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ABSTRACT. An asymptotic analysis in the framework of Karamata regularly
varying functions is performed for the solutions of second order linear differen-
tial and functional differential equations in the critical case i.e., when condition
(1.5) as given below, holds.

1. Introduction

As is witnessed by the recent book [9] theory of regular variation (in the sense
of Karamata) has made it possible to develop a new significant aspect of asymptotic
analysis of linear and nonlinear ordinary differential equations.

For the reader’s convenience we recall here the definition and some basic prop-
erties of regularly varying functions. A measurable function f : [0,00) — (0,00) is
said to be regularly varying of index p € R if

lim & =\ forall A > 0.

t—o0 f(t)
The totality of regularly varying functions of index p is denoted by RV(p). We
often use the symbol SV to denote RV(0) and call members of SV slowly varying
functions. By definition any function f(t) € RV(p) can be expressed as f(t) =
tPL(t) with L(t) € SV. One of the most important properties of RV(p)-functions
is the following representation theorem.

THEOREM 1.1. f(t) € RV(p) if and only if f(t) is expressed in the form
(1.1) f(t)—c(t)exp{/t@ds}, t = to,
¢
for some ty > 0 and some measurable fuc;zctions c(t) and 6(t) such that
tlggo c(t) =co € (0,00) and tlggo i(t) = p.
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If ¢(t) = ¢o in (), then the function f(¢) is called a normalized regularly
varying function of index p, and the totality of such functions form an important
subclass, denoted by n-RV(p), of RV(p). The symbol n-RV stands for n-RV(0) and
its members are referred to as normalized slowly varying functions.

Let L(t) € SV. What is the asymptotic behavior of L(t) as ¢t — co? It may
occur that lim_,o, L(t) = const > 0, that is, L(¢) is asymptotic to a positive
constant as t — oo. In this case L(t) is said to be a trivial SV-function. Naturally
L(t) may exhibit a different behavior: lims_,o, L(¢) = 0, or lim; o L(t) = oo, or
otherwise, in which case L(t) is said to be a nontrivial SV-function. Thus it is
possible that a nontrivial SV-function may grow to infinity or decay to zero as
t tends to oo, but its behavior at infinity is severely restricted as the following
theorem asserts.

THEOREM 1.2. Let L(t) be a slowly varying function. Then, for any e > 0,
lim t°L(t) =00 and lim t"°L(t) = 0.
t—o0 t—o0
Useful is the following theorem due to Karamata on the asymptotic behavior
of integrals involving slowly varying functions.

THEOREM 1.3. Let L(t) be a slowly varying function.

) Con(syds ~ L
i) If v > —1, then/sLs ds ~
( \ ( P

L(t) as t— oc.

o'} t’y-i—l
(i) If v < —1, then / STL(s)ds ~ — L(t) as t— 0.
t v+1
Here the symbol ~ is used to denote the asymptotic equivalence:
- F(t)

For a comprehensive exposition of theory of regular variation and its appli-
cations to various branches of mathematical analysis the reader is referred to the
book [1].

We are now in a position to state an example of typical results on the study of
asymptotic behavior of solutions of the linear ordinary differential equation

(A) 2 +qt)r =0
in the framework of regular variation.

THEOREM 1.4. (Howard and Marié¢ [4]) Suppose that q(t) is a continuous func-
tion which is integrable on [a,00). Let a constant ¢ € (—o0, 1) be given and let Ao
and A1, Ao < A1, be the real roots of the quadratic equation

(1.2) M —A+ec=0.
Then, equation ([B) has a fundamental set of solutions {xo(t),z1(t)} such that
zo(t) € n-RV(\g), 21(t) € n-RV (A1) if and only if

(1.3) lim t/too q(s)ds = c.

t—o0
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After the publication of [9] attempts have been made by the present authors [6,
7, 8] to establish the existence of regularly varying solutions to functional differential
equations with deviating arguments of the form

(B) 2"(t) + q(t)z(g()) = 0,
where ¢(t) and g(¢) are continuous on [a, c0), and g(¢) is increasing. There holds

THEOREM 1.5. [8] Let ¢, \g and A1 be as in Theorem 1.4 with ¢ replaced by —c.
Suppose that q(t) is eventually negative and that g(t) satisfies g(t) < t, g(t) — oo,
ast — oo and g(t)/t = 1, as t — oo.

Then, equation (Bl) has two solutions x¢(t) € n-RV(A\o) and z1(t) € n-RV (A1)
if and only if [L3) is satisfied.

We note that if in particular ¢ = 0, in which case A¢g = 0 and A\; = 1,
the conclusion of Theorem 1.5 holds if the last condition on ¢(t) is replaced by
limsup,_, . t/g(t) < co.

It should be noticed that the constant ¢ in Theorem 1.4 is not allowed to exceed
1/4. In fact, let ¢(t) be eventually positive, and suppose that ¢ > 1/4. Then, the
roots of (CZ) are imaginary and so equation (A]) is oscillatory by the well-known
oscillation criterion of Hille [2]. A question then arises: What happens if ¢ = 1/4?
This is a critical case in the sense that equation (Al may or may not be oscillatory
as is shown by the equation

1 N d
4t2 - (tlogt)?’

where d is a positive constant. It is clear that ¢(t) satisfies (I3]) with ¢ = 1/4 and it
is known that (L4 is oscillatory or nonoscillatory according as d > 1/4 or d < 1/4.
Therefore, additional conditions are needed to ensure oscillation or non-oscillation
of equation (A) in case ¢ = 1/4; see e.g., the books [3] and [10]. A criterion for
non-oscillation of ([A]) in the language of regular variation, applicable to this case,
has been given by Howard and Marié¢ in [4].

