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ABSTRACT. We introduce and investigate two types of the space U™* of s-ultra-
distributions meant as equivalence classes of suitably defined fundamental se-
quences of smooth functions; we prove the existence of an isomorphism be-
tween U* and the respective space D’* of ultradistributions: of Beurling type
if * = (p!') and of Roumieu type if * = {p!*}. We also study the spaces 7* and
T* of t-ultradistributions and #-ultradistributions, respectively, and show that
these spaces are isomorphic with the space S’* of tempered ultradistributions
both in the Beurling and the Roumieu case.

1. Introduction

That distributions based by Sobolev [29] and Schwartz [28] on functional anal-
ysis can be founded on a more elementary sequential approach was remarked by
Mikusiniski already in [18] and [19]. This idea was accomplished by him in coop-
eration with Sikorski in [20,21] and then, in the extended form, together with the
third author Antosik in [1].

Roumieu and Beurling in [27] and [2] introduced two types of ultradistribu-
tion spaces, substantially larger than the space of distributions. However only the
famous papers [12-14] of Komatsu which substantially extended the knowledge on
the structure of these spaces gave impulse to an intensive development of the theory
of ultradistributions of both types in various directions. In particular, the theory
became an important tool of microlocal analysis.

Similarly as in the case of distributions one can expect that an ultradistribu-
tion can also be viewed as, in a sense, a limit of a sequence of functions or, more
precisely, as an equivalent class of sequences of smooth functions, suitably approx-
imating it. Our aim in this paper is to provide a sequential approach to the theory
of non-quasi-analytic ultradistributions of both Beurling and Roumieu types [12].
Analogously to the sequential theory of distributions [1], we introduce sequential
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ultadistributions, called shortly s-ultadistributions, as equivalence classes of fun-
damental sequences of smooth functions which, however, are defined by means of
ultradifferential operators instead of differential operators. The difference is intrin-
sic and requires distinct techniques: instead of polynomials we have to use functions
of sub-exponential growth and apply their specific properties. In showing that the
sequential approach is equivalent to the classical approach to ultradistribution the-
ory (see [12-14]) one needs to know intrinsic structures of ultradistributions as
well as of tempered ultradistributions (see [5-10,17-25]); the equivalence of the
two approaches will be proved through Hermite expansions and certain structural
properties of tempered ultradistributions.

In order to simplify our exposition we will consider only the Gevrey sequence of
functions of the form M, = p!* (p € Z) for t > 1; they satisfy all conditions usually
assumed for a general sequence (M,),. Therefore we use the simplified symbols
DM(Q), DI (Q) for the spaces DMr)(Q), DIMe}(Q) of test functions on an open
set @ C R? and S®(RY), ST (R?) for the spaces SMr)(R?), SIMr}(R?) of test
functions on R?, respectively. This concerns also their duals, i.e., D'® (Q), D'{t}(Q)
are the spaces of ultradistributions of Beurling and Roumieu type on the set Q) and
S (RM)d, S'{}(RY) are the spaces of tempered ultradistributions of Beurling and
Roumieu type on R? respectively. We traditionally use the upper index * for a
common notation of the considered spaces both in the Beurling and Roumieu cases,
ie., D*(Q), S*(RY), D*(Q), S*(RY) are common symbols for the pairs of spaces
listed above. The mentioned spaces were investigated in [5,10,12,16,25] and
in many other papers. It should be noted that another approach to the theory
of ultradistributions was developed by D. Vogt, R. Meise and their collaborators.
There exists an extensive literature in this direction with many applications; we
refer here just to a few of them (and references therein): [3,4,23,30].

Our approach to ultradistributions is similar to that presented in [1] for dis-
tributions. We begin with the definition of a special kind of fundamental se-
quences of smooth functions and the corresponding equivalence classes called s-
ultradistributions which are elements of the space that we denote by U*(€2). This
is done in sections 2 and 3 together with an analysis of operations on s-ultradis-
tributions, the convergence structure in U*(2) and actions of s-ultradistributions
on test functions belonging to D*(Q2). In section 4 we introduce the spaces 7* and
T* of t-and #-ultradistributions, respectively. Again we discuss their structure, the
convergence in them and actions of considered tempered ultradistributions on ele-
ments of the respective spaces of test functions. It is well-known (see e.g. [8]) that
there exists a topological isomorphism between the space S*(R?) and the Kéthe
echelon space s* of sequences of sub-exponential growth. Using this fact we prove
in section 5 that the spaces 7* and T* are topologically isomorphic with the space
S’ (R?). Applying the results of section 5, we prove in section 6 the existence of a
sequential topological isomorphism between the spaces U*(2) and D"™*(2).

1.1. Preliminaries. The sets of all positive integers, nonnegative integers,
real and complex numbers are denoted by N, Ny, R and C, respectively.
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For z = (21,...,74) € RY y = (y1,...,94) € R4, a = (ai,...,aq) € N,
B=(B1,...,B4) € Nd and X\ € R, we use the following notation
x+y::(x1+y17"'7xd+yd)E]Rd; 1’+)\3:($1+)\,...,1’d+>\)€Rd;
M= (Axy, ..., \eg) €ERY <y ifx; <y forj=1,...,d;

d d
x® ::Hx?j; al=aq!. . agl; (a) ::H(aj) for a < 5;
=1 b7 5\

|z| == (IE% + "'+5‘93)1/2; la] =1 + -+ + ag;
D® =Dy := D" ...Dy*, where D]o-‘j = (—10/0z;)% (j=1,...,d)

and the following summation notation

Sey Y ey oy

[a]=0 a€eNg 0<agp a1=0 aq=0

The symbol X° for X C R? means the interior of X and the symbol K € V
for an open V' C R? means that K is a compact subset of V. By Q we denote
a fixed open subset of R?. By C(R?) and C(K) for K € Q we denote the sets

. . d . C(RY) C(K)
of all continuous functions on R* and K, respectively, and by and
the uniform convergences on R? and K of sequences of functions in C(R?) and
C(K), respectively; the latter is the convergence in the Banach space C(K) with
the supremum norm || - ||oc. We denote a sequence (ay, )nen of numbers (functions,
distributions, ultradistributions) shorter by (ay,) or (o, ), and the mapping Q >
x + F(x) by F or F(x). The norm in L?(R%) is denoted by ||-||2 and the convergence

in L%(RY) by 2, The support of a function (distribution, ultradistribution) f
by supp f. A function f is called compactly supported if there is a K € R?
such that supp f C K. For the Fourier transform of ¢ € S(R?) we use the two
symbols: F(p) = ¢ = [pap(2)e” @) dz; clearly, F(D%p) = £p (€ € R?). For
the properties of the spaces of test functions D(2), S(R?) and their duals D’'(12),
S'(R?) we refer to [28].

We recall some notions from [12]. By the associated function, corresponding
to the Gevrey sequence (p!), for a fixed ¢ > 1, we mean the following function:
M(p) = Sup,,ep, log pP/plt = ekt for p > 0, where k > 0 is an appropriate
constant. Denote by R the set of all sequences (r,) of positive numbers strictly
increasing to infinity. By the (rp,)-associated function, corresponding to (r,) € R,
we mean the function: N, y(p) := sup,en, log, p?/N, for p > 0, where (N,)pen,
is defined by means of (r,) as follows

P
(1.1) No:=1; N,:=p!'R,, where R,:= Hrj, for p € N.

j=1
Note that if (r,) € R, then for every k > 0 there is a pg > 0 such that N, )(p) <
ek for p > po (see [12]).
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Let K € Q and h > 0. We recall the definitions of some spaces of test functions

[12]
Dp(z)|
EHMK) .= eC>®(Q): P, = |7< ;

(K) {go (0): Pn (o) zels(l,lo?eNg Blal ot oo}
Di%h =&"M(K)N{p eC™(Q) :suppp C K}
DY = 1m D DO(Q) = lim DY;

h—0 Keq
D =l DY D) = lim DY

h—o00 Ke®

As already said, we use the common symbol D*(f2) for the spaces D)(Q) and
DIH(Q) and D'*(Q) for their duals. Recall now (see [5]) the definitions of the
spaces S (R?) and S} (R?), invariant under the Fourier transform

@ lz*0°fll ,
O platBlalt gt S C}’
SORY) = lim S,(RY);  STHRY) := lim S}(RY).

h—0 h—o00

St(RY) := {f € S(RY): 3C > 0 Va, B € N

Notice that the space S®)(R?) is nontrivial if ¢ > 1/2, while S{*}(R) is nontrivial
if + > 1/2. The spaces S (R?%) and S{#(R?) are denoted commonly by S*(R%)
and their duals by &*(R?).

The Hermite polynomials H,, and the corresponding Hermite functions h,, are
defined on R by

Ho(w) 1= (1) ()" (), hala) = @ niym) e P H, (2)

for x € R, n € Ny. The d-dimensional Hermite functions h,, are defined by
Bn() == oy (1) o By (2a), 2= (21,...,24) € RY, n € N&.

They form an orthonormal basis for L2(R?) and are the eigenfunctions of the prod-
uct H = H?zl (—0?/022 + 22) of the one-dimensional Hermite harmonic oscillators,
so that H* = [, (—82/d22 + 22)* and

Hhy(z) = (2k + 1)* H (2k; + 1) hi(z), z€RY  ake NG
i=1

Note that H is a self-adjoint operator. For f € S(R?), the Hermite coefficients are

¢k = Jga [l = (f hi) 2 for k € N§.
‘We have

D*(R?) < §*(RY) — S(R?) — L*(R?Y) — S'(R?) < §*(RY) — D*(R?),

where the symbol — means that the identity mapping is a continuous and dense
embedding.
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A sequence (d,,) of the form 4, := n%p(n-),n € N, where ¢ € D*(R?), p =1 in
B(0,1/2) and ¢ = 0 out of B(0,1) (B(zo,r) denotes the closed ball with the center
at 2o and radius 7) is called a delta sequence in D'*(R?).

