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Cohomologies and generalized derivations
of n-Lie algebras

Begiim Ategli *, Ogul Esen and Serkan Siitlii

ABSTRACT. A cohomology theory associated to an n-Lie algebra and a represen-
tation space of it is introduced. It is shown that this cohomology theory classifies
generalized derivations of n-Lie algebras as 1-cocycles, and inner generalized
derivations as 1-coboundaries.
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1. Introduction

In an effort to generalize the classical Hamiltonian mechanics to a theory that
can accommodate two Hamiltonians, ternary Lie algebras were introduced in [12],
wherein it was hinted that the theory may be generalized into one that allows (n—1)-
many Hamiltonians. This point of view was pursued further in [7] introducing a
theory of n-Lie algebras, and then has further been developed in [15].

It was in [8] that, for the first time, a cohomology theory has been associated
to n-ary Lie algebras to study their formal deformations. Then, in [2], this coho-
mology theory has been considered further, in close connection with the Leibniz
cohomology. This cohomology theory, associated to n-Lie algebras, upgraded re-
cently to a cohomology theory with arbitrary coeflicients in [1] and [16] in the case
of n = 3, and in [14] to a cohomology theory associated to an n-Hom-Lie algebra
along with a representation space of it.

On the other hand, cohomology theories, more precisely the low dimensional
cohomology groups, have intimate relations with the extensions/deformations of
the algebraic/geometric objects, [9, 10]. In particular, the derivation extensions
have been recently considered in [13] for 3-Lie algebras, and it is argued that a
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derivation of a 3-Lie algebra ® does not fit to define a 3-Lie algebra structure on
the 1-dimensional extension ® @ k. The authors, therefore, introduced the notion
of a generalized derivation for a 3-Lie algebra, which has later been extended to
n-Hom-Lie algebras in [14].

It is very well known that the derivations on n-Lie algebras, Leibniz algebras, etc.
are in one-to-one correspondence with the 1st cohomology group of this algebraic
object in question, with coefficients in itself. However, as is pointed out in [13]
for 3-Lie algebras, such a characterization is missing in the case of generalized
derivations. It is this gap that the present paper aims to fill in. To this end, we
shall introduce a cohomology theory for n-Lie algebras, along which we shall be
able to realize a generalized derivation of an n-Lie algebra as a 1-cocycle in this
cohomology theory. It is worth to remark that the new cohomology theory we
introduce here differs from the known cohomology theory of n-Lie algebras for
n > 3. In the case of n = 3, on the other hand, the two cohomology theories
coincide. Furthermore, the coefficient space of the 1st cohomology group that
classifies a generalized derivation of an n-Lie algebra does not appear to be the
n-Lie algebra itself, as it might be expected. Instead, what we observe is that the
coeflicients are given by the space of endomorphisms of the n-Lie algebra on which
the generalized derivation acts.

The paper may be outlined as follows.

The very first section consists of the preliminary material to be used in the
sequel. More precisely, in Subsection 2.1 we recall briefly the representations and
the cohomology of Leibniz algebras, which are also carried out in the level of
n-Lie algebras in Subsection 2.2. Also in this subsection we prove Proposition 2.1,
a generalization of [1, Prop. 2.5(b)], in order to be able to realize the space of
endomorphisms on an n-Lie algebra as a representation space. The second section
contains the main results of the manuscript. The notion of a generalized derivation
on an n-Lie algebra is recalled in Subsection 3.1. Finally, Subsection 3.2 is reserved
for the main result of the paper. It is this subsection where we introduce a new
cohomology theory for n-Lie algebras via which we realize a generalized derivation
on an n-Lie algebra as a 1-cocycle in Proposition 3.7.

Notations and conventions.

Given a linear space V, we shall denote by g£(V) the space of endomorphisms

on V. On the other hand, given an n-Lie algebra £, we shall employ the notations

Ly=NL, Loy =N L and L, 5 := A"2L.

2. Preliminaries

This introductory section is meant to review the basics of (the cohomology
of) Leibniz and n-Lie algebras. To be more precise, we shall take a quick tour
towards the cohomology of Leibniz algebras in the first subsection, whereas the
second subsection will consist of the representations and the cohomology of n-Lie
algebras.
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2.1. Cohomology of Leibniz algebras.

Along the way to show that the new cohomological complex we shall introduce
is indeed a differential complex, we shall make use of the cohomology of the
associated Leibniz algebras. As such, we now recall briefly the cohomology of
Leibniz algebras.