(1.4) " +q(t)r =0, q(t) =

THEOREM 1.6. [4] Let q(t) be continuous and integrable on [a,00). Suppose
that

(1.5) tlggot/t q(s)ds =

1
1
Put ¢(t) =t [ q(s)ds — %, and let the integral [ |p(t)|/tdt converge. Suppose

moreover that
< p(t) [T 8(s)]
/ Tdt < oo, where Y(t)= /t — ds.

Then equation (Bl) possesses a fundamental set of solutions {xq(t), 1 (t)} such that
xo(t) = tY/2Lo(t), Lo(t) € n-RV, Jlim Lo (t) € (0, 00),

x1(t) = tY%logtLy(t), Li(t) € n-RV, Jim Ly(#) € (0,00).
—00
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The objective of this paper is first (in Section 2) to make a more detailed
analysis of regularly varying solutions of equation (Al under the condition (L),
obtaining a generalized version of Theorem 1.6, and then (in Section 3) to make use
of the results for (Al) to establish the existence of similar solutions for the functional
differential equation (B]) with ¢(t) satisfying (LH). In what follows the function g(¢)
is assumed to be integrable over [a, c0) unless stated otherwise.

In analyzing the non-oscillation and asymptotic behavior of pertinent equations
in the critical case a crucial role is played by the concept of generalized regularly
varying functions which was introduced by Jaro$ and Kusano [5].

A measurable function f : [0, 00) — (0, 00) is said to be a (generalized) regularly
varying function of index p with respect to logt if f(t) is expressed as f(t) = g(logt)
for some regularly varying function g(7) of index p in the sense of Karamata. We
use the symbol RVie¢(p) to denote the set of all regularly varying functions of
index p with respect to logt. As before, SViog; stands for RVieg+(0), and members
of SVigg: are called (generalized) slowly varying functions with respect to logt.
If, in the representation f(t) = g(logt), g(7) is in n-RV(p) (or in n-RV), then
f(t) is termed a normalized regularly varying function of index p (or a normalized
slowly varying function) with respect to logt. The set of all normalized RV(p)- or
SV-functions with respect to log¢ will be denoted by n-RVieg((p) or n-RVigg.

Since the composition of a slowly varying function and logt is clearly slowly
varying, we see that SVieg: C SV and RVieg:(p) C RV(p). It should be noted,
however, that both inclusions are proper. For example, logt € SV but logt ¢ SVigg+
because logt € RVigg+(1).

The representation theorem for RV (p)-functions combined with the above def-
inition provides a characterization for the class RViog+(p).

THEOREM 1.7. f(t) € RViegt(p) if and only if f(t) is expressed in the form
t
8(s)
1.6 t) = —d t = to,
(1.6 s =en{ [ ol >0
for some to > 1 and some measurable functions c(t) and 6(t) such that
tlggo c(t) =co € (0,00) and tlggo 5(t) = p.

We note that f(t) € n-RVieg¢(p) if and only if ¢(t) = ¢y in the representation

formula (L6]).
2. Regularly varying solutions of (A) in the critical case

We begin by considering equation (A]) with ¢(¢) satisfying condition (LH). In
this case equation (Al may well be called a perturbed Euler differential equation.

First observe that a regularly varying solution of (), if any, must have the
regularity index 1/2. This is an immediate consequence of the following lemma.

LEmMA 2.1. If ([A) has an n-RV(p)-solution, then it holds that

(2.1) lim t/too q(s)ds = p(1 —p).

t—o0
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PROOF. Let z(t) € n-RV(p) be a solution of (Al on [tg,00). Define u(t) =
2/ (t)/x(t) and v(t) = tu(t). It is known that u(t) satisfies the Riccati equation
(2.2) u +u?+q(t) =0, t>to.
On the other hand, using the representation theorem (Theorem 1.1), we see that
x(t) € n-RV(p) satisfies
ta' (t)

tlggov(t) - tlggo x(t) =p

which implies in particular that u(t) — 0 as t — oo and that u(t)? = v(t)?/t? is
integrable on [tg,00). From (Z2)) it then follows that ¢(t) is integrable on [tg, 00),
and integration of (22) from ¢ to oo yields

ut) = [ utPass [aeds 1>

which, written for v(t), takes the form

> v(s)? e
(2.3) v(t) =t S—ds+t q(s)ds, t=to.
t s t
Letting ¢t — oo in ([Z3]), we conclude that [Z1]) holds as desired. O

Our task therefore is to seek RV (1/2)-solutions of equation ([A]) under condition
(CH). We are based on the simple fact that the change of variables z = t1/2y
transforms ([A]) into the differential equation

(2.0 (ty') +1(a(t) ~ 35 )y =0

Thus, to obtain a solution of (A]) belonging to RV (1/2) of (A it suffices to verify
the existence of an SV-solution y(t) of ([Z4) and form the function z(t) = t'/2y(t).
As is shown in [5], the class of generalized regularly varying functions with respect
to logt, which is smaller than the classical regularly varying functions, is a well-
suited framework for the asymptotic analysis of (24]). So, our attention will be
directed to the existence of RViqg¢(p)-solutions of differential equations of the form

(2.5) (ty') +p(t)y =0,
where p(t) is continuous and integrable on [a, 00).
Basic to the subsequent development is the following existence theorem.

