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Abstract:

e In Section 1, we present a number of classical results concerning the Generalized Gamma
Convolution ( : GGC) variables, their Wiener-Gamma representations, and relation

with the Dirichlet processes.

e To a GGC variable, one may associate a unique Thorin measure. Let G a positive r.v.
and I'¢(G) (rosp. Ft(l/G)) the Generalized Gamma Convolution with Thorin measure
t-times the law of G (resp. the law of 1/G). In Section 2, we compare the laws of 't (G)

and I't(1/G).

e In Section 3, we present some old and some new examples of GGC variables, among
which the lengths of excursions of Bessel processes straddling an independent exponen-

tial time.
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Introduction

1. This survey is concerned with the study of a rich and interesting class of
infinitely divisible laws on R called the generalized gamma convolutions
(GGCQ), a class introduced by O. L. Thorin in 1977 (see [19]) and then studied
thoroughly by L. Bondesson [5]; both the lectures notes by Bondesson and the
book by Steutel and Van Harn [18] contain many results on this class of laws. We
shall also discuss their close connections to a class of random variables known
as Dirichlet means whose study was initiated by Cifarelli and Regazzini [10; 11].

We shall often make, throughout this paper, the common abuse of language
which consists of talking about a random variable instead of its law; thus, we
shall use slightly incorrect terms such as GGC variables, and so on . ..
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In order to introduce the family of GGC variables as naturally as possible,
let us consider the 3 sets of r.v.’s (or of laws): G, S, J defined as follows:

a) J is the family of infinitely divisible r.v.’s (taking values in R} )
b) S is the set of self-decomposable r.v.’s, valued in R
¢) G is the set of positive GGC variables

The Laplace transforms of these variables satisfy:

E(e ) =exp {—a)\ - /000(1 - e)‘x)y(d:c)} (A>0)

and

a’) If X € 7, then a > 0 and v(dx) is a Lévy measure, i.e.:
/ (IAz)v(de) < oo
0

b)) If X € S, then a > 0 and v(dz) = % h(z), with h decreasing
¢) If X € G, then X € S and moreover:

) = [ e uta)

for a o-finite and positive measure p; u(dy) is called the Thorin measure
of X.

Thus, we have:

gcsScJg
and, of course, the inclusions are strict.

Another definition of a GGC variable is sometimes given in the literature
as the limit (in law) of sums of independent gamma variables (with different
parameters).

A comparative discussion of different (but, in the end, equivalent) properties
of elements of S is made in Jeanblanc, Pitman, and Yor [32]. Similarly, it is the
aim of this survey to gather and to compare different properties for G. This, and
more generally, the entire survey is motivated by the fact that, recently, some
new elements of G were discovered; likewise, there is some recurring interest in
the Gamma process (see, e.g. the Festschrift Volume for Dilip Madan ['J')])

2. This survey paper consists of three parts:

e In the first part, the results being discussed are classical; they are about the
relationships between different families of r.v.’s and/or processes, namely: GGC
r.v.’s, Wiener-Gamma integrals, Dirichlet means, compound Poisson processes,
mixing of Gamma variables, Poisson point processes, GGC subordinators, and
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so on. These results are detailed here in order to ease up the reading of this
paper for probabilists coming from diverse horizons.

e In the second part, we discuss a notion of duality for the GGC r.v.’s; in
particular, when one knows the density, or the Laplace transform of a GGC r.v.
T, this notion of duality allows to compute explicitely the density, or the Laplace
transform of the “dual GGC variable”. We use this principle to compute the
Thorin measure of a Pareto r.v. and of a power of a gamma r.v.

e The third part consists essentially in presenting the explicit computations
of densities and of Laplace transforms of some particular GGC r.v.’s. In the
main, these r.v.’s originate from the study of the length of excursion which
straddles an independent exponential time for a recurrent Bessel process [4]. It
is noteworthy that, in this third part, the notion of duality presented in the
second part allows to obtain very easily explicit formulae for the density and
the Laplace transform of a large number of GGC variables.

Finally, in the Appendix, we describe an interpolation principle between the
gamma subordinator (v, ¢t > 0) and a family of GGC subordinators.

1. Classical results on GGC r.v.’s

A writing convention.

1. Each time we write an equality in law between r.v.’s and that on one or
the other side of this equality, several r.v.’s occur, we always assume that these
r.v.’s are independent, without mentioning it systematically.

2. It will be convenient, in some instances, to speak of a r.v. instead of its
law and vice versa. We hope that no confusion will ensue.

1.1. The Gamma process

It is a subordinator - i.e. a Lévy process with increasing paths and cadlag tra-
jectories -

All through this paper, the reference process is the standard Gamma process
(v, t > 0), which is a subordinator without drift, and with Lévy measure
4z = (z > 0). Thus, its Lévy-Khintchine representation writes (see [2]):

E[ef)\’)’t] _ exp{ - t‘/ooo(l — e,)\x)ci_.f e*x} ()\, t> O) (1)
= exp{ —tlog(l+\)} = ﬁ (2)

where formula (2) is obtained from (1) and from the elementary Frullani formula
(see [34], p. 6):
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where, in general, v denotes a positive measure on R, which is o-finite. Here,
v(dz) = d1(dz) is the Dirac measure at 1, but formula (3) shall be useful in the
sequel. We note that Frullani’s formula (3) may be easily obtained by observing
that the two sides of this formula take the value 0 as A = 0 and have the same
derivative with respect to .

For each t > 0 fixed, v follows a gamma law with parameter ¢:

a

P(vy € da) = % atda  (a>0) (4)
This process (v, t > 0) enjoys a large number of remarkable properties which
make it a “worthy companion” of Brownian motion. In particular, Emery and
Yor [18] establish a parallel between Brownian motion and its bridges on one
hand, and the Gamma process and its bridges on the other hand. See also
Vershik, Yor and Tsilevich [50] and Yor [55] for a survey of many remarkable
properties of the gamma process.

1.2. Wiener-Gamma integrals and GGC variables

1.2.a Many times throughout this work, we shall use the properties of the
integrals:

F(h) = / " h(s) o (5)

where h : Ry — R, is a Borel function such that:

/000 log (14 h(u))du < oo (6)

Under this hypothesis (6), T'(h) is finite a.s. (see Proposition 1.1 below). Of
course, since the trajectories of the process are a.s. increasing, the integral fea-
tured in (1.5) may be defined in a path-wise manner, as a usual Stieltjes integral.
We call f(h) a Wiener-Gamma integral, in analogy with the Wiener integrals
IS f(u)dBy, f € L*(Ry,du) which constitute the Gaussian space generated
by Brownian motion (B,, u > 0).

Thus, the family of r.v.’s {f(h) with A such that fooo log (1+ h(u))du < 0o}
constitutes the analogue for the process (v, t > 0) of the first Wiener chaos for
a Brownian motion (B, u > 0).

Let us assume for a moment that, in (1.5), the function % is constant on a
finite number of intervals, i.e.:

n—1
1=0

for a subdivision 0=s9<s; <---< 8, <oo. Then:

n—1

F(h) = Z hi(ﬁyswl - F)/Si)

=0
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Thus, I'(h) is a linear combination of independent gamma r.v.’s and we obtain:

B0 = B ) (o)
i=0
n—1 1
= fi 1.2
i=0 (1 + Xhy)siti=si ( rom ( ))
n—1 00 -
= exp (‘ ;(Szﬂ - Sz)/o (1—e AT - 696)
(from Frullani’s formula (1.3))
o d e
= exp (—/ (1- ef)‘y)—y / e " ds)
0 Y Jo

(after making the change of variable h;z = y)

= o= [Ta-en [T u)

where pp, is the image of Lebesgue’s measure on R by the application s — ﬁ
This latter formula justifies the following definition:

1.2.b Definition 1.0: Following ([5], p. 29), we say that a positive r.v. T is
a generalized gamma convolution (GGC) - without translation term - if there
exists a positive Radon measure p on ]0, co[ such that:

B = e~ [ T eyt / ")) ™)

= exp{ - /000 10g(1 + %),u(dz)} (8)
with: /]071] [log x| u(dx) < co and /[Loo[ @ < o0 9)

The measure p is called Thorin’s measure associated with I'. Thus, from the
Lévy-Khintchine formula, a GGC r.v. is infinitely divisible. In fact, since its
Lévy density Ip(z) = 1 fooo e **u(dz) satisfies: © — xl(x) is decreasing, then
I" is a self decomposable r.v. (see, e.g. [:))T]). Such a self-decomposable r.v. T',
assumed to be non degenerate, admits a density fr such that fr(x) > 0 for
every z > 0 (see [15] p.404 ). The study of GGC variables was initiated by O.

Thorin in a series of papers (see for instance [4!)]).

1.2.c GGC variables and Wiener-Gamma representations.
The following Proposition is classical. The reader may refer to Lijoi and Regazz-
ini [306].

Proposition 1.1 The class of positive GGC variables coincides with the class
of Wiener-Gamma integrals. More precisely:
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1. IfD(h) = [7° h(u) dyy, then:

E(e*)‘ah)) = exp{ - /000 log (1 + %),uh(d:c)} (10)

where up, denotes the image of Lebesque’s measure on Ry under the application:
5 — ﬁ In other terms:

/ e*ﬁdsz/ e un(dz) (&> 0) (11)
0 0

We note that, in (11), h may vanish on some measurable set.

2. Let T' denote a GGC r.v. with Thorin measure . Let F,,(z) := jio 2] wu(dy)

(x > 0) and denote by F;l its right continuous inverse, in the sense of the
composition of functions.

Then:
1

Fit(u)

Proof of Proposition 1.1 Let I'(h) := fooo h(u) d7y,. It is easily obtained,

by approximation of I by Riemann sums, using also the fact that the Lévy
measure of the process (v, t > 0) equals 2 =%, that:

. S 00 d
B(e Ty — exp{ _/ du/ (1 — e Awh(w) ar e*x}
0 0

" T (), with h(u) = (12)

€T

exp{ —/0 (1—e) c;_y /000 efﬁdu} (13)

after making the change of variable zh(u) = y. We observe, from (11) and (12),
the equivalence of the conditions:

/000 log (14 h(u))du < oo < /log (1 + é),uh(d:c) < o0
M < o0

x

<:>/ [log x| pp(dz) < co and /
10,1] [

;00|

Remark 1.2

1. Formula (13) may be obtained in a slightly different manner: the process
(s — vs— := €5, 8 > 0) of jumps of the subordinator (v, ¢t > 0) is a Poisson
point process whose intensity measure n equals the Lévy measure of (v, ¢t > 0)

(see [2]):
n(dz) = i e Tdx (14)

Thus, from the exponential formula for Poisson point processes ([43], P 476):

E[exp - A Z f(s, es)} = exp{ - /Otds /000(1 - e*Af(s,u))n(du)}

0<s<t
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one gets:

Elexp-A [ Thsh] = Blesp-) 3 A(s)(8)

exp{—/ ds/ (l—e)‘h(s)“)e—du},
0 0 u

which agrees with the expression in (13).

2. Let h,k : Ry — Ry two Borel functions which satisfy (6) and assume
(law)

that T'(h) "=’ T'(k). Relation (13) and the uniqueness of the Lévy measure in

the Lévy-Khintchine representation imply: the images by h and k of Lebesgue’s
measure on R are identical. Thus, choosing for k the increasing rearrangement
h*, (resp.: the decreasing rearrangement h.) of h, we obtain that there exists
essentially a unique increasing function h*, (resp. a unique decreasing function
h.) such that:

P(h) "2 (h*) = T(ha) (15)

We recall that the function 2* (resp. the function h,) is the unique (equivalence
class of) increasing (resp. decreasing) function such that for every a > 0:

meas (2 ; h(z) < a) = meas (z, h*(z) < a) = meas (z ; h.(z) < a)

where meas indicates Lebesgue’s measure on R .
From Proposition 1.1, T'(h) is a GGC r.v. and we shall denote by py, the
Thorin measure associated with I'(h).

1.3. m-Wiener-Gamma integrals, (m,G) GGC r.v.
In this work, we shall often consider a GGC r.v. whose associated Thorin mea-

sure has finite total mass. Thus, we shall now particularize Proposition 1.1 in
this case.

1.3.a Let m > 0 and h: [0, m] — Ry a Borel function such that:
/Om log(1 + h(u))du < oo (16)
We call m-Wiener integral of A the r.v.:
Lp(h) = /Om h(u)dry, (17)

Since (Y, 0 < u <m) and (Ym — Ym-u)—, 0 < u < m) have the same law, we
deduce from (17), after making the change of variable m — u = v:

Ea) " [ = [ hm—wja, (18)
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We note, in relation with (15) above, that if h is increasing, resp. decreasing,
then u — h(m — u) is decreasing, resp. increasing.

1.3.b Let m > 0 and G be a positive r.v. such that:

E(log"(1/G)) < o0 (19)
We say that a positive r.v. ' is a (m, G) GGC if:

E(e —exp —m / o et E( *IG)} (20)

Of course, from (7), a (m,G) GGC r.v. is a GGC r.v. whose Thorin measure p
equals:
(dx) = m Pa(d) (21)

where Pg denotes the law of G and we have:

1(]0, 00[) = m (22)
Under (21), it is clear that:
/ [logz| p(dx) < oo and / pldz) < o0
10,1] [Loof T
& BE(log"(1/@)) < (23)

We denote by Ty, (G) the (law of the) r.v. " defined by (20). Hence:

E[e (@] — eXp m/ A7) dz E(efxc)} (24)

exp{ —mE(1og (1+%))} (25)

1.3.c G or 1/G ? How to choose ?
We have used the notation I',, (G) due to the relation (24). Of course, the relation
(25) invites, on the contrary, to adopt the notation I',, (1/G). However, we shall
not adopt this latter notation as the notation I',, (G) is used by L. Bondesson [5]
who has contributed in an essential manner to the study of the GGC variables.

