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A. Calogero

ON THE DISCRETE WAVELET TRANSFORM OF
STOCHASTIC PROCESSES

Abstract. We improve a result of Averkamp and Houndré concerning the
characterization of second order processes with stationary increments via
the discrete wavelet transform. Our result holds for a class of processes
with a correlation function which is not twice continuously differentiable.
Several examples are studied.

1. Introduction

The purpose of this paper is to continue the study of the stationarity of second—order
processes via their discrete wavelet transform begun in [2]. We focuse our attention on
irregular processes, i.e., on a class of processes with a correlation function which is not
twice continuously differentiable.

In the literature several papers ([1], [2], [4]) have been devoted to the analysis of
stationarity of stochastic processes by using wavelets. The main result of [4] was the
characterization of the second-order properties of a process via the corresponding prop-
erties of its continuous wavelet transform (CWT). In particular, in the case where the
correlation function px is of polynomial growth and v is rapidly decreasing at infinity
with exactly one vanishing moment, the authors showed that a process has (weakly)
stationary increments if and only if its CWT is (weakly) stationary at all scales. Under
stronger requirements on the analyzing wavelet, they also showed that a process has
(weakly) stationary increments if and only if its CWT is (weakly) stationary at any
fixed scales. These results were extended in [1] to random processes with polynomial
growth and without any finite moments.

In the applications it is often convenient to use the discrete wavelet transform
(DWT) instead of the CWT. In this direction Averkamp and Houndré ([2]) proved a
version of the above results by using the DWT, under the hypothesis that the correlation
function px of the process {Xt}i<r is of class C2(R?). This requirement appear to be
fairly restrictive; for istance, the correlation function of the Brownian motion (or, more
generally, of the fractional Brownian motion) and of the Ornstein—Uhlenbeck process
are just continuous functions of R2. Finally, many authors show that the wavelets are a
very interesting method to investigate an important and particular case of nonstationary
processes as the fractional Brownian process (see [8], [11]).

In this paper we extend the main result of [2]. Our aim is twofold: on one hand,
we give a theoretical basis to the study of the stationarity of irregular processes, i.e.,
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of processes such that their covariance function E (X; Xs) ¢ C2(R?), via the discrete
wavelet transform. On the other hand, we shall make use of generic wavelets with
vanishing zero order moment; in particular, our results hold for wavelets that are not
associated with a Multiresolution Analysis (MRA). Let us give some details.

An orthonormal wavelet is a function ¥ € L2(R) such that the set
[Yik) =212p@Ix —k) : j.keZ)

is an orthonormal basis for L2(R). Two equations (see (2) below) characterize the set of
the wavelets: it is well known that such set clearly includes the MRA wavelets properly.
Given a generic wavelet v, the Discrete Wavelet Transform (DWT) of X = {XiheRr
with respect to v is defined to be the discrete random field W = {W (], k)} kez. Where
W (j, k) is defined by

1) W(j. k) =/H;xt ik dt,

provided the path integral in (1) is defined with probability one.

We study the (weak) stationarity of X via its discrete wavelet transform W. In
particular we prove, under mild conditions on px, that X has weakly stationary incre-
ments if and only if W is weakly stationary at every scale. In our result a crucial role
is played by a closed subspace W of L2(R?) constructed from the particular wavelet
Y chosen to investigate the process. An orthonormal basis of W is given by the family
(2ly@2ix —k)w(ly —k2) : j, ki, ko € Z} and the projection of the covariance
function on W characterizes the weak stationarity of the discrete wavelet transform of
the process.

2. Notation and terminology

It is well known that v is a wavelet if and only if

Y wRler=1 ae. £ eR,
J€Z
(2) ©
Y U@ TRIE+2kn) =0 ae&eR ke2Z+1,
j=0

and [l ||l2 > 1, where ¢ denotes the Fourier transform of v defined by

VE) = / ¥ (x)e™¢ dx.
R

See [7] for a general treatment on wavelets. We assume that v is a generic wavelet,
possibly not associated with a multiresolution analysis. An example of such type of
wavelet is given by the Journé wavelet -, whose Fourier transform is given by V() =
x1 ([€]) where | = [%F, ) U [4r, 327) (see [9]).
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A mild condition on the wavelet i that we shall use in the sequel is the vanishing of
its zero moment, i.e.,

(3) ¥(0) = 0.