Let us begin with the definition of a (left) Leibniz algebra following [13], see
also [11, 5].

A (left) Leibniz algebra is a vector space £ equipped with a bilinear map [, ] :
L ® L — ¢ satisfying

[x, [y, z]] = [[x, ], z] + [y, [x, 1] 2.1

forall x, y,z € .

Following [11, Subsect. 1.5], a representation of a Leibniz algebra (&, [,]) is
defined to be a vector space V equipped with the linear maps A : £ — g£(V) and
o & — gf(V) such that

A([x,y]) = A(x) 0 A(y) = A(y) 0 A(x), (2.2)
p([x,y]) = A(x) o p(y) = p(¥) o A(x), (2.3)
p(y) o p(x) =—-p(y)oA(x), (2.4)

for any x,y € £. Let us note also that, from the point of view of (left and
right) actions, we may view 1 : & — gf(V) as a left action> : @V — V
by x>v = A(x)(v), and p : & — gf(V) as aright action<: V@ & — V via
v<x = p(x)(v), for any x,y € &, and any v € V. Accordingly, the conditions
(2.2)-(2.4) may be re-written as

[x,y]>v=x>(y>v)—y> (x>v), (2.5)
valx,y]=x>(vay) - (xpv)ay, (2.6)
(vax)ay=—-(xpv)ay. 2.7

Let us next recall the semi-direct sum construction for Leibniz algebras. Given
a Leibniz algebra £, and a representation V of £, it takes a routine verification that
V=& :=V & Lis also Leibniz algebra via

|22, woy)| 3= (x5 w v ey, [ry]).

called the semi-direct sum Leibniz algebra.

Given a (left) Leibniz algebra £, a linear map D : & — L is called a derivation
if

D([x,y]) = [D(x),y] + [x, D(y)]

for all x, y € £. Given a Leibniz algebra £, the (left) adjoint action adl : £ — ¢
given by ad” (x)(y) := [x, y] is a derivation for any x € L.

Let us finally recall the Leibniz algebra cohomology from [6, 11]. Let £ be a
Leibniz algebra, and let V be a representation of £. Then,

CL(8,V) := @ CL'(2,V),  CL"(8V) :=Hom (2°",V),

n=>0
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together with d : CL"(8L,V) — CL"! (&, V) which is given by
df(-xla e ,-xn+]) =
> D G Fa X [ LX)+

I<i<j<n+l (2.8)

n
DD s fOn R ) + (CD™ (LX) <X
k=1

forany f € CL"(&,V), formadifferential complex. The homology H(CL(L,V), d)
is called the Leibniz algebra cohomology of £, with coefficients in V, and is denoted
by HL*(R,V).

2.2. Cohomology of n-Lie algebras.

We shall next recall the very basics of n-Lie algebras from [2, 12, 15]. A linear
space L, equipped with a linear operator [,..., | : £, — L, is called an n-Lie
algebra if it satisfies the fundamental identity

—_

[X1s s Xty [Xns o s X2n1 ] = D [Xns s X1 - X1 Xk ], -5 X201

0
(2.9)
for any x1,...,x2,-1 € L. Along the lines of [2], given an n-Lie algebra £, the
space L,,—1 has the structure of a Leibniz algebra through

=

x~
I

—_

e
[x1,x2] = xé/\---/\[x},...,x’f_l,xlz‘

1

n—1
]/\.../\x2

>~
Il

forany x; ;= x| A--- AxP7hxy i=x) Ao AxST! € L,y Furthermore, as was
shown in [2, Thm. 2], £ happens to be a representation of the Leibniz algebra
Ln—l-
2.2.1. Representation of an n-Lie algebra.

Following [3, 4], given an n-Lie algebra £, a vector space V with a linear map
u: Ly — gt(V) is called a representation of L, if

ﬂ(x]’ e ,-xn—l)ﬂ(-xna e ’-x21’l—2) - l’t('xn’ o 9x2n—2)/'[(-x19 . ,-xn—l)
n-2
= Z lu(xl’h e [-xla L ’xn—lexn+k], .. ,x2n—2), (210)
k=0
and
/’l([xla LIRS ,xn]’xn+la LEEIRY ’x2n—2)

n
= Z (—l)k WXty Xy e X)) (Xt s« s X2n—2,Xk),  (2.11)
k=1

for any x1,...,x2,-2 € L.
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The most immediate example of a representation is ad : £,—; — g{(L), thatis,
the adjoint representation of an n-Lie algebra L on itself, which is given by

ad(xq, ..., x5-1)(xn) == [x1, ..., xXu] (2.12)

for any x1,...,x, € L.