1.3.d Proposition 1.1, when the Thorin measure has a finite total mass m,
admits the following translation.

Proposition 1.3 A r.v. is a (m,G) GGC if and only if it is a m-Wiener integral.
More precisely:

1) If L (G) "2 T, (h), then

h(u) = W (u € [0,m]) (26)
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where Fgl denotes the right continuous inverse, in the sense of composition of
functions, of Fg, the cumulative distribution function of G.

2) If Lo (h) "2 T, (@), then

(law) 1
= WO 27

where Uy, denotes a uniform r.v. on [0, m].

1.3.e Some classical results
We gather here some results which are due to L. Bondesson [5] and which we
shall use in the sequel. Let m > 0 and G satisfy (19). Then, denoting fr ()
the density of Ty, (G):

xmfl

. froe @) = frole)  @>0) (@)
where ¢ is a completely monotone function ([5], p. 49). Moreover ([5], p. 50) g
admits a limit on the right of 0 and:

9(04) = exp{m E (log G) } (29)

We note that, since by hypothesis E(log™ (1/G)) < oo, g(04) is finite if and
only if E(log"(G)) < co. In Section 2 of this work (see Theorem 2.1) we give
an explicit form of g when E(Jlog G|) < oc.

e m may be determined from the knowledge of fr  (q):

1

m:sup{aZO; lim M:O}
|04 oz

(see [5], p. 51).

1.4. m-Wiener Gamma integrals, m Dirichlet means, Gamma (m)
miztures

1.4.a The preceding discussion leads us to introduce, for every m > 0, the
Dirichlet process with parameter m, denoted: (DSJ”’, 0 < wu < m) and defined
as:

(ng>,ogugm):(7—“,ogugm) (31)

Tm

It is well known, and it is an easy consequence of the properties of the “beta-
gamma algebra” that this process (DSJ”’, 0 < u < m) is independent from the
I.V. Ym, hence from (vy,, v > m). Indeed, if 7, and -, are two independent
gamma, variables with parameter a, resp. b, the basic “beta-gamma algebra”

states that:
1
(%F_Y:_l%, Va + ”Yb) tar) (Baps Ya+tb)
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where (3,5 and 7,44 are independent and are respectively beta (a,b) and gamma
(a 4 b) distributed. In particular, 5 'Z‘;% is independent from ~, + 7. Thus, for
every u < m:

T W
Ym Yu + (Ym — Yu)

is independent from 7, + (Ym — Yu) = Ym
This allows to write, for h which satisfies (16):

L rw a2 [ h i) 32
0 0

Thus, from Proposition 1.3, we may write for G which satisfies (19):

(law)

Lo(G) " ="9m - Din(G) (33)
with m .
D (G) = /0 T dy (D) (34)
G

It follows that for every (m,G) GGC r.v., the r.v. I';,,(G) is a Gamma (m)
mixture, i.e. it may be written as:

(G 2 v - 2 (35)

where Z is a positive r.v.
In general, a relationship of the kind:

X722 x . g

(with X and Z independent, and X and Z’ independent) does not allow, “via

1
simplification” to conclude that Z (faw) Z'. However, when X is a gamma vari-

able, this “simplification” is licit. More precisely:

1.4.b The relation (35) determines the law of Z. Indeed, let Z and Z’ two

positive r.v.’s such that:

(law)

A ”ymZ/

Then, for every s € R:
Elyis] B[Z"] = Elyjs) B2
Hence:

E(Z¥) = E(Z") and 2" 7

1.4.c Remark 1.4
(We shall not use the present Remark in the sequel of this paper). We come

back to the notation of point 1 of Remark 1.2 and we denote: (Jl(m) > J2(m) >
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-+ ) the sequel of the lengths of jumps of the process (v,, u < m) ranked in
decreasing order. It is not difficult to see that since the intensity measure of
the Poisson point process ((s, es), § > O) is ds % dzx, then the jump times
(Ul(m), UQ(m), -+ +) constitute a sequence of i.i.d r.v.’s with uniform law on [0, m]
which is independent from the sequence (Jlgm), k > 1). Thus:

/ h(w)dyy () / ;d”yu (from (26))
0 0

Fg'(u/m)
1 (m) (m) 1
= ijk => 7% Gr (36)
SR &
where (Gik, k> 1) is the sequence of i.i.d r.v.’s with common law 1/G and is
independent (as a sequence) from the r.v.’s (J,gm), k> 1). Indeed:
(m)
i = - ol ()
Fa (%) m)Te
uim 1 1
- s )] 1l
m T T
1
= P(g=7)

(m)
since Ufn is uniform on [0, 1]. We deduce from (36) that:

" 1 Jmq
h(u)d, (DU = — - | h(u)dy, = k. 37
|| e = [T =3 e
J(m)
We note that: }2,~; “-—=1.

We then define the random Dirichlet measure Pé}n/lc)(dx) by the formula:

(m)
J
P da) =3 T 6,6, (d)
E>1 /™
and we obtain, from (34) and (37):
D@ [P ) (39)
0

This relation (38) justifies the denomination, for D,,(G), of a Dirichlet means.

The study of the Dirichlet means can be traced back to an early work of
Cifarelli and Regazzini [10] which culminates into the more recognized [11].
Additional early works on this topic include [14; 21; 26; 56].
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See also Bertoin [3] for an example of (34) where he shows that a Cauchy
random variable, C1, may be represented as
tawy 1 1

(law) !
—— | cot(ms)dys = / Mds.
7 Jo 0

Ch

Where, (M, s € [0, 1]) is the right derivative of the convex minorant of a Cauchy
process.

1.4.d Multiplication by a beta variable.
In this section we discuss what happens when D,,,(G) is multiplied by certain
independent beta random variables. This idea, and restatements of the results
(1.4.d i-iii) below, first appear in James (see [28], Theorem 3.1, revised in [29]).

1.4.d i) We denote by D™ the set of the laws of r.v.’s of the form
/ h(u)d,(DS™) := D, (h), With/ log (14 h(u))du < oo, h > 0.
0 0

If D,,,(h) € D) and if By m —m, With m’ > m, is a beta r.v. with parameters
(m,m' —m) then:
Bumi—m - Dm(h) € D) (39)

Indeed, ,7—’"/ is independent from 7, and follows a beta law, with parameters

(m,m’ —m). Hence:

6m,m/7m . Dm (h) (lg) Jm ' / h(u) du(ng))

Ym' Jo
(lgl)) Tm / h(u) dﬂ
Tm’ Jo TYm

’

(law) 1 m m’ m’
2 [ b, (D) € D)
m’ JO

1.4.d ii) In the same spirit as for the preceding point, we note that, if G is
a positive r.v. such that E(logTG) < oo and if m’ > m, then:

(3 m ()

where, on the RHS of (40), G and Y,, are independent and Y}, is a Bernoulli r.v.

with parameter p = 2

m/’

P(Y,=1)=p=1-P(Y,=0) (41)
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Indeed, we deduce from (24):

E(e ATm(1/G)y - = exp{—m/ (l—eAI)d—xE(ex/G)}
0

x
e dx m
— ! 1— 7)\x__E —z/G
esp{ -t [T(1- e 5 2 pleio)
o —xay 3T g ()
= expq-—m (1—e™)— E(e "&%")
o x

— E(e*)‘rm/(c;yp))

1.4.d iii) We now write the relation (40) in a slightly different manner with
the introduction of the r.v.’s D,,(1/G) and Dy, (z5~). We have, from (40) and

(35) for m’ > m:

(law) (law) 1 (law)
P P
Hence:
Tm (lﬂl’)
- Ym: Din (1/G) =" Y Dim, (GYp)
so that, from point 1.4.b:
Ym (law) 1 .
— D (1/G) =" Dpy .e. :
D (1/G) (Gy) e
(law) 1 m
B D1/ &) Do () (2= 1) 42)
P
In particular, for m < 1 and m’ = 1:
(law) 1
Bant—m - Dim(1/G) 2 Dl(GY ) (43)

1.4.d iv) Some elements of D(™).
Let T denote a positive r.v. which belongs to the Bondesson class B (see [5], p.
73, Th. 5.2.2) i.e. whose density fr writes:

fr(z) = C 2P~ hy(x)he(1/x) (BeR, z>0)

with

) =exn{ =t [Clog( v} g-1.2

[,
o l+y

Then, from Bondesson ([5], Th. 5.2.2, p. 79), we know that:

and

Thii=9m T (44)
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is GGC (for every m > 0) with some, possibly unknown, associated Thorin
measure we denote as fiy,. Assuming furthermore that £ (Tfm) < 00, we get,
from (30):

fian (0, 00[) = sup{a >0; lim Jrn (@) = 0} (45)

2\0; a1

But, an elementary computation, starting from (44), shows that:

fr, (x) = xmflE(efT —) (46)
Thus, we have:

,um(](), oo[) =m

Hence, there exists, from Proposition 1.3, a positive r.v. G,, such that
E(log™" (g~)) < oo and also such that, from (33):

L T = Tn(Gon) = Yom - Do (Gim) (47)

Thus, from point 1.4.b
7" D (G € DI (48)

We now summarize what we have just obtained:

Proposition 1.5

Let T denote a positive r.v. which belongs to B, such that:
B(T™) <o

Then:

1) Tepm™
2) For everym' > m, Bum/—m T € D) (from (45))

In particular, Proposition 1.5 may be applied in the following cases:

e If T is a generalized inverse Gaussian r.v., i.e. its density is given by:
8—1 1 Co
frx)=Cx exp{ ~3 (clx + Z)} - 1j0,00((2)

(B € R, c1,¢2 > 0) then, for every m > 0, T € D™ (although T is a
GGC variable with Thorin measure of infinite total mass (see [5], p. 59).

e If T'is a Gammar.v. 7y with parameter 6 then for every m > 0, v € D).

Indeed v9 € B and for every m < 6: E(L) < 00. On the other hand,

Ve
assuming still m < 6, we have:

(law)

Bimo—m Yo = Ym € D from (40)
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e If T is a positive stable r.v. with index a:
E(e™ ) = exp{—C \*} (A, C >0, €)0,1])

then, for a < 1, T € B (see [5], p. 85-88) and hence T € D™ for every
m > 0 since E?Tim) < 00.

Remark 1.5 Epifani, Guglielmi and Melilli ([16], section 4; see also [17]), posed
the natural question of which kind of probability measures are the laws of Dirich-
let means. They were able to find some examples in cases where those particular
random variables possessed all finite moments. One sees that Proposition 1.5,
in a rather simple way, identifies a large number of possible distributions.

1.4.e Another representation of I, (G).
We have been interested mainly until now in the distributions of the (m, Q)
GGC r.v.’s. We shall now describe a realization of such a r.v. with the help of
a compound Poisson process. Besides, this realization allows us to show that a
(m, G) GGC solves an “affine equation”. For a nice survey of these equations,
see Vervaat [51].

Let m > 0 and let K be a positive r.v. We shall say that (Y;, ¢ > 0) is a
(m, K) R4 valued compound Poisson process if:

Nt
Yo=Y K
i=1

where (K1, Ka,-- ) is a sequence of i.i.d. variables, distributed as K, and with
(Ny, t > 0) a Poisson process with parameter m, independent of the sequence
(K;,i=1,2--+). In particular, N, is a Poisson r.v. with parameter mt.

Proposition 1.6.
Let T, (G) a (m,G) GGC r.v. (with E(long(é)) < oo and m > O). Define K

by:
(law) €

G

(e, a standard exponential r.v. independent of G)
Then -
1) D@)') / e tdy,
0
where (Yy, t > 0) is a (m, K) compound Poisson process.
2) Iy, (G) satisfies the affine equation:

D, (G) "2 UMD, (G) + K]

(with U uniformly distributed on [0, 1]).
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Proof of Proposition 1.6.
i) We first prove point 1. We consider (Y, t > 0) a (m, K) compound Poisson
process. Then, approximating fooo e~ tdY; by the Riemann sums

Z(}/twl - }/ti)eiti )

we obtain:

E (exp{ - A/OOO etdYt}> = exp{ - /000(1 - e*M)u([v,oo])Ci_”}

where p is the Lévy measure of the subordinator (Y, ¢ > 0). Since this subor-
dinator is a (m, K) compound Poisson process, we have:

p([v,00]) = mP(KZv):mP(éZv)
= mP(e>vG)=mE("Y).
Hence:
E (exp{ - )\/OOO etdYt}> = exp m/ e ) v E(efvc)}
B(e=Tn(6))

i1) We now prove point 2. We have:

%) T %)
/ e t'dY; :/ eftdYt—l—/ e t'dY;
0 0 T

(where Ty is the first jump time of (N, t > 0))

o0
—e K +e / e d(Yr44)
0
and we observe that:

e*Tl(l‘EU)Ul/m, / e’td(YTlth)(lgU)/ e”'dYy,
0 0

and fo d(Yr,44¢) is independent of T7.

1.5. The subordinators (T'y(G), t > 0)

Until now, we have been interested uniquely in the “individual” GGC variables.

However, to each GGC r.v. I' we may, since I' is infinitely divisible and posi-

tive, associate a unique subordinator (I';, ¢ > 0) such that I'y (aw )F. It is this

subordinator which we shall now define and describe.
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1.5.a Let I' denote a GGC r.v. From Lévy-Khintchine formula, there exists
a (unique) subordinator (T'y, ¢ > 0) such that:

r, " (49)

hence we have:

E(e M) = exp{ - t/ooo(l —e ) dr /0°° e (d:c)} (50)

x

where 1 denotes the Thorin measure associated with I'.