Let (2, B, P) be a probability space and let X = {Xt};cr be a second-order pro-
cess, i.e. X is jointly measurable and X is square integrable for eacht € R. The
discrete wavelet transform of X, which is defined in (1) above, is a random field on
(2, B, P) that depends on . Clearly, by the definition of DWT, we need that

f [Xt(w) ¥j k)| dt < oo forae. we Q.
R

Since X has finite second order moments, a generic condition which ensures that (1) is
well defined and is also a second-order sequence is that

4) wa/px(U,U)|1ﬁ(2jU—k)|dU < 00,

forall j,k € Z where px(r,s) = E(X;Xs), r,s € R. We assume throughout that
(4) holds. Some authors often write WY to emphasize the fact the wavelet transform is
taken with rispect to . In the following, we denote by W the DWT of a given process
X using a wavelet .

An easy computation shows that the second moment function of W is given by
ow(j, ki 1,m) = E(W(j, koW, m) = /Rz px (U, V)Y k(WY1,m(v) du dv.
A second-order process { Xt }t<r is said to be (weakly) stationary if forallt,s,u e R
E (Xt4uXs+u) = E(XtXs).

We say that the process { X };<gr has stationary incrementsif E (| Xt — Xs|2) is finite and
depends only on t — s. An elementary calculation shows that {Xt};cr has Stationary
incrementsif and only if

(5) E((Xt+u - Xt’+u)(xs+u - Xs’+u)) = E((Xt = Xt)(Xs — XS’))?

forall t,s,t’,s’,u € R. Hence we may use (5) as definition of second—order process
with stationary increments. Moreover, it is obvious that a weakly stationary process
has stationary increments.

For discrete random processes {Xj} <z, the definitions of (weakly) stationary random
process and of random process with stationary increments are obtained from the corre-
sponding definitions in the continuous case by obvious modifications. See [6] for more
general information on stochastic processes.

Let us recall the main result of Averkamp and Houndré concerning the character-
ization of second order processes with stationary increments via the discrete wavelet
transform ([2]).
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THEOREM 1. Let {X;}ier be a second-order process with px twice continuously
differentiable on R2, and such that its partial derivatives of order at most two have
polynomial growth.

Let v e LY(R) be a wavelet such that (3) holds, Jrx¥(x)dx = 1and y(x)(1 +
IxPDN e LY(R), forall N € N.
Let also W (j, k) be almost surely defined for all j, k € Z.

Then {Xi}ier has weakly stationary increments if and only if, for all j €
Z, {W (], K)}kez is weakly stationary.

Now, let us consider the following example.

ExAMPLE 1. The DWT of a fractional Brownian motion.

The fractional Brownian motion (fBm) process offers a convenient tool for modelling
non stationary stochastic phenomena with long—term dependencies and 1/ f -type spec-
tral behaviour over ranges of frequencies. We say that {BtH Jt=0 isa fBm if it is a
Gaussian, zero—mean, non stationary process such that

B! =0, BH, — B ~ N, 031h1?H).

The parameter H, 0 < H < 1, is called the “Hurst exponent”; if H = 1/2, then
{B}t>0 is the classical Brownian motion. It is well known that

L 2
E(BYBE) = Tt + I/ — ft —s2¥),
E((Btljru - BtHJruz)(BsHJru - le_’|+u ) =

_ C%H(It _ S/|2H St — SI2H —t— S|2H T S/IZH)’
Hence {BtH} has stationary increments but is not stationary. Note that E(BtH BH) is
not of class C2(R?) and that its degree of smothness decreases as H tends to 0.
Nevertheless, we show that, in this case, {W (], k)}kez is weakly stationary, for all
j € Z. Let ¥ be a wavelet that satisfies (3) and let {B};>0 be a fBm. In order to do
this, let us compute the autocorrelation function of the DWT of {B}} at every level j:

E(W(, kW (], k))

O‘2 [
7”/ﬂy(|u|2” 101 = Ju = o) g kWP e () du do

0’2
= —7”f lu — v?" Y k()P e (v) du do
]RZ

= —2“3—2”)—10,3/ |t|2H/ V()Y (S —t +k —K') ds dt,
R R

for every k, k’ € Z. Therefore, it is clear that
E(W(, kW (j, k) = E(W(j, k+mW(j, Kk +n)),

for every n € N, so that {W (j, k) }kez is weakly stationary, for every scale j.
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We note that the previous calculation (and hence the same result) holds for every
wavelet  satisfying (3). Moreover, it is obvious that the fBm processes do not sat-
isfy the regularity conditions of the previous theorem. This is our starting point.