In order to present a slightly more serious example, in the spirit of a dual
representation, we record the following generalization of [1, Prop. 2.5(b)] regarding
the representations of n-Lie algebras.

Proposition 2.1. Given an n-Lie algebra L, and a representation (V, u) of L,

n
Z (D% u(xry o Ty s X)Xt - - - 5 X2, Xg )+
=1

n

Z (=D upats oo Xome, XX« s XRs o3 Xn) =0 (2.13)
k=1

forany xy,...,x3n-—2 € L.

Proof. To begin with, in view of (2.10) we have

n
Z (D% uxr, o Xy X)Xt - - -3 Xon2, Xi)+
k=1

n

Z (_1)kﬂ(~xn+1’ e 7x2n—2’xk)/'[(x1’ e 7)2;(5 et ,-xn) =
k=1
n

Z (_l)k /J(xn+1, . 7x2n—29xk)/'t('xl9 . ,)27(’ o ,xn)"'
k=1

n-2 n
ZZ (_l)kﬂ(xnﬂ’ cee [-x]’ e $-f;<9 e ’xn’xn+p]’ e ,x2n—2’xk)+
p=1 k=1

n
Z (=D  pnsts o Xon2s [X1s o Xk oo X X))+

k=1

n
Z (_l)k M(xl’ L 7)2;(9 LR ,xn)/J(erla e 7x2n—27xk)+
k=1

n
Z (DR (1, - [l - - o s Xone2s Xk X Ly ooy KR oo oy X))+

I<r<k<n k=1

n
Z Z (_1)kﬂ(-xlv . ‘7)5;{’ LR ] [xl’l+1’ . ~,x2n—2,xk’xr]’- . "xn)'

I<k<r<n k=1

That is,

nlu([-xl’ .. -,xn]’xn+l,- . -’x2n—2)+
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n-2 n

ZZ (_1)k+p_1l’l([x1, . "-x/;(7' . -,xn’xn+p]’xn+l,- . '3)Zl+\p’ .. -7-x2n—2’xk)+
p=1 k=1

n
Z Z (_1)k+r_l M([xn+l’ LI ,x2n—2,xkaxr],xl, .. -7)2;‘7- . ~a)€;{7~ . -7xn)+

1<r<k<n k=1

n
Z Z (_1)k+r#([xn+la .. -,x2n—2axk9xr]axl, .. -&JE;(9~ . ")E;" .. -axn) = 0‘

1<k<r<n k=1

We next apply (2.11) to arrive at

nl’l([-x]$"'9x}’l]"xn+l7'",xzn—2)+

n-2 n

Z ZZ (—1)r+k+p_1y(x1,...,)2;,...,ﬁ,...,xn,xnw)x

I<r<k<n p=1 k=1

/J(xn+17 e ’xn+p7 L 7x2n—27xkaxr)+

n-2 n

Z ZZ (—1)r+k+p,u(x1,...,)a<,...,fr,...,xn,xnﬂ,)x

I<k<r<n p=1 k=1

ﬂ(xn+l’ s 9-xn+pa e ’xzn—Zaxk9xr)+

n-2 n
Z Z (_1)n+k+P_1 ﬂ(x17 E ,)E;Ca L sxn)ﬂ(xn+l’ LIRS 9~X’T;+\p7 oo ’x2n—27~xk’~xn+p)+
p=1 k=1

n-2 n

-1 —
Z ZZ(_l)[ﬂ-k-H' ,u(xn+l7---xn+pe---,x2n—27xk’xr)x

1<r<k<n p=1 k=1

H(XT, oo Xy oy X v ooy Xy X p)+

n
Z Z (_1)n+k+r /l(-xn+l, ce ’x2n—2,xr)ll(x1, s 7-£;7 ce 9-{;(, s ’-xn,xk)"'