1.5.b Let G denote a positive r.v. which satisfies (19). Then, there exists a
subordinator (I'y(G), ¢ > 0) which is characterized by:

E(e @) = exp{_t/oo(1_e*Af)d—‘”E(e*fG)} (51)
0 X

exp{ — B (log(1+ %))} (52)

In particular, for every ¢ > 0, I';(G) is a (t,G) GGC r.v. Thus, there exists,
following (33), a family of r.v.’s D;(G), t > 0, whose laws are characterized by:

L (G) =7 - Dy(G) (53)

and, for every ¢t > 0, from (34) and Proposition 1.3:

t t
(law) (law) 1
V(G = / dv, = /%du 54
U A ey I ey (54
t t
(law) 1 t) (law) 1 (t)
&)™ [ s a0 [ s au ) 69)
o Fg'(%) o Fg'(%)

We note that the relations (54) and (55) are only true for fixed ¢, for any ¢ > 0,
but do not hold as equalities in law between processes. On the other hand, since:
E(e ™M) we deduce from (53) that:

o ATH(G)) 1
E( ) E<(1+)\Dt(G))t> (56)

. 1
= T

1.5.c Some elementary properties of (I';(G), t > 0) and (D.(G), t > 0)
Let G denote a positive r.v. which satisfies (19).

Proposition 1.7
1) The family of laws of the r.v.’s Di(G), t > 0 solves the equation: for every
t,s > 0:

law
Vits * Xits (e )”Yt - Xy A s X (57)
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2) The family of laws of the r.v.’s (Dy(G), t > 0) solves the equation: for every
s,t>0:

Xi45(G) (taw) Br,s Xt + (1 = Br,s) Xs (58)

3) We assume furthermore that E(é) < 00 (which implies E (10g+(é) < oo)
Then:

3i)  foreveryt >0, E([(G))=tE(1/G)and E(D(G)) = E(1/G) (59)

3ii) %Ft(G) 2% B(1/G) and Dy(G) L5 E(1/G) (60)
. t (law) t (law)
3iii)  [Te(G)] P U and [Dy(G)] Pt 1 (61)

where U is uniform on [0, 1].

Point 2 of this Proposition 1.7 is due to Hjort and Ongaro (see [27]), which can
be seen as a consequence of Ethier and Griffiths [19, Lemma 1].
We note the following remarkable feature of points 1 and 2 of Proposition
1.7: the affine equations (where the unknowns are the laws of the (X, ¢t > 0):
(law)
Vits - Xigs = X+ s X (sit >0)

(law)

and Xt+s - 61&,th + (1 - 6t+s)Xs (Sit Z 0)

both admit infinitely many solutions: X,, = D,(G), u > 0 for every r.v. G
which satisfy (1.19).

Proof of Proposition 1.7

Point 1:

law
Vits - Divs(G) (e )”Yt D(G) +vs Ds(G) (62)

follows from:
law
Tits (@) "2 T4(G) +T4(G)

since (I';(G), t > 0) is a subordinator and since, from the definition of D, (G):

(law)
(@) "), Do(@).

We now show (58). From the beta-gamma algebra, we have:

(e57s) (t2) (Brsverss (1= Brs)vers) (63)

hence, plugging (63) in (62), we obtain:

(law

Vits - Divs(G) = )5t,s Yets Di(G) + (1 = Brs)ve+sDs(G)
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which, using point 1.4.b, implies relation (58). We now prove 3i). We have:

E[N(G)] = —% Ee™)],_, = —% exp{ - tE(log( L+ %))}’)\:0

= tE(1/G)

and we deduce from (53), that:
E[0,(@)] = B[y - Di(@)] =t E(D,(@)) = ¢ E(1/G)

We now prove 34i). The a.s. convergence (hence, the convergence in law) of

1T(G) as t — oo towards E(1/G) follows from the law of large numbers.
We prove that Di(G) tL—l> E(1/G). Indeed, we may write:

I (G) taw
B 029 p(6)(2 -1) + Duicy) (64)
and we shall prove that:
Yt Lt
Dt (G) ? -1 t—> 0

which implies that Dy(G) ti E(1/G). Since E(Dy(G)) = E (&), this implies
that the family of laws of {Dt(G), t> O} is tight, hence convergence in proba-
bility implies convergence in L'. It remains to prove: E (Dy(G) ’% — 1’) b 0.

But we have:

#(ou 21 -2 (2) (21
() -+(2)

Hence the result.

We now prove point 3iii).

If we knew that (Dt(G))t (Za_u;}) 1, then, combining this result with the classical

one: (y1)* (Za_u;}) U, we would deduce:
t (law) t (law)
(@) - (D) v

In fact, we shall proceed in the other direction. We shall show further (see point

7 of Remark 2.2) that (I(G)) (tl“—“g U. The relation (Iy(G))' = ()" (Di(G))"

and:

(1) (tl%lg U, (Ft(G))t (tl%’g U then imply easily that:

(law)
(Du(@))' oL
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Remark 1.7 Lijoi and Reggazini [36] have shown that the support of the law
of Di(G) is the closure of the convex hull of the support of the law of 1/G. In
particular:

° If G <a as., then D;(G) > 1 a.s. (65)
a

° If G >a as., then Di(G) < B a.s. (66)
a

In Section 3 of this survey, we shall verify this assertion on inspection of numer-
ous examples.

1.6. Some examples of GGC subordinators

Let " denote a GGC variable with associated Thorin measure u, and let (T'y, ¢ >
0) denote the subordinator such that I'y ({gw) I". We have:

E(e)‘rf)—exp{—t/ooo(l—e)‘x) dr /Ooo —a (dz)} (67)

€T

Such a subordinator is called a GGC subordinator.

Here are now some examples of such subordinators. They are lifted from a
paper by H. Matsumoto, L. Nguyen and M. Yor [38] on one hand, and from the
study of hyperbolic subordinators made in Pitman and Yor [11] on the other
hand. The reader may refer to these papers for further information. In the study
of these examples, we shall denote subordinators with curly letters, especially
to avoid some possible confusion with the modified Bessel functions, which are
traditionally written with ordinary capital letters.

1.6.a The hyperbolic subordinators (see [41] for a probabilistic description
of these subordinators.)

i) The subordinator (C;, ¢ > 0) is characterized by:

BE(e2Ct) = exp{ — tlog cosh \/ﬁ} = At=>0) (68)

1 t
(cosh \/ﬁ) (

Its Lévy density l¢ equals:
m 2
E exp( - g 2n —1) x) (x>0) (69)

Hence, its associated Thorin measure, (i.e.: the Thorin measure of C;)
equals:

g DUITHCE (70)

It has infinite total mass.
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ii) The subordinator (S, t > 0) is characterized by:

xS [ VX Nt
B(eSt) = (rlh\/ﬁ) (At >0) (71)

Its Lévy density equals:
sw) = 23 exp(- Tnts)  (@20) (72)
x)=— xp( — —n‘z x
S v & p B =

Hence, its Thorin measure equals:

ps(de) = 0. (dr)  (x>0) (73)

2

It has infinite total mass.
We note that the subordinator (7;, t > 0) which is characterized by:

B 1 t  /sinh vV2A\t tanh v/2X\ t
o = () (2 - ()
cosh v2\ NN V2
satisfies:
(€, t>0) "8, +T;, t > 0) (75)

and that its Lévy density equals:
Ir(z) =lc(z) —ls(x)
However, this subordinator (7; ¢ > 0) is not GGC, as its would be ‘Thorin
measure’ fi7 is a signed measure:
BT = fic — fis-

1.6.b The subordinators (jt(o), t >0) and (ICgO), t>0)
We denote by I, and K, the modified Bessel functions with index v (see [34],
p. 108).
i) The subordinator (jt(o), t > 0) is characterized by:

7 T2 —1) = - ) 42 o
E(e ):(1+)\+\/(1+)\) —-1) _exp{—t/o (1—e? )?Io(x)e }

(76)
Its Lévy density [ ;o) equals:
e*f
lgo(z) =Io(z) —  (z20) (77)
and its Thorin measure x 7, with total mass equal to 1, equals:
1 dx
dr) = — ——=1 78
po ) =~ o2y (0 (78)
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This formula was obtained by Bondesson ([7], Ex. 5.2). In Section 3, Theorem
3.1, we shall meet again this subordinator (jt(o), t>0).

ii) The subordinator (ICgO), t > 0) is characterized by:

B = e - 5 (armeosh (140)’)

exp{ —1

Hence, its Lévy density equals:

leo (2) = Ko(z) — 220 (80)
and its Thorin measure f©) equals:
dx
o (A7) =~ 1)y oo (@) da (1)
xz(x — 2)

We note that this latter formula follows from:

e "Ko(z) = efm/ e~o(cosht) gy (see [34], p. 119)

e R

iii) The subordinators (ICgO), t > 0) and (jt(o), t > 0) are connected via the
subordination relation:

(law)

(77, 2 0) "2k ) t20) (82)

2(t)?

where, on the RHS from (82), the processes (ICqSO), u > 0) and (S;/2(t), t > 0)
are independent, and where (S;/2(t), t > 0) is the stable subordinator with
index 1/2 characterized by:

E(e 5120 = exp( — t\/ﬁ) (83)

iv) The v.a. ICgO), for ¢ fixed, may be realized in the following manner:
let (by(s) ; 0 < s < u) the brownian bridge with length u (with b, (0) = by (u) =
O) and let:

A(by) = /0“ exp(2by(s))ds
Then:

K§O) () [A(bl/t)]fl (Z(ZU)t(/Ol eXp(ﬂ\);))dS)l (84)

where, in (84), (b(s), 0 < s < 1) denotes the standard brownian bridge b;.
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v) In relation with the preceding, D. Dufresne and M. Yor [15], in a work in
preparation [15], establish the following formula: let (bq(f)(s), 0 < s < u) denote

the brownian bridge with length w, starting from 0 and such that bq(f)(u) =z
Let:

A[bff)] = /“ exp(2b7(f)(s))ds (85)
0

Then, D. Dufresne and M. Yor obtain the representation as a Wiener-Gamma

integral of the r.v. ——:

AP

1 aw o 2
(e / d (86)
0

AP ¢2r 1 2¢% cosh (su) +1
and in particular:
1 (law) e d"ys
= —_ 87
Afby] /0 1 + cosh (su) (87)

1.6.c The subordinators ( t(”), t>0) and (ngU), t>0)
They are obtained by replacing in (76), resp. (79), Ip by 1., resp. Ko by K.
i) The subordinator ( t(”), t > 0), which is defined for v > —1, is characterized
by:
v e d
B ) = exp{ ¢ / (- D eon, @) (88)
0

x

Thus, its Lévy density l7.) equals:

Lyn(z)="—1IL(x) x>0 (89)
x
Its Thorin measure, in the case —1/2 < v < 0, is obtained by the following

calculus:

z\Y 1
1, = % / 1—t2 v—1/2( 2zt — 2t dt R _1/2
() Val(v +1/2) J ( ) (e +e ) (Rev > —1/2)
(see [34], p. 119, form.5.10.22)
and: )
e*ZL,(z) =C, z”/ (1 _ t2)u71/2(67z(17t) + efz(lth))dt
0
But, for v < 0:

v, —za 1 /OO —v—1_—2z(a+s)
Ve = S e ds
L(=v) Jo
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1 e}
esz,(Z) _ Cl/// (1_t2)u71/2dt/ Sfufl(efz(lftJrs)_|_efz(1+t+s))ds
0 0

1 o]
= C,’,/ (1—t2)”’1/2dt[/ e M (h—14t)7""1dh
0 1—t

+/ e*zh(h—1—t)*"*1dh}
1+t

1 1
- C[,/ e*z’ldh/ dt(1 — 13" V2[(h =1+ ) 7 s
0 0
+(h-1- t)*”*11h>1+t]

Hence, in the case —1/2 < v < 0, the Thorin measure of (jt(”), t > 0) admits
a density equal to:

1

oo (dn)/dz = [} [ (=2 o= (1= 0) " My
S CE(E)) e P 1]

Hence, if —1/2 <v <0, (JY, t >0) is a GGC subordinator.
ii) The subordinator (ngU), t > 0), defined for v < 1, is characterized by:

E(ef)‘lciu)) = exp{ - t/ooo(l — e ) dr eiIKl,(x)} (90)

x
Its Lévy density [, equals:

o (0) = - Ko@) (22 0) (91)

x

Its Thorin measure [y, obtained by using the formula ([34], p. 119)
K,(z) = /00 e™ S (cosh vu)du
0
equals:
tic (dz) = cosh[v arg cosh(z — 1)]
The formula in (92) simplifies using,

cosh [v arg cosh(z—1)] = %{ (=1 +V@&—-2)2) +(@-1)+(@—2)z) },

since:

arg cosh(y) = log (y + Vy* — 1).
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1.7. The subordinator (I'4y(Sg), t >0) (0<B< 1)

We give here a realization for the subordinator (I';(Ss), ¢ > 0), where Sp is a
positive -stable r.v.

