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Equilibrium states on the Toeplitz
algebras of small higher-rank graphs

Astrid an Huef and Iain Raeburn

ABSTRACT. We consider a family of operator-algebraic dynamical sys-
tems involving the Toeplitz algebras of higher-rank graphs. We explicitly
compute the KMS states (equilibrium states) of these systems built from
small graphs with up to four connected components.
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Over the past decade there has been a great deal of interest in KMS states
(or equilibrium states) on C*-algebras of directed graphs [16, 12, 4, 3, 20, 25]
and their higher-rank analogues [13, 14, 18, 26, 7, 8, 5]. At first this work
focused on strongly connected graphs, possibly because these had provided
many examples of interesting simple C*-algebras [24, 22]. A uniform feature
of all this work is that the Toeplitz algebras of graphs have much more
interesting KMS structure than their Cuntz—Krieger quotients.

More recently, we have been looking at graphs with more than one strongly
connected component [15, 11]. This throws up new problems: removing com-
ponents can create sources, and, as Kajiwara and Watatani demonstrated
in [16, Theorem 4.4], sources give rise to extra KMS states (see also [12,
Corollary 6.1] for a version phrased with our graph-algebra conventions).
For higher-rank graphs, the situation is even more complicated. We saw in
[11, §8] that even if the original graph has no sources, removing a compo-
nent can give sources of several different kinds. So when we tried to test the
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general results from [10] and [9, §3—6] by organising them into a coherent
program for calculating KMS states, we ruled out the possiblity that there
could be non-trivial bridges between different components [9, §7-8]. Here
we study graphs like the ones in [11, §8] which led us to rule out non-trivial
bridges in [9, §7-8]. We find that, while there are indeed new difficulties
at almost every turn, the general results in [9, §3—6] are sharp enough to
determine all the KMS states.

Our first problem is that there are different kinds of sources: some are
absolute sources, which receive no edges, and others may receive edges of
some colours but not others. The only Cuntz—Krieger relations which apply
to higher-rank graphs like the ones arising in [10] are those proposed in
[23]. (There is a lengthy explanation of why these relations are appropriate
in [23, Appendix A].) Since these relations are complicated, we have to
develop some techniques for finding efficient sets of relations, and these
techniques may be useful elsewhere. We discuss this in §1, and introduce
the two main families of 2-graphs with sources that we will analyse. The
first family contains graphs with two vertices {u, v}; the second, graphs with
three vertices {u, v, w}, each containing one of the first family as a subgraph.
We normalise the dynamics to ensure that the critical inverse temperature
is always 1.

In all our classification results, the KMS states at non-critical inverse tem-
peratures are parametrised by a simplex of “subinvariant vectors”. Identi-
fying this simplex requires computing the numbers of paths with range a
given vertex, and the presence of sources throws up new problems, which
we deal with in §2 and §3. The results in §3 for the graphs with three ver-
tices depend on the analogous results for the graphs with two vertices in the
previous section.

In §4 we apply the results of [9, §4 and §5] to find the KMS states at
the critical inverse temperature for the higher-rank graphs we studied in the
preceding sections. This involves proving, first for the example with two
vertices {u,v}, and then for the three-vertex example, that a KMS; state
cannot see any of the vertices except u. The proofs rely on our understanding
of the Cuntz—Krieger relations for graphs with sources.

The examples we have studied arose as subgraphs of graphs with 4 vertices
which do not themselves have sources. In §5, we calculate the KMS; states
of these graphs. We get one by lifting the unique KMS; state of 7C*(uAu),
and we find a second by stepping carefully through the construction of [9, §4].
In the final section, we investigate what happens below the critical inverse
temperature for the concrete example discussed in [11, Example 8.4].

Since the article [9] was posted, there have been two very substantial
papers which describe the KMS states on larger classes of C*-algebras: in [6],
Christensen uses the groupoid model of Neshveyev [21] to parametrise the
KMS states on the Toeplitz algebras of general finite higher-rank graphs, and
in [2], Afsar, Larsen and Neshveyev use an approach based on ideas from [19]
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to describe the KMS states on a variety of Nica—Pimsner algebras. However,
we value the graphical intuition we get from working directly with the graph,
and the opportunities this gives to cross-check results. Here we have had to
deal with new graphical problems, and we hope that our methods of solving
these problems, particularly those involving the Cuntz—Krieger relations for
graphs with sources, will be useful elsewhere.

1. Exhaustive sets

Throughout, we consider a finite k-graph A, and typically k = 2. A vertex
v € AV is a source if there exists i € {1,...,k} such that vA® is empty. (We
believe this is standard: it is the negation of “A has no sources” in the sense
of the original paper [17].) Our main examples are 2-graphs in which a
vertex can receive red edges but not blue edges or vice-versa — for example,
the vertex v in the graph in [11, Figure 2] (which is also Example 1.8 below).
We call a vertex such that vA® is empty for all ¢ an absolute source. For
example, the vertex w in Example 1.8 is an absolute source.

