PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 69(83) (2001), 101-107

TAYLOR SERIES OF THE NATURAL POWERS
OF THE PICK FUNCTION AND APPLICATIONS

Pavel G. Todorov

Commumnicated by Gradimir Milovanovié

ABSTRACT. We find the simplest forms of the Taylor series of the natural
powers of the Pick function. As an application we give a new proof of
our formula (13) which throws a bridge over the de Branges proof and the
Weinstein proof of the Bieberbach conjecture.

Let w = w(z,1), |2] < 1,0 <t < 400, be the Pick function [1] determined by
the equation

z etw

(1) fo(2) T2~ 0w |2 <1, 0 <t < +o0,

where fo(z) is the Koebe function. The Pick function plays a leading role in the
proof of the famous Bieberbach conjecture in the theory of the univalent functions
[2]-[6]. Further we will use the Pochhammer symbol

(2) (@), =ala+1)---(a+v—-1), v=12,...; (a)o=1

for an arbitrary number a, and the Goursat hypergeometric function

o
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3) pir B b .. by z)—;) B0y (bp)y 71

for arbitrary parameters aq,...,ap+1 and by,..., b, (p=1,2,...) with b; #0, -1,
—2,... (s = 1,...,p) and a variable z with |z| < 1. The series (3) terminates
if some a5 (s = 1,...,p+ 1) is equal to a negative integer or to zero. Then the
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series (3) is reduced to some hypergeometric polynomial for all z. In particular,
for p = 1, the series (3) presents the Gauss hypergeometric functions (polynomials,
respectively) o F1. We will also use the known Kummer hypergeometric sum

@ (P02 [0

for 2a+1#0,—-1,—-2.... Now we will find the simplest forms of the Taylor series
of the natural powers w*, k = 1,2,..., of the Pick function w from (1).

THEOREM 1. The natural powers w*, k = 1,2,..., of the Pick function w =
w(z,t), determined by (1), have the following simplest Taylor expansions

o
(5) wk = Z wnk(t)2", |2| <1, 0 <t < 400,
where

wfnt+tk-—1 k—n,k+n —t)
(6) wnk(t) =€ ( ok — 1 2F1< ok +1 ¢
and o F, is the Gauss hypergeometric polynomial in e~t namely

—k
E—nk+n  _p\ _ s=(Ek—n)(k+n), _,

@ A (" e )_2 @k+ 1,00 ¢

having in mind the notation (2).
Proof. From (1)—(4) we obtain
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_ i (2k) nz Z (—n), (2k + n),,e_,,t
= —  (2k+1),0!

+2% -1\ _ (=n, 2%+n o\ .
Z(n )QFl( Yria o)

°_° n+k—-1 k—n,k+n_  _\ ,_
:gk(%—l)ﬁl( S

If follows from (8) that the formula (5)—(7) holds, which completes the proof
of Theorem 1.

In particular, for k = 1 and v := efw, 0 < t < 400, T:= e}, 0 < 7 < 1,
Theorem 1 is obtained by us in [7, p. 184, Theorem 1] in another way.
THEOREM 2. The derivatives of order p, p = 1,2, ..., with respect to t of the

natural powers w*, k = 1,2,..., of the Pick function w = w(z,t), determined by
(1), have the following simplest Taylor expansions

P
9) ‘96;‘; _Zwﬁf;g()z", 2| < 1, 0 <t < +oo,
n=k
where
(10)
®) (o _ ¢ 1\ppp.—kt[MTE—] k—n, k+n, k+1, ..., k+1_ 4\ .
wnk(t)_( 1)k‘€ (2k—1 IJ+2FP+1( 2k+1,k,.... k € )Z,

where k + 1 and k are taken p times, respectively, and pi2Fp41 is the Goursat
hypergeometric polynomial in e~t namely

k—n,k+n,k+1,...;k+1
A1) proFpua ( k41, k... k o)

n—k

N kon)(k+n)[(B+1)P
-2 @k+ 1) [kt

having in mind the notation (2).

Proof. The formula (9)—(11) follows by an induction on p from the formula
(5)—(7) and the identity k +v = k(k + 1), /(k)..