1.2. Ultradifferential operators. We recall the definitions and some results
related to ultradifferential operators from [12-16]. A formal expression P(D) =
> ial=0 @D (aq € C), corresponding to the function P(z) = 355 _aaz® (2 €
C%), is called an ultradifferential operator of the Beurling class (p'') resp. of the
Roumieu class {p!'}) if it satisfies the condition

Chlel

@)

in the Roumieu case, the condition can be expressed in the equivalent form
C

3(rp) € R 3C > 0 Va € N& |aa|<W,
) L

3h >03C >0 (resp. Yh > 03C >0) Va € NI [as| <

where R|,| is defined in (1.1) and ¢ > 1 will be fixed throughout the paper. We use
the common term ultradifferential operator of the class * in both cases of Beurling
and Roumieu.

If P(D) is an ultradifferential operator of the Beurling class (resp. of the
Roumieu class), then the function P(z) satisfies, by [12, Proposition 4.5], the esti-
mate

3h >0 3C >0 (resp. Yh > 0, 3C > 0) V2 € C? |P(z)| < Cetl™;
in the Roumieu case, the estimate can be written in the equivalent form
J(rp) ERIC>0VEERT |P(E) < Cecllen'"

where c is the subordinate function of (r,), i.e., an increasing function on [0, co)
such that ¢(0) = 0 and ¢(p)/p — 0 as p — oo corresponding to (r,) by means of the
identity: M(c(p)) = N¢,)(p) (p > 0), where N, ) is the (r},)-associated function
(see [12]).

We denote by P® (resp. P{#) the class of ultradifferential operators P,.(D)
of Beurling type (resp. P,,)(D) of Roumieu type) of the form

(1.2)  P.(D)= (1 + iD]?)l]j [1 + <§:1D?>/r2p2t] < 2%DP>,
(1.3) Py, (D)= (1 + éD]?)l 1":"[1 [1 n (ép?)/rﬁpﬂ (: ibppp),

where 7 > 0, (r,) € R and [ > 0. Replacing D; by & in (1.2) and (1.3) we
get the wultra-polynomials P,.(§) and P, (§) of the Beurling and Roumieu type
corresponding to the ultradifferential operators P,.(D) and P(Tp)(D), respectively.
They can be described in the following way (see [12]):
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Ultra-polynomials of Beurling type are of sub-exponential growth, i.e., there
are constants Cp,Co,C' > 0 and hy, he, h > 0 such that

(1.4) Crem S < |P(€)] < Caeh2l6" ) ¢ e RY,
and
lap| < CRP/p!*,  p € No.

The description of ultra-polynomials in the Roumieu case is more difficult.
One can prove, similarly to the Beurling case, that for a given (r,) € R and its
subordinate function ¢ there exists a constant C' > 0 such that

. 1/t
(1'5) Ce (eh < |P(Tp)(€)|a €E Rd-

To get a suitable upper estimate we have to find a sequence (rp,) € R and its
subordinate function ¢y such that the inequality

(1.6) (14 €% [ Pr,) (€)] < CoeollED £ eR™

holds for some Cy > 0 and all [ > 0. For this aim we use the following property
of a subordinate function which is a consequence of Lemma 3.12 (see also Lemma
3.10) in [12].

Let ¢ be an arbitrary subordinate function and put ¢ := 2c. There exists a
sequence (r9) € R such that the (r))-associated function N0y and the subordinate

1/t

function ¢y corresponding to (7’2) satisfy the inequality

M(é(p)) < Niwoy(p) = M(co(p)), p >0,
Consequently,

co(p) 2 é(p) =2¢(p), p>0.
The above remarks can be formulated as follows:

LEMMA 1.1. For an arbitrary subordinate function c, corresponding to some
sequence (rp) € R, and h > 0 there exist a sequence (7“10,) € R and its subordinate
function co such that

co(p) = he(p), p>0.

In particular, for a given subordinate function c there exists another subordinate
function cy (both corresponding to appropriate sequences from R) such that co(p) =
c(2p) for all p > 0.

In Subsection 4.2 we will need also the following lemma.

LEMMA 1.2. (a) If P. € P® (resp. Py, € PItY), then there exist ro > 0 (vesp.
(r9) € R), C >0 and e > 0 such that

Cal 1/t
D Po(a)| < el s eRY e N
I «@
C ! C xT 1/t
(resp. |D* P,y ()] < E‘—Zél e o) (12D , zeRY ae Ng),

where C(r9) is the subordinate function corresponding to the sequence (7’2).
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(b) If Pr € PW (resp. P,y € P, then there exist 7o > 0 (resp. (7)) € R),

C >0 and € > 0 such that
b
DR @) < S e Ry ae N
Cal —cio,(a)*

(resp. |D‘X(1/P(,:p)(x))| < reRY ae Ng),

where C(79) is the subordinate function corresponding to the sequence (fg).

5‘04

PROOF. In the proof of both parts we use Lemma 1.1 and the Cauchy integral
formula for ultra-polynomials on the circles K (x,¢) around 2 € R%. The proof of
(b) follows from the estimate

Cal
|D*(1/ Py ()] < _ale*N(Fp)(‘m\), zeRY, o€ N,

gla

shown in [26, Lemma 2.1], because we can construct C(9) such that

Nz, (|2]) = M(eqr,) (|2])) = O,y (12) " = ey (J2]) /!

for some C' > 0 and |z| > 0, in view of Lemma 3.10 in [12] and Lemma 1.1. The
proof of (a) follows from Proposition 4.5 in [12]; see also the last part of the proof
of Theorem 10.2 in [12]. O

The symbol P* will be common for the classes P® and P} of ultradiffer-
ential operators of Beurling and Roumieu types and P?* will mean the space of
t-ultradistributions of both types. The corresponding spaces of ultradifferentiabile
functions will be denoted by P; and P2*, respectively. This notation looks compli-
cated but it helps to distinct the different use of P: P(D), P(z), P(£). To simplify
the exposition we will usually consider ultradifferential operators of the form (1.2)
and (1.3), but in some proofs we need their general form.

Denote by pg the operator acting on measurable functions G as follows:
(1G) (&) = (i€)PG(E) for ¢ € R? and B € Ng; in particular poG = G. We
will use in the sequel the following assertion: for arbitrary 8 € N&, ¢ € [1,00]
and P.(D) € P® with r > 0 (resp. P, )(D) € P} with (r,) € R) there exists
P:(D) € PWY with 7 > r (resp. Py € P} with (7)) € R, 7,/7p 4 0 as p — o0)
such that

s e LIRY) and ]-"’1<u5&) e LI(RY)
(1.7) Er B

Pa,)

P
(resp. Mﬂ% € LY(RY) and f_l(uﬂ P )) € Lq(Rd)>
Tp p

and, analogously, with P2* instead of P}, the following one
PT(204+ ].) P(r )(2a+1)
1.8 (7) & ( . (7 ) lq),
(18) Pr(2a+ 1)/ acze < resb P, (2a+ 1)/ aczd <
where P(2a + 1) := 3700 a, T, (205 + 1)% for a € Ng.

The following well-known assertions will also be used in the sequel; their proofs
can be found e.g. in [5,25].
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LEMMA 1.3. (a) A smooth function o on R? belongs to S*(R?) iff for arbitrary
P € P* and P, € P} we have |PyP(—D)gp|l2 < co.

() If v, € S*(RY) (n € Ny) and ¢, £, Yo as m — o0, then for arbitrary
P € P* and P, € P} we have PyP(—D)p, AN P,P(—D)py asn — oo.

(c) If pn € S*(RY) (n € Ng) and ¢, s, Yo as n — oo, then for every P € P*
we have P(H)p, s, P(H)pg asn— oo.

2. Fundamental sequences

Let us recall that Schwartz distributions in the sequential approach presented
in [1] are equivalence classes of fundamental sequences of smooth functions defined
with the use of derivatives of finite order. We introduce s-ultradistributions of
Beurling and Roumieu type in a similar way, but our fundamental sequences are
defined by means of the ultradifferential operators P,.(D) and P, (D), respectively,
instead of finite order differential operators.

If P € P* and F is an integrable function compactly supported, then
P(2)F(F)(z) (2 € C?) is an entire function of sub-exponential growth on R%. If the
inverse Fourier transform F _1(Pﬁ ) is a locally integrable function, then we define

(2.1) P(D)F(z) := F Y(PF)(z), zeR?

to give the meaning for the formal acting of the ultradifferential operator P(D) on a
compactly supported smooth function. If F' is a compactly supported smooth func-
tion such that supp F' C K; € Q and P € P* is of the form P(D) := Zm:o aa D,
then the left hand side of (2.1) is meant as follows

(2.2) P(D)F(z) = lim P(D)F(x), =€ K,

where Py (D) := Zfa\:() ao,D® and the limit in (2.2) is assumed to exist for every
x € K and to be a smooth function on K. In this case the limit defines f(z) =
P(D)F(z) for € K and gives the meaning of (2.3) below.