For such graphs the only Cuntz—Krieger relations available are those of
[23]. As there, if u, v is a pair of of paths in A with r(u) = r(v), we set

A (p,v) = {(, B) € A x At poe = v and d(pa) = d(p) vV d(v)}

for the set of minimal common extensions. For a vertex u € A°, a finite
subset E of uA! := Ule ulA® is exhaustive if for every p € uA there exists
e € E such that A™"(u, e) is nonempty.

We then use the Cuntz—Krieger relations of [23], and in particular the
presentation of these relations which uses only edges, as discussed in [23,
Appendix C]. As there, we write {t, : u € A} for the universal Toeplitz—
Cuntz—Krieger family which generates the Toeplitz algebra TC*(A). The
Cuntz—Krieger relations then include the relations (T1), (T2), (T3) and (T5)
for Toeplitz—Cuntz—Krieger families, as in [13] and [11], and for every u that
is not a source the extra relations

[t —tetz) =0 (CK)

eckE

for all u € AY and finite exhaustive sets £ C uA'. Since adding extra
edges to an exhaustive set gives another exhaustive set, it is convenient to
find small exhaustive sets, so that the resulting Cuntz—Krieger relations for
these smallest sets contain minimal redundancy.

Lemma 1.1. Suppose that A is a finite k-graph and E C ul' is a finite
exhaustive set. Consider i € {1,...,k} and e € ul®. If there is a path
ep € uAN® such that s(p) is an absolute source, then e € E.

Proof. Since E is exhaustive, there exists f € E with A™%(eu, f) # 0.
Then there exist paths «, § such that epaw = f3. Since s(u)A = {s(u)}, we
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have a = s(u1). Thus d(fB) = d(epa) = d(ep) € Ne;; since f € A and
0 <d(f) <d(f)+d(B) = d(fB) € Nei,

we deduce that d(f) = e;. Now uniqueness of factorisations and ey = ff3
imply that f = (ew)(0,e;) =e. Thus e € E. O

Example 1.2. We consider a 2-graph A with the following skeleton:

\
a
d2{\\ ‘V //"_,2,;\\\
\\U‘ \U,
\_/

in which the label aq, for example, means that there are a; blue edges
from v to u. Since each path in uA®1*¢2y has unique blue-red and red-blue
factorisations, the numbers a;, d; € N\{0} satisfy djas = dea;. Since v is
an absolute source, Lemma 1.1 implies that every finite exhaustive set in
uA! must contain every edge, and hence contains uA'; since every finite
exhaustive set is by definition a subset of uAl, it is therefore the only finite
exhaustive set. Thus the only Cuntz—Krieger relation at w is

I (tu—tets) =0.
ecul!

There is no Cuntz—Krieger relation at v.

We now aim to make the Cuntz—Krieger relation (CK) look a little more
like the familiar ones involving sums of range projections.

Proposition 1.3. Suppose that A is a finite k-graph, u is a vertex and
E C ul' is a finite exhaustive set. For each nonempty subset J of {1,...,k},
define ey € N¥ by ej = 3 .. €i. Then the Cuntz-Krieger relation (CK)
associated to E is equivalent to

tat Y. (=p > tuth = 0.
0#£JC{1,....k} {pn€ur :p(0,e;)EE forie J}
From the middle of [11, page 120] we have
[Tt—tty=tu+ > DM X wt). @
eck 0£JCq{1, ,k} i€J eeENuA®i

We want to expand the product, and we describe the result in a lemma.
Proposition 1.3 then follows from (1.1) and the lemma.



692 ASTRID AN HUEF AND IAIN RAEBURN

Lemma 1.4. Suppose that E is a finite exhaustive subset of uA* and J is
a subset of {1,...,k}. Writee; =73, e;. Then

I1 ( 3 tft’}) - 3 Lt (1.2)
i€J feEnuA¢i {pneul :p(0,e;)EE fori € J}
Proof. For |J| =1, say J = {i}, we have e; = ¢;. Thus
{p € ul¥ : u(0,¢;) € E for i € J}
={pn€ulr: p=p(0,¢) € E}
= FENuA®.

Now suppose the formula holds for |J| = n and that K := J U {j} for some
j€{1,...,k}\ J. Then the inductive hypothesis gives

(> on)=(I1( X w))( X )

€K feENuA®i ieJ feENuA®i e€ ENuA®i

:( 3 tmﬁj})( 3 tetZ).

