym > Angm M1 < N2, (2.2)

We also define the function class A,,1 < p < 00, as the set of functions f & Lg(’]IQ) such that

o0 [e.e]
the Fourier series of f is given by Y~ > X, ., cos 21 x cos 2#2y, where A, 4, € R.
p1=0 p2=0

3 Auxiliary results

3.1 Jensen and Hardy inequalities

Lemma 3.1 [51, Ch. 1] Let a;, > 0,0 < a < 8 < 0o. Then

00 1/8 00 1/
55"
k=1 k=1
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Lemma 3.2 [41] Let a, > 0,b;, > 0.
n
(A). Suppose Y ar = apyn. If 1 <p < oo, then
k=1

> ( > bn)p S aw(bryw)”-
=1 nek k=1

If 0<p<1, then

o0 o

i a ( > bn)p 2> ar(bp)”-
n=k k

1 =1

i

(B). Suppose > ar = afn. If 1 <p < oo, then

k=n

k=1 n=1 k=1

If 0<p<1, then
[e%S) k » %)
Z%(Z%) 2> ar(bpBe)”
k=1 n=1 k=1

3.2 Results on angular approximation

Lemma 3.3 [53] Let f € Lg(TZ), l1<p<oomn; =0,1,2,...,i=1,2. Then
[f = Sn1,00(f) = Soomna (f) + Snyns (f)HLp(TQ) N Ynl,nz(f)Lp('Jl‘z)~

Lemma 3.4 [54] Let f € LY(T?),1 <p < q<o0,0 = —é,Ni:0,1,2,...,i:1,2. Then

S

Y2N171,2N271(f)Lq(11‘2) 5 Z Z 2(V1+V2)0qY2qV1_1,2V2_1(f)Lp(T2)

v1=N1 v2=N2

Note that similar results for functions on R? can be found in [90)].

3.3  Fourier coefficients of L,(T?)-functions, Multipliers, and Littlewood-Paley
theorem

Lemma 3.5 (The Marcinkiewicz multiplier theorem, [51, Ch. 1]) Let the Fourier series of a function
f e LY(T?),1 < p< oo, be

[c e o)

E E (anhn2 cosnix cosnoy + by p, SINNMIT COSN2Y
ni=1no=1
o0 (o]

+  Cnymg cOsSniTSINNY  +  dny sinnlxsinngy) =: Z ZAmm(x,y). (3.1)

ni=1no=1
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Let the number sequence (Un, ny ) p,—1 Satisfy

2m1 2m2
|79n1,n2’ <M, E : Wmlmz - ﬁm1+1,n2’ < M, § : ‘7911177?12 - 79”1,m2+1‘ <M
mp=2"1"141 mo=2"2"141
and
2m1 2Mm2
§ § |79m1,m2 - §m1+17m2 - ﬁml,m2+1 + ﬁm1+1,m2+1’ <M

m1=2"1"141mo=2m2-141

o0 oo
for some finite M and any n; € N,i = 1,2. Then the trigonometric series >, > Un; nyAnyne (2, Y)
ni=1ne=1
is the Fourier series of a function ¢ € L)(T?) and

91z, 12y S L, (T2)-

Lemma 3.6 (The Littlewood-Paley theorem, [51, Ch. 1]) Let the Fourier series of a function
fe LS(TQ), 1 < p < 00, be given by . Let Ao == A11(z,y),

2m1 2m2
Ao = Z Ay 1(x,y) for mp €N, Agy, = Z Ay, (x,y)  for mg €N,
v=2m1-141 v=2m2-141
and
omq omo
Apyme = Z Z Ay vy (x,y)  for mi € N and my € N.
v1=2"1"141 1 =2m2-141
Then

2w 21 1/p

p/2
||f||L1[7 T2) = // < V1 I/2> dl‘dy

Lemma 3.7 (The Hardy-Littlewood-Paley theorem, [29]) Let the Fourier series of a function f €

LY(T?) be given by .
(A). Let 2 < p < 0o and

00 fe'e) l/p
I:= (Z 3" (ansns| + s o] + [ensn| + |dm,nzr>p<nmz>“> < 0.

ni=1ns=1

v1=01v9=0

Then f € Ly(T?) and || f||r,r2) S 1.
(B). Let f € L)(T?),1 < p < 2. Then I <[z, (r2)-

Lemma 3.8 Let f € My,1 <p<oo, r; >0,i=1,2. Then

00 o) 1/p
11|, (r2) < (Z > a£17,/2(1/11/2)p_2> (3.2)

vi=1uvo=1

and

1/p
Hf(rl,rg p(']I‘2 - (Z Z aVI’VQ r1p+p 2 gzp-l—p 2) ) (3_3)

r1=1ve=1
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Proof. The proof of (3.2) is given in [46] (see also [30]).
Let us verify (3.3]). If 2 < p < oo, then the estimate from above in (3.3]) follows from Lemma

(A). If 1 < p < 2, then Lemmas and imply
2w 2w

T1,T vir 120X 8 /2
P = [ ] ( S > pemeaz ) gy,
0 0

v1=012=0

Since § < 1, using Lemma we get

oo oo
P < Z Z 2p(1/1r1+1/2r2)HAV17V2||£'

v1=01v2=0

In the paper [30] it was shown that [|A,, ,,[[h < 201+v2)r= Hence

Yyt 2t

oo o0

P < p(viritvere)+(v1+v2)p—1 p
"3 Z Z 2 @lov1-1]41,|2v2-1 |41

v1=012=0

and by (2.2)
PSS S

vi=1uv=1

Thus, we have proved the part “<” in (3.3).
To show the estimate from below, if 1 < p < 2 then we simply use Lemma (B). If2 < p < o0,
we use the inequality

o oo o0 oo P
O 2 3 S ) (XS e )

vi=1v2=1 H1=V1 p2=V2

from the paper [52]. Therefore, by ([2.2]),

2 3 3 et ol g

vi=1ry=1
O
Lemma 3.9 Let f € Ap,1 <p < oo. Then
o = 1/2
Al = [ D0 D0 N | (3.4)

p1=0 p2=0

This lemma is well known in one dimension ([I07, Ch. V, §8]) but we failed to find its multivariate
version. For the sake of completeness we give a simple proof of this result.

Proof. Lemma yields

2m 27 1/p
1= | flyre = ( [ (e dxdy> .

00 v1=01v25=0
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Since Ay, v, = Ay cOs2¥1x cos 272y for f € Ay, we get

27 2w p/2 1/p
I = (//( V1V2(0052”1:zcos2”2y)2> dxdy) (3.5)
00

v1=01v5=0
1/2
S(ZENWQ-
v1=01v95=0

Let us now verify the estimate from below. If 1 < p < 2, using Minkowski’s inequality in (3.5), we
have

0o 0o 2m 27 2/p\ 1/2 o oo 12
Iz (Z Z )\12,17,/2<//‘0032’/133C082V2y‘pdxdy> > e (Z Z )\,247”2) .

v1=01v2=0 00 v1=0v2=0

1/2
112 < p < oo, then I = £l 2 ey 2 (5 5 22,,) =

v1=019=0

3.4 Auxiliary results for functions on T

Below we collect several useful results for functions of one variable. As usual, L,(T) is the collection

2T 1/p
of 27-periodic measurable functions f such that || f||z, ) = (f |f(z)P da:) < oo and LY(T) is
0

27
the collection of f € Ly(T) such that [ f(z)dz = 0.
0
Let s,(f) be the n-th partial sum of the Fourier series f € L,(T), i.e.,

2

' 1
sl =sulfi) =+ [ s+
0 2

Let also f(® be the Weyl derivative of order p > 0 of the function f.
For f € L, we define the difference of positive order « as follows

(0% - v «
830 =307 (0) 16 + @ = vim).
v=0
We let wo(f,9)r, () denote the modulus of smoothness of f of positive order o ([I1} [78, 92]), i.e

wa(f,0)L »(T) = ‘Slllp AR (f )||Lp(1r)

Lemma 3.10 [I1,[78] Let f,g € Lg(’]I‘), l1<p<oo,and a>0,8>0. Then

(a) AR(f+9) = DRf + DGy

(b) AF(ARF) = D57 f;
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(©) 1A fllz,cry S N fllz,m)

Lemma 3.11 [I1,[78] Let 1 < p < oo, a > 0, and T,, be a trigonometric polynomial of degree at
most n, n € N. Then

(a) we have for any 0 < |h| < T

ATl yemy S T

(b) we have
IT5 N Ly (my S 0N AE Tl my

Lemma 3.12 [51] Let f € LY(T), 1 < p < co. Then

[sn(lz,ry S NNz, n €N

Lemma 3.13 [97] Let f € Lg(T), l<p<g<oo,l:= ,n=20,1,2,... Then

1/q
If = s2n (F)llLyem) S {ZTMW—S?” )”%p(nr)} :

Lemma 3.14 (The Hardy-Littlewood inequa]ity for fractional integrals, [107])
Let f € L)(T), 1<p<q<oo,f:==1—2% a>0. Then

=
Q=

54 (f Mrym S Isiet O (f Mz, n € N.

4 Basic properties of the mixed moduli of smoothness

We collect the main properties of the mixed moduli of smoothness of LP(TZ)—functions, 1<p<oo,
in the following result.

Theorem 4.1 Let f,g € L,(T?), 1 <p < 00, a; >0, i =1,2. Then

(1) Way,az (f, 61, O)LP(TQ) = wal,OQ(fv 0, 52)Lp('ﬂ'2) = Way,a (f,0, O)Lp('ﬂ’g) =0
(2) Wan,a (f +9,01,02) 1, (T2) S Wan s (f501502) 1, (12) + Way a0 (95 01, 02) 1, (12);
(3) Way,az (f’ o1, 52)Lp(']1'2) S Way,az (f’ t1, tQ)Lp(TQ)

for 0 < §; < t;,i=1,2;
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) War,as (f501,02) 1, (T2) < War,as (s 1, t2) 1, (12)
5?1 532 ~ t?ltSQ

for0<ti§(5i§1,i:1,2;

(5) Way, oo (f: A101, )‘252)Lp('11‘2) IS A?l )‘32“)&1,&2 (f? 01, 52)Lp(’11‘2)

for \y >1,i=1,2;

(6) wgy B (f561,02) 1, (12) S Wan a0 (f561,02) 1, (12)

for0 < a; < B, 1=1,2;

“ 115t dty dt
(7) Waq,an (f, (51, (52) (T2) S 6041 6042 / / B1,82 fa11a22)Lp(T2) 1 dtp
7 01 Jd2 t t tl t2

for 0 < a; < B, 0 < 0; < 1, i = 1,2 (Marchaud’s inequality);

Wan,as (f501,02) 1, (T2) < wpy 6 (f,01,02) L, (T2)
(8) 5a1 592 ~ B1 B2
1 92 07105

for0 < a; < B, 1=1,2;

9) Wy 411 otra (F1 01, 02) 1, w2y S 011652 way 3, (F7), 61, 62) 112

for Bi,r; > 0,1 =1,2;

01 02
1,7 — dtl dtg
(10) w51,52(f( b 2),(51,(52)Lp(']1‘2) 5//t1 w51+r1 52+r2(fat17t2)Lp(’E2) t ty

for Bi,r; >0, i =1,2.