3. Discrete Wavelet Transform and stationarity

Let i be a wavelet. For every j € Z, let W; be defined by

Wj = span {¢j k : k € Z}.

Set

Wj =W @Wj =span {f(x,y) = fi(x) fa(y) : f1, f2 € Wj}.

We know that {yj k : k € Z} and {¥j : ],k k' € Z} are orthonormal bases for
Wj and W respectively, where W; (X, Y) = ¥j k(X)¥j k (Y). Moreover, let W be
defined by

W =W, =span (¥ : J.k.K € Z} € L*R?).
JEZ

We recall that if v is a wavelet, i.e., {¥j k : ],k € Z} is an orthonormal basis of L2(R),
then {Wj v : J,k, k" € Z} in an orthonormal system of L2(R?) but it is not a basis,
i.e., the function Wo g o is not a wavelet. Hence W is properly included in L?(R?).

In many cases the correlation function px ¢ L2(R?). However, there are some

cases in which px e L2(R?). Now we make a digression and show how to characterize
the weakly stationarity of the DWT of second order process in terms of px in the case
that px € L2(R?).
In order to complete the system {W; x v : J,k, k' € Z}, let us suppose that v is a
MRA wavelet, i.e. there exists a Multiresolution Analysis {V; : j € Z} of L2(R) with
scaling function ¢ that generates . For every j,k,k’ € Z, let CDJ-l,k,k, and CDJ?,k,k, be
defined by

DTy (X, V) =9 kOOYjk(Y) and  ®%, (X, Y) = ¥ k(Dejk(Y), VX, yeR.
It is known that
{(Wikks P ppr Dyt Ik K eZ}
is a basis of L2(R?) (see [5]).
PROPOSITION 1. Let ¢ be a real, MRA wavelet that satisfies (3). Let {Xi}icr be

a second order process with a correlation function px € L2(R?) and assume that (4)
holds.

Then {W (j, k)}kez is weakly stationary for all j € Z if and only if px € W+.
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Proof. Let ¢ be the scaling function of the MRA that generates . Since px € L2(R?)
we may write

PX = Z (CI:I:|’|/<D|1|!|/ + Ci2,|,|/q)ﬁ|,|/ + di’|,|’\lji’|,|’),
i,l,I'eZ

for some constants cil“,, Ci2,|,|~ di11-. Hence
E(W(i,k)W(i,k’)) = Z (Cil,|,|//ﬂ§<pi,|(u)1/fj,k(u) deRlﬁi,v(v)wJ',k/(v) dv
ill'ez

+Cf|,|//Rl/fi,|(U)1/fj,k(u) du/Rw,v(ij,k/(v) dv

+di,l,l’/ Vi1 (W k(W) duf Vi ¥k () do)
R R
(6) = dj kK,

for all integers j, k, k’.
If {W(j, k)}kez is weakly stationary, then for all integers j, k, k’, h, with h £ 0,
we have, by (6),

0=EW(j.kW(.k)) — E(W(j,k+hW(, k' +h))
) = djkk — dj kthk+h-
We recall that px € L2(R?) implies that Y, 1dj kk'|? < oo. Clearly from (7) we
deduce that dj x i = 0, whence px € W-.

The converse in obvious. If px € W+, then dj k. = 0. Hence, for every integers
i, k, k’, we have E(W(j,k)W(j,k/)):o, -

We remark that if px € L2(R?) N W= and px # 0, then in order that {X¢}{cr has
weakly stationary increments we need more information about px.

We remark that it is not trivial to remove the hypothesis that v» be real in Proposition 1.
Observe that if v is complex valued, then fR ¥i1 (W k(u) du it is not necessarily
equal to & j - 8 k. Observe also that the naive idea of defining U = -y, 1 =g - ¢
and 2 = - ¢, does not lead to a basis of L2(RR?).

A similar remark applies also to the case where px & L2(R?).

Now we consider the general case where we do not assume that px € L2(R?).

LEMMA 1. Let ¢ be a wavelet that satisfies (3) and let { X };cr be a second order
process with a correlation function px and assume that (4) holds.

Then, for a fixed integer j, {W (], k)}kez is weakly stationary if and only if

/Rz(,ox(t, s) — px(t +27Th, s +27Th)).
Y OYjr6) dtds =0,  Vh LI € Z

(8)
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Proof. Since, forall j,k,k’,h € Z,

E(W(j, W, K)) — E(W(j, k+hW(j, kK + )
px(t,s) — px(t+27Th,s + 2*ih)]1/fj,k(t)¢j,k,(s) dt ds,

]RZ[
the proof of the lemma is obvious. O
We remark that (8) tell us that for every fixed level j the projection of the function
px (-, ) — px(- +271h, - 4+ 271h) on the space Wj is zero, for every integer h.