{pu€ul :u(0,e;)EE for i € J} ec ENuA®I
Now for each pair of summands ¢,t;, and t.t? the relation (T5) gives
(tut:l)(tet:) = Z tu(tgt:;)t: = Z tugtzte-
(g.v)EA™™ () (g.v)EA™R (L e)

By definition of A™" we have g € A% and ug = ev, so d(ug) = ex. Then
we have

(19)(0.¢)) = (e1)(0,¢)) = e € E, and
(19)(0,€;) = u(0,e;) € E for i € J.
So the paths which arise as ug are precisely those in the set
{AeulAS : X\(0,e;) e Eforie JU{j} =K}. O

Remark 1.5. It is possible that the index set on the right-hand side of (1.2)
is empty, in which case we are asserting that the product on the left is 0.

In a finite k-graph, the set uA! of all edges with range u is always a finite
exhaustive subset of A. Then Proposition 1.3 applies with £ = uA!. For
this choice of F, the condition p(0,e;) € E is trivially satisfied, and hence
we get the following simpler-looking relation.

Corollary 1.6. Suppose that A is a finite k-graph. Then for every u € AY

we have
I G-ty =tut+ > (—1)“'( > tut;j).

feunl 0£JC{1,....k} neANST
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Example 1.7. We return to a 2-graph A with the skeleton desccribed in Ex-
ample 1.2, and its only finite exhaustive set uA!. Then (1.1) and Lemma 1.4
imply that
I tu—tetd) =tu+ > (—1)“‘( > tut;j).
ecull 0#JC{1,2} {peAs:u(0,e;)eull for ieJ}

The nonempty subsets of {1,2} are {1}, {2} and {1,2}. For J = {1} the
requirement 12(0, e1) € uA! just says that u is a blue edge (that is, d(u) = e1),

and
Z tuth, = Z tot?.

pEANT ecul®l
A similar thing happens for J = {2}. For J = {1,2}, the condition on
w(0,e;) is still trivially satisfied by all p € uA®™®2. Hence the Cuntz—
Krieger relation becomes

t— 3 teti— Yttt Y tuth =0,

eculcl ecul©2 pEuAe1te2
or equivalently
t= Y tetit Y tti— Y tuth
ecul®1 ecul©2 pEuAe1te2
which does indeed look more like a Cuntz—Krieger relation.
Lemma 1.1 establishes a lower bound for the finite exhaustive sets. In
Example 1.2, this lower bound was all of uA!, and hence this had to be

the only finite exhaustive set. However, this was a bit lucky, as the next
example shows.

Example 1.8. We consider a 2-graph A with skeleton

_ -0
A
I
I
:
I
by
|
|
|
:

w

in which djas = dear and ai1bs = dabi. Note that w is an absolute source.
Our interest in these graphs arises from [11, §8], where we saw that the
Toeplitz algebras of such graphs can arise as quotients of the Toeplitz alge-
bras of graphs with no sources.

The only finite exhaustive subset of vA' = vA®? is the whole set, and this

yields a Cuntz—Krieger relation

[T Gttt =0=t,= > st} (1.3)

fevAe2 fevAe2
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For the vertex u the situation is more complicated.

Proposition 1.9. Suppose that A is a 2-graph with the skeleton described
i Example 1.8. Then

= (uA'w) U (uA®v) U (uA“ w)
is exhaustive, and every other finite exhaustive subset of uA' contains E.

Proof. Since w is an absolute source, Lemma 1.1 implies that every finite
exhaustive subset of uA' contains uA'u, uA®v and uA'w = uA®w, and
hence also the union F. So it suffices for us to prove that E is exhaustive.

To see this, we take A € uA and look for e € E such that A™®()\ e) # 0.
Unfortunately, this seems to require a case-by-case argument. We begin by
eliminating some easy cases.

o If A = u, we take e € uA'u; then e € A™"(\ e), and we are done.
So we suppose that d(\) # 0.

e If A € uAu \ {u}, we choose i such that e; § d(X). Then A(0,¢;) €

ulu C E and A™ (A, N(0,€;)) = {(s(N), Aei, d(N))) } # 0.

e We now suppose that A € uAvUuAw. If es < d( ), then A(0,e2) € E
and A™R(X\ A(0,e2)) # 0. Otherwise d()\) € Ne;.

o If d(A\) > 2e1, then A(0,e1) € uA®u belongs to E, and satisfies
A (X N(0,€1)) # 0.

e If d(A\) = e; and s(\) = w, then A € uA®w belongs to F, and we
take e = A.

We are left to deal with paths A € uA®*v. Choose f € vA®2w, and consider
Af. Since d(Af) = d(X) + d(f) = e1 + e2, A\f has a red-blue factorisation

Af = (Af)(0, e2)(Af)(e2, €1 + e2).
But now (Af)(0,e2) € uA®?u C E, and we have

(f, (Af)(ea, €1 + €2)) € A™ (X, (Af)(0, €2)).