ISr<k<n k=1

n
Z Z (_1)n+k+r_1 #(-xl’l+]’ e axZn—z’xk)/’l(xl’ e ’-f;', o 7-’27(’ e ,-xn,-xr)"'
I<r<k<n k=1

n-2 n

Z Z Z (_1)k+r+p #(xl’l+]’ LRI ’-x’nTp’ e ,x2n—2’xk,xr)x

I<k<r<n p=1 k=1

H(XT, ooy Xy oo Xy ooy Xy X )+

n
1 —~ —~
Z Z(—l)””‘” H(Xpats oo s X2, X (X, o Xy ooy Xy oo, X, X )+

I<k<r<n k=1

n
Z Z (_1)n+k+rﬂ(xn+17 LA ’xzn—29xk)#(~xla LA ,ﬁca o 9-£;‘9 LA axn’xr) = 0,

I<k<r<n k=1
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which, calling the left hand side of (2.13) as F(x,...,x2,-2), may be arranged
into

(2n=2) F(x1, ..., xn-2)+

n-2 n

Z ZZ( D= (x5 Foe ey Xy ey Xy Xpap) X

I<r<k<n p=1 k=

#('XVH-]’ e a-xn+p’ s ,x2n—2’xk,xr)+

n-2 n

Z ZZ (=)™ P y(xy, ... % s X e X, X p) X

I<k<r<n p=1 k=1

ﬂ(xn+1’ L 9xn+p’ e ’xzn—Z’xk’xr)+

n-2 n
k+r—1 —
Z ZZ(_l)p+ o /J(xn+1a---xn+p,---’x2n—2,xk’xr)x

I<r<k<n p=1 k=1

H(X1, ooy Xy Xk ey X, X))+

n-2 n

Z ZZ( 1)k+r+P (xn+l,---ax’n-i—\p,---’XZn—Z,xk,xr)X

1<k<r<n p=1 k=

H(XT, oo s Xy oo s Xy o X, Xpgp) =0

Next, setting forany a € {1,...,n}and b € {1,...,n -2}

F(l,b = F(xlv e axa—lvxn+baxu+19 o Xns Xngls e oo ,xn+b—19xa9xn+b+17 e ’x2n—2),
the above expression may be presented as
n
Z Z Fip=nF(x1,....%m2). (2.14)

k=1 p=1

The claim, now, follows from the iteration of (2.14), or equivalently the successive
applications of (2.10) and (2.11). O

Remark 2.2. Let us note that in the case of n = 3, (2.13) is precisely [1, Prop.
2.5(b)] for 3-Lie algebras.

Corollary 2.3. Let L be an n-Lie algebra, together with a representation (V,n).

Then, the space Hom(V, W) of linear maps from V to a vector space W is also a
representation of L via u : L, 1 — g€(Hom(V,W)) with

(101, ) (D) 0) = T, ) (). (215
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Proof. Indeed, we observe at once that

(,U(xl, v XD (X, o X000 2)(T) = (s - o X2p—2) p(X1, ,xn—l)(T))(V) =
T(m(xns - s X2n-2)n (X1, ooy Xn=1) (V) = (X1, « s XD (X -2 X2n—2) (V) =

n-2
- Z T(n(xn’ MR [xl’ cee axn—l’xn+k], e ,XZn—Z)(V)) =
k=0

n-2

Z (ﬂ('xn7 AR ['xl’ . ’xn_17'xn+k]’ R ax2n—2>(T))(V)7
k=0
(2.16)
where we employed (2.10) on the second equality. On the other hand,
(sl et o) () (0)
==T(n([x1,. .. %n], Xns1, - - -, X20-2) (V)
n
== > DT, R XN (st - Xano2, X0 (V)
k=1
n
= > (=D T(xnats - Xono2, XN, Rk X0) (0)
k=1
n
= Z (_l)k (/’l(xl’ .. 7xAka A ,xn),u(xn+1’ o 9x2n—27xk)(T))(v)’
k=1
where we applied (2.13) on the third equality. O

For a direct proof, one that does not appeal to an analogue of [1, Prop. 2.5(b)],
we refer the reader to [14, Thm. 3.9].
2.2.2. Cohomology of n-Lie algebras.

We shall now recall the cohomology theory for n-Lie algebras from [2], see also
[14, Sect. 3].