Remark 4.1 Note that sharp versions of inequalities given in (6)-(10) can be found in Sections 8
and 10 below.
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Proof of Theorem Properties (1), (2), and (3) follow from Lemma (a),

> =DV E) =0,

v=0

and the definition of modulus of smoothness.
To prove (4), we write

Way,a (f501,02)r,12) _ K(f, 61,02, a1,02,p)

5?1532 5?1532
< K(fti,t2,01,00,p) _ Way,as (ft152) L, (T2)
~ toqtag - tathQ ’
1 2 1t

where the equivalence between the modulus of smoothness and the K-functional is given by Theo-
rem [6.7] below.

Property (4) yields (5). Note that Lemma (b), (c) implies ”AngLP(T) S ARz, cry for
0 < a < B. Then property (6) follows.

The Marchaud inequality (7) can be easily shown using the direct and inverse approximation
inequalities given below in this section by Theorem 4.2l Property (8) is a simple consequence of
(4) and (7). Finally, properties (9) and (10) follow directly from Theorem [8.1] below. O

Theorem was partially proved in the papers [73, 31]. For the one-dimensional case see
11, [75] [7§].

4.1 Jackson and Bernstein-Stechkin type inequalities

The direct and inverse type results for periodic functions on T? using the mixed modulus of smooth-
ness are given by the following result.

Theorem 4.2 Let f € Lg(']I‘Q), l<p<oo,n,ne=0,1,2,..., a;,as > 0. Then

i v
PR m)Lp(W) (4.1)
1 n1+1no+1

-1, as—1
(n1 + 1)1 (ng + 1)02 D2 AT Y (D)

v1=1 vo=1

Ynl,nz (f)Lp(TQ) 5 wal,az (f7

Theorem was proved for integers ai,as in the paper [53]. In the general case, Theorem
follows from Theorem which is sharp versions of Jackson and Bernstein-Stechkin inequalities.
For non-mixed moduli of smoothness, see [51, Ch. 5] and [86, Chs. V-VI].

Remark 4.2 Note that the results of Theorem and Theorem also hold in Lp(']I‘Q), p=1,00;
see [62] for Theorem (1)-(8) and Theorem (4.2, Moreover, the Jackson inequality (4.1|) is true
in Ly(T?), 0 < p < 1; see [66].
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5 Constructive characteristic of the mixed moduli of smoothness

Theorem 5.1 Let [ € Lg(T2), l<p<oo,a;>0,n; €N,i=1,2. Then

™ T

) ey < S (D + 0 DS~ o0 (D)l

+ a2‘|sog?122)(f - 5n1700(f))HLp(T2)
+ [If = Sn1,00(f) = Soona (f) + Sny s (f)HL,,(TQ)~

wOéhOéz (f7

Proof. Using properties of the norm we get, for any h; and n; € N,i =1, 2,

[AG (AR (DL, < 1A% (AR (f = Snio0(f) = Soona (f) + Snyna (NI, (12)
+ HAQI(AQQ (8n1,00(f 500,n2)))||Lp(’ﬂ‘2)
+ HA (AQQ(SOO na (f Sm,OO)))HLp T2)
+ HAQI(AQQ(Sm,nQ( Mz, =L+ L+ I3+ L.

First we estimate I; from above. Denote ¢(z,y) := f — Sny 00(f) = Soons (f) + Snyme (f). By Lemma
3.10| (¢), we have for a.e. y

1/p

21
/ AS (AL ()P dr | < / A% ()P da
0

Then
21 2w 21 21

//]Ao‘l (AR (e ]pdxdy<//|Ao‘2 )P dx dy.

Therefore, I; < HAgj(go)HLp(Tz) =: I5. Using Lemma (c), we have for a.e. x

21 1/p 27 1/1’7
[1zera] < | [iera
0 0
Then
2w 27 2w 27
//rA rpdydxs//rsawdydx
0 0

and Is < H‘PHLP(W)- Thus, It S [[f = $ny,00(f) = Scomns (f) + Sy ns (f)HLp(’JTQ)-
Similarly, to estimate I from above, we denote ¢ := f — Soo n, (f). By Lemma (c), for a.e.

x?
1/p
/ AT (A2 (3 00 (1)) dy / A (S0 (1)) P dy
0
Hence,
21 27 21 21

//IA‘“ (22 (500 (1) |dedx<//w1 S co())IP dy iz
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and I(g < H)Af;ll (8n1,00(¥)) I, (12) =t I6. Now by using Lemma (a), we get for a.e. y and any
hi1 € (0, =

' ny
1/p 1/p

/ A% (5, o0 ()P d / 519 ()P da

Then we get
27 2w 2 21

/ / 52 G o )Py S / / D ()P dwdy.

Hence, I Snj ™! Hsnolllc’,o (V) ,(r2)- We have shown that, for 0 < |h| < ;-

Ip Sy IsS (f = Soomna (), r2)-

Similarly, we obtain

TERS n;“znsé%%z)(f — sny,00 () ,(12),
LS 0y 2 |sio?) ()|,
for 0 < |h1] <75, 0 <ho| < .
Finally,
T T <
Way o (fs — .’ 1o )Lp(’JTQ) SO = Sna00(f) = Soons (f) + Snyns (f)HLp(’JP)

+ 0|82 (f = Sooma (1)L cr2) + 15 258252 (f = $ny 00 (I, (r2)
+ 0y "0y 2 sl ()L, ),
and the upper estimate follows.
To prove the estimate from below, we use Lemma Theorem and properties of the mixed
modulus of integer order

Ar = | = 8ny00(f) = Scoms (f) + Snyns (f)HLp(’P) S Yain, (f)Lp(’JI‘Q)
< T T < T T
~ WLalJH,LazJH(f, n+ 1 m)LP(W) ~ WLa1J+1,La2J+1(fa . @)LP(W)-

By Lemma (b), we get

A< sup ot aeRt e (a a0z (£))))]| ey,

|h; \< =12
Using Lemma (c),
A< sup AR Lyme) = Yaras (5 )y
il <2 i=1,2 i ny ng

Now let us estimate
Ag = |80 (f = Sooms ()1, (72)-
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Defining v(z,y) := f(z,y) — soom(f) and using Lemma, (b), we have for a.e. y

2 1/p
/|5n1,00('7)|pdx <n0‘1 /’Aa1 Snl,oo )P dz
0
Hence,
2w 27 2w 27
[ [ 1smectpdzdy <t [ [122 (50, ()P dody,
ni
0 0 0 0
and

Az S 17 [1$n1.00(BZ (M), (72)-

Lemma [3.12] implies
Az S IAZ (F = sooma (M), r2)-

Defining A% (f) =: F, we get Ay S ni || F — Scony (F)|| 1, (12)- Since so,00(F) = S0,n, (F) = 0, then

n1
Az S0 IE = 80,00(F) = So0,n0 (F) + 80,5 (F) | 1,,(72)-

Therefore by Lemma Theorem and the properties of the mixed moduli of smoothness

s s

Az SnT'W ey |41, ez +1 (F5 T, - 1)L,,(W) SN Wl 41, g +1 (F) (e )LP(TZ)

Using Lemma (b), we have
Ap St sup Al AT (A0 ()| .

[hi|<m,|ha| <75

Now Lemma (c) yields
T

T
Ay <nit s AV, =n{' s AV, A“l < nit — — .
N 1A% (F)L,(r2) = nY P 1255 (AL (IDlLyr2) S 17" Wan e (Fr 20 =), 2)

—n2 —n2

Similarly, one can show that
T T

Az = 8287 = oDy ) S 18760000 (F 20 1)1, 0

and
Y s
Ay = ||Sn01£1ﬁ62¥2 (f)”Lp(TQ) 5 n?lngzwahoﬁ (f7 77,71’ ;2)Lp(']1'2)‘

Finally,

1f = $n1,00(f) = So0,m2 () + 80 ()l 2y + 17 1885350 (f = 800, (), (2)+

. 0, ; T T

ny °2[5S02) (f = sny,00 ()l m2) + 11 ¥ 05 215805502 ()] 1 (12) S wansae (Fs — g (T2
i.e., the required estimate from below. 0
Theorem was stated in the papers [56, [73] without proof. This statement is called the
realization result; in dimension one, see [24] for the moduli of smoothness of integer order and [74]

for the fractional case. For the non-mixed moduli of smoothness of functions on R? see, e.g., [25]

(5.3)].
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6 The mixed moduli of smoothness and the K-functionals
Theorem 6.1 Let [ € Lg(T2), l<p<oo,a>00<6 <mi=1,2. Then
Way,as (f501,02) 1, (12) < K (f, 61,02, 01, a2, p). (6.1)

Proof. For any ¢; € (0, 7] take integers n; such that ;77 <6 < ;-,i=1,2.If f € LJ(T?), then

(8n141,00(f) = Smy+1,n011(f)) € ngal,o); (So0,mat1(f) = Snyt1,m011(f)) € Wéo’a2)§

Sni+1,n2+1 (f) c WISC”W),

Then it is clear that

K(fu (51,(52,0[1,0[2,}9)

<f = Gnt1,00(f) = Sm+1,m041(f)) = (Sconat1(f) = Sna41,me+1(f)) — 5n1+1,n2+1(f)||Lp(T2)

« a1,0 a1,0 « (0,a2) 0,a
+ 60 s () = s (Dl + 05215202 () = 5002 (Dl )

+ 00852 st 32 ()

Sf = snit1,00(f) = Sconat1(f) + Snans (f)HLp T2) T 74 L ||Sn01[i(1))oo(f - Soo,ng—i-l(f))HLp(T?)

O b
+ 152509 (F = sny1.00() iy ) + 1y %0 0250052 () ro-

By Theorem the last expression is bounded by wa, as ( 1, ﬁ, #) L,(T?) and therefore
P

K(fa (51a 521 aq, 042ap) 55 Way o (f7 61> 62)LP(T2)’ (62)

and the part “2” in estimate (6.1)) follows.
Let us prove the part “<” in estimate |D Take any functions g1 € Wpal’o), go € WISO’OQ), and

g€ ngal’%). Then using Theorem (2), we get

Waras (f,01,02)1,(12) S Wan,ee(f — 91— 92 — 9,01,02) 1, (12) + Way,as (91,01, 02) 1, (T2)
+ Way,a0(92,01,02) 1, (T2) + Way,a0(95 61,02) 1, (12) = J1 + Jo + J3 + Ju.