DEFINITION 2.1. A sequence (f,,) of smooth functions defined on an open set
Q C RY is called s-fundamental (of type *, i.e., of Beurling or Roumieu type, re-
spectively) in 2 if for arbitrary K7 € Q and K € K7 there exist an ultradifferential
operator P(D) € P*, a sequence (F,,) of smooth functions on 2 and a continuous
function Fy on 2 such that

(2.3) fo=P(D)F, on K (n€N), suppF, C K1 (n€Np)
ananﬂ)Fo as n — oo.
The equality in (2.3) is meant in the sense of (2.2). In the sequel, for a given
K € Q we will always take a set K; € Q with K € K7 which is sufficiently close
to K, not referring explicitly about it (one can show, taking an appropriate cut-of
function, that the definition does not depend on the choice of K7).
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REMARK 2.1. 1° One can consider in (2.3) all ultradifferential operators of
class %, not only belonging to P*, which gives a more general form of the definition.
Since both formulations are equivalent, we will use the above one for simplicity.

2° Let Q1,9 be open sets in R? such that Q; C Q. If a sequence (f,) is
s-fundamental in €2, then it is s-fundamental in ;.

3° Let (fn) be a sequence of smooth functions in . If for every open set
Qo C Q the sequence (f,|Q0) is s-fundamental in Qg, then (f,) is s-fundamental
in Q.

DEFINITION 2.2. Let (f,) and (g,) be s-fundamental sequences in an open
set Q. We write (f,) ~ (g) if for arbitrary K; € Q and K € K7, there exist an
ultradifferential operator P € P* and sequences (F, ), (G,) of smooth functions on
Q such that

fn=P(D)F,, gn = P(D)G, on K (n € N),
e
supp F,,, supp G, C K7 (n € N), and F,, 5+ G,, as n — oo,

where the symbol F, “0 G,, means that (F,) and (G,) converge in C(K) to a
common continuous function H on .

REMARK 2.2. Tt is clear that if (f,) and (g,) are s-fundamental sequences in
Q, then (f,) ~ (gn) iff the sequence f1, g1, f2, g2, f3, g3, ... is s-fundamental in Q.

Obviously, the relation ~ is reflexive and symmetric. To prove its transitivity
we need some auxiliary statements.

PROPOSITION 2.1. Fiz K; € Q and K € K{. Assume that (f,) satisfies
Definition 2.1 in the Roumieu case, i.e., fn = P )(D)F, on K, supp F,, C K for

n € Ny and F, ﬂ Fy as n — oo for a sequence (F,) of smooth functions and a
continuous function Fy on ). Then there are a P ) € P} where (p) € R with

rp/Tp 1 0 as p = oo and F~1(Py,)/Pi,y) € L'(R?), smooth functions F, (n €N)
and a continuous function Fy on Q such that
fo = Pu,)(D)F, on K (n €N), suppF, C K1 (n € Np)

andﬁnﬁﬁo as n — 0o.
The same assertion holds in the Beurling case (with the corresponding notation,).

PROOF. By (1.7), for arbitrary 8 € N& (in particular, for 3 = 0) we can find
(7p) € R with r, /7y | 0 as p — oo such that

Pq,) Pq,)
P Ll Rd d —1 P Ll Rd )
Tp € LR and 7 (uﬁ—P@p)) e L'(RY)
Define
(2.4) F, =k f*l(@)*(n F.)|, neN

. n - K P(Fp) KL'n)|, 0,
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where s is a smooth function in D} (Q) such that

1, ifze K,
2.5 _
(2:5) rx () {0, if 7 € K.

Then supp F, C K; for n € Ny and
SN 1 (Frp)
B,y (D) Fo(2) = P (D) | F * (ki Fn) | (@)

= [F H(Pu,)) * (kxFo)](z) = Py (D) (kx Fn)(2) = falz)
for x € K and n € N. Since

F P,/ Pi,)) € LYRY) and rkgF, o, krFy asn — oo,

it follows that F), ﬂ Fy as n — o0o. O
PROPOSITION 2.2. If for arbitrary K1 € ) and K € K7 there are a P € P*,

smooth functions F,, (n € N) and a continuous function Fy on Q with supp F,, C K1

(n € No) such that F, o, Fy and P(D)F,(x) — 0 for z € K as n — oo, then

Fy =0 on Q. In particular, if F is a smooth function on Q and P(D)F(x) =0 for
x €, then F =0 on (.

Proor. Fix K; € Q, K € K{ and kg as in (2.5). By the assumption,

(2.6) P(D)(kxFn)(z) =0 (x € K), kgF, e, kkFy asn — oo.

Since lim,, o [P(D) — P (D)](kx F,) = 0 in R?, it follows from (2.6) that
lim lim P )ik Fu(€) = lim P(€)rkFa(§) =0,  €€R™
n—,oo m—oo n—oo

and

—

lim P(€) [mxFn(€) — i Fo(€)] =0, £€R?

n—oo

This implies P(f)@({) =0 for £ € RY, so ki (x)Fy(z) = 0 for + € K. Hence
Fy = 0 in K and thus Fy = 0 in , since K € () was arbitrarily chosen. The
particular case is clear if we take F;,, = F for n € N. O

PROPOSITION 2.3. Fiz K, Ky € Q such that K € K7. Assume that, for se-
quences (rp), (7p) € R, smooth functions F,,, F,, on Q (n € N) and continuous
functions Fy, Fy on Q, we have

Jn="Pu,)(D)F, onK (n€N), suppF, C K; (n€Ny),

Fn&Fo as n — 0o

and

fn(x) = P, (D) F, onK (neN), suppFE, C K; (n€Ny),

Fnﬂ)}% as n — oo.
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Then there are a sequence (Tp) € R, rp/Tp 4 0, 7p/Tp L 0 as p — 0o such that
P, P
2.7 ]_-—1( (Tp)), ]_-—1( (Tp)> c Ll Rd ,
20 Pry) P,) =)
and sequences (Fy1), (Fn2) of smooth functions and continuous functions Fy 1,
Fo2 on Q, with supp F,, 1, supp F, 2 C K1 (n € Ny), such that
C

(2.8) fn="Pz)D)F,; on K (neN), F,; I, Fo,; asn— o0
for j =1,2. Moreover Fy1 = Fy o in §2.

The same assertion also holds in the Beurling case (with the corresponding
notation).

PRrROOF. The existence of (7,) € R satisfying (2.7) follows from (1.7). Define

P(m)) . Fn)},

Fo = [ (Pm)) s (kK Fa)]s Pag = o [F (K

P,)
where s is a smooth function in D} (Q) which satisfies (2.5). Using Proposition
2.1, one can deduce (2.8). Finally, by Proposition 2.2, we conclude that F 1 = Fp o
in Q. O

PROPOSITION 2.4. Relation ~ introduced in Definition 2.2 is transitive.

PrROOF. We will prove the assertion only in the Roumieu case; the proof in
the Beurling case is similar. Suppose that (f,) ~ (g») and (g,) ~ (h,) and fix
K,K; € Qso that K € K. Now select K € Q such that K € K° and K € K¥.

By the assumption and Definition 2.2, there exist (1), (7p) € R and sequences
(Fy), (Gy), (Gy), (Hy,) of smooth functions on 2 such that

fn= P(Tp)(D)Fn, gn = P(.,.p)(D)Gn on K (n S N),
supp Fy,, suppG, C K (n€N), F, o Gn asn — o
and
gn = P,y (D)Gy, hy = Py (D)H, on K (n € N),
supp G, suppH,, C K; (ne€N), G, —C(>I<()— H, as n — .
In view of Proposition 2.3, there exist an appropriate (7,) € R and convergent
sequences (Fp, 1), (Gn,1), (Gn.1), (Hp,1) of smooth functions, all having supports
contained in K7, such that

fn=Pe)(D)Fu1, gn=Pr)(D)Gn1 = Pg ) (D)Gn1, hn=Pg)(D)Hp1

C(K ~ C(K
on K. Moreover F, 1 %(e) Gp,1 and Gy 1 %(e) H, 1 asn — oo.

If we put now
I:Inl(ac) =Gpa(z) — énl(ac) + Hy1(z), r e K,

then h,, = Pz, (D)Hp,1 in K and F, 3 g(@ ﬁml as n — 0o, which means that

(fn) ~ (hy). This completes the proof. O
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2.1. Sequential ultradistributions.

DEFINITION 2.3. Let (fy) be a s-fundamental sequence (of type *) in an open
set Q C R%. The class of all s-fundamental sequences equivalent to (fn) with respect
to the relation ~ is called a sequential ultradistributon or, shortly, s-ultradistribution
(of type ) and denoted by f = [fn]. The set of all s-ultradistributions (of type x)
on € is denoted by U* ().

REMARK 2.3. 1° By Proposition 2.2, f = [f,] = 0 on Q for f € U*(Q) if for
arbitrary K7 € Q and K € K7 there exist a sequence (F,,) of smooth functions on
Q and an ultradifferential operator P € P* such that

fan=P(D)F,on K (neN), suppF, C K1 (n €N)

ananﬂOasnﬁoo.

2° Let f eU*(Q). If f =0 on Q for every Q; C Q, then f =0 on Q.

DEFINITION 2.4. By the support of an s-ultradistribution f € U*(Q2) we mean
the complement of the union of all open sets where f = 0. We say that an s-
ultradistribution f = [f,] or a s-fundamental sequence (f,,) is compactly supported
if there exists K € R such that supp f,, C K for n € N. Then we write supp f C K
or supp (fn) C K. In this case there exist a sequence of smooth functions (F},), a
continuous function Fp, an ultradifferential operator P € P* and Ky € () so that

fu(x) = P(D)F,(z) on RY (n €N), suppF, C K; (n € Ny)
ananﬂFo as n — oo.