Let £ be an n-Lie algebra, and let (V, u) be a representation of £. Then,

L) =P crLy). L) = Hom(zg_(;"‘“ A L,v), m> 1,

m>0

(2.17)
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with C°(L,V) = L,_» ® V, is a differential complex via

§:CL,V) = Cl(L,VY), Ozt A Azp2 ®V)(Y) i= u(z1y v vy Zn=2,Y) (V)
§:C"(L,V) > C™I(LV), m>1
Of (X1, ., xm,y) =

DN G F s [ X)X )+

I<i<j<m

(=1 FXLs ey X Xy (2], X ]

M

1

4

3

(—1)”1,11()6}, . ..,x;’_l)(f(xl,...,fc}, . ..,xm,y))+

~
Il
_—

N
|

1

(—1)"_1+m+iu(xm, o xh ,x,’;_l,y) (f(xl, . ,xm_l,xfn)),

=1

~

(2.18)

forany f € C"(L,V),any x; := x} A-- '/\xlf“1 e Ly1,anyz1A---Azy2 € Ly,
andany y € L.
The homology H(C(L,V),d) of the differential complex (2.17) is called the n-
Lie algebra cohomology of L, with coefficients in V, and is denoted by H* (L, V).
We shall now point out, in view of [2], the relation between the cohomology of
an n-Lie algebra £, and the cohomology of the associated Leibniz algebra £,,_;.
The following auxiliary result on the representations may be obtained by a routine
verification of (2.5), (2.6), and (2.7), and hence the proof is omitted.

Proposition 2.4. Given an n-Lie algebra L, together with a representation (V, i),
the linear space L,_» @ V is a representation of the Leibniz algebra L,,_1 through

x> (1A AZpp2®V) = (2.19)
n-2
Z Z1/\--~/\[xl,...,x"_l,zk]/\---/\zn_2®v+
k=1
DA Az @pulxt, X (),
(ZI A AZp2®V)ax = (2.20)
n—1

(D)™ XA AXRE A AT @ u(z, - 2, XR) ().
1

x~
Il

The relation between the cohomology of an n-Lie algebra, and its associated
Leibniz algebra of fundamental objects, is now given below.
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Proposition 2.5. Given an n-Lie algebra L, together with a representation (V, i),
the diagram

Cm(-E, V) $‘ CLm(-En—la -£n—2 ® V)

| |
Cm+1 (L, V) Lm: CLmH(Ln—l, Ln—z ® V)

is commutative for any m > 0, where

ML CM™(L,V) = CL™(Lp-1, Lnnr®V), f = A"(f),
n-1 _

A (F)Cx1, - osxm) = Y (=DKap, Aes Al A AT ® f (X1, X,
k=1

A :=-1d: L2 ®V > L s V.
Proof. On the one hand we have
Am+1(6f)('x1’ LR ’xm+1) =

n—1

k 1 k
Z(_l) g1 N /\xm+l A-e m+1®5f(x1""’xm’xm+l) =
k=1

+k -1
Z Z(l)‘ XA /\x N AX, A®

1<i<j<m k=

N C ST T [xi,xj],...,xm,x§1+l)+

¥
L

s

N
=~
I

i+k 1 k n—1
(D" X A AX A A ®
1

f(xla---7)’c\ia-'-,xm’ [xi19"-9x?_1’xk ])+

i
N

M

,.
I
-
~
I
-

i+1+k 1 k n—1
(-1 gt Nm AXp A AX L ®

,u(xl,... x 1)(f(x1,..., I’ ..,xm,xfn+1))+

S
|
—_

i
—_

n—l+m+i+k 1 k
(-1 gt Ao AX A

Il
—_
x~
Il

1

—_—

1 1 ; -1 _k '
CAX O UX gy A AXy A AKXy ,xm+1)(f(x1,...,xm_l,xin)),

while on the other hand

A"t X)) = DL (CDFAT @ T [ X X))+

I<i<j<m+l

Z( DR o (A" F) (1, s Ximat) + ()™ (A" F) (X1, 2 X)) <Xt =

Vv
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DD A F e [ X X))+

I<i<j<m

DD AT F X, D Xt )+

1<ism

DD g (A F) (1 T X)) + (DA ) (1K) <X
k=1

Accordingly,
d(A" ) (X153 Xmat) =

k o~ k
Z Z( 1)k x erl/\ CAX erl/\ m+1®f(x1,..., i X xg] X )

I<i<j<m
n-1n-1 m
k+i .1 1 -1
ZZ(—I) g A AXE A A [ X XD A
p=1 k=1 i=1
k#p
/\x:’n+11®f(x],..., PR S, erl)+
n-1 m
1 —~ 1 -1
(-1)P*x m+1/\ /\ (A AX O (X K X [ X ,xf:l+1])+
p=1i=1