By Lemma we have J1 S [|f — g1 — 92 — 91, (r2)-
To estimate Jo, for any 0; E (0, 7] we take mtegers n; such that sy < 0 < 577, @ = 1,2. We

consider By := Wa,,as (gl, AT g ) Ly(T2)" Lemma [3.10| yields

™ s m s

By 5 (91 = 531,00(91): o ) 12y T Wansaz (5271,00(91), g 5 ) 1 )

N
S Mg = s2mc0(9V)llz,m2) + sup  [[AG (5201 00(91)) L, (12) =3 Jo1 + Jo2

1| 277,1

Using Lemma 1| (a) and Lemma we get for a.e. y and 0 < hy < 557

2 1/p 2 1/p 2 1/p
(/ ’AzllSQ’Ll,oo(gl)}p dﬂf) 5 9—nia1 (/ }52,11’0) 1)’17 dJU) SJ 9—nio (/ ’g%m,O)‘p dﬂf) .
0

0 0
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Then the inequality

2m 2w o o
//‘AgiSQ'rq’OO(gl)‘p d.T dy 5 2—n1a1p / / |g§a1,0)|p d{,U dy
0 0 0 0

implies Jog < 27 ||g ||Lp(TF2) Since g1 € LO(’]I‘Z) then Lemmas 3.5/ and give

2w 21

1/p 27 27 1/p
Joa1 5 <// Z Z Al’l 1/2) dl‘dy) <2 n1a1(// Z Z 221/1a1A12jl Vz) /2d$dy> '

v1=n1 vo=0 vi=ni vo=0

Using again Lemmas [3.5] and [3.6] and further Lemma [3.12] we get
0
= s 100(01™ L2, 2

- ’0 70 — 70
27 (118 V1, 22 + sz 100 (0™ ) ) S 27 Nl ).

Jo 527 H9§a1’0)
S

The estimates for Jo; and Joo imply
_ 0
By 527 gi |, r2)-

Using properties of moduli of smoothness, we get wa; a, (gl, 01, 52)L (T2) < War s (gl, ST s 2%)14 (2)
P P

and
_ 0
Jo S 27| gD L .

Similarly,
T S 27 gy ey and Jy 2T g 0D

Finally, combining estimates for Ji, Jo, J3, and Jy, we get

(051,

Way,az (917 01, 52)Lp(T2) S N9 —92— gHLp T2) + 61 lgr ”Lp(T2)

0,
+ 05201987 | 1, ) + 681052l g D 2

Since the last inequality holds for any g; € WZSO”’O), g2 € ngo’az), and g € ngal’az), we get

Was,az (91,01, 52)L,,(11‘2) S K(f,61,02,a1,a2,p) (6.3)
and therefore the proof of the part “<” in estimate (6.1]) follows. O

In the case of integers a; and as Theorem was proved in the paper [65] for 1 < p < o,
and in the paper [I3] for p = oo using different methods. In the one-dimensional case and in
the multivariate case for non-mixed moduli of smoothness, the equivalence between the moduli of
smoothness and the corresponding K-functionals was proved in [37] (see also [6, p. 339]).
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7 The mixed moduli of smoothness of L,-functions and their Fourier coefficients

The classical Riemann-Lebesgue lemma states that the Fourier coefficients of an L,(T?) function
tend to 0 as |n| = co. Its quantitative version is written as follows:

1 1

< -
pn17”2 ~ qu,ocg (f7 Tll’ TlQ)Lp(T2)7

where
Pning = |an17n2| + |bn1,n2| + |Cn1,n2‘ + |dn1,n2|
and the Fourier series of f € Lg(’]l‘2), 1 < p < o0, is given by 1’ We extend this estimate by

writing the following two-sided inequalities using weighted tail-type sums of the Fourier series.

Theorem 7.1 Let f € Lg, 1 < p < oo, and the Fourier series of f be given by . Let
7 :=max(2,p), § := min(2,p), oy > 0,2 > 0, and ny € N,ny € N. Then

L <1(r), (7.1)

<
10) S wan 02 (f’ ni n2>L,,(1r2) ~

where

1/s 1/s
H@:aa{zzhwwﬁ &MM} m{zjz%m@m w}

v1=1rvo=1 vi=1vo=no+1

1/s 00 00 1/s
{ Z mem . 2V2a2+1)s_2} +{ Z Z pi171/2(y1y2)5_2}

vi=ni+1uve=1 vi=ni1+1rve=no+1

for 1 < s < oo.

The next two theorems provide sharper results than (7.1)) for special classes of functions defined
in Section 2.4. In particular, these results show that the parameters 7 = max(2, p) and 6 = min(2, p)
in (7.1]) cannot be extended.

Theorem 7.2 Let f € M,,1 <p < o00,a1 > 0,a2 >0,n1 € N,ny € N. Then

1/p
1 1 (e1+1)p—2_ (a2+1)p—2
Way,ae (f’ 7717 TTz)Lp(T?) B al OQ { Z Z al'1,1/2 ' Vs ’

v1i=1v9=1

1/ y
{ Z Z V17V2 al+1)p_2u§2} p T a { : j au1,V2 72V a2+1)1”_2}1 p
2

vi=1vo=no+1 vi=ni1+1ve=1

o'} 00 1/p
+{ > X ﬁwawW”Q} |

vi=ni+1va=no+1
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Theorem 7.3 Let f € Ap,1 <p <oo,a1 >0,a0 >0,m; =0,1,2,...,4=1,2. Then

1/2
1 1
Way,az (f’ on’ 2n2) 2n1a1+n2a2 { Z Z )\HI:NQ preTRes }

p1=0 p2=0

1 1/2
2
2 2
+2n1a1 { Z Z )‘m u22 ﬂlal} * Inaaz { Z Z )‘#1:#22 “2a2}

#1=0 po=ng+1 p1=n1+1 p2=0
1/2
IR R
m1=ni+1 pe=na+1
Proof of Theorem By Theorem we have

1 1

il — 01—z (a1,02)
L=t (frpon ), =y s ()l o

0y 58D (f = Sooma (P2 + 12 211802 (f = 8100 ()|, (z2) +

HI(F = sn1,00(f) = S00,m5 (F) + 81,02 (N 272
Let first 2 < p < oo. Then taking into account Lemmas and (A), we get

I S a1 7042( Z Z oq—l—lp 2 §a2+1)p—2>1/}7

vi=1luvy=1

ca(S Y pa,mufwwp—%gﬁ)”’“
b (03 N A )
S (XY Al

vi=ni+1ve=no+1

Therefore, for p > 2 we show the estimate from above in Theorem
If 1 < p < 2, then Holder’s inequality gives

1 1
< .
Waq,00 (fa 7”L1 nZ)Lp('H*Q) ~ Way,an <f7 nl n2>L2(T2)

Thus, the estimate from above is obtained.

21
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To prove the estimate from below, if 1 < p <2, we use Lemmas and (B

She (a1 +1)p-2, (azt+1)p-2\ /P
-1, —02 ai1+1)p— az+1)p—
Iz ny%n, ( E Z Por sV vy )

V1—1 vo=1

n1
+ onp 011+1)P—2Vp—2 L/p
1/1,1/2 2
o0

s S )

vi= n1+1 vo=1

(XYY e wz>f"2)”p~

vi=ni+1ve=no+1

Let now 2 < p < co. Applying Hélder’s inequality once again, we get

1 1
> .
Way,ag (fa -~ n2>Lp(T2) <~ Wag,ae <f, . n2)L2(’]1‘2)

Proof of Theorem [T.2l Let us denote

L= 00y 2 s0n? (Hli,me, 2= 0y ™ st (F = scoma ()L, (r2),
I = ny®2 s (f = smco)lliymeys Ta = I1f = snoo(f) = Soons (f) + Snanaly(r2)

and

1/p
- - E /‘ § : (1 +1)p—2 (oaz—i—l)p 2
Al T nl < aVl,Vz 2 ’

v1=1rv9=1

L > ) 1/p
L —al Oél+1 p—2 p—2
Ay = ( g Z aVl’VQ Vs ,

I/1:1 Vo= n2+1

Ag = n_a2< Z Z aP - yo‘2+1)p 2>1/p
* V1,I/2 Y

V1= n1+1 vo=1
1/p
A E E -2
A4 = ( Vl Vo l/ll/g)p ) .
v1=ni+1vo=no+1

Let us establish the interrelation between I1, Is, I3, Iy and Aj, As, A3, Ay. By Lemma we
have
Il = Al. (72)

To estimate Iy and Ay, we use

niy oo
)= Z Z @y 1y COS V1T COS oY (7.3)

v1i=1luvs=1
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and
ny ne2
*
= g g ay,, 1, COS V1T COS VY,
vi=1v9=1
where
o ) au e, for 1 <11 <ni,ve > no
vi,v2 T
Lv2 Ayy iy for 1 < vy <ng,1 <y < ny.
Then

S~ sooms(£)) = (1 — )@,

Let us first estimate I5. It is clear that

—« a1,0 az,0
I 5 {In g, oy + 108> ) }

Now Lemma implies that

_ 1/p
n s m(zz P )

vi= 1V2 1
1/p
+ —041 p (a1+1)p 2 - 2
V1,V2 Vg
vi= 1V2 1
1/p
ny ™ p o lartlp=2 p—2
5 ( al/1,l/2 1 VQ
V1= 1V2 ng—‘rl
T (a1+1)17 2,p-1 1/p
V17’I’LQ 2

1/11

_ _a\1/p
< Az—l—nlaanO‘Q(Z Z ab, eIy (ot 2) < As+ Ay

V1= 11/2 J+1
Estimating A, from above, we write

Ay §n_a1< Z Z VWQ (a1+1)p 2 - 2)1/17.

vi=1luvo=1
Lemma and formulas ((7.3)-(7.4]) imply
_ .0 _ 0
Ao S ey S B+ 0y S oy

and

a 1/p
A2 ,-S IQ“FTL]_ (Z Z lll,l/g e g 2)

vi=1lvo=1

1/p
< L+ni® (Zamm ‘““”251) < I+ A

v1=1

23

(7.4)

(7.5)
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Now we use ([7.2) to get

Ay < b+ 1.
Similarly, we get
Is S A+ A3
and
As g Is + 1.

Thus, it is shown that

A1+ A+ A3 x 1 + I + I3.