THEOREM 2.1. Letd € (—o0, 1) be a given constant and let po and p1, po < pu1,
be the real roots of the quadratic equation

(2.6) p?—p+d=0.
Then, equation (Z0) has a fundamental set of solutions {yo(t),y1(t)} such that
(27) yo(t) € n_R/VlOgt(‘LLO)7 Y1 (t) € n_RVIOgt(Ml)

if and only if

(2.8) tlgglo 1ogt/t p(s)ds = d.
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PrOOF. (The “only if" part) Suppose that (Z35]) possesses a pair of solutions
on [tg, 00) satisfying (7). Let y(¢) stands for y;(t), ¢ =0 or 1. Put

ty'(t)
2.9 u(t) = —==, v(t) = u(t)logt.
(2.9) (t) o) (t) = u(t)
Using the representation for y(t)

y(t) = y(to)exp{/tt s) dS}, lim 4(¢) = p,

, Slogs =00
where = p;, © = 0 or 1, we see that

lim v(t) = tlim u(t)logt = lim 6(t) = p,
—00

t—o0 t—o0
which implies that u(t) — 0 as t — oo and u(t)?/t = v(t)?/t(logt)? is integrable
on [tg,00). Consequently, integrating from ¢ to co the Riccati equation

2

(2.10) '+ UT Fpt) =0, t>to,

satisfied by u(t), we obtain
o0 2 o0
u(t) :/ Mcls—l—/ p(s) ds,
t 8 t
which, in view of ([23)), can be transformed into
v(t) =1o t/OOLS)QdS—l—lo t/oo (s)ds, t>=t
= log ’ S(lOg 8)2 g ; p ’ = L0-

Passing to the limit as t — oo, we conclude that
o0
lim 1ogt/ p(s)ds = p— p® =d,
t—o0 ¢

ensuring the truth of (2.3).

(The “if" part) Suppose that (Z8)) is satisfied. First we will be concerned with
the existence of a solution of (23] belonging to n-RVigg¢(to). Note that po < 1/2.
Put

P(t) = log?ﬁ/oo p(s)ds —d.
Let [ be a positive constant such that t
2(po + 2) 2|pol +2
1—2p0 1+ 2|po]
and choose ty > a so that |P(t)| <2, t > to. Define
V ={v e Cylty,0) : [v(t)| <1, t=to},
where Cylto, 00) denotes the set of all continuous functions on [tg, c0) that tend to 0
ast — oo. Clearly, Co[to, 00) is a Banach space with the norm [[v||o = sup,, |v(t)]-
Consider the integral operator F defined by
o0 2
Folt) = (logt)l_QHO/t ZMOP(Z)(I‘(’)‘g(;f)(;)2‘L‘OP(S))

I<1 if pg>0, l<1 if po<0

ds, t>to.
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It can be shown easily that v € V implies |Fo(t)| < I, t > to, and that vi,vs € V
implies || Fvy — Fvzllo < 41/(1—2pup)-||v1 —v2]lo. This shows that F is a contraction
mapping on V, and so there exists a unique v € V such that v = Fuv, that is,
v = (t) is a solution of the integral equation

e [ 20P(s) + (u(s) + P(s))?
2.11 t) = (logt)!—2ro ds, t=tg.
@) o) = (ot | Qgm0 2t
With this v(¢) we construct the function
¢ P
i) —esp{ [ HFUIELE gk,
to slog s

and claim that yo(t) is a solution of equation (Z3)) in RVieg:(p0). That yo(t) €
RViog(tto) is a consequence of Theorem 1.7 since po +v(t) + P(t) — po as t — oo.
To show that yo(t) is a solution of (2X) it suffices to verify that the function
u(t) = (1o +v(t) + P(t))/ logt satisfies the Riccati equation [ZI0) on [to, 00). It is
a matter of elementary calculation to see that (ZI0) can then be transformed into

( v(®) )'2mmﬂ+ww+pwfzo
(logt)!=2mo t(logt)2—2ro ’

But this is the differential equation that follows from differentiation of the integral
equation (ZIT)). This establishes the existence of an RVieg ¢ (1o )-solution of equation

@3). O

Up to this point the smaller root u of ([Z6]) has been tacitly assumed to be
nonzero. We remark here that if ug = 0, which occurs in the case d = 0, the
construction of the solution yo(t) of equation (Z3H) becomes slightly simpler, and
proceeds as follows. We let a constant 0 < I < 1/4 be fixed, choose T' > a so that
|P(t)] <1fort > T, solve, with the help of the contraction mapping principle, the
integral equation

> (v(s 5))?
v(t)zlogt/t %d& t>T,

in the set V.= {v € Cy[T,00) : 0 < v(t) <, t > T}, and finally form the function
i P
T+  slogs

Then yo(t) is shown to be an SViog-solution of ([2.H).
Next, we turn to the construction of an RVig(p1)-solution of [Z5). We note
that pu; > 1/2. Let m be a positive constant such that
1 2 2
m < — and M
4 2/.1/1 -1
Choose t1 > a so that |P(t)| < m2, t > t1, and consider the set W and the integral
operator G defined by W = {w € Cy[t1,00) : |w(t)] < m, t >t1}, and

m < 1.

Guw(t) = (logt)' —2m / s~ (log s)*" 72{2p, P(s) + (w(s) — P(s))*} ds, t > t1.

31



8 KUSANO AND MARIC

It is straightforward to check that w € W implies |Gw(t)| < m, ¢ > 1, and that
wy,wy € W implies |Gwy — Gwallo < 4m/(2u1 — 1)-||wy — wzllp. This shows that
g is a contraction on W, so that there exists a w € W such that w = Gw, which is

equivalent to the integral equation
(2.12)

w(t) = (logt)!—2m / s (log 5)*" ~2{2u1 P(s) + (w(s) — P(s))*}ds, t > ti.

t1
Let y1(t) be defined with this w(t) by

i (t) zexp{/tt o = wls) + P(s) ds}, >t

L slogs

On the one hand, y1(¢t) € RVieg¢(11) since —w(t) + P(t) — 0 as ¢ — oo, and on
the other, y; () is a solution of equation ([ZH) since u(t) = (u; — w(t) + P(t))/ logt
satisfies the Riccati equation (ZI0) on [t1,00). In fact, substituting w(t) for ([ZI0)
yields
((log t)*~Mw(t))" = (log ) =2 {21 P(t) + (w(t) — P(t))*},
which follows from direct differentiation of (ZI2). Thus condition (Z.J)) is also
sufficient for equation (ZX]) to possess an RVigg(1)-solution. This completes the
proof of Theorem 2.1.
The main result of this section is obtained as a corollary to Theorem 2.1.