REMARK 1. Let ¢ and X be as in Lemma 1. A sufficient (but not necessary)
condition such that {W (j, k) }kez is weakly stationary at every level j is given by

©) px () — px(-+27h, - +27Th) ¢ (W\ {0}) Vj,h e Z.

The proof is an easy exercise. In the following example we apply Lemma 1 and show
that (9) is not a necessary condition.

EXAMPLE 2. Let ¢ be a real valued wavelet and let

Xt =Y Zny(t —n),

nez

where the Z, are i.i.d. random variables with mean 0 and variance 1. It is easy to show
that the correlation function pyx is given by

px(t,8) =D Yt —n)y(s —n).

nez

Hence, without other conditions, {X;} has not weakly stationary increments (see [2]).
In order to show that the discrete wavelet transform is weakly stationary, let us prove
(8). For every non positive integer j and for all integers h, n and I, we have that

/ Yt —n+27Th) () dt
R

-
= /I/f(é)l/f(Z—Jé)e—'m—Z (h+)% e
27 Jr
2—i/2 p2m R - | .
T 2 / D UE+2sm) Y21 (E +25m)) | e 2 OHDE g
0 SEZ

(10) = 8j,080,n—h—I,

because v is a wavelet (see [7]). A similar computation shows that (10) holds for all
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positive integers j. Hence, by (10) we have that
/Rz(p"(t’ $) — px(t +27Th, s +27Th)) (1) ¥y (s) dt ds

=Z(/ Y (t— Myt dt/w(s—n)m,v(s) ds+
R R

nez
—/ Yyt + 270h - Nt dt/ (s + 270h — My 1 (s) dS)
R R
= 8.0 _(80.n180,0-1" — So.n—h1 So.n-h—1")

nez

=0,

for every j, 1,1’ € Z. Hence condition (8) is satisfied.

Now we show that (9) is not a necessary condition for the weak stationarity of the DWT
of X at a fixed level. Let v be the Haar wavelet and let j = h = 1in (9). An easy
computation gives that

/]RZ (px(t,8) — px(t +271 s +27H) 9o (Do, (5) dt ds

=Z<wa<t—n>wo,|<t> dt/Rlﬁ(S—n)WOJ(S) ds+

nez

— /R Yt +27 =y (t) dt /R Y +271 =)o () ds)

= E’
for every integer |. Hence the projection of the function px (-, -) — px (- +271, - +271)
on Wy is not zero. This implies that px (-, -) — px (- + 271, - +271) & (W {0}) is not
true.

ExAaMPLE 3. The Ornstein—-Uhlenbeck process.
Let {Bt}tcr be a Brownian motion process and let us define the process {Zi}icr as

Zi = et BeZt s

for every real t; {Zi}i<R is called the Ornstein—Uhlenbeck processand it is an impor-
tant stochastic process in many areas, including statistical mechanics and mathematical
finance (see for example [3]).

By definition, Zt has normal (0, 1) distribution, for each t. Moreover, {Z} is stationary,
and its correlation function is given by pz(t,s) = elt=Sl, for every t,s € R. Clearly
pz(-,) — pz(-+27Th, - +271h) = 0 for every j, h € Z; hence the discrete wavelet
transform of {Z} is weakly stationary, at every level j.

We remark that in Examples 1-3 the correlation function of the process is not twice
continuously differentiable. The same is true for the continuous time fractional Gaus-
Sian noise (see [10]).
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In order to give a charaterization and for the sake of completeness, we give the
following well-known result.

LEMMA 2. Let ¢ be a wavelet that satisfies (3). Let {Xt}icr be a second order
process with a correlation function px and assume that (4) holds.

If {Xt}ter has weakly stationary increments, then {W (j, k) }kez is weakly stationary
forall j € Z.

Proof. Since, by (3), we have

E(W(J, W (], k)

= /2 px(t, $)¥j k() ¥jwk(s) dt ds

= /.. (px(t,s) — px(t',8) — px(t,s") 4+ px(t', ) ¥j k() ¥k (5) dt ds,

the thesis is obvious. O

Let £ be the space of the functions f : R2 — R, such that there exist two functions
h1 and hy, with h1, ho : R — R, such that

FOGY) =hi00 +ha@y), VX, y) e R%
Note that W N £ = {0}. The following result is a consequence of the previous lemmas.