EXAMPLE 2.1. Let F be a compactly supported continuous function in R,
(6,) be a delta sequence in D*(RY) and let F,, := F % §,, for n € N. Then (F,) is
a s-fundamental sequence on R?.

EXAMPLE 2.2. Let (f,) be a s-fundamental sequence on @ C R? and (K,)
be an increasing sequence of compact sets such that K, C K, for n € N. Put
Q2 := U, ey Kn and consider the open sets

Qp i ={z€Q:d(z,00) >1/n}, Qun,:={recQy:dx,d0,)>1/n}
and functions &, € C§°(2) such that

() 1, if z € Qp 4y,
Kn(x) =
0, if x €Y,

for n € N. Then the sequence (f,), where

~ ((Knfn) *0n)(x), if z € Qy,
0, if 7 € Q

no

is s-fundamental on Q and (f,,) ~ (fn)-
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EXAMPLE 2.3. Let f € D'(Q) for an open Q C R, let €, Qp n and ky, be as
in Example 2.2 and let P, ) € P{*}. Put

F fu/ Py (@), ifa e,

2.9 Fo(2) =
(29) (@) {0, if x € Q°,

for n € N, where f, := (knf) * 0, = P(Tp)(D)Fn and P ) means in (2.9) the
function corresponding to an ultra-differential operator /). Since ry f, for every
n € N, is bounded by a polynomial, it follows from (1.6) that (f,,) is a s-fundamental
sequence of the Roumieu type on €, that is [f,] € U{t}(ﬂ). In a similar way, we
can also represent f as an element of /() (Q2) by the use P,(D) instead of P, (D).

REMARK 2.4. If (f,) is a s-fundamental sequence in the sense of Definition

2.1, then F,, ﬂ> Fy as n — oo for every K € ). Examples 2.1 and 2.3 show

that every s-fundamental sequence (f,,) for which (2.3) holds can be identified with
the formal representation f = P(D)F, on K, since from the general theory of
ultradistributions we know that for arbitrary Ky € 2 and K € K7 there exist
P € P* and Fy € C(R2) such that

f=P(D)Fyon K and suppF C K;.
This will be justified by (3.3) and the last section.

2.2. Operations on s-ultradistributions. We start from the operations of
addition and multiplication by a constant. Let f,g € U*(Q2) and A € C, where
f=1fn], g = |gn] for some s-fundamental sequences (f,), (9n). Using Proposition
2.3, one can prove that (f, + g») and (Af,) are s-fundamental sequences on §2, so
we may define s-ultradistributions f + g := [f, + g») and Af := [Af,,]. By Remark
2.2, the definitions are consistent. Consequently, U*(Q2) is a vector space.

Next consider the operation of differentiation. If f = [f,] € U (Q), ie.,

(fn) is a s-fundamental sequence of the Roumieu type, and let 3 € Nd. We will

show that the sequence ( ,(LB )) is s-fundamental of the Roumieu type. For arbitrary

K, € Q and K € K7 take (F,) and P, (D) according to Definition 2.1. Since
FP = P,y (D) ) on K, it follows from (1.7) as in the proof of Proposition 2.1
for 3 =0 that there exist F;,) € Pt} a sequence (Fn) of smooth functions and a
continuous function Fy on 2 defined by (cf. (2.4))

- 1, Py

F, = KK[I (Mﬂ—> *(KKFn)}; n € No,
Py

with supp F,, ¢ K, (n € Np), such that P(Tp)(D)F,(lB) = P(fp)(D)Fn on K and

F, ﬂ) Fy as n — oo. Consequently, ( ,(LB )) is s-fundamental and we define

f8) = [f,(LB)]. By Remark 2.2, the definition is consistent and f(*) € ¢{t}(Q). An
analogous assertion holds in the Beurling case.

Let us discuss now the operations of multiplication and convolution by a func-
tion from £*(£2). We consider only the Roumieu case. The Beurling case is similar.
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Fix w € EM(Q) and let f = [f,] € U{}(Q). We will show that the sequence
(wf,) is s-fundamental, so one can define wf := [wf,] € E(Q) and the definition
is consistent, by Remark 2.2. For every K € () there exist /%, ) € Pt} a sequence

(F,) of smooth functions and a continuous function Fy in Q with supp F,, C K;

(n € Np) such that wf, = wP )(D)F, in K and F, ﬂ> Fy, n — oo. We can

assume that w is compactly supported multiplying it by a cut-of function equal to
1 on K. We have

B(¢) <Ce ™ and [P, (©)Fn| < CrectE ¢ e R

for some constants C' > 0, C7; > 0, h > 0 and a subordinate function ¢, in view
of (1.6). By (1.7), there exists a P ) € P!}, where (7,) € R with r,/7, | 0 as

p — 00, such that (@ * (P(Tp)]/?\n))/P(,:p) € LY(R?). Now, defining

@ * (P(Tp)f/‘—‘\n)

o —1
Gn = HK]: ( P(

), n € Ny,

p)

we have wf, = P, (D)Gy, on K (n € N), suppG,, C K1 (n € Ny) and G,, ﬂ

Go as n — oco. Hence, (wf,) is a s-fundamental sequence on {2.

Moreover, if f = [f,] and w € DIH(Q), then wx f = [w* f,,], since wx P(D)F,, =
P(D)(w x F,,) on every compact set K C R? for n € N.

More generally, we have the following assertion: if (f,) and (g,) are s-fun-
damental sequences on R? and supp(g,) C Ko € R? then (f, * g,) is a s-
fundamental sequence on RZ.

3. Sequences of s-ultradistributions

DEFINITION 3.1. Let f™ € U*(Q) for m € Ny, ie., f™ = [(fi™),], where
(fm™),, means a s-fundamental sequence representing f™ for m € Ny. We say that
the sequence (f™) converges to f° in U*(Q) and write f™ = f0 as m — oo or
s-limy, oo f™ = fU if for arbitrary K; € Q and K € K{ there exist a P € P*,
smooth functions F™ on Q (m € Ng,n € N) and continuous functions F™ on
(m € Np), all supported by K, such that

i =P(D)F on K (n €N, m € Ny);

C(K
E™ Q) FY as m — oo uniformly in n € N;

F;@ﬂ)}?masn—)oo(meNo) and FmﬂFOasm—)oo.

We know that the above assumptions imply that

lim lim F)" = lim lim F"in C(K).
m—00 N—00 n—o0 Mm—0o0

THEOREM 3.1. If the limit s-lim,,_,o f™" exists, then it is unique.

PROOF. Assume that f™ % f and f™ % g, where f = [fu],9 = [gn] € U* (D)
and f™ = [(fm),] € U*(Q) for m € N. We will prove that f = g.
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Fix arbitrary Ky €  and K € K7. According to Definition 3.1, there exist
P, P € P* smooth functions F,*, F,, G}, Gy, on  and continuous functions F™,
F,G™, G on Q (n,m € N), all supported by K, such that

it =PD)F, fo=P(D)F, on K (n, m € N);

F,’lnﬂ)Fnasm—)oouniformlyinneN; Fnﬂ)Fasn—)oo;

F,T%Fmasn%oo(mGN); Fm&Fasm%oo;

and, on the other hand,
fm = P(D)G™, g, = P(D)G,, on K (n, m € N);

C(K C(K
G:L”MGnasm%oouniformlyinnEN; GnQGasn%oo;

C(K)

ﬂ>Gmasn%oo(mGN); G"™ —— G as m — 0.

Gm
By Proposition 2.3, there exist an ultradifferential operator P € P*, smooth func-
tions F7"', Gty Fy, Gn and Hp' := Fi" — GJ', Hy = F, — G, on ) as well as
continuous functions F™ G™, F, G and H™ = F™ —G™, H := F — G on (2
(n,m € N), all supported by K7, such that

0= P(D)H™, fn— gn = P(D)H, on K (n,m € N);

H,Tﬂ)Hnasm—)oouniformlyinneN; HnﬂGasn%oo;

H,Tﬂ)Hmasnﬁoo(meN)andeﬂ)Hasm—)OO-

Hence Hy" = 0 on K° for n,m € N, by Proposition 2.2. This implies that
H =0, ie, F =G on K° Since K € () was fixed arbitrarily, we conclude that
f=gonQ. (I

3.1. Action on test functions from D*(Q). Let f = [f,] € U*(Q), where
(fn) is a s-fundamental sequence satisfying Definition 2.1, i.e., for arbitrary
K,K; € Q with K € K7 there exist P(D) € P*, smooth functions F,, (n € N) and
a continuous function Fy on € such that
(3.1) fo=P(D)F, on K (n€N), suppF, C K1 (n € Np)

ananﬂ)Foasn%oo.

By the action of f on the test functions from D*(2) we mean the mapping

(3.2) D* () 3 ¢ = (f,)u-(a) €R,

where

(33 (e = Jin [ fu@e@ds = [ F@P(-D)l)ds
K K

If, beside (3.1), we have
fn=P(D)F, on K (n € N), suppF,, C K; (n € Np)

andﬁnﬂ)ﬁbasn%oo
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for some P(D) € P*, smooth functions F,, (n € N) and a continuous function Fj
on (2, then
ti [ fu@plalde = [ Fo@)P(-D)el@)da.
i.e., definition in (3.3) is consistent.
Clearly, 3.2 is a linear mapping. To prove that mapping (3.2) is sequentially
continuous we need the following result from [12]: if ¢, — ¢ in D*(£2), then
P(D)p,, — P(D)yg in D*(Q) for every P(D) € P*.