Now we consider B := f — Sy, 00 — Soo,ni + Sny,n, and

o0 [oe)
v1(x,y) = Z Z by, v COS V1T COS oY,

vi=1v3=1

ni 00
Pa(2,y) =D > by, cOS V1T COS VY,

vi=1vo=ns+1

[e’e] no
p3(z,y) = Z Z by, v, COS V1T COS V2,

vi=ni+1uve=1

ni  no
wa(x,y) = Z Z by, vy COS V1T COS oY,

v1i=1v9=1

where
Ay v for
b ) avy g for
vi,v2 T f
Any o or
Gy o for
Then

V1 > N1,V > No,

vy >ny, 1 <o < no,
1< <ni,ve > ne,
1<1 <ni, 1 <wvp <no.

B = o1 — @2 — @3+ pa4.

We first estimate

Iy = ||BllL,r2) S llelln, ey + o2l 2y + leslln, 2y + e, r2)-

Lemma [3.8 yields

o0 (o] o0 o0
e T S S AN (2179 L N NN N (217 e

ri=1o=1

vi=ni+1va=no+1

24

(7.11)

o o
P p—2 p—1 D p—2 p—1 P p—1 _.
+ g ap V1 My o+ ah Vs my o+ anth(”l”Q) = J1+ Jo + J3+ Jy.

vi=ni+1 vo=no+1
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To estimate [|p2(|1, (T2, We consider

va1(z,y) g E b,,1 1y COS V1T COS V2,

v1=1v2=1
022(, y) Z Z b}, 1, COS V1T COS 2y,
vi=1vo=1
where
* ,_ bV1,V2 for 1 <v1 < ni vz > n,
Y2 by, for 1 < wp <ngy1 < g <ma.

Then (2|1, (r2) S lp21llz,(r2) + [l022]l L, (T2)- Using Lemma we have

”SDZIHLP(TQ) = Z Z vi, Vz Prig)?” ? S Z Z v1,v2 (v112)? -

vi=1rvo=ns+1

vi=1rv3=1
ni )
p—2 p—1 p—2 _p—1 -1 _.

+ § blzjl,ngyl Ny Sz E aﬁl w2 1 + aﬁl,ng (n1n2)p =:J3 + ‘]47
vi=1 vo=n2+1

- * p p—2 p p—1

lpoallz,r2) =< D > (Bh,)P(11)P 2 S ab, o, (nang)P ™t S s

vi=1v3=1

Therefore, ngg”ip(p) < J3 + Jy. Similarly, HLngip(TQ) S Jo+ Jy and Hw4”ip(1r2) < Js. Combining

these estimates, we get

o0 [e'e) 1/p o 1/P 1 1
_ —2 I
{ S ) } { S at }

vi=ni1+1ve=na+1 vi=ni+1

o] 1/p 11 L
p—2 p 1—=
- Z aﬁl,m 0] ny "+ angn, (ning)™ ».

vo=na2+1
Note that the latter inequality holds also if n; = 0 and/or ny = 0. It is easy to verify that the last

estimate implies
Iy g Ay + Ay + As + Ay (7.12)

Let us estimate A4 from above. It is clear that

0o 00 1/p
As S {Z Z b1€1,1/2(1/1’/2)p_2} .

v1=1v9=1

Lemma[3.8|yields As < [l¢1] 1, (r2) and, by (7-11)), we get As < || Bll1,r2) +ll 92l 1, (72) + sl £, 02y +
l¢4ll 2, (r2)- Then

1/p
_ 1-1
Ay < I4+J2+J3+J4<I4+{Zaylmfz} ny "

v1=1

1/p
1-1 1
{ Z anlﬂ/Q } ™ ! +an1,n2(n1n2)1 P §I4+A2+A3+A1-

vo=n2+1
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Using estimates ((7.10) and (7.12), we have

Ay < Iy + I + I3 + 14. (7.13)

This, and give us
Il+12—|—13—|—14>—/\A1—|—A2—|—A3—|—A4.

Since Theorem [5.1] implies

1 p
Way,an (fa ) <11+ Iy + I3+ Iy,
CRRCYINES

the proof of Theorem is now complete. O
Proof of Theorem Theorem [5.1] implies
I = f 1 1 P =92~ n1a12 noa || a17a2 H o
= Wag,ae " ony 2n2 L(T) Son1 on2 || L, (T2)

+ 27 s (F = Sao2m2 ()|, (r2) + 272185050 (f = s2m1.00())ll 1, (72)

+ f = s2m1,00(f) = Soc,202 (f) + 5201 202 ()| 1, (12)-

Lemmas [3.5] and [3.9] yield
1/2 1/2
— 9—nia1—n2a2 E E 2(a1 pr1 a2 p2) —niay E E 2001 p1
I = 2 )\Nl M22 +2 /\ul H22
#1=0 p2=0 p#1=0 po=n1+1
1/2 1/2
—naa2 2aop2
+ 2 > Y Y Ry
p1=n1+1 p2=0 p1=ni+1 pe=na+1

i.e., the required equivalence. O

Theorem is stated in the paper [31], while Theorems can be found in the papers
[31L 56l 57]. The one-dimensional version of Theorem for functions with general monotone
coefficients is proved in [33]. Theorem is given in [7] in the case of integer order moduli.

8 The mixed moduli of smoothness of L,-functions and their derivatives

Let 1 < p < co. We start this section with two well-known relations for the one-dimensional
modulus of smoothness: for f, f¥) € L,(T), we have the estimate (see [19, p. 46])

wrk(f,0)L,m) S 5kwr(f(k)7 6)L,(T)> where rk €N

and its weak inverse (see [19] p. 178])

é
wy (f 5, r,m < /0 W du, where r k€ N.
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The analogues of these inequalities for the mixed moduli of smoothness are given by

51_741 62_T2w51+7“1,ﬁ2+7"2 (fv 517 62>LP(T2) 5 Wp1,B2 (f(ﬁ’m)a 517 52)Lp(']1‘2)
01 02

diy dtg
< //t T1t2 Wpy+r1, 52+T2(f’t1’t2)Lp(T2)

ty

where 8,7, >0, j=1,2 (see Theorem properties (9) and (10)).

Now we provide a generalization of these estimates (see [58]). Note that this idea goes back to
the papers by Besov [8] and Marcinkiewicz [45]. We also remark that the right-hand side inequality
was done for non-mixed moduli in [26, OT]. Moreover, a similar estimate for mixed moduli of
smoothness of functions defined on R? was proved in [89].

Theorem 8.1 Let f € Lg(?IQ),l < p < oo, 0 :=min(2,p), 7 := max(2,p), b1, P2,71,72 > 0, and
61,02 € (0, 3). If

1/6

1 1
—r10—1,—7r20—1 0
//tl m iy 2 wm-ﬁ-ﬁl,rz—i—ﬁg(f’t17t2)Lp(T2) dty dis < 00,
0 0

then f has a mixed derivative f(r72) ¢ L,(T?) in the sense of Weyl and

5 6 1/6
1 02
w2 (£, 81,82) 1, (m2) S //t PO g (F ) dir 2 oL (811)

If f € L,(T?) has a mixed derivative f("72) € L,(T?) in the sense of Weyl, then

61 02 1/7
1 1
//tl T T T W 48y s (Frt1 t2) 12y At dig S wan g (FU7),61,62) 1 (12,

Now we deal with the function classes M, and A, defined in Section 2.4.
Theorem 8.2 Let f € M,,1 <p < oo, b1, 2,711,172 > 0, and 61,52 € (0, %) Then

81 0 1/p
1 1
Wp1,B2 (f(rl’ r2) ,61,02) Ly(T2) = //tl e sz w£1+,31,7"2+52 (f,tl,tQ)Lp(’]IQ) dty dto

Theorem 8.3 Let f € Ap,1 < p < o0, f1,P2,71,72 > 0, and 41,92 € (0, %) Then

51 69 1/2
—2 1 2 1
wﬁlvﬁQ(f(rl, 2) ,01,02) Ly(T2) = //t " " w72’1+51,7"2+52(f7 t17t2)Lp(T2) dty dtp
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Proof of Theorem We choose integers ni,ng such that 27" < §; < 2%+l §j = 1,2, By
Lemmas [3.5] [3:6] and Theorem [5.1] we have

Z Z Vl V2 Vlvz(xlaxZ)

v1=2"1+41vo=n2+1

Way,B2 (f(TLTQ)v 01, 52)10 N

P
271
+ o2 Z Z 711—’—511/52‘4V1V2(x17x2)
vi=1vy=2"2+41 P
[e'S) 2m2
b | S S A e
v1=2"1+411v2=1 p
2m1 gn2
+ Q_Mﬁ12_Mﬁ2 Z Z Vfl+ﬂlyg2+/82Au1V2(wlaw2)
vi=1vo=1 p
= L +ILh+ I3+ 14
where A,,,, is given by (3.1). Estimating I as follows
2m 27 /2 1/p
srnad | / [Z S i) +A] drdn
0 v1=0v9=no+1
we use
. 2/6
Vj
22imi < (Y 2b7if . j=1,2, (8.2)
§=n;+1
and Minkowski’s inequality. Hence,
1
2m 27 00 6/2 »/9 /P
I < 9—n1f1 // Z 92120 Z Z 92v1 7‘1+51)A12jly2 dzy dzs
0 0 |&=n2+l vo=£3 11=0
Applying again Minkowski’s inequality for sums and integrals, we have
1/6
0o 21 2w p/2 0/p /
L {ama0 3 g / / < S gt A2> day das
§a=n2+1 0 0 \Wn=0v2=&
Using now
2~ miBi0 Z 2-8Gh0 =19, (8.3)

&i=n;+1
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as well as Lemmas and Theorem we get

261
R POELED W Dol SR R
§1=n1 Ea=n2 v1=1py=28241 »
1/6
1
0 0
5 Z Z 2517‘1 2§2T2 7"1+/31:T2+'82 <fa 251 2&)
&1=n1 {2=n2 P
For the estimate of I3 we use the same reasoning;:
1/6
00 00 282 o /
Is S Z Z 2tarf9—E2p20 Z Z VT2+B2A1/1V2 (w1, 22)
&1=n1 {&a=n2 v =261 41 v2=1 »
1/6
1
0 0
s {3 S s (154
§1=n1 §2=n2 p
Now we estimate I7:
21 2w 0o p/2 1/p
I ,5 //[ Z Z 22V1r1+21/2r2Ayw2] dxq dzs
0 0 Lm=nitlrva=nz+1
27 2w p/2 0/p 1/6
< Y gene / / < DY 22vmgm> day da
52 =na vi=ni+1ve=£+1
00 o] 2m 2 p/2 o/p 1o
s Ay ywee ([[{(5 5 ) ana
§1=n1 §2=n2 0 0 ‘\n=Gtlre=6+1
o o0 oo oo
SEDID Lt D DD DR PR
§1=n1 §2=n2 11 =26141 py=282+1 »
1/6
1 1
0 0
S Z Z 9€1r10982m20 r1+ﬁl,r2+ﬁ2 <f7251,2§2>
§1=n1 §a=n2 P
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To estimate Iy, we use the expression (8.3) twice:

21 2w p/2 1/p
I, < g-mbignabs / / [Z Z 0201 (r1+B1)+ 202 (ra-+B2) A2 ] dary da
~ 1240}
00 v1=01v2=0
1/6
00 281 9282 ¢ /
R PO SRRl DOb IR
§1=n1 {2=n2 v1i=119=1 ,
1/6
1 1
0 6
< Z Z 981110982120, n+B1ﬂ"2+52 <f,25172£2>
§1=n1 §2=n2 P
Collecting estimates for I;,j = 1,2, 3,4, we finally get
1/6

oo
1 1
0 0
Wg1,B2 (f(rhr?)y o1, 52)17 ,5 Z Z gh1rifaterady, r1+51,r2+ﬁ2 <f7 9617 2§2>
§1=n1+1&a=n2+1 P

and (8.1 follows.