(=D xio (A" )1y T Xmgn) + (CD™ AT ) (1 X)) < X

'ME

Il
—_

4

Next, we note that

S i (A" ) (x1r T er) =
i=1

n-1 m
i+1+k 1 k - k _
ZZ(—I)’ x,~>(xm+1/\---/\xm+l/\--~ m+l®f(x1,..., ,...,xm+1))—
k=1 i=1
n-1n-1 m
i+1+k 1 k 1 n-1 _p
Z (-1 Xt Ao AXp A A [T X A
p=1 k=1 i=1
p#k
A n—1 = k
e AX ® (XX X Xy )
n-1 m
i+1+k 1 k n-1
Z(—l) Xyt N AXp A AX A ®
k=1 i=1
1 -1 = k
u(x;, ..o, x; )(f(xl,...,xi,...,xm+1)),
and that

(_1)m+1 (Amf)(X1, e ’xm) X+l =
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—

S

(—1)m+i+k (x,ln Ao AXE A AT ® fx, ... ,xm_l,x,];)) A Xpy] =
k=1
n—1n-1
n+i+m+l+k 1 i
(_1) xm+1/\“'/\xm+1/\“.
i=1 k=1
Al g Y N S k
CAX O U, A AXy A AX X O (X X1, X))
The result, then, follows. O

3. Generalized derivation extensions of n-Lie algebras

In the present section we shall present the cohomological classification of gen-
eralized derivations of n-Lie algebras. In the case of n = 3 the result answers the
question raised in [13, Rk. 3.7]. More precisely, we shall realize a generalized
derivation of an n-Lie algebra as a 1-cocycle in a cohomology theory associated to
n-Lie algebras, and an inner generalized derivation as a 1-coboundary.

3.1. Generalized derivations.

Given an n-Lie algebra £, a linear operator D : £ — L is called a derivation if

n
D([x1,...,%n]) = Z [X1, .+ D(XR)s - - - %n]
k=1
for any xq,...,x, € L. Accordingly, it follows at once from the fundamental
identity (2.9) that
ad(x1,...,x,-1): L > L

given by (2.12) is a derivation for any x, . .., x,-1 € L. Such derivations are called
inner derivations.

A generalized derivation of an n-Lie algebra L, on the other hand, is defined to
be a linear map D : L, — L satisfying

D(x1, .. s Xn-2, [Xn-1, - - - s X2n-2])
n-1
= [xn_l, ey D(xl, NN ,Xn_z,xn_1+k), ‘o ,X2n_2], (31)
k=0
[X1s . X1, D (X - - s X20-2) | + (D) [D (X1, o s X0-1)5 Xns -+ -5 X2n-2]
n-2
= Z D(xn, ey [xl, PN ,Xn_1,xn+k], e ,)Czn_z), (3.2)
k=0
and
D(x1,...,Xpn-2,D(Xp-1,...,%2,-3))
n-2

= Z D(xl’l—17 cre D(Xl, L sxn—Z’xn—l+k)’ L ’x2n—3)9 (33)
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for any x1,...,x,-1 € L, see [14, Def. 5.1].

It follows at once, as was noted in [ 14, Lemma 5.3], thatthe map ad,, : £,,_1 — L
which is given by ady (z1,...,2,-1) := [¥,21,...,2n-1] is a generalized derivation
for any y € L. Such a generalized derivation is called an inner generalized
derivation.

Let us note also that D : £,,_; — L being a generalized derivation, £ &p k :=
L & k is an n-Lie algebra through

n
[x1 +aiD,...,x, +a,D] = [x1,...,x,] + Z (=D D(x1, ..., 55, xn)
k=1

(3.4
forany x| +a|D,...,x, +a,D € L ®p k.
Remarks on the conditions (3.1) and (3.3) are in order now.

Remark 3.1. Setting
D¥: L, — gl(L), DH(x1,. . x02) () = D(x1s. X2, y), (35)

we see at once that (3.1) is equivalent to D¥(x1,...,xn_2) € g0(L) being a deriva-
tion of the n-Lie algebra £, for any xy,...,x,-2,y € L.

Remark 3.2. The condition (3.3) is equivalent for the n-Lie algebra £ to have the
structure of an (n — 1)-Lie algebra through

D:L,1— L, XIA - AXpog = D(xq, .0, X021).

As for the condition (3.2), we have the following analogue of [13, Lemma 3.5].
Let us, however, record first the semi-direct sum Leibniz algebra £ < £, :=
L ® L,,_ associated to an n-Lie algebra L.