THEOREM 3.2. (a) Let f € U*(Q) and pm — wo as m — oo in D*(Q). Then
(f7 SDTI’L)U*(Q) — (fa SDO)I/{*(Q) as m — Q.

(b) Let f™ — f° as m — oo in U*(Q). Then (f™, ©)u~) = (f° @)us ) as
m — oo for every ¢ € D*(Q).

PROOF. (a) Supose that f = [f,], where (f,) is a s-fundamental sequence,
i.e., (3.1) holds for given K; € Q and K € K7 and suitable P(D) € P* and F,
(n € Np). By (3.3), we have

im [(f, (@m — @o)u=()] = lim Fo(z)[P(=D)(¢n — wo)](x)dz = 0.

m—o0 m—o0 K

(b) Let ¢ € D3 Using the notation of Definition 3.1 we obtain

m—r oo m—00 Nn—r0o0

= lim lim [ (E" — F,)(x)[P(—D)y](x)dx.

n
m—00 N—r00 K

C(K C(K
Since F" L)Fn as m — oo uniformly in n € N and F), L>FO as n — 00, we

have
lim lim (E7" — Fp)(@)[P(—D)p](zx)dx = 0. O

n—o0 Mm—roQ K

4. Tempered sequential ultradistributions

4.1. t-Tempered sequential ultradistributions. Recall that
d
H® = H(—@Q/fo +22)%, a=(a,...,aq) € NG
i=1
and that the symbol P?* means either P*%) or P2}, Let P € P2*. We will
use ultradifferential operators of the form P(H) = ZTZ\:O aoH® of Beurling class
(p'?") (resp. of Roumieu class {p'*'}) such that

Chlel
3h >0 3C > 0 (resp.Vh > 0 3C > 0) Va € N¢  |a,| < (a')Qt;
in the Roumieu case the given condition is equivalent to
C
d
H(TP)ERHC>OVQENO |aa|<m,

where R|, is defined in (1.1).
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DEFINITION 4.1. A sequence (f,,) of functions from L?(R%)NC>(R?) is called
t-fundamental (of type %) in R? if there exist an ultradifferential operator P € P?*,
functions F,, € L2(R?)NC>(R?) of the form F,, = Zm:o Canha With (Ca,n)aent €
12 for n € N and a function Fy € L?(R9) such that

(4.1) fn=P(H)F, onR? and F, 2 Fy asn— oo,
where P(H)F,, in (4.1) is meant in L*(R?) N C*(R?) as follows
k oo
Jim P(H)F, = lim |Zo ao HOF, = |Zo canP(2a+1)h,, (neN).
x| = o=

We will need later the following assertion which enables us to change in representa-
tions of t-fundamental sequences an L2-convergent sequence with a sequence which
converges both in L2(R?) and uniformly on R<.

LEMMA 4.1. Assume that F,, € L*(R%) N C>®(R?) for n € Ng and F, 2, Fy as
n — oo. Denote Fy, := F~Y(G,,), where G, (€) := (14 [£)~%2F, (€) for &€ € R and
n € Ng. Then (Fn) s a bounded sequence of smooth functions such that F, 2, Fy

- C(RY) ~
asn—)ooananMFo as n — 00.

PRrROOF. It is clear that the sequence (Fn) is bounded and F), 2, Fy, due to
the Parseval identity. By the Schwarz inequality, we have

- - 1/2 ~
18— Fllse = 177G = Go)lloe < ([ (1 16) ) 1B = ol
which proves the uniform convergence. (I

DEFINITION 4.2. Let (f,) and (g,) be t-fundamental sequences. We write
(fn) ~1 (gn) if there exist sequences (F,), (G,) of functions F,,G, € L?*(R%) N
C>®(R%) (n € N), both convergent in L?(R9), and an operator P € P?* such that

fo=P(H)F,, gn=P(H)G, onR? and F, -G, >0 asn — oo.
The following two assertions will be used in the sequel.

PROPOSITION 4.1. If there exist P € P**, functions F,, € L*(R?) N C*>(RY)
forn € N and Fy € L*(R?) such that F,, = Zﬁ\:o Canha with (Ca,n)aeNg e for
n € Ng and, moreover, F, 2, Fy and P(H)F, 2,0 asn — 00, then Fy =0 on R<.
Ir;particular, if F € L2(RY) N C®(R?) and P(H)F =0 in L*(R?), then F =0 on
R®.

PROOF. By the assumption, we have (ca,n)aeng = (Ca,0)aeng in 12 and

o0
P(H)F, = Y PQa+1)canha 20
jal=0
as n — oo. Consequently, (can)aeng — 0 in 12 as n — oo. Hence Fy = 0. The
particular case is clear. ([
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PROPOSITION 4.2. Assume that f,, = P, \(H)F, = P(,:p)(H)Fn on R (n € N)
and F, 2, Fy, F, 2, Fy as n — oo for some Py, Pie,) € Pt and functions
F,, F, € L*(RY) NC®(R?) and Fy, Fy € L*(R?) of the form

Fn == i Ca,nhaa Fn - i éa,nha (TL S NO);
|a|=0

|a|=0
where (can)aends (Can)acng € 12 for n € No. Then there are a P, € P2,
where (Tp) € R with Tp/Tp 4 0 and 7p/Tp 4 0 as p — oo, such that
P, y2a+1 Pi y(2a+1
(4.2) ( (7p)( « )) eloo, ( (Tp)( « )) eloo,
Py (20 +1) /] geng Piryy (20 +1) ) geng
and functions Gy, G, € L*(RY) NC>®(R?) and Gy, Gy € L*(RY) of the form
P(r )(20& + 1) ~ o P(T )(20& + 1)

S AT by G =
P(Tp)(2a+1) « " = OP(TP)(2Q+1)

G, = Z
|| =0

«

for n € Ny, satisfying the conditions

fn = P, (H)Gn = P, (H)G, onR? (neN)
and
(4.3) Gn = Go, Gy 2 Gy asn — 0.

Moreover, G, = G,, on R% for n € Ny.
The same holds in the Beurling case with an appropriate notation.

PROOF. The existence of P )(H) follows from (1.8). It is clear that Hh, =
(2ac 4+ 1)Phy, for a, 3 € Nd. By 4.2, we have
2a + 1) Ca, nh
= nha = P
Cn z|:opw> 2a+1)™ o (H |Zop’“p> (20 +1)

for n € Ny and a similar representation holds for G,, (n € Np). Hence

Can (03
Piey)(H)Gn = P, (H) P (H Z P

\al A 2a+1)
can (03
(ry) (H) Pz, (H leop ot~ LonH)En =1
«

and, similarly, Pz )(H)Gy = f, on R? forn € N. We deduce from (4.2) that G,
and G,, are smooth L? functions and (4.3) holds. By Proposition 4.1, we conclude
that G,, = G,, on R? for n € N and, consequently, Gg = Go. O

It is clear that the relation ~ is reflexive and symmetric. We shall prove that
~q is transitive.

PROPOSITION 4.3. Relation ~1 is transitive.
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PROOF. We prove the assertion in the Roumieu case; the proof in the Beurling
case is similar. Let (fn) ~1 (gn) and (gn) ~1 (hy). Then there exist P, ), P, €
P12} and sequences (F,), (Gy), (GL), (H,) of functions in L*(R%) N C>®(R?), all
convergent in L?(R9), such that

fn = P(Tp)(H)FTLa gn = P(rp) (H)Gn = P(Fp)(H)Gl

n?

hy = Py (H)H,

on R? fornENananfGniO, G}lani()asn%oo.

By Proposition 4.2, there is a P ) € P12}, where () € R with r, /7, | 0 and
7p/Tp 4 0 as p — oo, and there are suitable functions F,,G,,GL, H, on R? such
that f, = P\ (H)Fyn, gn = Pi,)(H)Gyn = Py, (H)G}, hn = Pg,)(H)H, on R?
forn € Nand ), — G, > 0,GL—H, 2, 0asn — oo. Putting ®,, := G,, —GL + H,,
we have h,, = P(;p)(H)(I)n on R? and, moreover, E,—®, 2, 0 as n — oo. Hence
(fn) ~1 (hy), i.e., ~1 is transitive. O

DEFINITION 4.3. Let (f,) be a t-fundamental sequence (of type *) in an open
set & C R? The class of all t-fundamental sequences equivalent to (f,) with
respect to the relation ~7 is called a t-tempered sequential ultradistributon or,
shortly, t-ultradistribution (of type *) and denoted by f = [f,]. The set of all
t-ultradistributions (of type *) in  C R? is denoted by 7* = 7*(R9).

REMARK 4.1. As in the space U*(Q2) (see Section 2.2) we can consider appro-
priate operations in 7*. But we do not go into details, remarking only that the
operations of addition and multiplication by a constant are well defined in this set,
i.e., T* is a vector space.

EXAMPLE 4.1. Let Fy € L?(R%) and let (8,) be a delta-sequence in D*(R?).
Define F,, := Fy * ,, for n € N. Then (F,,) is a sequence of smooth functions in
L?(R%) which is t-fundamental in both the Beurling and Roumieu cases.