In [2]-[3] de Branges introduced the system of functions

_kz 2k+ll+1) (2k+2l/+2)nkl/efut kt

(12) onk(t (k+v)v!i(n—k—v)!

written by us [5, Theorem 1] in the full notations o (t) with the two subscripts n
andkfor 0 <t< +ooand k=1,2,...,n (n=1,2,...). With the help of formula
(5)—(7) we will give a new proof of our earher result.
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THEOREM 3. (Todorov [5, p. 340, Theorem 1]) If w = w(z,t) is the Pick
function, determined by (1), then we have the Taylor series

elwk+l
(13) 1—w2__z "+1, 2] <1, 0 <t < +o0,
fork =1,2,..., where o), (t) are the derivatives with respect to t of the de Branges

functions (12).
A new proof. From (1) and (5)—(7) we form the product

(14) w* fo(2) Zsz ank Zz"HZ 8+ Dwy_s, 1 (t).

It follows from (6)—(7) and (14) that
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—vt—kt n—k—v

=§(—1)»(2k+; T Z s+ (n—k—v+1—8)%_140,
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having in mind the notation (2). Further we will use the identity

(16) (a+1-3s) [(@a+1—=s5)pp1 = (a—8)pti]

p:p_+_1

for any number a (and s) and a nonnegative integer p. By means of (16) we find
that

n—k—v 1 n—k—v
Z (s+D)(n—k—v+1—8)opg_1420 = Z mM—k—-—v+1—29)upto
s=0

s=

2k + 2v

_ (n=k=-v+1)agrav11
T 2k+20)(2k+2v+ 1)

From (15) and (17) we obtain that
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according to (12). From (14) and (18) we obtain the Taylor series
(o]

(19) wkfo(2) =Y onk(t)2™, |2 <1, 0<t < 400,
n=~k

for k =1,2,..., which generate the de Branges functions (12). From (19) we obtain
the Taylor series

oo
(20) W), fo(2) =D o (®)z™, 2] <1, 0< ¢ < +oo,
n=~k
for k = 1,2,..., which generate the derivatives of the de Branges functions (12).
From (1) we obtain that
1—w
21 e ey
(21) b v 1+w
By means of (21) and (1) we find that
k t,,k+1
(22) (wk);fo(z):—leiuiuﬁ, k=1,2,..., 0<t< +o0.

Thus (20) and (22) yield (13) which completes the proof of Theorem 3. This is a
new proof of our Theorem 1 on page 340 in [5].

In 1992 in our paper [5, p. 340, Theorem 1] we first discovered the series
(13) thereby first proving that the crucial last steps of the de Branges proof and
the Weinstein proof of the Bieberbach conjecture are one and the same. In his
monograph [8, p. 147] Sheng Gong mentions this fact. Later, Wilf [9, 1994], Koepf
and Schmersau [10, 1996], [11, 1997], and the author [6, 1998] gave other proofs
of the formula (13). Our proof of (13) here presented completes this series of six
different proofs of (13).

THEOREM 4. In terms of the de Branges functions (12), the natural powers
wk, k = 1,2,..., of the Pick function w = w(z,t), determined by (1), and their

derivatives OPw* /0t?, p = 1,2, ..., have the following Taylor expansions
(23) wk =" [onk(t) — 2001,k (t) + on_2, k(1) 2"
n=k
and
oPw* it
(24) = > [0553 (t) — 200, () + a,(sz,k(t)] 2
n=k

for |2| < 1 and 0 < t < +oo, where we set og_1,k(t) = o2, k(t) = 0 (o7, (1) =
0,(611_)2’k(t) =0,p=1,2,...).
Proof. The series (23)—(24) follow from (19), (20) and (1).
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COROLLARY. We have the relations

(25) Wik (t) = onk(t) — 20'n—1,k(t) + On—2, & (1)

and

(26) wl (t) = a®(t) — 20, (1) + 0P, (2)
forn=kk+1,..., (k=12,...),0<t < 400 and p = 1,2,..., having in mind

the remark at the end of Theorem 4.
Proof. The relations (25)—(26) follow from (5) and (23)—(24).
The following result is a generalization of Theorem 3.

THEOREM 5. If w = w(z,t) is the Pick function, determined by (1), then we
have the Taylor series

etw  OPwk > ») )
@) g = LoROS <1 0t < e,

n=k
fork=1,2,... andp=1,2,....

Proof. The series (27) follow from (19) and (1).
In particular, for p = 1, the series (27) is reduced to the series (13), having in
mind (21) (and (22) as well).
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Askey whose suggestions in the proof of Theorem 1 suggested to the author the
idea of using directly the equation (1) for the proof of Theorem 1 of this paper.
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