Now let us prove the reverse inequality. We denote
61 d2
K = // T 1 TQT 1&)7”1_'_,31 T2+52(f,t1,t2) (’]I‘2) dtl dtQ
00

) 11
<SS s, (75655 )
p

&§1=n1 §2=n2

Using Lemmas and Theorem

T

0o oo > 0
K < Z Z 98111 T9laT2T Z Z Ay, (1, 22)
§1=n1 §2=n2 V=21 +1vp=2%241 P
-
282
+ Z Z 981r1T9—E2 02T Z Z Vr2+/62Az/1u2 xl,xz)
§1=n1 {a2=n2 =281 41 12=1 p
-
00 0o 241
+ Z Z 9—&1B1T982reT Z Z rl+/81Az/11/2(x15$2)
é1=n1 E2=n2 v1=lrp,=28241 p
. 261 9282 T
+ Z Z 9—€18179—E2P27 Z Z Vr1+,81 T2+'82Au11/2(x1a552)
&1=n1 {2=n2 r=1vz=1 p

= Ki+ Ko+ K3+ Kjy.

30
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Let us estimate Ks.

o oo
Z Z 9€1m1 79— 2T

Ky <
§1=n1 {2=n2
o oo
+ Z Z 9€1m1T9—E2 2T
&1=n1 {2=n2
Using and Lemmas we get
2w 2w
Ko <27 nafat Z 9bir1T // <
&1=n1 =

r
2m2

Z Z VT2+62AV11/2 $1,£L'2) +

v1=28141v2=1

p
282 T
r +
§ g 2 52141/11/2(1'171'2)
v1=28141v2=2"2+1 P
T/p

Z 92v2 (7"2+ﬁ2 V1 v

p/2
> dxq dxs
=£1+1v2=0

Using Minkowski’s inequality, (8.2)), Lemmas and Theorem we have

2m 2 [ oo - /2| P T/p
Ky S 2 / / S ganr < S % 22u2<m+ﬁzmm> dey ders
0 0 L[&i=m v1=£1+1v2=0
or o [ ” 2/7 p/2 7/p
S 9—n2faT // Z < Z 2§1T1T> Z 22V2(r2+52)A31V2 dzy dzs
0 0 _V1:n1+1 £1=TL1 V2:0
om 2w b - /2 T/p
< 9—n2faT // Z Z 92v1T192V2 r2+ﬁ2)Agly2] dzy dzo
0 0 Lvi=n1+1v2=0
[e's) 2m2 T
S 2—n252’r Z Z Vl 1/22+'B2A1,11,2(a?1,x2)
v1=2"1411v2=1 p
~ wéln@ (f(’“lﬂ“z)’ o1, 52)13'
Estimating Ko as above, we get:
. 2m 27 p/2 ™/p
KQQ 5 Z 2752,827 // [ Z Z 221/17‘1 221/2 7‘2+52)A31V2] dxl d.’BQ
Eo=no 0 0 vi=ni+1rveo=ns+1
2 2w oo £ /2 p/T T/p
S // Z 9= §2B2T< Z Z 221/17‘1221/2 7‘2+52)A12jly2> dz; dzoy
Ea=n2 vi=ni+1lvo=ns+1

0

31
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Further,
27 21 o o 2/7 - p/2 T/p
Koo S // Z 22V2(7“2+52) < Z 2&2527'> Z 22V1T1A31V2 daq dzs
0 0 vo=nz+1 Eo=v2 vi=ni+1
T
< Z Z Vflyg Ay (21, 72)
v1=2"1+411p=2"241

S wEl»ﬁQ (f(T‘177‘2)’ 517 52)1"

Similarly,

2m1 -

) Z P A,y (w1, 0)

vi=11v9=2"241

K; < —n1B1T

Z Z Vflyg Vlvz(xlax2)

v1=2"1+1v9=2"2+41

P P
S wghﬁz(f(rl’m)y(sl:@)p-
Finally, we obtain the estimates for Ky and Kjy:
00 00 2w 2w p/2 T/p
K1 < Z Z 981717 9€aT2T // Z Z AVIVZ dxi dzs
§1=n1 §2=n2 0 0 M=&t+lve=E&+1
T
S Z Z V1M Ay, (71, T2) || S Wh, 5 L (FU72) 51,85,
11=2"1 +1 vp=2"2+1 »
and
T 2m2
- +
Ks | S Y A b2 | S S QAm(xm)
1 =271 +1 pp=2"2+41 » 11=2"1+1vo=1
2m1 T
+ Tmar Z Z TI+IBIV§2AV1V2(xlax2)
vi=11v9=2"2+41 p
2n1  9n2 T
+ gTmbiTmafr Z ZV?wl’/;HBQAmug(ﬁfl,M) 5ng,ﬁg(f(rl’rz)ﬁl,(b)p-
vi=1uvo=1
p
]

Proof of Theorems and These proofs are similar to the proof of Theorem We use
the following two statements which follow from Lemmas and Theorems
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LethMp,l <p<oo,firi>0,i=1,2, n1,ny € N. Then

1/p
1 1 _
(ri,m2) = & - (,6’1+7"1+1)p 2 (,32+T2+1)p 2
Wai,B2 (f L2, ny’ ng)Lp('JTQ) - 51 B2 { Z Z al/huz

Ny (v=1v9=1

1/p
i

vi=1vo=ns+1

1/p
+ { Z Zam,l/g (r1+1)p—2 (52+T2+1)p2}
2

vi=ni1+1ve=1

1/p
+ { Z Z Vl,VQ T1+1)p2yér2+1)p2} :

vi=ni1+1ve=na+1

Let f € Ap,1 <p<o0,B;,75 >0,n; € N,i=1,2. Then

1/2
1 1
P = (Bi+r1)+p2(B2+7r2))
w’Bl’BQ(f(n = T on1’ 2”2> - 2n151+n252{ Z ZA 2 (Brro)uz(Patre }

p1=0 p2=0

1/2
(Br+r1)+ )
+ 2n151{ Z Z #1#2 2(p1(Br+r1)+pars }

#1=0 pa=na+1

1 00 1/2
+ 2n252{ Z Z)‘#huz #1r1+u2(62+r2))}

pi=ni1+1 p2=0

1/2

p1=n1+1 po=ns+1

O
Note that Theorems deal with the most important case when ws(f*),§), is estimated in
terms of wy4 g(f,t),. However, to completely solve the general problem on the interrelation between

wﬁ(f(1)7 9)p and wrt8(f, )p,
we have to consider two more cases:
(i). l=r—a, O0<a<r;
(ii). l=r+a, O0<a<p.
The results covering these cases are provided below:

Theorem 8.4 (i). Let f € Lg('ﬂ‘2), 1 <p< oo, :=min(2,p), and 7 := max(2,p). Let 51, B2, > 0,
0<ar<ry,0<as<ry, and 61,02 € (0,3).
A). If

1

1
—(r1—a1)0—-1,—(re—a2)f—-1 9
//751 (r1—a1) ty (ro—az2) W)y p. T2+/32(f, tlth)Lp(TQ) dt; dty < o0,
0 0



M. Potapov, B. Simonov, and S. Tikhonov 34

then f has a mixed derivative f(r—a1m2-02) ¢ Lg(']I‘Q) in the sense of Weyl and

w8 (FUTONT2702) 5y 69)p (mey S J(6),

where

- 1/s
—(ri1—a1)s ( (51) —(ro—ag)s . ( (52>Bgs s Aty dts
t 1, — t 1,2 .t dty dtg
0/0/ 1 t 2 min ' Wr1+g17r2+52 (f 1 2)p P

B). If f € L,(T?) has a mixed derivative f(1—1.r2=02) ¢ LS(TQ) in the sense of Weyl, then

Wﬁl,ﬁz(f(”_al’m_az)751,52)L,,(1r2) 2 J(7).
(ii). Let f € Lg(T2), 1 <p< oo, :=min(2,p), and 7 := max(2,p). Let ri,72 > 0,0 < ay < Sy,

0 < ag < B9, and 81,09 € (O,%).
A). If

11

—(r1+a1)f— 1 —(re+a2)0-1 ¢
//tl rita) (rz a2) OJT1+517T2+62(]C,tl,tQ)LP(TQ) dtl dtQ < 00, (84)
0 0

then f has a mixed derivative f(ritonrataz) ¢ Lg(']IQ) in the sense of Weyl and

D(flrtenrated). o) S B(f,0),

where
11 1/s
/5 a 5 (B2—a2)s dep dt
D(f(T1+a1’T2+a2),S) — // 1—a1) 2) 2T wgl752(f(7"1+a177“2+a2)’t17t2)LP(T2) i ]
to t1  to
01 02
and
91 09 l/s

1 — 1
: //t1 ri+ag)s— (r2+a2)s W£1+61,7"2+52 (f,tl,tQ)Lp('JI‘Q) dt; dio

B). If f € Ly(T?) has a mixed derivative f(rtevrztez) ¢ [0(T2) in the sense of Weyl, then
E(f,7) S D(fUrtevrztaz) g),

The proof can be found in [58]; see also [59]. As in Theorems and the sharpness of this
result can be shown by considering function classes M, and A, defined in Section 2.4.