Thus in all cases A has a common extension with some edge in E, and F is
exhaustive. O

So for the graphs A with skeleton described in Example 1.8, there is a
single Cuntz-Krieger relation at the vertex u, namely [].cp(tu —tety) = 0.
Now we rewrite this relation as a more familiar-looking sum.

Lemma 1.10. Suppose that A is a 2-graph with skeleton described in Fux-
ample 1.8, and E is the finite erhaustive set of Proposition 1.9. Then we
have

[[t—tetd) =tu— > teti— > 5+ > tut.

ecFE ecul®l {u,w} feunre2{u,v} peuherte2{y v}
(1.4)
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Proof. From (1.1) and Lemma 1.4 we deduce that

[t = tet?)

eck

=tu— Y tli— Y bt > tut,

eCul®1NE feuh2NE {neAc1te2:p(0,e;)EFE for i = 1,2}
R SRR
ecull {u,w} feuhe2{u,v}

+ > tut},.

{peAc1te2:(0,e;)€FR for i = 1,2}

To understand the last term, we claim that p € uA“*"°2 has u(0,e1) € E
and p(0,e2) € E if and only if s(u) = u or s(u) = v. The point is that if
s(p) = u or s(u) = v then s(u(0,¢;)) = u for i = 1,2, and uA'u C E. The
alternative is that s(u) = w, and then p(0,e;) belongs to uA® v, which is
not in E. Thus

{pe A7 4(0,e;) € E for i = 1,2} = uA“ T2 {y, v},
and this completes the proof. O

Corollary 1.11. Suppose that A is a 2-graph with skeleton described in
Ezample 1.8. Then the Cuntz—Krieger algebra is the quotent of TC*(A) by
the Cuntz—Krieger relations (1.3) and

te= Y tetid > tpti— >t

ecul®l {u,w} feuAe2{u,v} peulerte2{y v}

2. KMS states for the graphs of Example 1.2

We wish to compute the KMSg states for a 2-graph A with skeleton
described in Example 1.2. Such graphs have one absolute source v. We list
the vertex set as {u,v}, and write A; for the vertex matrices, so that

dz‘ a; .
Ai—<0 0) fori=1,2.

We then fix r € (0,00)2, and consider the associated dynamics a” : R —
Aut TC*(A) such that

at(tuti) — eitT'(d(H)*d(l’))tutz‘
We then consider 8 € (0, 00) such that
Br; >1Inp(A4;) fori=1andi=2. (2.1)

As observed at the start of [11, §8], even though A has a source, we can still
apply Theorem 6.1 of [13] to find the KMSg states.

First we need to compute the vector y = (yu, y») € [0, 00)
that theorem. We find:

A© . .
appearing 1in
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Lemma 2.1. We have
yu= Y e = (1 —die )1 —dpe )7, and  (2.2)
pneEAu
Yo = 1+ alefﬁrlyu + agefﬁw(l — dgefﬁm)*l. (2.3)
Proof. We first evaluate
D I CED Y W
nEAuU neN2 peAnu

Each path of degree n is uniquely determined by (say) its blue-red factori-
sation. Then we have d}' choices for the blue path and dj* choices for the
red path. Thus

Yo = Z d?f1d;z2efﬁ(mh+nzrz) _ Z (dlefﬁn)m(dﬁfﬁrz)m

neN? neN?
- (S S,
n1=0 n2=0

and summing the geometric series gives (2.2).

To compute y,, we need to list the distinct paths p in Av. First, if
d(p)1 > 0, then p has a factorisation p = vf with d(f) = e;. Note that
s(f) = s(u) = v, and hence s(v) = r(f) = u, so v € Au. Otherwise we have
d(p) € Neg, and Av is the disjoint union of the singleton {v}, J.cpe1,(Au)e,
and [J;2, AU+De2y,  Counting the three sets gives

o0
Yo = 1+ are Py, + Z agdhe PUHDT2
=0
=1+ae My, + a2€_'BT2(1 — dge_ﬁm)_l7

and hence we have (2.3). O

Remark 2.2. We made a choice when we computed y,: we considered the

complementary cases d(u); > 0 and d(u); = 0. We could equally well have

chosen to use the cases d(u)2 > 0 and d(u)2 = 0, and we would have found

Yo = 14 aze P2(1 — d1e )11 — dae P2) L+ are P11 (1 — dye P 7L,
(2.4)

which looks different. To see that they are in fact equal, we look at the

difference. To avoid messy formulas, we write

A= (1—die )1 — dye™Pm2),
and observe that, for example, (1 — die™?")™1 = (1 — doe™?"2)A~1. Then
the difference (2.3) — (2.4) is
are PIATY 4 age P2 (1 — die YA — age P2 AT

— ale_ﬂrl(l — dze_ﬁm)A_l.
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When we expand the brackets we find that the terms aje ™A=' and
aze P2 A~ cancel out, leaving

—ase P2 die P AT fa1e P dye P2 AL
= (—agdl + aldg)efﬂ(rl+r2)Ail,
which vanishes because the factorisation property forces a1ds = aod;.