EXAMPLE 4.2. Let f = [f,] € T* be of the form f,, = P(H)F,, where P € P*

and F,, € L2(R?) NC>®(RY) for n € N. Moreover, assume that Fj, 2 Fyasn — 00
for some function Fy € L*(R?). Define f,, := P(H)(F, * 6,) for n € N. Then (f,)

is a t-fundamental sequence in R? and (f,,) ~1 (fn).
DEFINITION 4.4. Let f™ € T* for m € Ny, i.e., f™ = [(f)n], where (f7"),
means a t-fundamental sequence representing f”* for m € Ny. We say that the

sequence (f™) converges to fO in 7* and write f™ SN f% as m — oo or t-
lim,, soo f™ = fO if there exist a P € P?*, smooth functions F™ € L2(R%)
(m € No,n € N) and functions F™ € L%(R?) (m € Np) such that

fm=PH)E™ on R? (n € N, m € Ny);

2 . .
F™ = FY as m — oo, uniformly in n € N;

FmiFmasn%oo(meNo)and F™ 2 FO as m — oo,

n

Assumptions in the definition imply that

. . m o 1: . m . 2 d
o iyl B = 00, i Fa i LRE).
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THEOREM 4.1. If the limit t-lim,, ., f™ exists, then it is unique.

PROOF. In the Roumieu case, let f™ 2 f and f™ % g, where f™ = [(f7*),] €
T for m € Nand f = [fn],9 = [gn] € T, We will show that f = g.

By Definition 4.4, there exist ultradifferential operators P, ), Pz, € pit
with (rp), (7,) € R, smooth functions F™ F,,G™ G, € L*(R?) and functions
F™ F,G™, G € L*(R?) (n,m € N) such that

It = Pay(H)E,  fo =Py (H)F, on R? (n,m € N);

2 . . 2
F'" 5 F, as m — oo uniformly inn € N; F,, = F as n — o0;

F,’lniFm as n%oo(mEN);FmiFasm%oo

and, on the other hand,
It = Py (H)GY, gn = P,y (H)Gy on R? (n,m € N);
G,TiGn as m — oo uniformly in n € N; GniGasn%oo;
GmiGm as n — oo (meN) G™ 2 G asm — .

By Proposition 4.2, there exist a P ) € 77{2t} where (7,) € R, with r,/7, | 0
and 7,/7, | 0 as p — oo, smooth functions F)", Gm F,, G, in L?(RY) and
functions F™,G™, F, G in L2 (R9) for n,m € N such that the following conditions
are satisfied

0= P, (H)®

n

fn — gn = P(D)(H)®, on R (n,m € N);
@;”i@n as m — oo uniformly in n € N; <I>n3><I>asn%oo;
@;”i@m as n%oo(mGN)andCI)mi@asm%oo

where 7 = F™ — G™, &, := F, — G,, ®™ := F™ — G™ for n,m € N and
® := F — G. Hence Py, )(H)®,, = limy, o0 Pr, ( )(@" —®,) =0 onR? (n €N).
As in Proposition 4.1, we conclude that F' = G‘ n R? and thus f = g.

The proof in the Beurhng case is similar. (]

We need the following assertion:

LEMMA 4.2. Let ¢ be a function in D*(Q) equal to 1 on B(0,1/2) and let
om(z) = p(x/m) for x € R and m € N. If f = [f] is a t-ultradistribution, then
fom AN f as m — oo.

PROOF. Let P € P?* (F,) be a sequence of functions corresponding to (f,)
according to Definition 4.1. Put F]* := ¢, F, for m,n € N. Then f™ =
P(H)pmF, € T*, because ¢, F,, 2, wmFo as n — oo for every fixed m. Since

I~ FalB < [ 1ea/m) - |Fule)Pds,  mom e,
|z|> %

we have F)" 2, F,, as m — oo uniformly in n. This completes the proof. O
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COROLLARY 4.1. For every t-ultradistribution fO there exists a sequence (f™)
of t-ultradistributions such that f™ LN % as m — oo.

REMARK 4.2. Asin the case of s-fundamental sequences commented in Remark
2.4, every t-fundamental sequence (f,,) for which (4.1) holds can be identified with
the formal representation f = P(H)Fy, since any other representation defines the
same element of 7* (see (4.15) of Subsection 4.3).

4.2. t-Tempered sequential ultradistributions. In this subsection we de-
velop a sequential theory of tempered ultradistributions closely related to the se-
quential approach of sections 2 and 3.

DEFINITION 4.5. A sequence (f,,) of smooth functions is called -fundamental
(of type *) in R? if there exist an ultradifferential operator P € P*, a function
Py € P} and functions Fy € L*(R?) and F,, € L?*(R?) N C*>®(RY) for n € N such
that

(4.4) fo=P(D)(PF,) onR* and F, 2 Fyasn — oo.

The action of P(D) on PiF, is understood as in Section 2; it is the limit of
ZTZ‘:O aoDY(P F,)(z) as m — oo for # € R, The following assertion will en-
able us to transfer one form of a fundamental sequence into another one.

For a given h > 0 and a subordinate function ¢ denote for simplicity

Eip(u) = et and Eic(u) = e fory > 0.

LEMMA 4.3. Let Py, F, and Fy be as in (4.4). For Py assume (1.4) in the
Beurling case (resp. (1.6) in the Roumieu case) in the form

|Pr(2)| < CEn(Ja])  (resp. [Pi(2)] <CE® ([2])), xR,

where hy > 0 is a constant (resp. c¢1 is a subordinate function). Then
(a) for a given h > 0 (resp. for a given subordinate function c) there exists
r >0 (resp. (rp) € R) such that

HEh}"*l(Pl/PT)](:EH < oo (resp. HEC}"*I(Pl/P(,.p))](:EH < 00)

for every x € R?.
(b) there exists 7 > 0 (resp. (rp) € R) such that

E_on, [(PLF, — P Fy) « F~1(P1/P,)] 20
(resp. E=¢[(P1F, — PLFy) « F~ 1 (P1/ P )] 5 0)

as n — 0o, where ¢ is a subordinate function such that 20}# <t
PRrROOF. We will prove the assertions only in the Roumieu case; the proof in
the Beurling case is similar.

To prove (a) choose (1)) € R such that E°(|z]) < Poy(z) for x € R4

The proof will be completed if we show that there exists (r,) € R such that
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Pioy(D)(P1/P,)) € L'(R?), since then the function Po)F " (P1/P,)) belongs
to L>(R9). For all z € R?, we have

(45)  Puo)(D)(PL/Py,))(x Z aa Y ( )Da TP DY(1/Pg,)](@),

|a|=0 0<y<a
where
4 <« ¢ R 0 Nd
(46) a0l < G (Fler= T1 7). oeng
' x| i<

for some C' > 0. By Lemma 1.2, there exist a subordinate function ¢ (related
to Py) and a subordinate function ¢, ) (suitably chosen to fulfill the inequality
&1 (|z]) < &y (|2]) for z € RY) such that

Cla —
(4.7) |DY"7Py(z)] < (T; 5 ) E%(|x|), reRY a,yeNI, v<aq;
v ! & d d
@8 IDY(/P)@) < B r e R 5N,

By (4.5), (4.6), (4.7) and (4.8), we get

Ry (DIP1/Pap)@)] < (30 e B al) 00 (o

|a|=0 la

This proves (a), since the sum on the right-hand side is finite.

To prove (b) note that, by Lemma 4.1, we can assume that (F},) is a bounded
sequence of smooth functions in L2(R?). By the assumption and (1.5), there exists
a suitable subordinate function ¢y (depending on (r,) € R) satisfying

(4.9) Co = / B (|s)) B2 (|s])ds < oo
]Rd
and there is a constant C > 0 such that
[P = PEF (PP, )| @)

1/2
<clf, = Rull( [ B (- shE shas)
< CCo|| Fy — Foll2 2 (|a])

for all x € R?, due to (4.9). Hence assertion (b) easily follows. O

DEFINITION 4.6. Let (f,) and (g,) be t-fundamental sequences. We write
(fn) ~2 (gn), if there exist sequences (F},), (G,) of functions F,,G, € L?(R%) N
C>=(R%) (n € N), both convergent in L?(R?), an operator P € P* and a function
Py € P such that

fn=P(D)(PF,), g.=P(D)(P,G,) onR?

ananfGniOasn%oo.



SEQUENTIAL APPROACH TO ULTRADISTRIBUTION SPACES 39

PROPOSITION 4.4. If the assumptions of Definition 4.6 are satisfied for (fy)
and if P(D)(P1F,) 2 0, then F,, 2 0 asn — oco. In particular, if P(D)(P,F) =0,
then F = 0.

Proor. Using the Fourier transform, we have Pp/ll?n 2, 0. The same is true
for P, F,, then for P, F,, and, finally, for F},. The particular case is clear. Il

The key assertion in this subsection is related to the change of representative
of some t-ultradistribution (see Definition 4.7 below). We consider the Roumieu
case.

Assume that P, ), P € Ptk P (T ) % ) € P and (F,), (F,) are se-
quences of functions in L2(R%) N C>°(R?), both convergent in L?(R?), satisfying
Definition 4.5, i.e.,

(4.10) fn = P,y (D) (P Fr) = Py (D)(PE ) Fn) onR? (neN),
so that

c(|x 1/t
(4.11) max {| P, ()], | P,y (@)], [Py (@), [ PGy ()]} < Cecll#D

for a suitable subordinate function ¢ and € R%. We may assume, without loosing
generality, that P( = P(~p) = P(,). Actually one can use in (4.10) instead of

Pi (@) Fy(z) and P ) (z x)E, (z), the following expressions
Fo(z

(rp)
) P(%:p)(x)ﬁn(x)

P(T (x)
and P (z)

B, (@) P, (@)
respectively, where the sequence (7,) € R is increasing slowly enough to guarantee
L?-convergence of the sequences

(Pé]’)(ip))( )(x))’ (P(27P)<E~p>)(~)(m))'

The above remarks concern the following proposition.