THEOREM 2.2. Let d, ug and py be as in Theorem 2.1and suppose the function
t(q(t)—1/4t?) is integrable over (t,00). Then equation (&) possesses a fundamental
set of solutions {xo(t), z1(t)} such that

(213) xz(t) = t1/2yi(t)a yz(t) € n_RVIOgt(Mi)a 1= 07 ]-a
if and only if

. < 1
(2.14) tli>r2<> 10gt/t s(q(s) - @> ds =d.

PROOF. Observe that equation (&) has a fundamental set of solutions z;(t),
i = 0,1, as described in (ZI3) if and only if the functions y;(t) = t~1/22;(t), i = 0, 1,
are solutions of (24 belonging to RVieg+(i:), ¢ = 0,1, and apply Theorem 2.1 to
equation (Z4) which is a special case of (23] with p(t) = t(q(t) — 1/4t?). O

REMARK 2.1. It should be noticed that condition (2I4]) automatically implies
(CH). In fact, ZI4) guarantees the existence of regularly varying solutions of index
% for equation (A]), which means by Lemma 2.1 that (L) must be satisfied.

ExaMPLE 2.1. Consider the perturbed Euler equation
1 d(t)

412 (tlogt)?’
where d(t) is a positive continuous function on [e, c0) such that lim;_, . d(t) =d €
(0,%). Since

(2.15) 2 +qt)r =0, q(t)

. > 1 o < d(s) _
tliglologt/t s(q(s)—@> ds-tlggologt/t mds-d7
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it follows from Theorem 2.2 that equation (ZIH]) has two linearly independent
solutions x;(t) = t'/2y;(t), i = 0,1, as described in (ZI3).
EXAMPLE 2.2. Our next example is the following.

1 1
2.16 " t)r =0, )= — .
(2.16) vt alt)e 10 =12 T Plognloglog?
An easy calculation shows that (ZI4]) holds for d = 0 and so Theorem 2.2 ensures
the existence of two linearly independent solutions x(t) = t2y;(t), i = 0,1, such
that yo(t) € SViegt and y1(t) € RVieg¢(1). Since t'/2loglogt is a solution of (ZI8),
one can take xo(t) = t'/?loglogt and z;(t) = xo(t) f; ds/wo(s)?, T > e being
sufficiently large. As is easily seen,

t
ds logt

t71221(t) = logl t/ ~
71(t) = loglog 1 s(loglogs)?  loglogt

c vaogt(1)~
Observe that Theorem 1.6 is not applicable to either of these examples.

3. Regularly varying solutions of (B) in the critical case

We now turn our attention to functional differential equations with retarded
argument of the form (Bl

2"(t) + q(t)z(g(t)) =0,
where ¢(t) and g(t) are positive and continuous on [a,00), and g(¢) is increasing
and satisfies g(t) < t and lim;_,~ g(t) = co. We look for regularly varying solutions
of ([B) under the assumption that

(3.1) lim t/too q(s)ds = i

t—o0

In view of Theorem 1.5 it is natural to expect that the nonoscillatory nature
of (B) would be similar to that of the ordinary differential equation (Al provided
the retarded argument ¢(¢) is a small perturbation of ¢, or more specifically that
condition (1) would ensure the existence of RV(3)-solutions as described in Theo-
rem 2.2 if g(¢) is “sufficiently close" to ¢ in some sense. The objective of this section
is to demonstrate the truth of the above expectation by proving the following the-
orem.

THEOREM 3.1. Suppose that q(t) — 1/4t? is eventually positive and that g(t)
has the property that

(3.2) @zl—l—O(%&) as t— oo,

for some a > 0. Let a constant d € |0, %) be fized and let po and p1, po < w1, be
the roots of the quadratic equation

(3.3) p?—p+d=0.
Then, equation (Bl possesses two n—RV(%)-solutz'ons x;(t), 1 = 0,1, such that
(3.4) zi(t) = tY%y,(t), vi(t) € n-RViegs (i), i =0,1,
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if and only if
(oo}
(3.5) tlggo 1ogt/t s(q(s) - @) ds =d.

PROOF. (The “only if" part) Suppose that (B]) has two regularly varying solu-
tions x(t) = t'/2y(t) as described in ([B34), where y(t) stands for y;(t), i = 0 or 1.
Then, y(t) is an RVieg¢(p;)-solution, ¢ = 0 or 1, of the differential equation

g(t)\1/2 1
(36) () + o (52) “atmtae) - 7zu0) =0,

which can be regarded as a linear ordinary differential equation

(3.7) (ty' () + qu(t)y(t) =0, qy(t) = t((@y/?y;g((;))q@ - 4_12)

From the “only if" part of Theorem 2.2 we see that

(3.8) tlggo log?f/tOo s((@)l/z%q(s) - 4—22) ds = d.

We now rewrite the integrand of ([B:8]) as follows:

(3.9) t((@)mmq(ﬂ - ﬁ)

y(t)

Since y(t) € n-RVieg¢ (i), y(t) is expressed in the form

o(0) = exp] / " ash o) =

slogs

0[]

for some tg > 1, so that

)
from which, noting that 0 < §(¢) < 1 for sufficiently large ¢, we have
1 t t
(3.10) ogg(!) < yl9(t)) <1 for all large t
logt y(t)

Since ([B.2)) implies

@ B o) (510

as t — 0o, we find from (BI0) that

e

1
. :1+O(t_<’) as t— oo,

which implies that

(3.12) lim logt/too ((@)1/2;,(9(5)) - 1> is ds = 0.
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Then, combining (33) with (38) and I12), we conclude that
. = rg(s)\2y(g(s)) AN
tlgrolo logt/t S( s ) y(s) (q(s) B 482) ds = d,
from which (33) can be derived easily.