Let o« > 0. We denote o4, := {51 = 0 < s2--+ < s, = t} a subdivision
of the interval [0, ] with mesh &(o¢ ) := sup (si+1 — s;). The limit along the

decreasing filtering set of sequences oy, whose meshes d(oy¢ ) tend to zero, of

Zskegm(”ys,c+1 — 7, )" exists a.s. Observe that: E(Zslcegm(%,c+1 - %k)‘l) =

I'(a+ts —5g) )
Dsieorn Tlrpiosn) J(Ut—n)gotf(a). Let:

VW= dim 3 (e )= Y (s )t (93)
(@tn) =0 on 0<s<t
Let
Nigi=#{s <t; 75 — s~ > '/}

From Section 1.4, N;, is a Poisson r.v. with parameter ¢ - fmof/a % du. But,
evidently:
Nio=#{s <t (vs —7-)" > 2} (94)

We deduce from (94) that the Poisson point process

dCC 1/

{(ys —7s-)* s >0} admits n(¥) (dz) = e " (x> 0)

SEES

x
as intensity measure. Hence (V(®)(t), ¢ > 0) is a subordinator whose Lévy
measure equals n(*) (dz):

e t [ d e
E(ef)\\/( )(t)) _ exp{ _ _/ (1 _ e*)\x) _CC efml/ }
(0% 0 X

This subordinator, for every a > 0, is self-decomposable but it is GGC only in
the case o« > 1. In this case: o > 1 we have:

o t [ d
E(ef)\\/( )(t)) _ exp( _ _/ (1 _ ef)m)_‘r E(efmsl/a)}
@ Jo

x

where S}/ is a positive é stable r.v. In other terms, with the notation of Section
1.5.b:

(T4(Sp), t > 0) "2 (V@ (ta), t > 0) (a = % > 1) (95)
1.8. Remark

We now end up this Introduction by indicating how the study of the GGC
subordinators may be embedded in a more general one.
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A subordinator (Ny, t > 0) is said to belong to the Thorin class T0) (R, ),
with x > 0 (see [Grig]), if its Lévy measure admits a density [y of the form:

In(x) = 2X2k(z) x>0 (96)

where k is a completely monotonic function, i.e. it may be represented as:

kz) = / T e u(dy) (07)

for a positive Radon measure p carried by R . Thus, the subordinators which
we study in this work, i.e.: the GGC subordinators, belong to the class T(M (R, ).
The class T (R, ) has been studied by Goldie [24], Steutel [47] and Bondes-
son [6]. The r.v’s which belong to this class are the generalized convolutions of
mixtures of exponential laws. Note that T0)(R,) ¢ TX)(R,) if y < x'. We
also note that [BNMS] present extensions of these notions to R%.

In the same manner as condition (9) is necessary and sufficient for a measure p
to be the Thorin measure associated to a positive r.v., B. Grigelionis [25] obtains
a necessary and sufficient analytical condition so that a measure p defines, via
(96) and (97), a subordinator (N;, ¢ > 0) which belongs to the class TO)(R,).

1.9 We now detail the contents of the sequel of this paper:

e In Section 2, we present a duality result which connects on one hand the r.v.’s
T'(G) and Dy(G) to the r.v.’s T'y(1/G) and T'y(G) on the other hand.

e In Section 3, we study in depth the examples of subordinators T't(G,) (0 < o <
1) for which we know how to compute explicitly their Laplace transforms, i.e.:
their Lévy exponents, as well as their densities at any time, and their Wiener-
Gamma representations.

2. A duality principle

Throughout this section, G denotes a positive r.v. such that E(|logG|) < occ.
Thus, we have:

E(log"(1/G)) < oo and E(log"(G)) < o0 (98)

Consequently, the subordinators (T'4(G), ¢t > 0) and (I'4(1/G), t > 0) are
well defined. We denote by g (resp. 11,¢) the characteristic exponent (i.e.:
the Bernstein function or Lévy exponent) of the subordinator (I';(G), ¢ > 0),
resp. ([4(1/G), t > 0).

d:cE

vo = [ =) T pe) (99)

and the same formula for 1 /¢ obtained when replacing G by 1/G. We denote

by Fg the cumulative distribution function of G and by F, !its right continuous
inverse, in the sense of the composition of functions.
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2.1. The duality theorem

Theorem 2.1 (Duality)

1) Ff/lc;(y) F'1-y)=1 ae (yel0,1]) (100)

2) For any A > 0:

U1/6(A) = ¥a(1/A) = E(log G) + log A (101)
3) i) fr.(1/c) the density of the r.v. T'y(1/G), equals:
froaye(z) = et Eloe® E{ (@) %JH (2v/z Ft(G))} (102)

where J,, denotes the Bessel function with index v:

o0

1 z v+2k
Ju(z)= kzzo(—l)k TR (5) ,|z] <00, |Argz| <7
(103)
(see [31], p. 102)
i1) fro(1/c)(@) = ?(—g Tt E1OE@) B @) (250)  (104)
Zu)gjﬂ(ﬁ@)t)_ ei&E(logG) (105)

1
NE[ — = —t A — E(logG 106
4)1) ((A+Dt(G))t> exp{ — t(¢1/6(\) — E(log G) } (106)
ii) The densities fp,a) and fp,1 ) of, resp., Di(G) and D¢(1/G) are
related by:

fouajey(x) = at"2e B8 D) gy 00 (1)) (x> 0) (107)

Remark 2.2.

1) The relation (101) is found, under a slightly different form, in Bondesson ([5],
p. 48, III “Curious composition”), under the only hypothesis E (10g+(1 /G)) <
00. We have chosen to work under the stronger hypothesis £ (|10g G|) < oo since
it seems that only under this hypothesis can we obtain the most interesting
results.

2) Of course, all formulae of Theorem 2.1 are “involutive”, in that G may be
replaced there by 1/G.

3) Formula (104) agrees with, and makes more precise, the result of Bondesson
which we recalled in (28) and (30). In particular:

~ T t E(log G) 1
fraa®) ~ Ty (108)
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4) Formula (101) may be generalized as follows:
Let a,b,c,d € R, with ad — bc = £1 and let, for 2, A > 0:

ar+b N()\)id)\—i-b
cx +d’ 7 T eAta

o(z) = (109)

so that o(G) be a positive r.v. Then:
=g (0(N) + V@) (A) =log(cA+a) + k

with k := E(log(g(cggj‘rg\o : U(g) )) —log (¢ Ao + a) where g is a fixed point of 5.

The relation (101) corresponds to a = d =0, b = ¢ = 1. We shall study, in the
Appendix, the case where a = d = sinhwu, b = ¢ =coshu (u > 0).

5) Cifarelli and Regazzini [11], Cifarelli and Melilli [9] have obtained the density
of Di(G) for t > 1 and James, Lijoi and Priinster [30] have obtained it for ¢ < 1.
For t <1, they obtained:

fouera) = [ @ =) S () (10)
with
Or(u) = % sin (tm Fyjq(u)) exp{ —tE (10g (u - é) 1u¢é)} (111)

The proof of this formula (110) hinges upon the knowledge of the density of the
r.v. Di (&%) which is defined by: (see (41) and (42) with m =t and m’ = 1).

b DS D1 (575) <)

This density equals:

fp, (GlYt) (z) = sin (tﬂic(l/x)) it exp{ —tE(log (x_ é) '1G¢%)}
(112)

which is obtained by inverting its Stieltjes transform.
Other formulae for densities of Dirichlet means may be found in Regazzini,
Guglielmi and DiNunno [42].

6) Formula (105) is obtained from (104) by integrating between 0 and oo:

o0 o] 1
1= / fr.a/e)(@)de = / w2t le T PIE O (e P D) dy
0 o T'()

B eftE(logG) E|: 1 :| F(t) hence -
T (Dy(G))" ’ '

E(i(pl ) = e (113)
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The interest of this formula (113) is the following: it allows, in a situation
where the law of G is not known but when one knows the laws of D;(G) and

Di(1/G) to show that E(|logG|) < oo as soon as E((Dt(G))ft) < oo and

E((D:(1/G)) ") < o
Formula (104), once multiplied by ¥, and integrated between 0 and oo, leads
to:

[T (/)] = % etE(logG)E(W) (114)

The formula is also true even when the expectations which appear in this ex-

pression are infinite.

7) The result:
(r,(G)) e ¢ (115)

t—0

with U uniform on [0, 1] (see point 3 iii) of Proposition 1.7) is a consequence of
(104). Indeed:

P(Ty@) <e®) = P(G)<e?)

th(G) ({E)dCC

—-a
t

Il
S~

tE(log G e
_ etE(log G) / xtflE(efth(l/G))dx
L) Jo

(from (104) applied when replacing G by 1/G):

“le

~ L/ ol = & ma
t—0T'(t) Jo T(t+1) tio

We note that, from (64), the family of the laws of D;(1/G), t < 1 is tight as
soon as E(G) < oo, since E (D (%)) = E(G).

2.2. Proof of Theorem 2.1

2.2.a Point 1 is trivial. We show point 2:
Since, from Frullani’s formula:

e+ ) = P30+ 9)

= log)— E(logG) + E(1og(1 + %)

Ya(N)

we have, by changing A in 1/X:

—va(1/A) +¥1/a(A) = —log A + E(log G)
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2.2.b We now show point 3 of Theorem 2.1:
i) From formula (101), after multiplying by ¢ and exponentiating, we obtain:

eftE(log Q)
I\
Then, taking the Laplace transform of both sides of (116) in the variable A\, we

obtain:

> —A(T(1/G)y ,—BA _ 1
/0 E(e Je PN = E(ﬂ-i-rt(l/G))

—tE(log Q) e~ B3 L1 (Gq) 4N dA
¢ E ( /0 A\ )

E(e\H(1/6)) — E(ex (@) (116)

_ 2etE<1ogc>E{(¥)%K1t(z @) }
(117)

where K, denotes the Bessel-McDonald function with index v and where we
have used formula 5.10.25 in [34], p. 108 and 119.
We now use (117) to compute fr,1,g) by inverting its Stieltjes transform [53].

! 1
" = B : )
) = s MV n@e) - a0
—tE(log G) r 1-t o . i
- E(( t(G)) 7 [ ot t1(2y/uly(G)e™?)
i w
_inizn) .
—e K- t(2 ul'y(G) e 2)}) (118)
However, it is well known that (see [34], p. 108 and 109):
L] Kl/ = Kﬁy
“r<Args< oK)= g FHD(eF)
o T <Argz< 7= K,(2) = _%e,m HE (2= %)

where the Hankel functions H l(,l) and H 1(12) satisfy ([34], P 108)
HY + HP =27,
Plugging these relations into (118), we obtain:

o) = == Op{ (HE2) = 4, (0T}

ii) We now prove (104), which is a consequence of (102). Indeed, from (102)
and (103):

1—t

fr.a/c)(u) = eftE(IOgG)E{( )%

o k -1
> O F)k+t) (ur ()2 }
k=0

(

_ _ 1)k k
tE(log G), t—1 E :
= e CREE) E{k . k t) (’U/YtDt(G)) }
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from (53). But, since E(yF) = F%k(:)t), we have:

eftE(logG) B 0 (_1)k &
o i)
eftE(log G)

T(t)

Jr.aye)(u)

ut "t B(emuPH() (119)

On the other hand, as we already noticed in point 6 of Remark 2.2, formula
(105) may be obtained by integrating from 0 to co in (119).

2.2.c We now prove point 4 of Theorem 2.1.

i) Formula (106) is immediate. Indeed, since T';(G) () 7D (G) we get:

E(ef)\Ft(G)) = exp( — “/’G()‘)) - E(m)

Replacing then A by 1/ in this latter formula, we obtain:

1
E[m} = exp{ —t(va(1/A) +1logA)}

= exp{ —t(¢1,6(\) — E(log G)) } (120)
from (101). We note that (105) may also be obtained by taking A = 0 in (120).

i1) We now show (107). For this purpose, we shall prove that the two members
of (107) admit the same Stieltjes transform with index ¢. Indeed:

00 —tE(log G) - 1 00 1
R “\da = *tE(logG)/ - d
/0 Ora)t © fo(G)(x) r=e o (14 Azt I (@)dz

after making the change of variables y = 1/x

— o tE(logG) E(e*AFt(G)) from (56)

= exp — t(E(log G) + v (\)) (121)
whereas:
/O O+ o) fp.a/e)(@)de = y/o met(l/m(x)dfC

= exp{ —t(log A+ ¥1,c(1/A)} (from (56))
= exp{ —t(E(logG) +vc(\)} (from (101))
(122)

The comparison of (121) and (122) and the injectivity of the Stieltjes transform
of index ¢ imply (107).
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ii1) We now show (107), for t = 1, by using (110). For ¢t = 1, (110) writes:

i F
fDl(G)(x) — M e*E((log|x7é|)1I¢l/G) (123)
Thus:
sin(rFg(x)) _ lo
fDl(l/G)(x) = % e~ E((oglz—G|)laza)
Sin(wFG(x)) 11
= — expq —F 10g(mG’E _ 5’) Naze

B sin(wFG(x)) e~ EllogG) e~ Ellogl 1 —&1lezc)

m X

1
= —e BleGy, o) (1/z), from (123)
X

since sin(mFg(z)) = sin(r(1 — Fe(z)) = sin(rFy e(1/2)). It is possible, by
using (110), to extend this proof for all ¢ < 1. We leave the details to the
interested reader.

2.3. A complement to the duality theorem

Here again, GG denotes a r.v. such that E(|1og G|) < 00, and we recall that, for
any t < 1Y; denotes a Bernoulli r.v. with parameter ¢ (see (41) and (42), with
m:tandm’:l).