P(Fp)(x) ) T € Rda

PROPOSITION 4.5. Assume that P, y, Pz, e pitt, Pi,) € ’P{ Y and functions
Fo,F, € L*(RY) NC>®(RY) for n € N, and Fy, Fyy € L2(Rd) satisfy Definition 4.5,
e fo = Py (D) (P F) = Py (D) Py Fn)  onRY (n € N) and F, 5 Fy,
EF, % Fy as n — oo, so that (4.11) holds. Then there exist P0) € P with
(r9) € R and functions F,, € L*(R?) N C*(R?) for n € N and Fy € L*(R?) such
that

fn = P(Tg)(D)(P(;p)Fn) on R and F, 5 Fy, as n— .

PrOOF. We know that there exists (7“10,) € R such that if we put
G = F H(Fu/Pug) and Gp:=F '(F,/Py) onR? (n€No),
then f, = Puo)(D)(P,)Gn) = Puo)(D)(Pr,)Gn) onR? (n € N) and, more-

2 5 20 A
over, G, = Gog and G,, = Gy as n — oo.
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By Proposition 4.4, G, = G,, on R? for n € Ny, so the assertion follows for the

functions F,, := G, = G, (n € Np). O

To prove that ~s, introduced in Definition 4.6, is an equivalence relation, it
suffices to show that it is transitive.

PROPOSITION 4.6. The relation ~o is transitive.

We omit the proof of the proposition, because it is similar to the proofs of
Propositions 2.4 and 4.3. One has to use appropriate representations as it was
demonstrated in those proofs.

DEFINITION 4.7. Let (f,,) be a {-fundamental sequence (of type *) in R%. The
class of all ¢-fundamental sequences equivalent to (f,,) with respect to the relation
~qy is called a t-tempered sequential ultradistributon or, shortly, t-ultradistribution
(of type ) and denoted by f = [f,]. The set of all ¢-ultradistributions (of type *)
in R? is denoted by 7* = 7*(R%).

We give the convergence structure in 7.

DEFINITION 4.8. Let f™ € T* for m € Ny, i.e., f™ = [(f7)a], where (f7),
means a t-fundamental sequence representing f™ for m € Ny. We say that the

sequence (f™) converges to fO in T* and write f™ SN f as m — oo or t-
limy, o0 f™ = fO if there exist P € P* and P, € P, smooth functions F)* €
L?(R?) (m € Ng,n € N) and functions F™ € L2(R%) (m € Ny) such that

fm=P(D)(PF™) onR* (neN, meNy);
£ 2 F? as m — oo, uniformly in n € N;
FZL’Li)Fm as n— oo (m € Ny) and F™ 2 FO as m — oo,
The assumptions of the definition imply that
lim lim F? = lim lim F" in L*(RY).

By suitable modifications of the proofs of Proposition 4.4 and Theorem 4.1,
one can prove the following theorem

THEOREM 4.2. If the limit t-lim, oo f™ exists, then it is unique.

By [25] we know that every f € S’*(R?) can be identified with the formal
representation f = P(D)(P1Fp), where P € P*, P, € P} and Fy € L*(R?) is a
function of the form Fy = er‘zo Ca,0ha € L?(RY) with (Ca,0)aent € 12,

Actually, we need the following assertion:

LEMMA 4.4. An f is an element of the space S™*(RY) if and only if
(4.12) f=P(D)(PFy)
for some P € P*, P, € P} and Fy € L*(R?) of the form

(4.13) Fo= Y caoha with (cap) €’
|a|=0
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that is
(F-9)s- = [ F@P@)P(-Diplalde, e (RY.

The proof is a consequence of the well known representation theorem based on
the Hahn—Banach theorem and assertions (a) and (b) of Lemma 1.3.

We may formulate the above assertion in the form of the proposition which will
be needed in Section 5.

PROPOSITION 4.7. Let f € S (R?) be of the form (4.12)—(4.13). Then the
sequence (fy), where f, = (P(D)(P1F,) and F,, := Z|na\=0 ca,0ha forn € N, is
t-fundamental and determines f = [f,] € T*.

Conversely, if f = [fn] € T*, where (fn) is a t-fundamental sequence of the
form (4.4) in Definition 4.5, then the corresponding f = P(D)(P1Fy), where Fy is
the L2-limit of the sequence (F),), is an element of S™*(RY).

The above correspondence between S'*(R?) and T* defines a linear bijection
between these spaces.

4.3. Tempered ultradistributions as functionals. Let f = [f,] be an
element of 7*, where the functions f, are of the form f, = P(H)F, on R? with

P € P?>* and F, € L*(R?%) for n € N such that F, 2, Fy as n — oo for some

Fy € L? (Rd).

We define the action of f = [f,] on S*(R?) as the mapping
(4.14) S*RY) 3 o fl) = (f,¢)7- €R,
where

@15) ()= lim (o) = [ (FOP(H)R) @) = (Fo, PO} 1

As in the case of s-ultradistributions, if there is another representation of f,, in the
form f, = p(H)Fn on R? for n € N, where P € P?* and F, 2, Fy as n — oo, then
we have

Tim (Fur) = / (R P(H)g)(x)dr = / (R P(H)p)(x)dr.

i.e., the definition of (f,¢)7+ in (4.15) is consistent. Lemma 1.3 implies that the
mapping in (4.14) is linear.

We prove now the same for f = [f,] € 7*, where the functions f,, are of the
form f, = P(D)(P\F,) for P € P*, P, € P:, F, € L*(R%) (n € N) and F,, > F
as n — oo for some F € L?(R?).

The action of f = [f,] € T* on ¢ € S*(R?) is defined as the mapping

(4.16) S' @) 3¢ (f.0). € R
where
@i (=l (FuBP-D)) = [ (RRP(-Dip) @)
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Note that the limit in (4.16) exists, because Py P(—D)p € S*(R%), in view of part
(b) of Lemma 1.3.

If f, is represented in another form: f,, = P(D)(P,F,) on R? with P(D) € P*,
P e P, F, € L*(RY) for n € N and F, 2, Fy as n — oo for some Fjy € L23(RY),
then

lim (Fnaplp(_D)(p) = lim (FnaPIP(_D)(tD)7 pe 8*(Rd)a

n—oo n—oo

i.e., the definition in (4.17) is consistent. The linearity of the mapping (4.16) follows
by Lemma 1.3.

The continuity of the mappings (4.14) and (4.16) follows from the following
assertion.

PROPOSITION 4.8. Let f € T* (resp. f € T*) and let ¢, € S*(R?) for n € Ny
be functions such that o, s, wo as n — o0o. Then
(fa SOn)T* - (fa 500)7—* (T@Sp. (fa San)'f’* - (fa 900)7”’*) as n — oo.

ProOOF. If f € T*, then we have (f,¢n)7+ = (Fo, P(H)pn)r2 for n € Ny,
according to (4.1) and (4.15). Hence, by the Schwarz inequality, we get

|(fa (Pn)”l—* - (fa 900)7_*

= [(Fo, P(H)(#n — @0)) 2|
< | Follz - [1P(H)(#n — o) 2

and the assertion follows, in view of part (¢) of Lemma 1.3. The proof in the case
f € T* is analogous. O

The above result can be generalized in the following way:

PROPOSITION 4.9. Let f™ € T* (resp. f™ € T*) and ¢ € S*(RY) for

*

me Ny. If fm 5 #° (resp. ™ iR %) and om £, Yo as m — oo, then
(fm7<Pm)T* — (f07§00)7'* (7”68]). (fma(p'rn)'f’* — (anSDO)”f‘*) as m — oo.

ProOOF. We give the proof only in the 7* case. By Definition 4.4, we have

m— o0 m—00 N—r00

where F)" 2, F™ as n — oo for every m € N and F™ 2, FO as m — oo. Hence,
using the Schwarz inequality, we have

|(FmaP(H)(Pm)LQ_(Fovp(H)SDO)L2|
<|(F™, P(H)(pm — @o)) 2| + [(F™ = F°, P(H)po) 2|
<NE™l2 - [|1P(H) (@m — o)llz + [|1F™ = FOll2 - [|P(H)goll2-

It suffices now to use again part (¢) of Lemma 1.3 to complete the proof. O
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5. Relations between spaces of tempered ultradistributions

In connection with the spaces S*(R¢) and §’*(R?), where * = () in the Beurling
case (resp. * = {t} in the Roumieu case) consider the following spaces of numerical
sequences

s* = {(aa)aeNg :Vh >0 (resp. Jh > 0) Z |aa|26h|a‘1/(2t> - OO}
lor|=0

s’ {(ba)aeNg : 3k > 0 (resp. Vk > 0) Z |ba|267k|a‘1/m> < oo}.
|a|=0

By the Kothe theory of echelon and co-echelon spaces (see [11]) the spaces s* and
s”* with their natural convergence structure constitute a dual pair.
It is well known that the mapping

oo
(5.1) "3 (Ga)aent — Y Gaha € S*(RY)
|a|=0
is a bijective isomorphism between the spaces s* and S*(R?).
On the other hand, to every f € 7* we can assign a unique (ba)aeNg € s™.
In fact, assume that f = [f,] € T* satisfies (4.1), i.e.,

(5.2) fn=P(H)F, onR? (necN) and F, 2 Fy as n — oo,
where
o0
(5.3) Fo= Y canha Wwith (Cam)aens €1°  (n€No).
|a|=0

Morepover, let ¢ € S*(R?) be of the form

(5.4) Y= Z Toha.

|a|=0
We know that (ra)aena € s* (see 5.1).
By (4.15), (5.2), (5.3) and (5.4), we have

oo (oo}
(5.5) (f, @) = lim |Z P(2a+ 1)capnra = |Z baTa
al=0 al|=0
where
(5.6) bo := P2a+ 1)ca0,  a€Ng,

because cq,n — €a,0 in 2asn—ooforac Ng.