(The “if" part) Suppose that ([B.35]) holds. We begin with the case where d > 0,
so that the roots of (B3) satisfies 0 < pp < % < p1 < 1. By means of the identity

() a0 - )
_ (@)1/2logg(t)t(q(t) 1 >+ ((g(t)>1/210gg(t) B 1)i

t log t o4 t log ¢ 4t
it can be shown that
. ([ (9(s)\/2logg(s) ! _
(3.13) tlggo logt/t (( . ) Tog s q(s) 12 ds = d.
In fact, using the relation
g(t)\/2logg(t) 1
( t ) logt _1+O(t‘1> as ¢ = oo,

(cf. (BI1)), we see that
oo 1/2
lim 1ogt/ ((M) M — 1)ids =0
t

t—00 S log s 4s
and

lim 1ogt/too(®)1/2 logg(s)s(q(s) ! ) ds =d,

t—00 S log s 42
from which (3I3) follows immediately.

Our first task is to prove the existence of an RV(3)-solution z(t) of equation
(AD such that

zo(t) = t"2yo(t),  yo(t) € n-RViog:(po)-
Let [ be a positive constant such that
2(po +2)
1 —2p0
and choose T' > a so large that g(7') > a and

l<1,

o0 1
3.14 logt s(q(s) — — ) ds —d| <2,
452
t
and
< ((9(s)\1/21og g(s) 1 2
. - - - T 5 - < 9
(3.15) logt/t s(( . ) Tog s q(s) 452)d8 d) <1

fort > T. Let = denote the set consisting of all functions £(t) € C[g(T'), 00)NCHT, 00)
that are expressed in the form

16 o=t qm<i<n cn=eof [ EDal ior
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where J¢(t) satisfies 0 < d¢(f) < 1 and limy,o0 ¢(t) = po. The set = can be
regarded as a closed and convex subset of the locally convex space C![T, 00) of all
continuously differentiable functions on [T, 00) with the metric topology of uniform
convergence of functions and their derivatives on compact subintervals of [T, 00).
Let {&,(t)} be a sequence in E counsisting of

(3.17) fn(t)zexp{/t On(s) ds}, t>T, n=1,2,...,

T+ slogs

where 0, (t) satisfies 0 < 0,(t) < 1,n = 1,2,.., and lim; 00 65 (t) = po. Sup-
pose that {&,(¢)} and {&,(t)} converge, respectively, to £(t) and &'(t) on compact
subintervals of [T, 00). Since by (317)

S0
€n(t)

(3.18) tlogt =6,(t), t=>T, n=1,2,...,

we find that

p _ (1)
o(t) :== nlingo on(t) =tlogt 0

It is clear that 6(¢) is continuous on [T,00), and satisfies 0 < 6(f) < 1 and
limy 00 0, () = po. It follows that

0= [ 2 ), i

T slogs

, t€[T,00).

which implies that £(t) € 2, showing that = is a closed subset of C![T, 00). To make
sure the convexity of = let & (¢),...,&n(¢) be N functions in = and let ¢1,...,cn
be N positive constants such that Zgil ¢ = 1. Then, using (31])), we see that
the function Zé\;l ck€r(t) is expressed in the form

(3.19) > eréi(t) —exp{/t(sN—(s)ds}, t>T,

T+ slogs
in terms of the continuous function dn(¢) defined by

S (t) = S, kO (t)Ex(E)
sy eni(t)
As easily checked, 0 < dn(t) < 1 and limy_,o0 O () = po, and hence ([BI9) ensures

that Zgzl ckér(t) € E, proving that Z is a convex set.
Another important property of = is that

loga(t) _ £(a(t))
logt  — £(b)
for all £(t) € 2. This is an immediate consequence of the relation

o) _ [ " S,
ONE p{ /g(t)slogsd}’ 0<de(t) <1,

(3.20) <1, t>T,
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following from (BI6). In fact, if ¢ > T1, where 77 > T is such that T' = ¢g(711), then

we have
t t
exp{—/ %(s) ds} 2exp{—/ L ds} = M,
g(t) Slogs () Slogs logt

and if T <t < T1, then we have
Lo logT _ 1
€6®) S oo _/ ds b — log T logg(t)
&(t) o slogs logt logt

Using ([3:20), we find that for all £(t) € =
(3.21)

(%) 222000 5) <o (22) ") <o)

For simplicity we put for any £(t) €

b (A )
and
(3.23) Q¢ (t) = logt /t qe(s)ds — d.

Because of [3.14) and (BI5) we have |Q¢(t)| < 1%, t > T, £(t) € =. This inequality
makes it possible to apply Theorem 2.1 to each member of the family of ordinary
differential equations

(3.24) (ty') +aqe(t)y =0, &(t) €E,
obtaining a solution ye(t) in n-RVieg¢(pto) of the form
t
(3.25) selt) —esp{ [ PIEO g o
T slogs

where v¢(t) solves the integral equation

oo [T 20Qe(s) + (ve(s) + Qe(s))?
2 t) = (logt)'—2Ho £ £
3:26)  oe(t) = ogt) > [ oo
and |ve(t)] <! for t > T and lim; oo ve(t) = 0.