THEOREM 2. Let ¢ be a wavelet that satisfies (3). Let {X;}ter be a second order
process with a correlation function px and assume that (4) holds. Suppose that there
exist two functions pyy and p, that satisfy the following properties:

(i) px = pw + or;
(ii) foreveryu € R, ps(-, ) — pe(-4+U,-+u) e L

(iii) pyw(t+u,s+u)—pyw(t+u,s’ +u) —py (' +u,s+u) +pp ' +u,s' +u) =
ow(t,8) — pw (', s) — pw(t,s) + o', s), Vt,s,t',s’,u € R.

The following properties are equivalent:
() {Xt}ter has weakly stationary increments;
() forall j € Z, {W (], K)}kez is weakly stationary;
(i) /Rz(pw(t, $) — pw(t +27Th,s +27Th))yj (O () dt ds =0,
Vi,h,1LI' e Z.

Proof. As in Lemma 2 (jj) = (j). In order to prove the converse implication, let
{W (], k) }kez be weakly stationary, for every j € Z. By (ii), for every u € R there exist
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two function hy and hj such that p(t+u, s+u) = pz(t, s)+hi () +h5(s), V(t,s) €
R2. Hence, (i)-(iii) give us that
(Xtgu = Xe4u) Ksu — Xs4u))
=ppwt+u,s+u) —ppwt+us +u) —ppwt +u,s+u)+
+ow +u, 8" +Uu) +ppt+U,s+U)—pot+uU, s +U) —
+post +uU,s+U)+pot" +u, 8" +u)
= pw(t,s) — pw(t,s") — pw(t',s) + pw(t',s") + po(t,s) +
+hi(t) +h5(s) — pe(t,s") —hit) —h5(s) — pe(t’,s)
—h{(t") +h5(s) + p(t',s) + hit) +hiE) +
= E((Xt — Xp)(Xs — Xg)).
Therefore (j) = (jj).
Since, by (3) and (i)—(ii), for every j, k, k’, h € Z we have that

E(W(j, WG, K)) — E(W(j, k+ MW, K + )
= /Rz[h?jh(t) + h%fjh(s) + oW, s) — pwt +27Th, s +27Th)]
Vi k() ¥k (s)dt ds
= /Rz[’OW(t’ ) — pw(t+270h,s + 2*jh)]¢j,k(t) ¥k () dtds

the implication (jj) <> (jjj) is obvious. O

We remark that the decomposition (i) of the correlation function depends on the
choice of the wavelet . Moreover, we remark that if px € C2(R?), then conditions (i)
and (iii) of the Theorem 2 imply that

2
0 ,Y) — , =0 VX,, R.
8xay(pX(X y) — px(X +5,y +5)) X,Y,S €

This relation plays a crucial role in the proof of the characterization in Theorem 1 and
follows from the weak stationarity of {W (j, kK)}kez.-

EXAMPLE 4. The DWT of a fBm: 2" part.

Let us go back to the case of the discrete wavelet transform of a fBm studied in Exam-
ple 1. Let ¢ be the Haar wavelet and let {BtH }t=0 be afBm. It is clear that in this case
the decomposition (i) of Theorem 2 of the function pgn is given by

2
[of
pe(ts) = ZH(IUP + s —jt—s?) and  py =0.

Since,

2 2
o (o2
pr(t,8)—prt+u, s+u) = 7H(|t|2"'—|t+u|2H)+7H(|s|2H—|s+u|2H), Yu e R
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condition (ii) and (iii) are clearly satisfied. Hence, for all j € Z, {W(], K)}kez is
weakly stationary.

Stronger conditions on v give us further results.

REMARK 2. Letr be positive integer and let ¢, be a wavelet with r + 1 vanishing
moments, i.e. such that

f xSy (X) dx =0, Vs e [0,r]NN.
R

Let £; be defined as
r . .
Lo={f :RP>R, fo,y) =Y y'h1i00+xh2i(y), V(x,y) € R?}.
i=0

If in the statement of Theorem 2 we replace v with ¥, and £ with £,, then the new
theorem is true.

We note that in the definition of the space £, on the function we need no assumptions
on the functions hqg i, withd = 1,2, 1 <i <r, hg,i : R — R. Hence, they can be
very irregular. We leave the easy proof to the interested reader.
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