We recall that we are considering (3 satisfying (2.1). The first step in
the procedure of [9, §8] for such g is to apply [13, Theorem 6.1]. Then the
KMS states of (TC*(A),a”) have the form ¢, for € € [0, 00){%} satisfying
¢ -y = 1. This is a 1-dimensional simplex with extreme points (y;!,0) and
(0,7,1). The values of the state ¢. on the vertex projections t, and t, are
the coordinates of the vector

2
m = (H(l — e*fB”Ai)A)e.
i=1
To find m, we compute

2
—pBr2 —-Bri(1 _ —pBra
_Brig-1 _ A1 (1 aze +are (1 —dge )
Ul(l e AZ) A (0 (1 _dle_'Brl)(l _d2€_57~2) .

For the first extreme point € = (y; !, 0), we get m = (1,0) and the corre-
sponding KMSg state ¢ satisfies

¢1 (tu) _ 1
(i) =) 29
Lemma 6.2 of [1] (for example) implies that ¢; factors through a state of
the quotient by the ideal of 7C*(A) generated by t,, which is the ideal
denoted I,y in [11, §2.4]. Thus the quotient is TC*(A\{v}) = TC*(uAu).
The general theory of [13] says that (7C*(uAu),a”) has a unique KMSg
state ¢, and we therefore have ¢1 = v 0 q;,}, where ¢y, is the quotient map
of TC*(A) onto TC*(A\{v}) for the hereditary subset {v} of AY from [11,
Proposition 2.2].
Now we consider the other extreme point ¢ = (0,y,!). This yields a
KMSg state ¢ such that

—1A-1 —Bra —Br1 _ —B(ri+ra)
() - (> o),

Yo
Because this vector € is supported on the absolute source v, Proposition 8.2
of [11] implies that ¢o factors through a state of (C*(A),a”) (and we can
also verify this directly — see the remark below).
We summarise our findings as follows.

Proposition 2.3. Suppose that A, r and B are as described at the start of
the section. Then (TC*(A),a") has a 1-dimensional simplex of KMSs states
with extreme points ¢1 and ¢a satisfying (2.5) and (2.6). The KMS state
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@1 factors through a state v of TC*(ulAu), and the KMS state ¢o factors
through a state of C*(A).

Remark 2.4. At this stage we can do some reassuring reality checks. First,
we check that ¢a(t,) + ¢2(t,) = 1. We multiply through by y, to take the
Yy L out. Then we compute using that a1ds = aody:

yv¢2(tu) + yv¢2(tv) = yv¢2(tu) +1
= A_l(aQB_ﬂTQ + Cble_ﬁrl — aldge_ﬁ(rﬁm)) +1
= Afl(a2e*f3’"2 + aje” P — agefﬁ”dlefﬁn) +1
— A_l(aQe_ﬁm(l — dle_Brl) —+ ale_ﬂ”) +1
= age P"2(1 — dge Pm2) 7 4 e AT 41,

which is the formula for ¥, reshuffled.

Next, we verify directly that ¢o factors through a state of C*(A). We saw
in Example 1.2 that the only finite exhaustive subset of uA! is uA!, and
then Corollary 1.6 implies that

oo T (tu—tet) (2.7)
ecull
=ootu— 3 tti— Yt Y ).

eculA®l feuAe2 pEuAe1te2

Now we break each sum into two sums over subsets of uAu and uAv, and
apply the KMS condition to each ¢2(t,t;,) = e~ Prdp) P2 (ts(uy). We find that
(2.7) is

A(Z)Q(tu) — (ale*ﬁ” + (1267&“2 - aldgeiﬁ(thm))gﬁg(tv),

which vanishes by (2.6). Now the standard argument (using, for example,
[1, Lemma 6.2]) shows that ¢y factors though a state of the Cuntz—Krieger
algebra C*(A), which by Example 1.2 is the quotient of 7C*(A) by the single
Cuntz—Krieger relation [], ., a1 (tu — tety) = 0.