Our final procedure is to show that the set {y¢(t) : {(t) € =} contains at
least one member which provides an RViog(po)-solution of the retarded differential
equation (B7) with the help of the Schauder—Tychonoff fixed point theorem. To
this end we define ® to be the mapping which assigns to each £(t) € = the function
DE(t) given by
(3.27) De(t) =1 for g(T) <t < T, DE(t) = ye(t) for t > T.

(i) ® maps E into itself. This follows immediately from [B20). Put d¢(¢) =
po 4+ ve(t) + Qe(t). Since |ve(t) + Qe(t)| <21, t =T, ve(t) + Qe(t) = 0 as t — oo

and o € (0,3), we have 0 < 8¢(t) < 1 for ¢ > T and limy—o d¢(t) = po, which
ensures that ®&(t) € =

ds, t>T,
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(ii) ®(Z) is relatively compact in C![T,o0). In virtue of ([3.25) we obtain for
any £(t) e Zand fort > T

t
1 logt
1) < ds p = ,
velt) eXp{/T slogs S} logT

o +ve(H) + Qe _ 1
tlogt S TlogT’

lye ()] = e(t)

and

(s (8))| = lae (8)|e (1) < ( (t) + @)fsgg;

This clearly establishes, via the Arzela—Ascoli lemma, the relative compactness of
the set ®(E).

(iii) ® is a continuous mapping. Let {&,(¢)} be a sequence in = converging
to £(t) in CYT,00). This means that &,(t) — &£(t) and &, (t) — €/,(t) as n — o0
uniformly on compact subintervals of [T, 00). We have to prove that

(3.28) DL (L) — PE() and  (PE,) (t) — (PE)' (1)
uniformly on any compact subinterval of [T, 00). Using ([.259]), we obtain for ¢t > T

D€ (t) — PE(H)] = [ye, (1) — ye(?)]

" o + ve, (s) + Qe (s) " o+ ve(s) + Qe(s 5) 4
S ﬂe%/ o s

10gt/ [ve, () — ve(s)] + Qe (5) = Qe(s)]
S logT slog s

and

(@) () = (R)'(1)] = Iy, (£) — ve (1)

e ]
<V%Jﬂ—wawﬁm*“iﬁ;jQ&“%+%@ﬂwxw <2ké§%@>—anw
< [vea®) — )] | ToB Joe, (8 = ve(t) + Qe () = Qe(t)
tlogt logT tlogt .

Consequently, in order to verify ([3.28) it suffices to prove that the two sequences

|ve., (8) — ve(t)] Q¢ (t) — Qe(t)]
tlogt ’ tlogt

(3.29)

converge to 0 uniformly on compact subintervals of [T, 00). As a matter of fact,
one can prove the uniform convergence on [T, 00) of the sequences

o, () v Qe () — Qe(t)]

3.30
( ) logt logt
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As for the second sequence in ([30) we have from (B.23)
Qe (t) — Qe (D)) /°°
en\ ) — 28V « — ds,
log 1 t |9¢,.(5) — g¢(s)lds
and estimate the integrand as follows:

330 lag, () — ac(o) < (L) el SOED () - 1)

R
<2s(q(s)—4i§)+2(1_(%loligi))lh)zls’

which shows that |ge, (t) — ge(¢)| is bounded by an integrable function on [T, c0)
independent of n. Since gg, (t) — ¢e(t) as n — oo for every ¢t > T, from the
Lebesgue convergence theorem it follows that |Qe, (t) — Q¢(t)|/ logt converges to 0
uniformly on [T, 00), and hence so does the second sequence in ([329)). To examine
the first sequence in [B31]) we proceed as follows. Using ([3.26]), we have
(3.32)

[ve, () = ve(B)] l/oo [en (8) = velS)| o g 4 9000 )/‘X’ Qe (5) — Qe(s)l

(logt)1— 2/‘0 logs 2 2po ' s(log s)2—210

for t > T. Putting
o0 —
= [l el
. s(logs)2—2r0
B32)) is transformed into the differential inequality

N AL+ 200 % Qe (s) — Quils)|
(3:33)  ((ogt)"=(0) 2_t(logr&)l—‘”/ s(ogsp-2m

We now integrate ([3.33) from ¢ to co. Noting that (logt)*z(t) — 0 as t — oo and
that the right-hand side of ([333)) is integrable over [T, 00), we obtain

Al + 2p0 /°° Q.. (5) = Qe(s)]
3.34 £) < n ds, 1>T.
(3:34) (1) 4l (logt)* s(log )2 2ro—4 y
Note that 2 — 2ug — 41 > 1. Using (334) in (832), we have

|ve,, (t) — ve(D)]
(log t)1—2Ho0
Al + 2p0 /°° Q¢ (5) — Qe(s)] /°° Q¢ () — Qe(s)]
< = d 41+ 2 —— -
(logt)t J,  s(logs)2—2ro—4l s+ (4l 2p0) t 5(log s)2=2K0 5
2L 20) [ Q0 - Qcl
(logt)* J,  s(logs)2—2no—4l
for t > T. This shows that |vg, (t) — ve(t)|/(log t)* =20 converges to 0 uniformly on
[T, 00), and hence so does the sequence |ve, (t) —ve(t)]/ logt. We therefore conclude
that the mapping ® defined by (327 is continuous in the topology of C*[T, co).
Thus all the hypotheses of the Schauder—Tychonoff fixed point theorem are fulfilled,

s, t=T.
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and so there exists §y(t) € = such that () = ®&o(t), that is, & (t) = ye, (¢) for
t > T. This means that &y(t) satisfies the linear differential equation

((97)1/260 )))q( ) — 4152)50( ) =
which is rewritten as

a0y + ¢ (22) e 00) - a0 >

This implies that equation (8] has an RV (ug)-solution &o(t) existing on [T, 00).
The function zq(t) = t'/2£y(t) then provides a solution of equation (B) enjoying
the first property in (34) with ¢ = 0.