To begin with, £ being an adjoint representation over itself via (2.12), it becomes
a representation of the Leibniz algebra £,,_; through

xey =[xl ... ,x"_l,y], y<x = —[xl,...,x"_l,y],

forany y € Landany x :=x' A---Ax"' € £,_. Then, £L & L£,_; is a Leibniz
algebra through

[y1 +x1, 2 + %25 = [x], ., X7 ya] = [xds o x5y ] + [xg, %2,

forany yj,y2 € £ andany x; == x{ A~ AX" Ly i=x) A AxST € Lo,
where
n—1
— 1 1 1k 1
[x1,x2] .—Z Xy Ao AXp, xS A AXY T € L.
k=1

Accordingly, [13, Lemma 3.5] extends verbatim to the following.

Proposition 3.3. Given an n-Lie algebra L, let D : L,y — L be a generalized
derivation. Then,

DAI.LNLn—l_)LX-Ln—l, DA(y"'x) Z=D(X),

forany y € £ and any x == x' A --- Ax""V € L,_y, is a derivation of Leibniz
algebras.
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3.2. The cohomological classification of generalized derivations.

The present subsection accommodates the main result of the paper. Namely,
we shall now introduce a new cohomology theory for n-Lie algebras that captures
generalized derivations of n-Lie algebras as 1-cocycles. Accordingly, we shall
begin with the presentation of this differential complex for n-Lie algebras.

Let £ be an n-Lie algebra, and let (V, u) be a representation of L. Let also

cLv)y =@ L), LYy =Hom(Ly P IAL V), m 1,
m>0

(3.6)
with C%(L,V) := L ®V, and
5:CY(L,V) - CclL, V), (z®v)(y) = pu(z, vy, ..., y" (),
§:C™(L,V) - Cc™i(L V), m>1
Of(X1yev s Xm,y) =
D D G F s [ X)X )+

I<i<j<m

(=D fQ1s e Koy X, [0, Y]+

M=

i=1

3

(=1 (), ..,x:-‘_l)(f(xl, E ..,xm,y))+

~

—_—

S

(=1 ey (FO e, X)),
i=1
3.7

for any f € C"(L,V), any x; := x} Avees /\x{“l € L,_1,andany y =yl A A

—_—

y"% € L,_», where X,"n = x,l,1 Ao AXL A /\xﬁfl e L, o,

n—1
[xi,x;] = le. Ao A [xil, ... ,xlfl_l,xf] A /\x;.l_1 e L1,
k=1
and
n-2
iyl = > v A Al xR A AT e L
k=1

We shall now show that (3.7) is indeed a differential. To this end, we first note
from Proposition 2.4 that £ ® V is a representation through

xe(zov) =[x .. x" Ll ev+zeu!, .. X)), (3.8)
n-1
(z®v)<x::Z(—l)kxk/\,u(z,xk)(v), 3.9

k=1
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wherex :=x' A Ax" Ve £, ,and Xk i=x' Ao Axk A Ax e £,0.
Then we observe the following analogue of Proposition 2.5.

Proposition 3.4. Given an n-Lie algebra L, together with a representation (V, u),
the diagram

cL,v) =2 cLm (L, LOV)
| |
cml(L, vy 2 el (L, 1 LeV)

is commutative for any m > 0, where
0" :C"(L,V) > CL™" (L1, LV), [ 07(f),

n—1
O"(f)(x1,...,xm) = Z (=1t xfn ®f(x1,...,xm_1,X,';), m > 1,
k=1
0:=-1d: LoV > LV,
(3.10)

—_—

and X5 = x) Ao AXK A oA e £,

Proof. On the one hand we have

n—1
®m+l(6f)(xla LI ,xm+1) = Z (_1)k+] x,I;H_] ® (6f)(x17 LRI 7xm7Xr];l+]) =
k=1

n-1
DT DM e f B D)X XL )
k=1 1<i<j<m
n-1 m
DD @ fa F s D XK D
k=1 i=1
n-1 m
ZZ (—1)‘+kxfjl+1 ®,u(x}, . ,x;’_l)(f(xl, e Xy ,xm,Xrlﬁl+1))+
k=1 i=1
n—-1n-1

Z (—1)i+k+mx;§1+1 ® ﬂ(xfn’ Xr];wl)(f(xl’ ceXms X1i1))’

while on the other hand,
(@™ (f))(x1, - Xma1) =
D D@ (s T [0 Xma)