Moreover, in part (i), D(f("1F172+22) ) could not be replaced by wg, g, (f(r1+errztaz) g 02) L, (T2)-
Indeed, we consider

(7“1+51+1—*) —(T2+52+1—%)

ny D)
g E s COSN1X COSN2Y,

S2UET M (2ny) 2t (2my)
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where p € (1,00), 7i,8i,4; > 0(i = 1,2). Then, by Lemma we have [ € Lg(']I‘z) and, by

Theorem [7.2]

+ +
Wy + 81 ro+Ba (fl’dl?dz)Lp(’]I‘Q) = 5;1 515;“2 P2

Hence condition 1’ holds and fl(rﬁal’rﬁ”) € LY(T?). Moreover, one can easily check that

D(f1(T1+a1,T2+042)’p) - E(f1,p) - 5?1*041 5527012‘
On the other hand,

(ritayrataz) ,61,02) = 5?_&1552_&2’1“51‘_Al‘ln‘s?‘_AQ

wgy B, (f1 Ly(T2) =

and thus D(f; (ritairataz) p) and wg, g, (f1(r1+oz1,r2+a2))Lp(T2) indeed have different orders of mag-
nitude.

9 The mixed moduli of smoothness of L,-functions and their angular approxi-
mation

As we already mentioned, Jackson and Bernstein-Stechkin type results are given by the following
inequalities:

™ ™

Yoins (£, S Why ke (S m, m)LP(TQ)
ni+1no+1
ki1 ko1
(n1 +1) k1 (n2 + 1)k2 > AT Yama (N,
v1=1 =1

The next theorem provides sharper estimates (sharp Jackson and sharp inverse inequality).

Theorem 9.1 Let f € Lg(']I‘Z), 1< p<oo,o:=max(2,p),0:=min(2,p), a; >0, n; € N, i =1,2.
Then

1 1 ni+1no+1 1/o .
{ Z Z l/oq(7 ! aQU ! zﬁ 1,v0— l(f)Lp(TQ)} S Waq,az <fv >
nit Lp(T2)

vi=1 vo=1 7’Ll 2
ni1+1no+1 1/6
0—1 0—1
ST S DOD S I
v1=1 =1
The sharpness of this result follows from considering special function classes, see Section 2.4.

Theorem 9.2 Let f € M,,1 <p < 00,a; > 0,n; € N;i=1,2. Then

1 1 1 1 ni+1na+1 1/p
- ajp—1 a p—1y-p
Way,az (f7 7_717 W)LP(TQ) n n2 { Z Z " ' ’ Yul 1,vo— 1(f)Lp(T2)} :

v1i=1 vs=1
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Theorem 9.3 Let f € Ap,1 <p <oo,a; >0,n; € N,i =1,2. Then

1 n1+1no+1 1/2
Way,a <fa >L ) = a1 a2 { Z Z 7/12a1 ! 2012 1Y1 1,v0— 1(f)Lp(T2)} .
P

n n
1 2 v1=1 =1

Proof of Theorem [9.1l Define

1 n1+1no+1
o .__ aro—1 0420' 1y o
1" = nalo'naga Z 2 : V1 v1—1,v0— l(f)Lp(']I‘Q)'

v1=1 =1

For given n; € N we find integers m; > 0 such that 2™ < n; < 2™+l § = 1,2, Then using
monotonicity properties of Yy, ., (f)r,(r2) we get

mi1+1mo+1

I° < 92— (v1mi+azma)o Z Z 2(u1a1+u2a2 L2“1 1) 2021 (f)Lp(']T2)‘
#1=0 p2=0

Using Lemmas [3.5] and [3.6] we have

a1 ma 1 21 21 p/2 o/p
7 < —(c1mitasms)o Z Z olmiontpzaz)o //( 12/11/2) dz dy
p1=0 p2=0 V1=p1 Va=p2
2w 27 o p/2 o/p
<] ( > > s e
00 vi=mi+1ve=mo+1
2w 27 p/2 a/p
4+ 9-aimio Z 9110 //( Z AV1V2> dz dy
u1=0 vi=p1 vo=ma+1
ma 2m 27 p/2 a/p
e Soed [ (5 F a) an
p2=0 0 0 \wi=mitlva=u2
o/p

p1=1 po=1 V1=[1 V2=[2
= L+ 1+ I3+ 14

mi+1mat1 2w 27 p/2
4 ( aimi—agma)o Z Z 2(N1a1+u20¢2 // ( Z Z AV1V2> dz dy
0 0

By Lemma we have
Iy S f = samioe = Sogama + sgm1 gma |7 (72

Now we estimate

a/p

my 2w 27 mi p/2
B—zeme 3 omed [ f (Z 3 A) d dy
0

n1=0 0 vi=p1 vo=ma+1
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Minkowski’s inequality (o/p > 1) implies

21 27 my ma o/2 p/o a/p
L < 9—oimio // Z Qa1 H1O < Z Z Ay1y2> dz dy

00 pn1=0 V1=p1 vo=mo+1

Taking into account Lemma we get
2 2 o2 P/o o/p
L < < 9g—oamio // Z gaivio ( Z Amm) dz dy
00 v1=0 vo=mo+1
Since 0/2 > 1, Lemma yields
21 27 m1 p/2 a/p
I, S 27 // [Z Z 20M2A2 L dady
0 0 v1=0rvo=mo+1

Then Lemmas [3.5] and [3.6] imply

Iy £ 270 ||sSR0 (F = soeame (D], (1)
Similarly,

0

Iy 27" s 350 (f = sm oo (PN, r2)

and
L S 27 Crmbesma)e | s (D5, 22y
Therefore,
I7 S |If = s2miee — Sog2ma + s2m 2m2 |7 »(T2)
- 0 (0,
£ 0 (f s ama (PN, gy + 272155 (F — sam e (DI, 2o

+ g (emteamaa | (nes) (N, 2)-

Applying Theorem we get I S Wayan ( 1, 2%1, 2%2) L,(T2)" Then using properties of the mixed
modulus of smoothness,

1 1 1 1
Is CUTEsSEE TSy S n’ ny '
~ Wag,as (f7 omi+1’ 2m2+1>Lp(’I[‘2) ~ Waq,an (f’ nl’ n2>Lp(T2)

Thus, the estimate from below in Theorem is shown. Now we prove the estimate from above.

First,
1

1
I5 =
P e (f’ ny’ n2>Lp(1r2) e <f’ 2’ 2m2)Lp(T2)’

where 2™ < n; < 2™+ § = 1,2, Theorem [5.1] gives

_ , ,0
Ig 5 2 (a1m1+02m2)pH é?'lllogw( )Hp T2)+2 a1m1pH8 O7illl o)o(f_soo,2m2(f))”§p(11‘2)

(0,
270508 (f — sama o (PN gy + 1 = s2moe = Socigma + szmi gma [} 7oy

= Ig+ I7 + Ig + Iy.
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Lemmas [3.5] and [3.6] imply

o 2m p/2

Ig <27 (miar+meoas P// Z 92(pa1+pzaz) Aiwz dz dy.
0 0 \#=0pu2=0

If 2 < p < o0, we use Minkowski’s inequality and Lemma

m 21 2w 2/p p/2
1 ma2
Iy < 9—(mia1+maas)p Z Z 92(H1a1+pzaz) //‘AMMV? dzdy
p1=0 p2=0 00
mi mo
—  9(miait+maaz)p Z Z 22(#1014-#20!2)”52”172#2 (f) — 82”1,|_2V‘2_1J(f)7
#1=0 pu2=0
p/2
— 5L2“1_1J,2”2 (f) + SL2H1_1J7|_2“2_1J (f) H%p('ﬂq)}
mi+1ma+1 v/
< 9—(miai+maaz)p Z Z 22(u1a1+u2a2)y|_22m*1j,|_2f‘2*1j (f)Lp('H‘Q)
pu1=0 p2=0
If 1 < p < 2, we use Lemma and Lemma
mi ma 2w 27
Iy < 9—(mia1+maaz)p Z Z op(pionthzaz) // 1AL e |P dzdy
p1=0 p2=0 00
mi mo
—  olmiaitmaag)p Z Z 22?(#10(14-#2&2)”52“17%2 (f) — 52H1,L2“2—1J(f) —
p1=0 p2=0
= Spgm1) e (f) + Sjgm-1 a1 (DT 72y
mi1+1ma+1
5 2 m1a1+m2a2 p Z Z 2p M1a1+u2a2 L2M1 1J Lguz 1J (f)Lp(TZ)'
p1=0 p2=0
Thus, we show
mi1+1ma+1 v/

I S 2—(m1a1+m2a2)P Z Z 20(“1a1+u2a2)YL02“1*1J7L2“2*1J (f)Lp('JI‘Q)

#1=0 p2=0
Now let us estimate I7. Lemmas [3.5] and [3.6] imply

27 27 p/2

I < 2_m1a1p// Z QQMO‘IAM 1 dz dy.
0 0

#1=0 pg=ma+1
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Again, for 2 < p < co, Minkowski’s inequality, Lemmas [3.6] and [3.3] give

§ _ /2
mi 2 27 p/2 2/p) "
I; < gmow Z 921101 // M1u2 dz dy
pn1=0 0 0 po=ma+1
-~ 2
mi 21 27 p/2 2/p v
< gmierp Z 92p101 // Z Aylm dx dy
pn1=0 00 v1=p1 po=mo-+1
— p/2
< gmienp Z 22/11041}/2”1 1] gmo (f)Lp(’W)
#1=0
mi+1ma+1 v
< 9—(mia1+maaz)p Z Z 22(#1041-&-,112(342))/122“17”7L2M2,1J (f)Lp(T2)
p#1=0 p2=0
If 1 < p <2, Lemmas [3.1] and [3:3] imply
2w 27r 0o
I; < 2m1a1p// Z 2u1a1p‘Aum2 |p dz dy
0 0 m=0pe=mo+l
21 2w
< gmenp Z 217#1041// Z Z ,/w2|pdxdy
pu1=0 vi=p1 pe=ma+1
mi1+1
5 9—miaip Z 217/11041Yf;#1 1] gma (f)Lp('H‘Q)
#1=0
mi+1ma+1
< 9~ (miaitmoaz)p Z Z gp(iicrtpzaz) Yém 1] [2¢21 ] (f)Lp(T2)'
#1=0 p2=0
Thus,
mi1+1ma+1 o/
Fr < o-tmeremaeay LSYSS gty o ()
p1=0 p2=0
Similarly,
mi+1ma+1 P/
Is S 2—(m1a1+m2a2)p Z Z 20 111041-&-MQOJQ)YLQH1 1), 2621 (f)Lp(']IQ)
#1=0 p2=0

By Lemma [3.3] we get

Iy S Y, gms (f) 1, (12)-
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Combining these estimates, we have

mi+1mo+1 r/0
I < 9—(mic1+maasz)p Z Z 29(#1&1+M202)Yé“1_1j7L2H2_1J (f)Lp(']l'Q) ,
p1=0 p2=0
and using properties of Yy, 1,(f)r,(T2),
L1 (ratinetd 170
0—1 0—1
I; < nf‘ {Z Z 2 2 Yu1 1,va— 1(f)Lp(']T2)} .