Next, we will be concerned with the construction of a solution x1(t) of equation
([B) such that x1 () = t'/2y;(t) with yt) € RV(u1). Note that 1 € (3,1). Let m
be any positive constant such that

2
(201 + 2)m <1,
2/11 -1
and choose T' > a large enough so that ¢(T) > q,
e 1
: — —)ds—d| <m®
(3.35) 10gt/t s(q(s) 432> ds d‘ m”,
and
(o]
g(s)\1/2log g(s) 1 2
: log t GRS\ T8 9S) ds —d| < m2,
(3.36) o8 /t (( s ) log s als) = 452) "

for t > T. Define H to be the set of all functions C[g(T'), 00)NC* [T, 00) such that
(3.37) M) =1, gT)<t<T: n(t)=ex /té"—(s)ds P> T
: 77 - ) g ~X ~ b "7 - p T s log s ) = )

where d,(t) is continuous and satisfies 0 < 6, (¢) < 1 and lim;_o, 0,(t) = p1. As
in the preceding case the set H can be regarded as a closed convex subset of the
locally convex space C'[T,00). Also note that there hold the inequalities (3:20)

and (B2I) with &£(¢) replaced by n(t). Put
g9(H)\/2n(g(t)) 1
an(t) = t((T) WQ@) - @),

Qu(t) =logt [ ay(s)ds— .
¢
Since Q,(t) satisfies |Q,(t)] < m?, t > T, for all n(t) € H, by [335) and (3.36),

applying Theorem 2.1 to the family of linear ordinary differential equations

(ty") + an(t)y = 0, n(t) € H,
we obtain for each n € H a solution Y (t) € RViog+(11) having the expression

(3.38) Y, () —exp{/Tt p = wy(5) £ @n(s)

slogs

and

}a t>Ta
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where w,(t) is a solution of the integral equation

(3.39) wy (t) = (log t)! =2 /t 201Qy(8) + (wy(s) — Qn(s))? ;

. s(log 5)7

S,

satisfying |wy, (¢)| < m for ¢ > T and lim;_, oo wy(t) = 0.
We define by ¥ the mapping which assigns to each n(t) € H the function

Upt) =1, g(T) <t<T,  Un(t)=Y,(t), t>T.

Our final step is to verify that W is continuous and sends H into a relatively compact
subset of H so that the Schauder—Tychonoff fixed point theorem is applicable to V.
The same arguments as employed in the case of ® defined by [B27) are sufficient
for this purpose. To avoid tedious duplications only a brief mention will be made of
the continuity of ¥. Let {n,(t)} be a sequence in H converging to 7(t) in C1[T, 00).
Our goal is attained if it is shown that

(3.40) Yy, (t) = Y,(t) and Y, (t) =Y, (t) as n — oc.

n

uniformly on any compact subinterval of [T,00). In view of ([B38) we see that
(B40) is assured if the two sequences

w0, (1) = w0 [@0u(t) = Qu(t)
logt logt

converge to 0 uniformly on compact subintervals of [T, c0). We need only to consider
the first sequence in (B41)). From (B39) we obtain the inequality

|wn, (t) = wy (1)]
(3.41) W

" lwy, (5) — wy(s)]

" Q. (5) = Qu(s)]

<4 ds + (4m + 2 ds, t>T.
m - S(lOg 8)272/1,1 S + ( m + /’1/1) T S(lOg 8)272“’1 S
Using the function
o) = / lwn, (5) —wn($)]
= log 5)2—2m1 ,
v s(logs)
we transform (341 into
EECEREES Ty MO LT NC PR
4m = 4m+1 2-2p1 ; =4,
(logt) t(logt) + s(logs)

which, after integration over [T, t], yields

dm + 2 am [ 1Qn, (s) = Qy(5)]
. < — - )
(3 42) Z(t) dm (IOg t) . s(log 5)2_2m+4m d

for t > T. Combining (BA1]) with [42]), we have
|wn, (8) —wp ()] __Am 42 [ |Qn(s) = Qn(s)]
logt = (logt)2rmi—4m [ s(log )22k +4m

1@, (5) ~ Quls)]

v s(logs)?~2m

ds

+ (4m + 2u1) (log t)?
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whence it follows that

Wy, (1) — w0y ()] _ 1@, (s) — Qn(s)]
: logt : < 204m - 2un) / - 1ogs) - ds,

This ensures the desired convergence of the sequence |w,,, (t) — w,(t)|/ logt.

Thus the continuity of the mapping ¥ has been assured. Let 7;(t) € H be a
fixed point of W : 1 (t) = ¥n1(¢). Since 01 (t) =Yy, (t) for t > T', 01 (t) satisfies the
differential equation

R G e O PRO R

t>T.

or

t

Since 11 (t) € RViogs(p1), the function a1 (t) defined by z1(t) = /21 (t) gives a
second solution of equation (BJ).

It remains to deal with the case where d = 0. In this case the roots of the
quadratic equation (B2) are up = 0 and p3 = 1, and we are required to look for
the solutions y;(t) € n-RVieg+ (i), ¢ = 0,1, of equation (3.6]). Such solutions can be
found in essentially the same manner as in the previous case d > 0. Only a brief
explanation will be given about how to construct a solution yo(t) € n-RV(0) =
n-RV. This time, instead of ([BI6]), we choose the set = consisting of all functions
£(t) € Cg(T), 00)NCHT, 00) such that

oy +((42) " aoma®) - gem0) =0, 1>,

Et)=1, g(T)<t< T, £t) = exp{/T 8515(52)8

where 0¢(t) satisfies —1 < J¢(¢) < 1 and limy_,o0 0¢(t) = 0, and T > a will be
determined later. It is clear that

logg(t) _ &(9(t) _ logt
logt S &(t) 1ogg() =5

for all £(t) € E. Consequently,

) o (B0) B ) - ) <o (A0) D - )

ds}, t>T,

¢ log ¢ £(t) 412
g(t)\1/2 logt 1
gt((T) logg()q(t)_ﬁ>7 t2T.