I<i<j<m+1
+ D ae (@ () T )
i=1

G G (CRIVP IR} Ry
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where on the latter, we note that

D D@ ()t T [ Xne) =

I<i<j<m+l

D DO ()t T [ XL )+

I<i<j<m

Z( D @™ ()1, T [y X ]) =

i=1

n—1

DR e fe F s D) X )+
k=1 1<i<j<m
n—1

m
DT @ f O T [ X D+
i=1

4

S
—_ =

m
K+l -1 _k -~ k
Z( DIk ...,xl'-l X1 ® fx1, XL X ).

i=1

>

—

The result, now, follows from (3.8) and (3.9). More precisely,

'M§

~
1l
_

(D™ x> (O (N Cx1e Fove X)) =

3
|

(D™ ),k Te f, s XE )+

[
s

T
i

|
—_ =

(Db @ul e XD (FOr B XED),

’M§

>~
Il

~
Il
—_

and

(=™ (@™ () (x1s- ) ) <t =

-1

=

(_1)m+1 (

n—-1n-1

( 1)l+k+m l m+1 ® /J(xmv :n+])(f(xl’ e Xmo X’]:,l))

(_1)k+1 qu ® f(xla e Xm—1, X;]q(q)) X m+1
k=1

k=1 i=1
O

Corollary 3.5. Given an n-Lie algebra L, together with a representation (V, u),
the mapping 6 : C"(L,V) — C"™ (L, V) forn > 0, given by (3.7) is a differential
map, that is, it satisfies 52 =0.

Proof. The claim follows at once from the injectivity of (3.10). O
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We shall denote the homology H(C (L, V), d) of the differential complex (3.6) by
H*(L,V). Asis customary, we shall denote by Z" (L, V) the space of m-cocycles,
and by 8™ (L, V) the space of m-coboundaries.

Remark 3.6. It is worth to note that the differentials (2.18) and (3.7), and also the
differential complexes (2.17) and (3.6), coincide (only) for n = 3.

We are now ready to prove our main result.

Proposition 3.7. Given an n-Lie algebra L, let D : L,_1 — L be a linear
mapping, with D% : £,,_» — gt(L) being the associated mapping given by (3.5).
Then, D% € Z'(L,gt(L)) if (3.2) is satisfied.

Proof. Wehave, forany x := x'A---Ax""l € £, 1,anyy :== y'A- - AY"™2 € L£,,5,
andany z € £,

(DM 3)(2) = =DH(x, ¥ (@) + (. (DH) ) (2)+
n—1

2D (G DAY ) @),
i=1
where X7 :=x! A---Axi A---Ax" € Lo, and
n-2

[x, y] ::Zylf\---/\[xl,...,x"_l,yk]/\---/\y"_2€£n—2.
k=1

Accordingly,

n-1

(6D (x,)(2) = =D ([x,y1,2) = DF ) ([x, 2) + ) (=) DX (¥, y,2]) =
i=1

n—1

=D([x,5],2) = D(y, [x,2) = Y. D&y [y, 2w, xm .
i=1

Now, if (3.2) is satisfied, then
(6D%)(x,y)(2) =

- [X,D(y,Z)] + (—l)n[D()C),y,Z]) - ([y,Z,D(X)] + (_l)n[D(y’Z)’x] =0.
O

Remark 3.8. It is worth to note for n = 3 that assuming D : L, — L to satisfy
(3.1), we may further conclude D¥ € Z'(£, g¢(L)) if and only if (3.2) holds.

Remark 3.9. Given D : £,_1 — L, it follows at once from the definition of
§:C%L,V) - C'(L,V) that D¥ € B' (L, gf(L)) if and only if there is £ ® f €
L ®gl(L)sothat D¥ = §(¢ ® f), or equivalently

D(y.2) = D*(3)(2) = (1€, 1) (D) (@) = ~f([€,7.2]) = ade () (3. 2).
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Accordingly, we may say that D¥ € B'(L, gf(£)) if and only if D = adg(f) for
some & € L and f € g€(L). Compared to the definition of an inner generalized
derivation in [13, Lemma 3.6] and [14, Lemma 5.3], inner generalized derivations
D : L£,_1 — L correspond to those that satisfy D¥ = §(¢ ® Id) for some & € £,
where Id € g£( L) denotes the identity transformation.
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