Theorem 2.3. For allt € [0,1]:
1) The density fDl(YQ) may be expressed in terms of G, as:

sin(mt Fg(1/z))

™

1
X exp {—tE ((1og]x - 5]) 1#%>} x>0, (124)

and when 1/ is in the support of Fg. Otherwise replace sin(mt Fa(1/x)) by
sin(m (1 —t)) when z > 0.
2) The following duality formula holds:

xtfl

Tou(g)@) =

B sin(thg(l/x)) o
Toi ()" = Game(i = Fa/o) ol

) (l) .etE(logG) (125)
3) Let Ny : [0, 00— [0, 1] be defined by:

Aly) =1 — % arctg(%) (126)
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Then:
Ip, (

xt72fDl( L

Cv;

o)

) ) o)

(%)et E(log G)

Fe(l/z) = /\t(

~—

4) Equivalently,

E[(Dy(G) — )}t
Fa(1/e) = (i D)
El(z = Di(G)) ]
Remark 2.4.
1) We note that the right-hand side of (127) depends on t (¢ € [0, 1[), whereas

the left-hand side does not depend on ¢.

2) Since (see (43)) Di(gy:) (fgw) Be.i—t - Di(1/G), the knowledge of the law of
Dy(1/G) and of that of D;(G), for one ¢ < 1, allow to determine that of G.
We shall exploit this fact, in points 2.5 and 2.6 below, to determine the Thorin

measure of a Pareto distribution and of a power of a gamma variable.

3) We note that finding an explicit Thorin measure of an arbitrary GGC is
akin to finding the Lévy measure of some infinitely divisible random variable.
Bondesson([5], Theorem 4.3.2, p. 61), using inversion techniques, obtains an
expression for the Thorin measure, but notes that it seldom yields explicit ex-
pressions. On the other hand the use of statement 3) of Theorem 2.3 will often
lead to tractable expressions for the Thorin measure.

4) We shall prove (see Section 3.1.b) that A; is the cumulative distribution func-
tion of a r.v. Z; which we shall describe. On the other hand, some trigonometric
computations allow to see that A, ! the inverse of A, in the sense of composition
of functions, equals:

A () = sin(7 tx)

gl S €[0,1] (128)

5) Point 1 of Theorem 2.3 is due to James (see[23]).

2.4. Proof of Theorem 2.3

2.4.a We first prove point 1.
As this point has already been established by James (see [28]), we shall only
give a quick proof.

We have, from (56):

E[ﬁ]—m(‘%“” —iE(%w;agﬂ

Hence, changing A in 1 and using (101):

1
E[m] = exp{ —tyc(1/N) —logA}

= exp((t —1)log\) - e Fl®exp( —thy (V) (129)
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We then compute fD ( ) by inverting its Stieltjes transform:
1

gel
Yt
fD1 (Yg) (u) -

et E(log G)

S lm {eXp[((t —1)log (—u —1in)) — tr/a(—u - in)}

—exp[((t — Dlog(—u + m)) —tya(—u+ m)] } (u>0) (130)
It then suffices to observe that:

exp (t = 1) log (~u —in) - exp{(t — 1) log|u| —im(t — 1)} = !~ le~i"=D
nl04

and: _
lim exp{(t — 1) log (—u +in)} = ut et
nl04
as well as:
tyja(—u —in) = tE(log(l —uG —in G))
= tE(log(l —uG —inG)lyg<1 +log(l —uG — inG)lyg>1)
i—0> t E(log(|1 — uG|)lugx1 — imP(uG > 1))
7104+
whereas:

ty jq(—u +in) o t E(log(|1 — uG|)lugs1 +imP(uG > 1)
7104+
Then, plugging the values of these different limits in (130), we obtain point 1 of
Theorem 2.3.

2.4.b We now prove point 2 of Theorem 2.3.
We deduce from (104) that:

Tou ()™
G gt — ¢ g 11 - 61 Lo )}
_ M st E(logG)eXp{ _ tE((lOg [1— $G|)1xG7€1)} (131)

whereas:

22 (l)et E(log G) _ xt72sin(7rtF1/G(x)) Gt E(ogG) | 1t
D1 (o) \z m

o[- o)
1 sin(thl/G(x))

1
==~ =7 etE(lOgG)exp{ — tE(log(EH - xG|)1xG¢1)}

X m

= M gt tetPlosNexp{ — t B(log|l — 2G|)1ec1)}  (132)
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hence, point 2 of Theorem 2.3 follows, by comparison of (132) and (131).

2.4.c We now prove point 3 of Theorem 2.3.
From (125), we obtain:

fDl(%)(x) sin(mt Fe:(1/2))

xtﬂfDl( (L) etP002G) ~ gin(nt(1 - Fo(l/2))) A (Fe(t/a)

1
7

sin(wtx)

with A () (see (128))

~ sin mt(l — x)
Then, inverting this formula, since A; o A; ' (z) =2, = € [0, 1] we obtain:
)
t—2,tE(log G 1
xt—2¢tE(log )fDl( . )(I)

vy

Fe(l/z) = /\t(

2.4.d We now prove point 4 of Theorem 2.3. This result follows by using the
generic form of the density of a 3; 1, random variable multiplied by an indepen-
dent random variable in the particular cases of 3, 1_+D:(G) and 5 1-+D:(1/G).
The result is completed by applying the identity in (107).

2.5. Computation of the Thorin measure of a Pareto r.v.

Here is a first application of Theorem 2.3.

2.5.a Let m > 0 fixed and:

Xy = 3—:1 0<6<1) (133)

with density:
frlr) = = (((f)ii (7;?) 20711 4 )"0+ (134)
_ rr(g)? JFF’EZ) 2L (e~ P0+m ) (135)

The r.v. Xy is a GGC r.v. (see Bondesson [5], p. 59 ). The rationale of our work
is now the following:

e We first compute the Thorin measure associated with Xjp.

e Then, letting 6 converge 1, we shall obtain - as the Thorin measure depends
continuously (for the narrow topology) on the law of Xy (see Bondesson, [5]) -
the Thorin measure associated with the r.v. X7 = :Yy—il, i.e. to a Pareto r.v. with

parameter m(m > 0).
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2.5.b Thorin measure associated with Xy, 6 < 1.
Since, from (134):
sup{a>0; 1ime9—Exl>:0}:9
z—0 ¢
we deduce from (30) the existence of a r.v. Gy, such that E(10g+(GL9)) < 00
and such that Xy is a (6, Gg) GGC r.v.:

law law law
Xg(:)FQ(GQ)(:)”YQDQ(GQ)(:)’;Y_H (136)
hence: )
law
Dy(Go) = — (137)
On the other hand, from (104):
—1
Frotn (@) = T e(-}E(logGe)E(emee(l/Ge)) (138)
')
Comparing (137) and (135) yields:
L0+ m)
0E(logGg) _ 1
e T (139)
law
Dy(1/Go) (faw) Yo+m (140)
Since, on the other hand:
1 (law) (law)
D = _o-Dy(1 = - m 141
1(G9Y9) Bo1—0 - Do(1/Gy) Bo,1-6 - Yo+ (141)
G law law 1
Dy (7:) (e )59,179 - Dy (Gy) (e )59,179 o (142)
we easily deduce from these formulae that:
sinmd 4, /°° Lyt
= — —d 143
e R vy R A e LA
sinwl g b +0-1 -0
= m =z 1— d 144
fo(en) &) = S e[ ettt gy a)

The Thorin measure of Xy, which equals: 0Pg, (dx), where Pg, is the law of
Gy, is then, by applying (127):

(145)

[e7] ym+071
—y d
1 / ¢ —p Y

Fo, (1) - A9< L )
Zm/ efyzquLefl(l _ y)fedy

0
where, to obtain (145), we have used (139).
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2.5.c Thorin measure of - (m > 0).

By continuity, the r.v. 2t is a (1, &) GGC r.v. and its Thorin measure is the
law of G whose cumulative distribution function is obtained by letting 6 tend
to 1 in (145). To obtain this limit, we shall develop several computations.

m+9 1

2.5.1) Development of [ e (y rdy asf=1-0-0

%) ym+071
e Y dy
/z (y—2)°

o m—+0—1
= *Z/ 7@4_129 du (y=z+u)

= 5 le+w)™ " = (m = B)(z +w)™ ] du

with (6 1- 9 and after integrating by parts:

e [() (-9 e

z—l—um[(l—l-ﬁlog( ”u))(1—(m—5) ! )du

zZ4+u

TEm e u\m u 1
- e [T ey )
5 +e %z /0 e (+z Og1+u+z+u u+ o(f)

since fooo e " (z+u)m(1— H—u)du = 2™, by integration by parts. Finally:

/oo - ym+0 1 ay = e~ %M n efzzmcm(z) + 0(5) (146)
- (y—2) “p=0
Cn(2) :/O e*“(1+;) (1og Tt Hu)du (147)

2.5. 1) Development of 2™ fol e gm0 -1(1 — ) f%xr asB=1-60-—0

1
zm/ e ™ P (1 — z)P e
0

1
= efzzm/ (1 —u)™ Puldu (r=1-u)
0

—z.m 1
= ¢ ﬁz e ((m =)L —u)™ Pt —2(1 —u)" P)ufdu
0
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with 8 =1 — 6, and after integrating by parts:

- jewu—uw(lﬁu)ﬁ(?_—f—z>du

R S O

1
=)™ ( mn —z)du—i—e*‘zzm/ el —u)™
1—u 0

[_ 1—u+(%_z)k’g 1ﬁu}d“+0(5)

B5—0

e*Z m

- 5Z +e 22" Cpa(2) + o(B) (148)

with

ém(z)_/olewu_u)m(— liu+(£—z)1oglﬁu)du (149)

since: f eFU(l —u)™ (ﬁ — z) du = 1, by integrating by parts.
2.5. iii) Let

[e7e) ym+071
[t
. —z
Q-p(2) = — Y (150)
Zm/ efxzmerGfl(l _ x)edx
0
Thus, we have:
3 2" e 20 (2) + o(0)
0-s(2) = —=m - (151)
5 +e 72" 0 (z) + o(B)
where C,,(2) and Cy,(2) are given by (147) and (149). Hence:
Q1fﬁ(z) =1 + B(Cm(z) - ém(z)) =+ 0(6) (152)
Plugging this expression in (145), we obtain:
Fa, 5(1/2)
= 1- L arc tg( sin(nf) = )
w0 cos(m0) + 1+ B(Cr(2) — Cm(2) + 0(B))

_ 1 are sin w3
! m(1—p) tg(—coswﬁ—l— 1+ B(Cm(2) —ém(z)—l-o(ﬁ)))

— 11— % arctg( F(1/z) (153)

= o)

where I is the cumulative distribution function of the Thorin measure associated
to the Pareto r.v. ;Y—l with parameter m > 0.
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2.6. Thorin measure associated with 'y;/a, 0<a<l1

2.6.a Let X, : (taw) ”yi/a with 0 < o < 1, with density:

fx. () =az®"le " = az1E(e™%) (154)
where S, is a positive stable r.v. with index «:
E(e %) = exp(=A*) (A >0) (155)

From Bondesson ([7)], p- 60), X, is a GGC r.v. Since:

fxo (@) _ 0}

a =supqv >0, lim
p{ x]0 zv—1

X, is a (@, Go) GGC1.v., for a1.v. G, such that: E(log" (1/G,)) < co. Thus:

(law)

Xo = (n)Y* =Ta(Ga) = YaDa(Ga) (156)

We shall now devote some effort to finding the law of G, making use in partic-
ular of formula (107)
From (104):

eaE(logGa)E(emea(l/Ga)) (157)

fFa(Ga)('r) = F(O[)

we deduce, by comparison with (154):

and
Da(1/Ga) 275 (159)
Since: .
(ZEU) . (Z‘EU) .
D) " e Dal1/6) s S0

we deduce that the density of D; (G;Y) equals:

sin(ma)

a—1 > 1 2)dr
[ G e (160)

where f, denotes the density of S,. On the other hand, from Chaumont-Yor
([9], p. 112):

Ipi(g2 W) =

™

1/ (law) 71
=’ = 161
! Sa (161)

hence, since:

(law)

law
Fy—l ( = )"ya . DQ(GQ) = 604,1704 . FYlDOL(GO‘)

Sa

te) Dy (%) (162)

[e3
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we get:
Go (law) 1
Dl(z) = ad (163)
1 1

Fuga(@) = =5 fa(3) (164)

Then, applying (127), we get:

I'(a+1)sin (ra) oo 1
1 p f @—p)" fa(x)dSC)

F =) =Aa gy 165
1/G°‘(y) ( yfa(y) (165)

where, to obtain (165), we have used (157). This expression (165), provides us
then with the explicit form of the Thorin measure of (v1)'/, which is equal to
Pq

o

2.6.b. We shall now give a more suitable expression of (165). From the relations
(162) and (163), we deduce:

(lﬂl’) Ga o i
604,1704 'Da(Ga) - DI(E) — Sa (166)
hence: ) ) ] - .
sintae 4
— foul=) = < — d 1
() =T [ s e a6

But, the density of D, (G,) may be computed from that of D, (1/G,), thanks
to (107):
[Da(Gay (@) = 2 22 PUBG) 1 (6 (1),

Now from (159) and (158), we obtain:
foaco(x) =22 T(a+1)fa(l/z). (168)
We now note the interesting relationship concerning the law of S,.

Lemma 2.4
Let 0 < o < 1, and S denote a positive random variable with density (f(y),y >
0) such that:

1
yf(0) = CE[-—gyz 1<) (169)
for some C > 0. Then, S is a stable () variable; precisely:
NG
E(exp{ - )\S}) = exp{ - w)\a}.