vi=1 =1

Thus, the proof of Theorem [9.1] is complete. O

Proof of Theorem [9.2. Define
ni+1na+1

Y 2 ajp—1 agp 1y p
1P = a1p azp Z Z "N Y 1, 1(f)Lp(1r2)-

v1=1 =1

By Theorem @, we have

n1+1na+1 ) ) 1 1
p a1p— 062]9 D i —
TEESS PP 02 Z > “laa) 1, az)+1 <f7 vi+1" v+ 1>L T2y
P

vi=1 1ra=1
Theorem implies
ok S N (11202, (oa] +2)p-
P < 2 o1 |+2)p— o |+
LS PP 0P Z Z La1J+1) 1)(le2]+1)p Z Z Ohir izt
(r1+1 (l/2+
v1=1 vo=1 p1=1 p2=1

ni+1lno+1 alp 1 agp 1

(len]+2)p—2 p—2
MEEEETS o ppc i ol b B QAT

vi=1 vo= 1 | 1= 1 po=v2+1

ni+1no+1 alp 1 agp 1

(len]+2)p—2 p—2
+ alp a2p Z Z l/2+ azJ-i-l) Z Z a“1,#2N2 H

v1=1 =1 | 1= =v1+1 po=1
ni+1na+1
aip—1 < 1 -2 _.
+ oqp oc2p E : E : "N Vy E E by o (pap2)? =: A1+ Az + A3 + Ay
vi=1 vo=1 u1=vi+1 po=vo+1

Changing the order of summation, we get

n1+1no+1
(a+1)p=2 (c2+1)p—2 _,
A1 S alp azp E : E : m,uzﬂl Ho =: By.
H1= 1/112 1
We proceed by estimating As.
ni1+1no+1 v n2
(a1 —|a1]=1)p—1_ asp—1 (le1]+2)p—2 p—2
Ay S a1p azp E : E : Vo E : § : aﬁl:ﬂaul Ha
vi=1 =1 pu1=1 po=ro
ni+1na+1

- 2)p—2 p—
D ID Dl e Y e 4

vi=1 =1 p1=1 po=na+1
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Changing the order of summation, since [a1] + 1 > ag and ay > 0, we get

n1+1no+1
(a1+1)p—2 (ap+1)p—2
A S a1p Oczp E : § :am,uz Ho = B
H1=1 po=1
It is clear that
ni1+1
(a1—|a1]—1)p—1 (le1]+2)p—2 p—2
A12N alp E : § : § : M1,/121u’1 Mo -
=1 pu1=1 po=no+1

Once again, changing the order of summation, we have

ni1+1 [e%s)

+1 2 2
A2 5 0‘11’ Z Z Mluu2 (a1 - py = B.

p1=1 po=nz+1

Thus, A2 S Bl + B2 .
Similarly, we get A3 < B1 + B3 and Ay < By + By + Bs + By, where

0 no+1

—— —2 (a1+1)
B := 03P E : Z am,uz“l Ha
Ny

p1=n1+1 ps=1

Z Z PRI

p1=n1+1 po=na+1
Combining the estimates for Al, Ay, As, and Ay,

< a1+1)p—2 (az—l—l a1+1)p—2 p—2
1%
~ alp 04227 V1,V2 Yy alp V1,V2 2

and

1/171 vo=1 vi=1ve=no+1
—2 (az+1)p —2
Z Z IRV (az o Z Z ab), , (nv2)P
vi=ni+1uve=1 vi=ni1+1ve=ns+1
Theorem [7.2| yields I S wa; s ( f,L e ”2)L ) , 1.e., the estimate from below is obtained.
To get the estimate from above, by Theorem [ [7.2] we have
1 N - (low)+2)p-2, (las+2)
1 D aq |+2)p—2 az |+2)p—2
e (MM2)" S~ > > V2
np Ny vi=|n1/2]+1ve=|ng/2|+1
1 1
~ 1 1 ) ) .
1] +1, 2]+ ny N9 L,(T2)
Moreover,
> 1

N

p—1 P p—2 § : § : Loz1J+2)p—2 p—2
nl Z a’nl,VQVQ n(\_alj+1) 1/1,1/2 l/2

vo=na+1 1 vi=| "1J+1V2 =na+1
1 1
S wp (fa) 9
lealttleal U\ 0y g ) ooy

1 1
» L2
“laa)+1, L] +1 <f’ ni’ n2>L (12)
P

: : aVly”Q

vi=ni+1

A
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and

1 1

p—2 D

E g ul,uz vy S “0ai)+1,laz)+1 (f7 ’rlil’ Tlg) L,(T2) ‘
P

vi=ni+1va=no+1

Again, using Theorem we have
ouplazplplplp
alp a2p Z Z LS ( LSl Vg 0“1/1,112)

(f : )
al,az ’
nl n2 LP(T2) v1i=1v9=1

o0 o0
aip—1( p—1 p p—2 azp—1 p 1 p p—2
0‘11’ Z ( Z Ay V2 + azp Vg Ay V1

vi=1 vo=n2+1 vo=1 vi=ni+1

+ Z Z ab, . (viv)P~

vi=ni+1ve=no+1

174N

Then applying the above mentioned inequalities, we have

1 1 1 1
D i < }:Ezamlagplz’ e
Wz 00 (f’ ny’ nz)LP(W) ~ony g ) “loal+1 laa)+1 <f’ Z8 V2>Lp(1r2)

vi=1luvy=1
1 1
+ Valp ! p <fa>>
O‘lp ylzl L01J+17Lazj+1 v’ noy Ly(T?)
1 1
1 WP
+ ozgp Z Vazp +1 +1 <f’ 7)
vo=1 LalJ lez) nio vz Lp(T?)

1 1
» =
+ WLa1J+1,|_a2j+1 (f7 nl’ n2>Lp(T2) ‘

Properties of the mixed moduli of smoothness imply

1 1 1 1
D - o1p—1 azp 1 p -
Way,an <f, n n2>LP(T2) ~ pSPpgeP Z Z ! “lar)+1,laz)+1 <fv '’ V2>Lp(11‘2)'

vi=1uvo=1

Then, by Theorem

) 11
wal,ag f’ TLil’ Tl/iQ
Lp(T2)
ajp—1 agp—l

V2 a] laz]
S nTPpgeP Z Z La1J+1 V(La2J+1)p Z Z/‘ S Y- 1e-1(f) 1)

v=lvy=1V p1=1pz=1

By Hardy’s inequality (Lemma [3.2)), we get

L1 1 1
W (f”)L (1) S nSPpgp Z Z p Y 1 (D))
P

niy n
1 N2 et

Thus, the proof of Theorem is now complete. O
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Proof of Theorem W. Here, it is enough to show that wa, a, ( , 2%1, 2%2 = I, where

) 1,2
1/2

mi1 m2
[ := 9~ (miaa+mzaz) Z Z 22(#1011-1-#2@2)}/2%1_172#2_1(!]“)[4;(,]1,2)

H1=1 p2=1
Lemmas 3.3 and [3.9] imply
] = 2—(m1a1+m2a2)
1/2
mi  mo /
22(u1a1+uza2)||f _ s _ 2
201 —1,00(f) = Soo,202—1(f) + s201 1,200 1 (F)| (72
p1=1 po=1
1/2
mi  mo /
- 9—(miai+maas) E E 2(p1o +p2az)
= 2 2 § : E : >‘u1,u2
p1=1 p2=1 V1=p1 V2=H2
1/2 1/2
/ i /
- 9—(miar+maaz) 2(pron+p2a) —miay 2u100
= 2 E g )‘ulm +2 E: E: )‘muzQ
p1=1 po=1 p1=1po=mo+1
1/2 1/2
—maa 2#2042 § g
+ 2 Z Z AHI M22 + Apl H2
pr=mi+1 po=1 pi=mi+1 pe=ma+1
: - 1 1
Using now Theorem we finally get I <X wa, a0 (f, ST W)LP(TQ). O

Theorem was proved in the case of o; € N in the paper [55]. For the proof of Theorem
see [3I]. The one-dimensional sharp Jackson inequality was proved in [87]. The history of this
topic and new results can be found in [14].

10 Interrelation between the mixed moduli of smoothness of different orders
in L,

We have stated above (see Theorem that the following properties of mixed moduli are well
known:

wpy B (f,01,02)1,(12) S Wan,es (£ 01,02) 1, (T2)3

Waras (f501,02) 1, (12) wgy 85 (f,01,02) 1, (T2)
5?153‘2 6516,32 ’

<

wpy o (f5 15 t2) 1, (r2) dty dtz
Wa17a2(f751’52)Lp(T2) S 5a15a2/ / — ta1ta2 . tt
51 J 82 1 2

where f € Lg(’IFQ), l<p<oo,and 0 < o < By, 6; € (0, %),z =1,2.
The following theorem sharpens all these estimates.
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Theorem 10.1 Let f € Lg(TQ), 1 <p< oo, 7:=max(2,p), 0 := min(2,p), 0 < a; < fi,
6; € (0,3),i=1,2. Then

11 1T
_ _ o dtl dtQ
o d [ [ [t st e T2 S war el 81 B2 o
01 02
11 1/6
P 0 dt; dity
55?1532 //[tla1t20‘2(,051”32(]0,“,152)[/;7(']1‘2)] TE

01 02
These estimates are the best possible in the sense of order. This can be shown using the following

two equivalence results for the function classes M,, and A, defined in Section 2.4.

Theorem 10.2 Let f € M,,1 <p < 00,0 < a; < fy, 6; € (0, %),z =1,2. Then

1/p
p dtl dtQ

Way,on (f’ o1, 52)Lp(’11'2) = 5?15(212 // [tl_altgwwﬂhﬂz(fv t1, tQ)Lp(TQ) t ty

61 02

Theorem 10.3 Let f € Ap,1 <p<o00,0<a; < f & € (0,3),i=1,2. Then

1 1/2

1
—aq - 2 dtq dits
Wan a2 (£, 01, 02) 1, (r2) = 07" 05" / [tl My “wp, g, (fr 11, tQ)Lp(Tz)i| 1ty
01 02
Proof of Theorem [10.1l We consider

11 1T
a1 ca —a1a—a T dtl dtg
I := 511(522 // |:t1 1t2 20‘)51’52 (f, t17t2)Lp(']1‘2):| 7?