3. KMS states for the graphs of Example 1.8

We now consider a 2-graph A with the skeleton described in Example 1.8.
Such graphs have one absolute source w, and A\{w} is the graph discussed
in the previous section. As usual, we consider a dynamics determined by
r € (0,00)%, and we want to use Theorem 6.1 of [13] to find the KMSg
states for 8 satisfying Br; > Inp(A4;). Our first task is to find the vector
Y = (Yus> Yo, Yu)-

Since the sets Au and Aw lie entirely in the subgraph with vertices {u, v},
the numbers ¥, := ZpeAu e Prd(1) and y, are given by Lemma 2.1. So it
remains to compute ,,. We find:
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Lemma 3.1. We define A := (1 — die ") (1 — dae™P2). Then we have

yu = AT
Yo =1+ ar1e PTATL £ age P2 (1 — dyePr2) 7t

=1+ ae PA +age™ P2 (1 —diePHAT, and (3.1)
Yo =1+ boe™ P2 4 hre PAT 4 a2b26_257"2(1 — dge_ﬁm)_l. (3.2)

Proof. As foreshadowed above, the formula for y, and the first formula
for y, follow from Lemma 2.1. The formula (3.1) is just a rewriting of the
previous one which will be handy in computations (and this trick will be
used a lot later).

To find ¥,,, we consider the paths y = ve with e € Aw and v € Au
(these are the ones with d(u) > e1). There are by such e, and hence we have
a contribution bie Py, = bie P A~ to y,. The remaining paths are in
ANe2qyand give a contribution of

o
14 bye P2 4 bye Pr2ape =P Z dbe=Pra!l
=0
=1+ boe P2 4 boe Pr2ane P12 (1 — dyePr2) 71,

Adding the two contributions gives (3.2). O

Remark 3.2. We could also have computed y,, by counting the paths with
d(u) > ez and those in AN“1w. This gives

Yo =1+ b1e P11 — die )71 4 hye P2y, (3.3)

We found the check that this is the same as the right-hand side of (3.2)
instructive. First, we use the alternative formula (2.4) for y, (whose proof
in Remark 2.2 used the crucial identity a;das = asd;). Then the right-hand
side of (3.3) becomes

1+ ble_ﬂrl(l — dle_ﬂrl)_l
+ bye P2 (1 +age P2AT 4+ ale_ﬂrl(l — dle_ﬁrl)_l).

Now we write (1 — die ") = (1 — dye™P"2) A~ similarly for the term
(1 — doePm2)~1 and expand the brackets: we get

1+ b1e*ﬁr1 AL bldzefﬁ(erm)Afl + bg@fﬁm 4 anQe*%’mA*l
+ b2ale—ﬂ(r1+r2)A—l _ b2a1d2€_ﬁ(rl+2r2)A_1.

Now we recall from Example 1.8 that byds = boa1, and hence the third and
sixth terms cancel. Next we use the identity a1ds = aod; in the last term.
We arrive at

1+ ble—ﬁm AL 4 b2€—ﬂT2 + b2a2€—2ﬁr2 A~L b2a2d1€—5(r1+2r2)A—1
=1+bie AT 4 boe P2 4 byage 22 (1 — dye ) AT
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=14+ bie PTATY £ boe P2 4 bgage 22 (1 — doeP2) 7L

which is the the formula for y,, in (3.2). We find it reassuring that we had to
explicitly use both relations bido = boa; and a1ds = asd; that are imposed
on us by the assumption that our coloured graph is the skeleton of a 2-graph.

Theorem 6.1 of [13] says that for each f satisfying Sr; > Inp(4;) for
i = 1,2, there is a simplex of KMSg states ¢ on (T C*(A), a") parametrised
by the set

Ag = {e € [0, oo){“’”’w} tey = 1}.

Here, the set Ag is a 2-dimensional simplex with extreme points e, :=
(y71,0,0), e, := (0,5,%,0), and e, = (0,0,y,'). The values of ¢. on the
vertex projections are the entries in the vector m(e) = H?Zl (1—ePriA;) e
Since the matrices 1 — e P" A; are upper-triangular, so are their inverses,
and we deduce that both m(e,) and m(e,) have final entry m(ey), =0 =
m(ey)w. So the corresponding KMS states are the compositions of the
states of (TC*(A\{w}),al""?)) with the quotient map Qwy : TC*(A) —
TC*(A\{w}). Thus the extreme points of the simplex of KMSgs states of
(TC*(A),a") are ¢1 0 gy = (¥ © qfu}) © Guys P2 © G} and 3 := ¢, .
Remark 3.3. We recall from the end of the previous section that the state
¢2 of TC*(A\{w}) factors through a state of the Cuntz—Krieger algebra
C*(A\{w}). So it is tempting to ask whether ¢3 o gy, factors through a
state of C*(A). Hoewever, this is not the case. The point is that in the
graph A\{w}, the vertex v is an absolute source, and hence there is no
Cuntz—Krieger relation involving t¢,. However, in the larger graph A, v is
not an absolute source: the set vA°? is a nontrivial finite exhaustive subset
of vAl, and hence the Cuntz—Krieger family generating C*(A) must satisfy
the relation

H (ty —tet?) = 0 <= t, — Z tetr = 0.
ecvA©2 ecvA©2
The KMS condition implies that the state ¢ := ¢3 o gy, satisfies

Btets) = e d(ty(e)) = €2 p(tw)
= " 72¢5 0 gy (tw) = € 7262(0) = 0
for all e € vA®2. Since we know from (2.6) that ¢(t,) = ¢a(t,) = y, ! is not
zero, we deduce that
gb(tv — Z tet;) = p(t,) # 0.
ecvA©2

Thus ¢ = ¢2 0 g,y does not factor through a state of C*(A).