We postpone the proof of the Lemma for the moment, and we note that,
plugging (169) into (165), we obtain:



L.F. James, B. Roynette and M. Yor/GGC and Dirichlet Means 387

1
e (1)
/ Yy

. (E(ﬁ 1Sa>y)>
E(G=s0 1s.<y

1 sin(ra) - E(m Ls, <y)
= 1— — arctg i T
e cos(mar) E(m ls,<y) + E(W Ls., >y

from (126).

. (170
)]( )

Proof of Lemma 2.4 From (169), we take the Laplace transform of both sides:

/000 e Myfly)dy = CE[/SOO 7(;—):;)0‘ dy}

= CFE [ef)‘s /000 e;:Z dy}

= CI(1—a)X* 'E(e ).

Denoting ¢(\) = E(e %), we get:
—¢'(A) = CT(1 = a)X*~o(N),

from which we deduce:

CT(1—a)

Pp(\) = exp{ — A%

3. Explicit examples of GGC variables associated with the
(Gay 0 < a <1) family

All the examples discussed in this Section are related to the r.v.’s. (G,, 0 <
a < 1) introduced in [41]. Below, we indicate the properties of these r.v.’s which
we shall use. We also recall our notation:

Ft(GQ) =Vt Dt(GQ) and (171)

E(eTe(Ga)) — exp{ B t/oo(l B e,m)d_x E(efx@,a)} (\t>0) (172)
0

x

3.1. The family (G4, 0 < a < 1)
(see [1])
3.1.a. For 0 < a < 1, the density fg, of G, equals:

fou(7) = C(MISi_n(;T)a; (1 —z)2 —x;;; Elx;axx)‘jcos(wa) + p2o Lpy(z)  (173)
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In particular:

o for a = 1/2, Gy, follows the arc sine law:

1 1 (law)
== —1 = 174
[, () T Vel —n) 1), Giy2 B2, 1/2 (174)
e for a =1, Gy is uniform on [0, 1] (175)
o« for a=0, Gl 1 (176)
T T T exp(n0)
where C' is a standard Cauchy variable.
In general, for 0 < av < 1 one has:
° d
Bl @) = ep{—(1-a) [ (- Ben))
0 X
= (1+X)*—=) (177)
The density fr, _(c.) of '1-a(Ga) equals:
=2 L 1o 178
friw@a(@) = T(1—a) 7170 (L—e™") 1p,00)() (178)
which may be translated as the following identities in law:
T1—o(Ga) (law) V1 —a (law) V1o (179)

604,1 N Ul/a

3.1.b. We note, for 0 < p < 1, S, and S;/L two independent copies of positive
stable (u) r.v.’s, i.e.:

E(e 1) =exp(=A*)  (A>0) (180)
and, we let:
S\ ®
Z, = (=2 (181)
" (S;L)

Then (see [33] or [3], p. 116), the density fz, of Z, equals:

_ sin(mp) 1
fz,(@) = m a2+ 2xcos(mu) + 1 10.00)(%) (182)

and we have:
(law) _(Z1-a)"/®

Ga —_— 183
1 + (Zlfa)l/a ( )
or equivalently:
1 (law) 1 (law) Si,a
— 2y — - Y 184
Ga * (Zlfa)l/a N Slfa ( )
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We note that the cumulative distribution function Fz, of Z,, equals:
1 sin(mp)
F =1— — arct [7] >0 185
2,(x) T s cos(mu) + x Te (185)
and that its inverse, in the sense of composition of functions, is given by:

_ sin (mpx)
F Y (7)) = ——— "7 0<z<1 186
(see Remark 2.4, point 3).

3.1.c. Although this will not be used in the sequel, we indicate a realization of
the r.v. I'1_4(G,) which has been at the start of [1]. Let (R, t > 0) denote a
Bessel process starting from 0, with dimension d = 2(1 — &), with 0 < d < 2, or
equivalently 0 < a < 1. Let, for any ¢t > 0:

gga) :=sup{s <t; Rs =0}, dga) =1inf{s >t, R,=0} (187)

1
and let e(gj) 1 an exponentially distributed r.v., with mean 1, independent

from (R, t > 0). Then:
law o o
T'1-a(Ga) "2 dl — g (188)

A more general study of quantities such as the RHS of (188), has been developed
by M. Winkel [51].

3.2. Study of the subordinators (I‘t(Gl/z), t> 0) and
(T¢(1/Gyy2), t > 0)

In this Section, Gy/; is a beta (1/2,1/2) variable, i.e.: its law is the arc sine
distribution. (see (174)).

3.2.a. Theorem 3.1.
Let (T1(G1/2), t > 0) denote the subordinator characterized by:

E(e*)\rt(@’l/2)) - exp{ - t/ (1 — ei)m) d_CC E(eixGlm)} (189)
0 T

The following explicit formulae hold:
1. Laplace transform of I';(G, /).

[e'e} d -
E(eiAFf(Gl/?)) = exp{ - t/o (1—e7) ?:C 10(5)675} (190)

= (VI A- VN = (m)% = (1420 +2V/A0+N) " (191)
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where, in (190), Iy denotes the modified Bessel function with index 0. (see [3/],
p. 108)

2. Laws of Ft(Gl/Q) and of Dt(Gl/Q)-

law law 1 law
Ft(Gl/Q) ( = ) L, Dt(Gl/Q) ( = - = )

14 V412
B/2,1/24¢

(192)
51/2,1/2+t Y1/2

The density of fr,(G,,,) equals:

2 0(1+1t) , .,/ [t . t-1/2
fr. @, (@) = B x (/0 e " (y(1—y)) dy)l[O,oo]('r) (193)
3. Wiener-Gamma representation of I';(G, /7).
For anyt > 0:
t t
law d w law d w
Ft(Gm)(:)/ %(:)/ Ty (194)
o sin®(Z%) o cos?(Z4)

Here is the dual version of Theorem 3.1:

Theorem 3.1*. (Cifarelli and Melilli, [9]) Let (I'y(1/Gy)2), t > 0) denote the

subordinator characterized by:
o0 d =z
E(e=4(1/G1y2)) :eXp{ —t/ 1-e)E Ble Guz)} (195)
0 x

Then:
1. Laplace transform of I';(1/G; /3).

2t
(e~ t(1/612)) = (ﬁ) (A, t>0) (196)

2. Laws of Ft(l/Gl/Q) and of Dt(l/Gl/Q).

(law) (law

Li(1/Gry2) =" - Big1/2, 44172, Di (1/Gyy2) :)5t+1/2,t+1/2 (197)

The density fr,(1/G, ) oth(ﬁ/z) equals:

.92t 1 _oN\t—1/2
th(l/Gl/z)(x) = m xt*l(‘/0 e % dy)l[oyoo](x) (198)

3. Wiener-Gamma representation of I';(1/G; /3).
For any t > 0:

<y
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Remark 3.2.

1) Theorem 3.1*. has been obtained by Cifarelli and Melilli [9]. It would be
possible to prove Theorem 3.1 by first using Theorem 3.1* and then by applying
the duality Theorem 2.1. In fact, we shall operate conversely, as we shall first
prove Theorem 3.1, then we shall show that Theorem 3.1* may be deduced from
it, due to the duality Theorem 2.1.

2) By comparing formula (190) with formula (76), we deduce:

(j(O) t> O) (law) ( Ft(G1/2> t> 0)

3) We come back to (196) and we write:

2 _ 1 _ /Oo o= S (VITA-1) g,
L+vV1+ A 1+3(V1i+A-1) Jo
= B(exp-2S0A(5)) (200)

where (SS)Q( ), t > 0) denotes the stable (1/2) subordinator, Esscher trans-
formed, with the Esscher transformation with parameter 1 (see [15]). In (200),
¢ denotes a standard exponential r.v. independent from (SS)Q( ), t > 0). Hence:

2 2t (1) [Vt
——— ) =E(exn( =280 (1)) 201
( 14+ 1+ )\) Xp 1/2 9 ( )
where the subordinators (5’8)2( ), t >0) and (y2;, t > 0) featured in (201) are
being assumed independent. This formula led James and Yor to consider, more

generally, the subordinator (Si /)2( 1), t > 0). In the article [31], the following
is obtained:

law ~
(Te(Giya), t = 0) = (t2) (S1/2(72¢) + SS)Q(”Y%), t>0) (202)

where, on the right-hand side of (202), the three subordinators S /2, Sl /)2

are assumed independent, and (S)/2(t), t > 0) () (81/2( ), t>0).

and vy

3.2.b. Proof of Theorem 3.1.

i) We already prove (191). In fact, (191) follows immediately from (176),
since:

E[ef)\Ft(Gl/g)] _ (E[ef)\l‘l/z(@q/z)])%
- 1 2t
- et

(1—1—2)\—%-2\/ A1+ A) )
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it) We now prove (190), which is equivalent to:

E(e ®C12) = 67%10(5), x>0 (203)

From the Lipschitz-Hankel formula (see [52] or [38], Th. 1.1):

[ele] d —v
[T T V) wzis0) eon
o T
we deduce:

y/oo(1 - e*M)e*%IU(;) 9 a1+ 2/A0TEN) Y (205)
0

€T

then, letting v — 0 in (205):

/ (1— e )e 51, (;) Ci—:” —log(2A+1+2V/AL+N)  (206)
0
Hence:

dx

0 T

1 2
- (\/1 A+ ﬁ)
1
A+ 1+2/N1+ N
en{ - [ ()

This formula, which is of interest by itself, shall not be used in the sequel of this
proof.

i11) We now prove point 2 of Theorem 3.1.
For this purpose, we shall use the following property of hypergeometric func-
tions: (see [34], p. 238). Let, for «, 9, reals (cf [34], p. 239):

& ! 6—1 _ \y—d6-1 )
r(5)r(~y_5)/0 A=) (L —t2) " d (207)

Fa,6,7; 2) =

(v>6>0, |2[<1)
= E((l — 2’6577,5)70‘) (208)
Lemma 3.3. Let a, b, ¢ three positive reals. Then:

Az T(a+b)T(b+e) 1 .
 B(e ’)_r(b)(r(a+b+c) s Fleatbatore; —5) “;O(:)
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2) E(e MaPre) = Fa,b,b+c; —\) (A>0)

Proof of Lemma 3.3.

Since E(e=*a) we have:

_ 1
I CESYCE

)\ e 1 @
B E{( A)]
1+[5_
b,c

1 1 xaxbfl
= 1—2)'d
mm»ﬁ<mmw( ) de

(by definition of the beta (b, c) law)

_ Bla+b,c) 1 i/l potb=1(1 — g)et
= Bl Bathd X (G-

Tla+b)T(b+c) 1 E((l—i— 6a+b,c)7a),

T(b)T(a+b+c) A A

dx

hence point 1 of Lemma 3.3, from (208). Point 2 of Lemma 3.3 may be obtained
from similar arguments.
We now end the proof of point 2 of Theorem 3.1. From Lemma 3.3, we have:

1
7)‘B17§ F(t+ §)F(t+1) 1 1 1
E(e Bit) = OF(t 4 <, 2+ 1 ——)
e 347 IO T@isn) w2l =y
Pe+HTE+1) 1 14/14+ 52
= — 211
F(%) r2t+1) A ( 2 ) (211)
since (see [34], p. 259):
1 141 — 2\ 2«
F(a,a—l— — 20+ 1; z) = (g)
2 2
Using Legendre’s duplication formula ([.’H], P 4):
1 1
r(t+ §)F(t +1) =27 /m(2t + 1) (with F(i) - \/7?)
we obtain:
—A Bl‘yi 1 2t _
Ele 33 tt) = 7) = E(e 2 Mt(Giy2)
from (191). Hence:
law
o Gz )Ft(G1/2) (212)

B

=
=

+t
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The form of the density of I';(G; /o) follows easily from (212).

iv) From Proposition 1.3 and (18), showing point 3 amounts to compute the
inverse of the cumulative distribution function of Gy /5. Now, we have:

Fo . (2) PGy < ) = /x e
X = Tr) = —
e EET TR )y Vi)
-2 Arc sin (v/z) x>0
™
_ . Uy’
so that F(Gll/2 (y) = s1n2(7) (0<y<1).

3.2.c Proof of Theorem 3.1%*.

i) We prove point 1, in two different ways :

e A direct proof.
We deduce, as a particular case of the beta-gamma algebra, that:

N? (law)  (law)
— = ="¢

2 2 (213)

where N is a centered Gaussian variable, with variance 1, and ¢ a standard
exponential. Hence:

N2 X 7ﬁfl
P(7 >x) = P(ef; ;s >x)_P(e> 6%,%) — E(e "$%)
Thus:
o0 d oz Ti/2
/ (1—e ) ZEEe Tr) = E(/ (1 e )az)
0 x 0 x
Ldu
= / — (1= E(exp(—Aumi,2)))
0 U
(from the change of variable:z = u~/2)
1
_ / d_“(1 _ ;)
0w\ T
= 2(log(V1+A+1)—log2)
hence:
ST (=l V1 1
E(e A (61/2)) = exp{ — 2t log (%H)}

) 2t 4 t
- (=) G

e We may also prove (196) with the help of the duality Theorem 2.1. Indeed,
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from (101):

exp — t E(log Gy /2)
N\

E(ei)\rt

1 1
(61/2)) — E(exp— Xrt(Gl/Q)) .