Let a constant 0 < [ < % be fixed, and choose T' > a so that ¢g(T') > a and both
(BI5) (with 12 replaced by 1) and the following inequality are satisfied:

° g(s)\1/2 logs
1 — <l t2T.
ogt/t s(( . ) logg(s)q(s) P ds—d| <1, t

Therefore, by BI5), 43) and (B.44), the function Q¢(t) defined by B.23) and
B22) satisfies |Qe¢(t)| < I, t > T, for all {(t) € =, because of which Theorem 2.2

(3.44)
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guarantees, for every £(t) € =, the existence of a solution y¢ (t) € SViog+ of equation
B24)) having the representation

ye(t) = exp{/Tt Mds}, t>T,

slogs

where v¢(t) solves the integral equation

ve(t) = log?f/tOo %ds, t>T.

Let us define the mapping ® by [B27) and repeat the same (somewhat simpli-
fied) argument as that applied to the case of positive d. Then, via the Schauder-
Tychonoff fixed point theorem, we are led to the conclusion that ® has a fixed point
¢o(t) € Z, which generates a solution xo(t) = t1/2&,(t) of (Al with the desired first
property.

In order to obtain a solution z1 (¢) of (Al with the second property of ([4]) (with
11 = 1), we need only to define H replacing (337) to be the set of all functions
n(t) € Clg(T), 00)NCL[T, 00) such that

ds}, t>T,
T+ slogs

where 0, (t) satisfies 0 < d,(¢t) < 2 and lim;—, §,(¢t) = 1, and apply almost the
same argument as in the case of d > 0 on the basis of the inequality
2
(1ogg(t)) <o) o logt o 4
logt n(t)  logg(t)

holding for all n(t) € H. No further explanation will be necessary. This completes
the proof of Theorem 3.1. O

ExAMPLE 3.1. Consider the retarded differential equation

" 1 d(t)

B45) O+ aela) =0 al) = 5 + o ¢
where ¢g(t) is a retarded argument satisfying the conditions given in Theorem 3.1
and d(t) is a positive continuous function such that lim;_, d(t) = d € [0, ). Since
condition ([BH) holds for ¢(t) (cf. Example 2.1), by Theorem 3.1 equation (345
possesses two solutions z;(t), i = 0,1, such that t=/2xz;(t) € RViegt(s), i = 0,1,
where p;, ¢ = 0,1, are the roots of B3). Admissible retarded arguments g(t)
include t — 7,t — t? t — logt, where 7 and 6 < 1 are positive constants.

ExAMPLE 3.2. Consider the retarded differential equation

(3.46) () +qt)z(t — 1) =0,
where
1 logt 1/8 7
t) = .
a(®) 4t3/2(t — 1)1/2 <1og(t - T)) + 64t3/2(t — 7)1/2(log t)15/8 (log(t — 7))1/8
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It ia a matter of elementary computation to see that

_ o0 1 7
tlﬂgologt/t s(a) — 77) ds =57
This implies via Theorem 3.1 that equation ([3.46]) possesses two solutions x;(t) =
t1/2y,(t), i = 0,1, such that yo(t) € RViog¢(%) and y1(t) € RVigge(Z). One such
solution is 2¢(t) = t'/2(logt)'/8.

References

1. N.H. Bingham, C. M. Goldie and J. L. Teugels, Regular Variation, Encyclopedia of Mathe-
matics and its Applications 27, Cambridge University Press, 1987.

2. E. Hille, Non-oscillation theorems, Trans. Am. Math. Soc. 64 (1948), 234-252.

3. E. Hille, Lectures on Ordinary Differential Equations, Addison-Wesley, Reading, 1969.

4. H.C. Howard and V. Marié, Regularity and nonoscillation of solutions of second order linear
differential equations, Bull. Acad. Serbe Sci. Arts, Classe Sci. Nat., Sci. Math. 114(22) (1997),
85-98.

5. J. Jaros and T. Kusano, Self-adjoint differential equations and generalized Karamata func-
tions, Bull. Acad. Serbe Sci. Arts, Classe Sci. Nat., Sci. Math. 129(29) (2004), 25-60.

6. T. Kusano and V. Marié¢, On a class of functional differential equations having slowly varying
solutions, Publ. Inst. Math., Nouv. Sér. 80(94) (2006), 207-217.

7. T. Kusano and V. Marié¢, Slowly varying solutions of functional differential equations with
retarded and advanced arguments, Georgian Math. J. 14 (2007), 301-314.

8. T. Kusano and V. Marié, Regularly varying solutions to functional differential equations with
deviating argument, Bull. Acad. Serbe Sci. Arts, Classe Sci. Nat., Sci. Math. 134(32) (2007),
105-128.

9. V. Marié¢, Regular Variation and Differential Equations, Lect. Notes Math. 1726, Springer-
Verlag, Berlin, 2000.

10. C. A. Swanson, Comparison and Oscillation Theory of Linear Differential Equations, Aca-
demic Press, New York—London, 1968.

Department of Applied Mathematics (Received 10 09 2009)
Faculty of Science

Fukuoka University

Fukuoka, 841-0180 Japan

kusanot@zj8.so-net.ne. jp

Serbian Academy of Sciences and Arts
Kneza Mihaila 35
11000 Beograd, Serbia

vojam@uns.ac.rs



	1. Introduction
	2. Regularly varying solutions of (A) in the critical case
	3. Regularly varying solutions of (B) in the critical case
	References