1 62
For given d; € (0, 1), we take integers n; such that —5 < §; < -L i =1,2. Then
IT< e —QQT a1T—1 ooT—1 1 1
ny Z Z H1 Ha wh g \ [ —— ]
pn1=1 p2=1 K 1 LP(TQ)

Further, Theorem [9.1] implies

ni+1ns+1 pn1+1 po+1 7_/0
T —Q1T, —QaT a1 7—P17—1 agT—fF27—1 £160—1_ B20—1
I S g™y E E Hq Mo E E 41 Vo Y vi—1p— 1(f)Lp(’]I‘2) .

p1=1 po=1 v1=1 ve=1
Since 7/6 > 1, using Lemma we get

ni+1na+1

T —Q1T —O¢2T arT—1 agT I~ 7
I" <nj E E Hq Ko p1—1,p0— 1(f)Lp(T2)-
p1=1p2=1
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By Theorem we have
1 1
ITSWZJ—QOQ <fa7> )
’ M2/ Ly(12)

1
’nl—l—l ng + 1

which implies

1 Swahag <f ) < wal,az(fa (51,(52)],.
L,(T2)
The estimate “< waq,, a2(f, d1,02)p” is proved.
Let us verlfy the part “wa, 0, (f,01,02)p 37 For given d; € (0, 5), we take integers n; such that
1 < 0; < ;-,i=1,2. Then, by Theorem (9.1, we get

nz

1
Waq,00 (fv 51, 62)LP(T2) S Wa,as <f7 ) 1)
L,(T

ni’ ng

A

n1+1no+1 1/6
—« fa a160—1 a 0—1+,-0
ny fng ©? 2 Z v ' ? qu 1,v90— l(f)Lp(TQ) .

v1=1 =1

Then Theorem [4.2] gives us

ni+1no+1 1 1 1/9
wWaras (f501,02),m2) S 1My {Z Do T g (f> (2>}
Ly(T

vi=1 =1 i v2
11 1/6
D 0 dt; dty
S} 51‘1152‘12 // [tl a1t2 a2w51ﬂ2 (f, tl,tQ)Lp(rHQ)} Tg )
61 d2
which completes the proof of Theorem [10.1] O
Proof of Theorem Denoting
11 1/p
_ _ p dtl dtg
A = 611657 // [tl Nty wg, 5, (f, tl,tQ)Lp(TQ)] P )
01 o2
and choosing integers n; such that —= <¢§; < ;-,i = 1,2, we have
AP = T agp aip—1 azp—1 p f,— 11
=~ Z Z ! ) w51ﬁ2( i MQ)Lp(T )’
1 po=1
p1=1p2=
Then Theorem yields
p1+1 po+1
- 1 1 1 1
AP = nla azp Z Z Moqp Brp— Oczp B2p— Z Z V11p 5210 le L 1(f)Lp(11‘2)
p1=1pa=1 v1=1 vo=1
ni+1na+1

alp —a2p }: }:yalp 1 a2p lyypl Ly 1(f)L,,(T2)-

v1=1vo=1
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Finally, by Theorem we have AP < wq, . as ( 1 n%’ n%) L,(T2)’ which completes the proof. O
P
Proof of Theorem As above, let
11 1/2
2.d¢y dt
B := 67052 // [t;alt;ww/jh& (f,tl,tg)Lp(TQ)} B e
t1 1o

01 02

and in% < < 5,0 =1,2. Then

ni n9
1 1
2 _ o—niai9—naa2 2p101+2p202, 2 -
B? =2 2 Yo ) 2 w3, 5, (f, 2#1’2#2) R

pn1=1 po=1 Lp(T2)

Using now Theorem [9.3] we have

ni o n2 H1+1 po+1

2 _ 9—Nia1o—noao E § 2/»"10‘14’2/1'20‘272/»‘15172!@:82 2V1,81+2V252 2
B —~ 2 2 2 2 }/21/171’2u271(f)[/p(’]r2)
p1=1 po=1 vi=1 =1

ni1+1ng+1
< 9—2(n1ai+n2a 2martrzaz)y 2
~ 9—2(mai+nzaz) E E 92(nartvs 2)Y2V171,2V2—1(JC)LP(W)'

vi=1 vo=1
By Theorem we get B X wa an (f, 2%1, 2%2)%@2) = Way,an (f, 01, 52)L a2’ ]
P
The one-dimensional version of Theorem for functions with general monotone coefficients
was stated in [83].

11 Interrelation between the mixed moduli of smoothness in various (L,,L,)
metrics

For functions on T, the classical Ul'yanov inequality ([97], see also [25]) states that

1/q
dt

[
q
£, S | [ [ walfitinm] S|
0

where f € L,(T),1 < p < q < o0, 0 := % %, and a € N. Very recently, this inequality was

generalized using the fractional modulus of smoothness (a > 0) as follows (see [60, [75], 01]):

1/q

dt

6
B q
wa(fa 6)Lq(T) S / [t ewoﬂr@(fa t)Lp(']l') 7
0

Below, we present an analogue of the sharp Ul’yanov inequality for the mixed moduli of smoothness
(see [61]).
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1

Theorem 11.1 Let f € Lg(TQ), l<p<g<oo,l:= i %,oq > 0,2 > 0. Then

51 52 d d 1/q
q dty dig
Wayaz (5 01, 02) 1, (72) S // (t1t2) *Way+0,006(f 11, 12) 1, (72) b b

47

(11.1)

Proof. For given §; € (0, 1), there exist integers n; such that %% < < ﬁ,i = 1,2. Then, by

Theorem we get

1 1
I = wal,az(fa 1,021, q(T?) S Wag 00 <f, 1 on )
22 ) g

S f = s2m1 00 — Soo,2n2 + S2m1 2m2 ||, (12

,0 0,
27011 || 5000) (F — sog ma) |y m2) + 27022 180520 (f — 5271 00) 1y 72)

+
4 gmemimeenz || 0re) (1)), oy =i [+ o+ Ty + Lu.

271,212
To estimate I, we use Lemmas [3.3] and [3.4]
o0 oo 1/q
h3 { Z Z ptllayl, 2v2— 1(f)Lp(T2)} '
V1=n1 V2=n9
Further, by Theorem we get

11 Ha
V+V )0 .
{ Z Z 1 2 qwa1+9a2+9 <f72l,172V2>L (Tz)} = J
D

vi=ni v2=nz2

(0‘170)

Let us now estimate I>. Define p(z,y) := sgni’o(f). Then I = 27 |lp — 550 9m2 (i

Lemma [3.13] implies, for a.e. x,

a/p
/\90—8002’12 Ndy < Z 9v204 /]go— Soo,2v2 ()P dy
vo=ng2
Therefore,
21 2 or [/ 27 qa/p
/ / o= sooma() dyda 5 3 240 / [lo=smantolay] as
Vo=ng2 0
Using Minkowski’s inequality, we have
2 [/ 2m a/p o p/q a/p

27
/ / [ — 500,22 () [P dy dz / / [ — Sco,2v2 ()T d dy
0 0 0

0

M Ly (r2)-
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Since ¢ — Soc,2v2 () = sé%}ol(f — So0,2v2(f)), then Lemma [3.14 implies, for a.e. v,

1/p

/ (55 (f = So,202 ()7 d / |5t 2O (F — so0,202 ()P dae

This gives

2 p/q 21 2w

/ / S alf — a1 da dy</ / S0 (F = sa (£) P dad.

Thus,

1/q
—ain v a1+6,0)
L < 11{}) vt s +00) —soo,zu2<f>>||zpm)}

Vo=n9
e8] q 1/q

2n19{ Z ovatlq [2 (oz1+6’)n1H 2%1+£0)(f_30072,/2(]“))”LP(TQ)} } .
Vo=no

Now using Theorem we get

11 Ha
0 20
L < {2n1 q Z V2 qwa1+9 a0 (f, o 2y2> (Tz)} S

vo=ng

Similarly, one can show that I3 < J and I < J. Combining the estimates for I, I, I3, and Iy, we
get

11 1/q

v1+v2)bq

I< { S S g (f, N 2V2> } |

vi=ni va=ngy (TZ)

Taking into account monotonicity properties of the mixed moduli of smoothness, we finally have
1/q

q dtl dtQ
t1 12

AN

t1t2 wa1+9,a2+9 (f.t1, t2)Lp(T2) ]

1/q

o % dty d
B q tl tQ
P t1 to
0 0
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11.1 Sharpness

Let us show that it is impossible to obtain the reverse part 2 of inequality (L1.1)), i.e., in general,
l) is not an equivalence. Let us construct a function fo(z,y) € Lg(T2) such that the terms on
the left- and right-hand side of (11.1)) have different orders as functions of §; and ds. Consider

(v1 +1)% (2 + 1)

f ("L‘ y Z Z aVl v COs 2”1:1:COS 2y2y7 Where a’l/l ] = 2&1V1+O{2V2 )
v1=015=0
—1_1 p 1.  —
l<p<qg<oo b:= i Bi > —5,0; >0, (1 =1,2). By Theorem we get

2n2 Qaivi+azv

1 (nl + 1)51+%(n2 + 1)/32+%
Way,0p f07 ) =
Lq(T?)

and

1 > _ (n1+ 1) (ng + 1)
L,(T?2)

Wai+6,00+6 <f07 ' ong 2a1v1tazve

Using these estimates, one can easily see that

ot o 2) ,31+% 9 /82-1-%
Wan,ae (fo,01,02) 1, (12) = 67" 05” (11151) (ln 52)

and

61 02 1/(]

B1 B2
—0 q dtl dtg _ ca1—0 san—0 2 2
//[(t1t2) Wa1+0,a2+9(fO,t17t2)Lp(’]1‘2)} ?g A(Sll 522 lna lng .
0 0

(11.2)
Thus, the inequality

51 8o e d 1/q
_ q dty dt
T I B L A P e

does not hold for fy.
Finally, we would like to mention that inequality (11.1)) improves the classical Ul'’yanov in-
equality for the mixed moduli of smoothness given by ([54])

61 02 1/‘1
q dtl dtQ

Way,an (f,61,02) Lq (T2) S // (tita)” wOél a3 (f?tlth)Lp(?l‘z } T? : (11.3)

Indeed, for fy we have

9\ Pit+3 9\ B2ty
woz17062(f07t17t2)[/p(1]‘2) = t?ltSQ <1n t1> (111)
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and therefore for this function

81 2 At d /e 9 Bit3 2 Ba+3

_0 7 dty dio — sa1—0sas—0 2 2
//[(tlt2) Wal,az(antlatQ)Lp(TQ)] Tg /—\511 522 <1Il61> (11152) .
0 0

Thus, for the function fy the integrals in the right-hand sides of (11.1) and (11.3) have different
orders of magnitude as functions of 6; and d2 (cf. (11.2)) and (11.3)).
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