4t i
(1+2+2/La+21)" N

from (191) and since E(log Gy/2) = —log4, from (104) and (192). Thus:

,)\Ft(rl ) 4t 2 2t
E *1/2 =
(e )= 2+A+2vT+ ) (1+\/1+/\)

i1) We now prove point 2 of Theorem 3.1*.
Of course, it would be possible to use point 2 of Lemma 3.3 to make this proof,
in the same manner that we have used point 1 of this Lemma 3.3 to show point
2 of Theorem 3.1. In fact, we prefer to use formula (104) of the duality Theorem
2.1. We have:

t—1
_ e*tE(IOgGuz)u E(e*UDt(Gl/z))

th(l/Gl/2)(u) - I'(t)
I E(e "%f%“) (from (192))  (214)
I(t)
Considering now the Laplace transform of the two sides of (214) we obtain:
t o0 _——
E(ei)\rt(f’llm)) -4 E(/ e Muyt—le “hdee du)
I'(t) 0
- sl
'(t) 14 )\6% 14t
4Bt + 1t + t
- il )]s
B(252 1+)‘6t+1 1+t

Note that, by taking A = 0 in (215), we get:
A'B(t+3,t+1)
B($,t+3)

(which may also be recovered from the duplication formula for the Gamma
function). Hence:

AT (=) 1 t Ay
E(e 1/2 ) E|:( ) ] — E(e Yt t+1/2,t+1/2)
L+ ABiy1/2,t41/2
The other formulae of Theorem 3.1* are now easily obtained. In particular,
_ 1 _ 1 o )
since: Fl/G /2( u) = F‘Fjll/z(l/“) BETEA have, from Proposition 1.3:

t t
(law) d")/u / . o/ TU
Ti(1/Gy o)) [ T T Gy
t( / 1/2) ‘/0 F 1 (%) 0 Si (2t) ot

1/Gyy2
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3.3. Study of the r.v.’s T'1_4(Ga) and T'1_4(1/Gs), 0 < a <1

3.3.a. Theorem 3.4. Let, for 0 < a < 1, (Ft(GQ), t > O) the subordinator
characterized by:

(e (6)) —exp{ - t/oo(l el E(e<%)} (216)
0 x

We then have the following explicit formulae:
1. Laplace transform of I';(G,).

E(e™ @) = (14 A) — )\a)ﬁ (\t>0) (217)

2. Distributions of I';_,(G,) and of D;_,(G,).

(law)  Y1—a (law) Y1—a

' o(Ga) = Bt = Uila (218)
(law) 1 (law) 1 (law) Y1

Dy o(Ga) = B = Ui T 1+ Yo (219)

(where :Yy—l is, by definition, a Pareto r.v. with parameter a). The density fr,_.(c.)
of T1-0(Gy) equals:

o 1

Jri_aGo)(T) = T(i—a) zite (1—e"*) 1j,00((7) (220)

3. Wiener-Gamma representation of I';(G,).
For everyt >0 and 0 < o < 1:

(G, "2 /()t[1+(sm,(”(1_o‘)(tu))>1/a]d% (221)

B
= [ (Gt ) e

In particular, fort =1— «:

T o(Ga) "2 /Ola [1 + (w)ﬂ l/a] '~ (222)

sin(l —a—u

We note that, for o = 1/2, formula (222) coincides with (194). The dual version
of Theorem 3.4 is:

Theorem 3.4*. Let 0 < o < 1 and let (I'y(1/G,), t > 0) the subordinator
characterized by:

E(e~t(1/Ca)) — exp{ - t/oo(l _ w2 E(e*m)} (223)
0

x
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Then:
1. Laplace transform of I';(1/G,,).

(e TH(1/6)) _ (l %) G (224)
«Q

2. Laws of I';_,(1/G,) and of Dy_,(1/G,).

(law)

law
D1 a(1/Ga) " o U, Di_a(1/Gy) "%

U (225)

(we note that the law of D1_(1/G,) does not depend on «, and it may be
compared with (197): B11 = U).The density fr,_.1/c.) of T'1-a(1/Gqa) equals:

1 1 L dy
friwaen (@) = 5y (/1 ¢ yycﬁ)l[o,oo[(x) (226)

1—a) z®

3. Wiener-Gamma representation of I';(1/G,).
For everyt > 0:

1\ (aw) [ dyu
Ft(@) = /0 1+(Sins(i:&(})gj;)))l/a (227)

¢

aw d u

(taw) / ¥ (228)

0 1 ( sin(rr(lfa)%) )1/0‘

+ RN VR S 2 A—
sin(ﬂ'(lfa)(thu))

Remark 3.5.

1) Formula (221) was originally obtained by T. Fujita and M. Yor (see [23]).

2) We deduce from Proposition 1.6:

E(Dl,a(éa)) = B(G,) = E(U) = % (from (225)) (229)

Of course, we may verify directly that:
E(G,) =

starting from the formula:

a 1—(14net
S l-—a (1+XN)2—1

E(exp(— Ae Gy)) (230)

(see [1], formula 1.19), then taking the derivative in A = 0.

3) In [1], Section 4.2.1, the positive variables X, 1 whose Laplace transforms
equal:
(1+M)2—1

E(e=>Xaa) —
(e Xer) )

0<a<l)

SEES
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have been introduced. We note that, from (224):

law 1
Xa,l( :)Flfa(@) (231)
4) Since Ty _a(1/Ga) "2 51 o - U and Ty _o(G,) "2 252 the relations (221)

and (227) may also be written as:

L (ew /“‘( sin(mu) )”‘“d (Di-o)
Ut/e 0 sin(m(1 — a —u)) wT

(law) /“‘ (sin(W(l —a—u)) ) Ve (Di-)
0

sin(mu)
and

g e / T (D)
0 1+ (sin(ﬂ'(lfafu)))l/a

sin(7u)

w) (170 du (DY
s -
0 1+( sin(mu) )

sinm(l—a—u)

In particular, for o = %, one finds:

vy /2 w12
e )/ cos? (wu) d, (D) " )/ sin®(u)d, (D{/?)
0 0

3.3.b. Proof of Theorem 3.4.

i) Point 1) is an immediate consequence of (176) and point 2) of (177), as
may be shown after some elementary computations.

i1) We now prove point 3. From Proposition 1.3, it amounts to compute Fg,,
and its inverse. However, from (182) and (181), we find, successively:

Zl/a

Fo.(x) = P(G,<z)= P(ﬁ < x)
_ P(Zl,a< (lfx)a) 0<z<1)
- Fo.@ =Fz_,((+=)")  (©0=e<) (233)
hence:
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then
B o) = sinm(l—a) [* dy
Fo @) = Plhasa)= i T
B 1 sinm(l — )
= - 8 (i — a1 2) (335)

= Ai—al(2) with the notation of (126)

and, from (185):
_ sin(7(1 — o)z
lel,a () = = ( )
sin (7(1 — a)(1 — )
hence, plugging (236) in (234), we obtain:

(236)

1 i 1—a)(1- 1/a
=1+ (2 (r(1 — ) x))) (237)
Fg () sin (7(1 — a)x)

which, thanks to Proposition 1.3, proves point 3) of Theorem 3.4.

3.3.c. Proof of Theorem 3.4*.
We use the duality theorem. From formula (104):

o T (1—a)B(logGa)
Jria@n(®) 2 F =g © (238)

which we compare with (220):

o 1

fria@a(@) = T(l—a) zite (I—e™) Ljo,00((2)

and we deduce: |
E(logG,) = oga

(239)

11—«
Then, using this time (101):

E(ef)\l‘t(ﬁ)) = exp{—t(E(logGa>+1Og)\+¢6a(§))}

= oo~ = tosa)| 5, [(145) - (5)] -

from (239) and (217):

1 (1+N)*—111%
= |- — 24
[a A } (240)
which establishes (224). The density of I'y_o(z~) may be computed from the
density formula (104) and the knowledge of the law of Di_,(Gy) ({gw) Ullﬁ,

given by (219). All the formulae in point 2 of Theorem 3.4* follow easily
from the explicit expression of fp, L and point 3 of Theorem 3.4* follows

from:
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Fre () Fgl(l—y) =1,

and from Proposition 1.3.

3.4. Study of the subordinators (I‘t(,u + Go), t > 0) and
(Te(3ges) t 2 0)

We recall the following formula, which was established in [4] (see formulae (181)
and (179) in [4]):

o0 log(1+ v
exp{ —/0 (1- efm)i—x E(efx(”JrGO))} = Cf);(l _:Il)t) A >0 (241)
n

This formula was obtained in [4] by “letting « tend to 0 in the study of the
r.v.’s Go. Here, Gy satisfies (see (175)):

(law) 1

G -
0 1+expnC’

where C' denotes a standard Cauchy r.v. (242)

3.4.a. Theorem 3.6. Let 1 > 0 be fized and let (Ty(u+Gy), t > 0) denote the
subordinator which is characterized by:

° d
E(e AT i(ntGo)y — exp{ —t / (1-e )2 E(e*ﬂw@@)} (243)

0 x

Then:
1. Laplace transform of T';(u + Gy).
_L Y\t
B(eATe(n+Co)y = (10g(1 + A+,u)> (244)
10g(1 + %)

2. Laws of T'y(u + Go) and Dy (p + Go).
The densities of T'1 (1 + Go) and Di(pn+ Go) equal:

1 Cploe®

Tlog1+ D) ° z

Jr1(utGo) () Lo,00( () (245)
1

= -1 246
T & i 246

fDl (p+Go) (:E)

3. Wiener-Gamma representation of T';(1 + Go).
For everyt > 0:

(law)

Ty(u + Go) 2 /

1+ exp (cotg ( %) (247)

1+ p(1 + exp(cotg(T£))) P
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Here is the dual version of Theorem 3.6.

Theorem 3.6*. Let 11 > 0 and (T'y(
characterized by:

_ > d
0

#JFGO), t > O) denote the subordinator

E(efﬁ—fm)} (248)

x
Then:
1. Laplace transform of Ft(“JrGO)
AT - [L (LA )Y
E[e )] = [A 10g( o )} (249)
2. Laws of Fl(ﬁ) and Dl(#JrGO)
1 (law) 1 (law)
Fl(#+@0) = U, Dl(u+Go) - Ut (250)
In particular, for = 0:
1\ (taw) (law)
rl(@) ey, Dl(@) U (251)

The density of Fl(ﬁ) equals:

fpl(wo)(x):( Olﬁexp(—uiy)dy)l[oyoo[(x) (252)

3. Wiener-Gamma representation of Ft(
For every p >0 and t > 0:

t _ Tu
Ft( 1 ) (l(gu)/ 1+ (1 + exp( cotﬂgu L)) i, (253)
w+ Go 0 1+exp(—cotg T)

p+Go )

Remark 3.7.
1) We may take 2 = 0 in the statement of Theorem 3.6%, since E(log™ (Go)) <
00, but not in that of Theorem 3.6.

2) Formula (249), with y = 0, was obtained by Bondesson ([3], Ex. 3.3.1, p. 42)

and the relation Dl( ) ({gw) U has been obtained, independently, by Diaconis

and Freedman ([ 2], Ex. 7.4, p. 74) and by Cifarelli and Melilli ([ )], Ex. 2, p.
1393).

3) The formula D; (z ) 2 1y may be obtained by letting &« — 0, in (225) and
formula I'y (GT)) = ¢.U is formula (225) with a = 0.

3.4.b. Proof of Theorem 3.6.
Point 1 follows immediately from (241), whereas formula (245) is a consequence
of:
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E(Q*AFl(quGo)) _ 10g(1+ ﬁ) B 1 /AJr,u dv
log(1+4)  log(1+4) Jagu 140

1 A %)
= 71/ dv/ e e 1HY) g
10g(1 + ;) Ap—1 0

L [T [ o)
= — efxd:c/ exp(—zv)dv
log(1+ %) 0 Au—1

1 < 1 — @
o (1+l)/ O o
g VALY

On the other hand, formula (246), which yields the density of fp, (,+c,) follows

from:

10g(1 + ﬁ) 5 ( )
log(1+2) " \1+ADi(u+Go)

E[ef)‘ Fl(#JrGO)]

1

1 /F dx 1 afte it 1 1 A
_— —— r writing ———— = — —
10g(1+%) a2z 14X & x(1+Azx) o 14+

pt+1

Then, the last point in Theorem 3.6 follows, with the help of (242), from:

Filig,ly) = p+ 1+exp tg(Z(1—2y))
_ 1+ p(exp(cotg(my)) + 1) (254)

1 + exp cotg(my)

Proof of Theorem 3.6%.
It may be proven by using the duality theorem. From (104) and (245):

1
fFl(,U«"rGo)(O) = eE(IOg(P«JrGO)) =
log(1 + ;)
ie.: 1
E(log(k + Go)) = ~log (1og (1 + ;)) (255)
We then apply the duality theorem:
E(eGE%)) = Be 3 TtGo)y. % . ot B (log(u+Go) )
t 1
B <10g(1 + i)) . log (1 + ﬁ)
= T -
log (1 + #)

(from (255) and (249))

[ ()]
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We now compute the density of I'y (ﬁ) by using (104):

f L (o) = e*E(IOg(#JrGo))E(efxDl(,qu(G,o))
I (7eg)

1
1 W 1
(1Y) [y
iz LY 10g(1 + %)

(from (255) and (246))

Yo .
— / e wty dy
0o hty
Formula (250) now follows easily from (256).
We deduce, from Proposition 1.6, that:

E [rl (uj(%)] —  B(u+Go) = E(Di(n+ Go))

1
= E(U+,LL):§+,M

In particular, we have:

B(Go) = B(U) = 5

403

(256)

Finally, the last point of Theorem 3.6* follows from Proposition 1.3 and from

(254).

3.5. Study of the subordinators (I‘t(Gl), t> 0) and
(Te(1/G1), t > 0)

In this Section (see (175)), G; denotes a uniform r.v. on [0, 1].