We now focus on the new extreme point is ¢,,. To compute it, we need

to calculate H?Zl(l — e PriA;)7L. Since the matrices A; and Ay commute,
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so do the matrices 1 — e #"i 4;, and it suffices to compute the inverse of
2

[0 -

i=1
A —(1—die P)age P2 — qre P =Bt by — e~
0 1 —bge_ﬂr2 ,
0 0 1

where as before we write A = H?Zl(l —d;eP"). We find that the inverse
is A~! times
1 (1 —dieP)age P2 +a1e7P1 (1 — die P )aghoe 2072 + hre=Fm

0 A Abge_ﬁm
0 0 A
Thus the corresponding KMSg state ¢, satisfies
Dew (tu) A1 ((1 — dle_ﬁrl)a2b2€_2ﬁr2 + ble_ﬁrl)ylzl
bew(to) | = bae™ "2y, - (34)
¢)€w (tw) y;l

Remark 3.4. As usual, we take the opportunity for a reality check: since
ty + ty + ty is the identity of TC*(A) and ¢, is a state, we must have
Gey (tu) + ey, (ty) + @e,, (tw) = 1. But since

AN 1= die™P) = (1 — dpe™Pm2) 7,
the formula (3.2) says that this sum is precisely y,y,;' = 1.

We summarise our findings in the following theorem.

Theorem 3.5. Suppose that A is a 2-graph with skeleton described in Ex-
ample 1.8 and vertex matrices Ay, As. We suppose that r € (0,00)2, and
consider the dynamics o on TC*(A). We suppose that > 0 satisfies
Bri > Inp(A;) for i = 1,2. We write ¢1 and ¢ for the KMSg states of
(TC*(A\{w}),a") described before Remark 2.4. Then ¢10q,y and ¢20 G,
are KMSg states of (TC*(A),a”). There is another KMSg state ¢3 = ¢,
satisfying (3.4). Every KMSg state of (TC*(A),a") is a convex combination
of the three states ¢1 0 q(uy, ¢2 © q(w}y and ¢3. None of these KMSp states
factors through a state of (C*(A),a").

The only thing we haven’t proved is the assertion that every KMS state is
a convex combination of the states that we have described. But this follows
from the general results in [13, Theorem 6.1], because the vectors (y, !, 0,0),
(0,y,71,0) and (0,0,y,') are the extreme points of the simplex Ag.

4. KMS states at the critical inverse temperature

We begin with the graphs of Example 1.2. We observe that the hypothesis
of rational independence in the two main results of this section is in practice



702 ASTRID AN HUEF AND IAIN RAEBURN

easy to verify using Proposition A.1 of [11]: loosely, Ind; and Indy are
rationally independent unless d; and ds are different powers of the same
integer.

Proposition 4.1. Suppose that A is a 2-graph with the skeleton described
in Example 1.2 and that v € (0,00)? has r; > Ind; for both i, r; = Ind;

for at least one i, and {ri,r2} are rationally independent. Consider the
quotient map qg,y : TC*(A) — TC*(A\{v}) from [11, Proposition 2.2].
Then (TC*(A\{v}),a") has a unique KMS) state ¢, and ¢ o qy,) is the only
KMS, state of (TC*(A),a").

Lemma 4.2. Suppose that A and r are as in Proposition 4.1, and that ¢ is
a KMS; state ¢ of (TC*(A),a"”). Then ¢(t,) = 0.

Proof. We recall from Example 1.2 that the only finite exhaustive subset
of uA' is uA! itself, and from Example 1.7 we then have

I tu—tets) =tu— > teti+ D tuts.
ecuAl ecuAl pEuAe1tez
Thus positivity of ¢([.cuat (fu — tet})) implies that
0< ¢(tu) - Z ¢(tet2) - Z ¢(t6t:) + Z QZ)(tMtZ)‘
ecul®1 ecul®2 pEuAc1te2
Now we use the KMS relation and count paths of various degrees to get

0< d)(tu) - Z eirlqﬁ(ts(e)) - Z 6*7’2(’25(1;8(6))

ecul®l ecul©2

+ Z 6_(T1+r2)¢(ts(,u))

peuAe1te2

= ¢(ty) — e " (dip(tu) + a10(ty)) — € "2 (dagp(t) + azg(ty))

+ e (mtr2) (dida(tu) + draze(ty))
=(1—die™™ —dpe™ " + d1d2€_(rl+rz))¢(tu)