Assign to f = [fu] € T~ the sequence (ba)sene € 8™ defined in (5.6) which
does not depend on a representation (f,,) of f, by Proposition 4.2.

The described mapping is a bijective isomorphism between 7* and s’*.

Let us recall the following well known assertion (see [5]- [10]):
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PROPOSITION 5.1. The bijective isomorphism (5.1) induces the isomorphism
of 8™ onto 8" (R?) given by

"3 (ba)aeng = Y baha € S (RY).
|a|=0
According to the preceding remarks and Proposition 5.1 to each f = [f,] € T*
one can uniquely assign an element of S’*(R?) of the form Zm:o boha. On the

other hand, we can assign to f = [f,] € T* the functional T on S*(R%) given
by T(¢) := (f,0)1+, ¢ € S*(RY), where (f, p)7- is defined in (5.5). Clearly, the
functional T is linear and continuous on S*(R%), i.e., T' € 8" (R?).

Conversely, if T € §*(R?) is of the form T = Zlezo bahe, then the sequence

(fn) of functions f,, given by (5.2), where

N baha o~ baha
an Z P(i (TlGN) and Folz_om,

is t-fundamental and f = [f,] is the element of 7* corresponding to T.
Thus we have

PROPOSITION 5.2. The mapping B : T* — S (R%) given by
T*>f — T =DB(f) € S”*(RY),
where T(p) = (f, @)1+ for ¢ € S*(R?), is a linear and sequentially continuous
bijection.
We formulate now the concluding theorem of this section.

THEOREM 5.1. (i) For each continuous linear functional T on S*(R?) there
exists a unique t-ultradistribution f € T* such that

(5.7) T(p) = (fro)=, ¢ €S (RY).
Conversely, for each t-ultradistribution f, formula (5.7) defines a sequentially con-
tinuous linear functional on S*(RY).

The correspondence between continuous linear functionals on S*(RY) and t-
ultradistributions in T*, described by (5.7), is bijective.

(ii) A sequence (f™) of t-ultradistributions f™ € T*, represented by t-funda-
mental sequences (f™), for m € N, converges to f° € T* if and only if
(5.8) lim lim (£, @) = (f* )7, ¢ €S (RY).

mMm—r00 N—r00
PROOF. Assertion (4) is already proved above.

In order to show (ii) it suffices to prove that (5.8) implies f™ L 2 asm — oco.
We apply the notation from Definition 4.4. Assume that the Hermite expansions of
the functions £ € L2(R?) (m € No,n € N), F™ € L?(R%) (m € Ny) in Definition
4.4, and of a given function ¢ € S*(R?) are of the form

Fr =Y al ha, F"=> al'ha (meNpneN), o= Y roha.
la|=0 |a|=0 |oe|=0



SEQUENTIAL APPROACH TO ULTRADISTRIBUTION SPACES 45
By the duality of s* and s™, we have

o0 o0
m 0 . .
E Qo T = E a4 T asm — oo, uniformly in n € N.

|| =0 |a|=0
Moreover, A, — Ag as n — oo in s’*, where A,, := (a&n)aeNg € s for n € Np.
This implies the assertion. (I

REMARK 5.1. We have shown in Propositions 4.7 and 4.9 that there exists a
linear continuous bijection between the spaces S"*(R?) and T*, i.e., the spaces are
isomorphic: &*(R9) & T*.

Remark 5.1, together with Theorem 5.1, leads to the following conclusion.

THEOREM 5.2. The spaces T* and T* are isomorphic: T* = T*. This means
that every f € T* can be represented as an equivalence class of t-fundamental se-
quences in the sense of Definition 4.5. Conversely, every f € T* can be represented

as an equivalence class of t-fundamental sequence in the sense of Definition 4.1.
The convergence structures described in Definitions 4.4 and 4.8 are equivalent.

6. s-Ultradistributions as continuous linear functionals

We recall that a linear functional f on the corresponding space of test functions
is an ultradistiribution or tempered ultradistribution if it is sequentially continuous.
Using our approach to the #-ultradistributions we prove:

THEOREM 6.1. If f € T* 2 T*, then f € U*(R).

PROOF. We know that there exist P € P* and P, € P, and there are functions
F, € L2(RY) NC>®(RY) for n € N and Fy € L*(R?) such that F, 2 Fpasn — oo
and f, = P(D)(P,F,) on R? for n € N.

Fix K, K; € Q such that K € K? and a function kg € D*(Q2) as in (2.5). We
have P F,, = kg P\ F,, on K for n € N and the inequality

1/2
([ bexPrcrn - @) < sup A @) -1 - Fole
R xeK

implies ki P1 F, 2, kP Fy as n — oo, so
F(ex P Fy,) 2, F(rkrx P Fp) as n — 00.

Moreover, by Proposition 4.1, we have

Fnﬂﬁo asn— oo and suppF, C K1 (neNp),

where R -
E, = rxgF () kP F,) forne N
with (-);d meaning the function: (€)= = (1 + |§|2~)_"l/2 for £ € R?. ) )
If P(D) := (14+D?+...+ D2)4/2P(D), then P € P* and f, = P(D)F, on K,
so (fn) is an s-fundamental sequence in the sense od Definition 2.1. O

The following assertion follows from the proof of Theorem 6.1.



46 MAKSIMOVIC, MINCHEVA-KAMINSKA, PILIPOVIC, AND SOKOLOSKI

COROLLARY 6.1. Let f € T* = T*, let Q be an open set in R% and let 0 €
D*(RY) be a function such that supp® C Q. Then 0f = [f,] € U*(R?) for some
s-fundamental sequence (f,,) having the following properties: for every K € ) there
exist P € P* and functions F),, such that

d
fn=P(D)F, on K (neN) and F, &, Fy asn— oco.
Moreover
supp F,, C Q2 for n € Ng.

Now, we are able to prove the main result of this section.

MAIN THEOREM 6.2. (i) For every continuous linear functional T on D*(Q)
there exists a unique s-ultradistribution f € U*(Q) such that

where (f,©)u=(q) is defined by (3.3).

Conversely, for every s-ultradistribution f € U*(QY), formula (6.1) defines a
continuous linear functional T on D*(Q).

The correspondence between continuous linear functionals on D*(Q?) and s-
ultradistributions in U*(Q), described by (6.1), is bijective.

(it) A sequence of s-ultradistributions f™ € U*(Q) converges to an s-ultradistri-
bution fO € U* () if and only if

lim (f™, o)) = (f*,@u=@) for all p € D*().
m—roo

PRrOOF. It suffices to prove only the first part of assertion ().

Consider a locally finite covering of {2 consisting of bounded open subsets €2,
and QZ- of Q such that Q; € QZ- and let functions ¢; € D*(2) form a partition of
unity for i € N, ie., @j(z) = 1 if 2 € Q; and suppy; C Q; for i € N. If T is
a continuous linear functional on D*(Q2), then T;, defined by T;(v) = T(¢it) for
Y € S*(RY), is a continuous linear functional on S*(R?).

By Lemma 4.4 and Theorem 5.1, there is a sequence of f* € 7* = T* such
that T;(¢) = (f*,4)7~ in the sense of (4.15) and T;(¢) = (f*,1)+. in the sense of
(4.16) for v € S*(R?) and i € N. By Corollary 6.1, each f? can be represented in
the form f* = [(f),] € U*(R?), where
fi=P(D)F. (neN), F. @) F' asn— oo, suppF! cCQ; (neNp)

n

for some P; € P* and functions F! (n € Ng) with suitable properties.
Fix a pair of different 7, j such that Q; N, # 0. We have

T(e) = ([ Plur@) = (7, Qu=() for p € D™ (i N€Y).
Consider f! — f7 € U*(R?) as an s-ultradistribution restricted to €2; N ;. There
exists an s-fundamental sequence of r;7 such that f'— f7 = [(r47),,] on ©Q;N€;. This
means f? — f = [(r57),], where rJ are smooth functions with suppr%/ C Q; NQ;
such that for every K € Q;NQ; we have r}) = P; ;(D)R};? on K for some P, ; € P*
and functions R%7 for n € N; moreover, R%9 — 0 as n — oo uniformly on K. By
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Proposition 2.2, we have fi = f7 on ; N ;. Since our covering of (2 is locally
finite, we may define

(6.2) F=) "o U (Q) with flQ=f" (i€N).
ieN
Consequently, T'(¢) = (f, ¢)u=(q) for ¢ € D*(2) (see (3.3)).

Suppose T(p) = (f',)u=(e) and T(p) = (f*,¢)u=(o) for f', f* € U*(Q) and
for o € D*(Q). Let f! — f2 = [gn], where (g,,) is an s-fundamental sequence of the
form g, = P(D)(G,) on K € Q for suitable P and G,,. By (3.3), lim, 00 gn = 0
on Q. Hence, by Proposition 2.2, f! — f2 = [g,] = 0, so the s-ultradistribution f
defined in (6.2) is unique. O
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