Theorem 3.8. Let (Ft(Gl), t> O) denote the subordinator characterized by:

E(e~ TG0 — exp{ - t/oo(l _ w2 E(e*f@n)}
0

T
Then:

1. Laplace transform of T';(Gy).

AT (G )‘)\ '
E(e” ( 1)) = (W) Nt>0

2. Laws of ' (G;) and D;(Gy).
The expressions of the densities of T'1(G1) and D1(Gq) are:

1 ! in (7y)d
fFl(Gl)('r) = ;(‘/0 e " %) 1[0,00[(x)

(257)

(258)

(259)



L.F. James, B. Roynette and M. Yor/GGC and Dirichlet Means 404

Sin(%)
m(x — 1)1*%

3. Wiener-Gamma representation of I';(Gy).

For everyt > 0:
aw t d u (law ! d u
Ft(Gl)(l:)t/ i”:’t/ D (261)
0 0

U t—u

foi@en (@) = 11,00((7) (260)

Here is now the dual version of Theorem 3.8, which is due to Diaconis and
24

Kemperman [13].
Theorem 3.8*. Let (Ft ((G%) , > O) denote the subordinator characterized
by:
B(e ) = exp{ - t/oo(l - e*M)i—“’” E(e )} (262)
Then: i
1. Laplace transform of I';(1/Gy).

B(e *T11/60) = (e(1 + A)*%)t t,A>0 (263)

2. Laws of I';1(1/Gy) and D;(1/Gy).
The densities of T1(1/Gy) and D1(1/G1) equal:

e Loy in (7y)d
friaen (@) = ;(/O eV %) 1j0,00((2) (264)
esin(mx 1
Ip.(1/cy)(T) = - 7T( ) =" Lo,y () (265)

3. Wiener-Gamma representation of I';(1/Gy).
For everyt > 0:

law) 1 ¢ law) 1 ¢
r(1/6) "™ 5 [ -, 5 [, (266)
0 0

Remark 3.9.

1) Theorem 3.8*, and in particular formula (265), are due to P. Diaconis and
J. Kemperman [13]. Formula (265) may also be found in ([3], Ex. 4.4, p. 98)
corrected with multiplication by e in that formula.

2) i) A r.v. Z, which takes values on R, is said to be a Luria-Delbriick r.v. if it
satisfies:

EEe ) =X (A>0) (267)
and M. Méhle [39] determined the density fz of this r.v.:
1 [ _w
fz(x) = —/ e~ 2 cos(zt+ tlogt)dt (x €R)
T Jo
1

= —/ e~ Ttmtog ! (gin rt)dt (268)
0

™
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ii) On the other hand, it is proven in ([14], § III, 1.3, p. 1251, with o = k = 1)
that there exists a Wald couple (X, H), which is infinitely divisible and such
that:

e [ is positive and X and H are infinitely divisible.
e E(e¥H). E(X)=1 A0
° E((f%H) =1+ )\)7(1+A)6A,
e B(eM) = (14 N)Hre? (269)

Thus:
E(erXHD) = (14 A1 (270)

hence, from (258), with ¢ = 1:

T4(Gy) — (14 x) 2 (271)

i11) We denote by Z ar.v. defined from Z via the following Esscher transform:
E(<p(2)) = E(p(Z) - e*Z) (¢ Borel and bounded)

(we note that E(e~%) =1, from (267)). Thus, we have:

B(e™) = Ble” V%) = (14 A)'

so that:
= (law)

) _(1+X) (272)

hence, from (271):
(G + 2" 7z (273)
We also note that Letac [35] characterized the law defined by (272).

3.5.b. Proofs of Theorems 3.8 and 3.8*.
i) We prove (258), which it suffices to obtain for ¢t = 1. We have:

2 A A 1

whereas:
> d > d
/ (1- )% pleet) :/ (1-e )1 —e )T
0 € 0 €
Hence:
> d > d
2 [T gy o [T ® o
oA Jo x 0 x
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from Frullani’s integral. (258) now follows from the comparison of (274) and
(275).

ii) We now prove (263):

> d . >0 de [* _,.d
/ (1—e?)ZEE &) = / (1_6%)—‘”/ e
0 T 0 u

T J1
> 1 1 _ -z
= / —Z/ 1TC T uegy (Fubini)
1 U Jo L

= / d—glog(l—ké)
1 u U

(from Frullani’s formula (see [31], p. 6, and (3) above )).

= /1 log (1+Aw)dw = % ((1+X) log(14X)—A)
0
Thus:
E(ef)‘rl(l/(c’l)) = exp{ — /000(1 — (57)‘9”)6‘173—:C E(eiﬁ)}
1 e
= ep{ - T(A+Nog L+ -1} = PSS

We may also show (263) with the help of the duality Theorem:
efE(log G1)

E(e ATi(1/G0y - = — E (exp - % Fl(G1)>

% :e(l—k)\)*#
()

from (258) and since: F(logGy) = —E(y) = —1.

>~ o

ii1) Point 3) of Theorem 3.8 and 3.8* follows easily from Proposition 1.3 and
from the fact that Fg,(u) =u (0 <wu <1).

iv) We now prove (264). For this purpose, we use the result of Diaconis and
Kemperman [13], see also [42],

esinmx 1
m at(l—x)l-®

fDl(l/Gl)(‘T) = 1[071](‘T> (276)

The relation:
L1(1/G1) =71 Di(1/Gy)

now implies easily (264).
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v) We show (259) with the help of formula (104) in the duality Theorem:

frien(@) = P00 pemr i)
_ lE(e*IDl(ﬁ))

e

1 .
_ -y SLTY dy (277)
0 oyl —y)ty

from (276). Finally, in order to show (260), we apply (107):

_ o 1
fDl(Gl)('r) - €T 1€E(1 gGl) fDl(l/Gl)(E)
1 esin(%) 1

= — ———1py (

1
ex T

RATHI
Sln(gz . 1[1700[ ()

m(x — 1)t =

(from (276))

Appendix

Interpolation between the subordinators (I'4(1/G), t > 0) and
(v, t > 0)

We denote, for every u > 0, by o, : R — R the decreasing function defined by:

zsinhu +coshu  ztanhwu +1
” = = 278
ou(?) x cosh u + sinh u T + tanhu (278)

Since the image of R by o, is equal to Jtanh u, coth u], then for every positive
r.v. G, and every u > 0, we have: E(|logo,(G)|) < cc.
Let (T;(0u(G)), t > 0) denote the subordinator defined by:

exp{ — t¥s, (¢)(\)}
exp{ —t /O (1— e o) i—‘”E(e*MM@)} (279)

E(exp — ATy (0u(@)))

Since 09(G) = & and 0o (G) = 1, we have:

(Te(00(@)), £ 2 0) = (T(1/C), ¢
(Pe(050(G)), t 2 0) = (m, t > 0)

Thus, the family of subordinators (Ft(au(G)), t > O) interpolates, as u de-
scribes R, between (I';(1/G), t > 0) and (v, t > 0).

The aim of this appendix is to show that one may compute “explicitly” the
Laplace transform, the density, and the Wiener-Gamma representation of the
r.v.s Iy (O'u(G)) in terms of those of (Ft(G), t> O), for every u > 0.

| \/

0)
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Theorem A.1. We have, for every u > 0:

1) —vYg(ou(N) + 1o, (@) (A) = log (X coshu + sinhu) + ky (280)
ith k, = E |lo ¢ (281)
W v & G sinh u + cosh u
2) F;}(G)(y) = 0Oy (F§1(1 - y)) (0 <y< 1) (282)
hence:
¢ ¢
(law) dvs (law) dvs
T(ou(@)) = / — T = / — =1 (283)
D)= Sl =] o oulFa )]
3) The density fr, (o, (c)of Ti(0u(G)), equals:
frieuay ()

1—t
—x tanhu—t k, T 2 2 (G
e 5 o T4(G) tanhu +(G) Jiy yI'i(G) Looo
cosh u T cosh u

—x tanhu—t k, _ - z D¢ (G)
— ot B B|(coshu+ Dy(G) sinhu) " ¢~ et o |

(284)

Remark A.2.
1. For u = 0, we have: 0o(G) = &, ko = E(log G) and the preceding formulae
and indeed those of Theorem 2.1.

2. As u — o0, the relation (283) becomes, by passage to the limit:
(law) t
I (00e(G)) = dvs = v (285)
0

and it is not difficult to see, starting from (284), that:
1 —x . t—1
frie.(@) (@) o T e " ' ol (x) = fr, ()

3. More generally than (280), if we take:

ar +b - dr+0b
o(x) = o d and o(\) == e

—a (G(N) + Yo()(A) = log (cA + a) + k(o) (286)

with k(o) = E (%) (287)

we have :

3
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We observe that (286) and (287) follow immediately from:

~9c(G(N) + o) (A) = —E [k’g (1 + @)] b [log (1 " ﬁ)]

_E[log(l—i-M)] _E[1og(1+d“” l)]

_sh (aG +a§: Ab(cG +d) (cA +02)2a ¢
—E [ o8 ( )}

aG + b (A+a)G+dr+b
_E[logM].

aG +d

Proof of Theorem A.1.
Point 1) is a particular case of point 3 of Remark A.2 and point 2) of Theorem
A.1 is trivial. Let us prove point 3. From (280), after multiplying by ¢, and
exponentiating, we deduce:

1
E e ATt0u(@)| — o=thu | o~ Tt(G)ou(N) 288
[e ] ¢ ‘ (Acoshu + sinh u)? (288)

then, multiplying each side of (288) by exp(—fA) and integrating in A from
-tanh u to +00, we obtain:

B (/Oo e)\Ft(ou(G))ﬁ)\dA>
—tanh u

> d\
ot / “TH(@)ou(N)—BA 539
‘ —tanhu ¢ (Acosh u + sinh u)t (289)

Making, on the LHS of (289) the change of variable: A cosh u + sinhu = p, we
obtain:

B [ 1 e(canhuxrt(ou(c:))w)]
(B+Ti(ou(G))
- Sy (T
= e~ th E e*Ft(G)tanhquﬁtanhu/ € thu( ’ ﬁ#) du
coshu 0 ut

Thus, after simplifying by exp(f tanh ) and using formula 5.10.25, p. 109 in
[31], we obtain:

tanh u ' (o (G)):|

1
b [(5 T 0n(@)

1, (G)tanhu [ Lt(G) 1_?. 2¢/BI(G)
¢ t ( V] ) Klt( coshu

2 —tkay
_z° E
coshu

We then use the inversion formula of the Stieltjes transform, and thanks to a
very similar computation to the one made in section 2.2.b, we arrive to the



L.F. James, B. Roynette and M. Yor/GGC and Dirichlet Means 410

identity:
1—t
—tky 2
x tanh _ € —I'¢(G)tanhu Ft(G) w
e Jri(ou(@)(T) coshuE [e ( T Ji-1 cosh u
then to (286), by using the series development of J;_1:
friou@) (@)
—x tanhu—tk, .t—1 7 =D (Q)
_¢ 0 x E{ (cosh u + Dy (G)sinh u) b e~ T uteon R RGE }

Remark A.3. Formulae (284) and (285), in the more general situation when:

o(G) = £5E8 become:

—x %*iﬁk(d) " r.(G % 9 Tiq
frio@y@) =———F (ec C) ( il )> Jis (LU))
C T c
(290)

where k(o) is given by (287), and:

.It z Dy (G)

Jrieey (@) = 0 e T ETHR O Bl (c+ dDy(G)) " e Ferami@n L (291)
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List of notations

G, X, Z denote r.v.’s.

na: law of G fo @ density of G; Fg : cumulative distribution function of Gj
Fg L. inverse function of Fg.

I': GGC r.v. with associated Thorin measure .

m: total mass of p.

!
Yo: Gammar.v. with parameter a (a > 0) ; 7 ({gw) ¢, a standard exponential r.v.

Bap: a beta r.v. with parameters a,b (a,b > 0).

U: a uniform r.v. on [0, 1].

C': a standard Cauchy r.v.

Y,: a Bernoullir.v. (0<p <1). (P(Y,=1)=p; P(Y,=0)=1-p)

Sa: a standard positive stable r.v., with index a (0 < a < 1), and density f,.
: a Pareto r.v. of index 6 (71 and 75 independent).

Gy generic notation for random variables considered in sections 2.5 and 2.6.
(Ga, 0 < < 1) the family of r.v.’s introduced in 3.1. In particular:

(law) (law) 1 (law)

G = G = - =

1/2 6%7%; 0 1+eXp7TC, 1
I'n(G) a GGC r.v. with associated Thorin measure m - pig.
(v, t > 0): standard gamma process (i.e.: subordinator with Lévy measure:
dz efx).
(ng), 0 <t < m) Dirichlet process with parameter m.
gft(G), t > 0): GGC subordinator with Thorin measure s, and Lévy density:
L B(e%).

x

¥ the Bernstein function of the subordinator (I'y(G), ¢t > 0):
dx

- E(efacG)

v = [ a-e)
0
Ty (h) = [! h(s) dvs the Wiener-Gamma integral of h.

0
Dy(G) r.v. whose law is characterized by I't(G) () v Di(G)
D,

(
(@) satisfies:
(aw) f* 1 ®

(Ct, t >0), (S, t >0), (Ty, t > 0): hyperbolic subordinators.

( t(y), t > 0), (ngU), t > 0): subordinators associated to the functions I,
and K.

K., 1,,J,: modified and unmodified Bessel functions with index v.

S®(X): Stieltjes transform with index ¢ of the positive r.v. X:

SH(X)N) :=FE (ﬁ) (A>0)
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(Sa (t), t > O) standard stable subordinator, with index o (0 < « < 1).
fa(z): density of S, =(e®) S (1).
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