— (a1e™" + aze ™™ — dyaze” ")) (1)

2
H (1 —die™")p(tu) — (a1e7™ + aze™™ — draze™ ")) g(t,)

— —(a16 "4 oage "2 — d1a2€_(rl+T2))¢(ty)7

where the coefficient of ¢(t,) vanished because for at least one of i = 1,2
we have 1 —d;e™™ =1 — alidi_1 = 0 by the hypotheses on r;. If r{ = Indj,
then we write this as

0< —(a,le_r1 + (1 - dle_”)age_”)(b(tv) = —are” " o(ty),



KMS STATES ON HIGHER-RANK GRAPH ALGEBRAS 703

and positivity of ¢, implies that ¢(t,). If 7o = Indy, then we use the identity
dias = dyaq to rewrite it as

0 < —(age™™ + (1 — dae™™)are ™) p(ty) = —aze” 2 ¢(ty),
which also implies that ¢(t,) = 0. O

Proof of Proposition 4.1. Proposition 4.2 of [10] implies that the system
(TC*(A\{v}),a") has a unique KMS; state ¢. Since gy, interwines the two
actions a”, the composition ¢poqy,y is a KMS; state of (7C*(A),a”). On the
other hand, if ¢ is a KMS; state of (7TC*(A),a"), then Lemma 4.2 implies
that ¢(t,) = 0. The standard argument using [1, Lemma 6.2] shows that 1
factors through the quotient by the ideal generated by t,, which is precisely
the kernel of qg,y. Thus there is a KMS; state 6 of (7C*(A\{v}),a") such
that ¢ = 6 o q;,y, and uniqueness of the KMS; state implies that 6 = ¢.
Hence ¢ = ¢ o gy}, as required. ([

Theorem 4.3. Suppose that A is a 2-graph with the skeleton described in Ex-
ample 1.8 and that r € (0,00)? has r; > Ind; for both i, r; = Ind; for at least
one i, and {r1,rs} are rationally independent. Consider the quotient map
Uowy of TC*(A) onto TC*(A\{v,w}) discussed in [11, Proposition 2.2].
Then (TC*(A\{v,w}),a”) has a unique KMS; state ¢, and ¢ o qqy ) is the
only KMS; state of (TC*(A),a™).

We need an analogue of Lemma 4.2 for the present situation.

Lemma 4.4. Under the hypotheses of the preceding theorem, suppose that
¢ is a KMS) state of (TC*(A),a"). Then ¢(t,) = 0.

Proof. We use an argument like that in the proof of Lemma 4.2 for the
exhaustive subset E = (uAlu) U (uA®v) U (uA®w) of uAl discussed in
Example 1.8. Then the state satisfies

O([Teep(tu —tetl)) > 0.
Now using Lemma 1.10 to write [[.cp(t. — tet}) as a sum gives
qb(tu - Y - Y e Y t#t;) > 0.
ecul®l {u,w} feuhe2{uv} peulerte2{y v}
Now we use linearity of ¢ and the KMS condition to get

0<gt)— D>, oltetd) = D> dltst])

eculel {uw} feunez {uv}
+ Z P(tuty,)
pEulte2 {uw}
= ¢(tu) — (die " p(ty) + bie " d(tw)) — (doe @ (ty) + aze 2 P(t,))
+ (dydae™ (1) + diage” T g(ty))
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2
=JJ(1 = dieT)(tu) — (1 — dre™™)aze "¢ (ty) — bre™" ¢(tw).
=1

Since at least one r; is Ind;, we have (1 — dje™")(1 — dee™"2) = 0, and we
deduce that

0<—(1—die™)aze "2p(t,) — bre " P(tw).
Since (1 — die™ " )age™"2, ¢(t,), and bje” "' are all nonnegative, we must

have both (1 — die™™ )aze "2 ¢(t,) = 0 and bje " ¢p(ty,) = 0. In particular,
we deduce that ¢(t,) = 0. O

Proof of Theorem 4.3. We suppose that 1 is a KMS; state of the system
(TC*(A),a"). Then Lemma 4.4 implies that ¢(¢,,) = 0. The formula in [11,
Proposition 2.1(1)] implies that ¢ vanishes on the ideal I, generated by
tw, and by [1, Lemma 6.2] 9 factors through a KMS; state € of the system
(TC*(A\{w}),a"). The 2-graph A\{w} is the graph in Proposition 4.1,
and hence that Proposition implies that 6 = ¢ o gf,3. The kernel of the
composition qg,) © g} is the ideal generated by {ty,tw}, and a glance at
the definition of the homomorphism in [11, Proposition 2.2(2)] shows that
A{v} © Yw} = Qowy- Thus

Y =00 qpu = (60 q)) ° quw) = ¢ quuw}- O
5. Where our examples came from

We consider a family of 2-graphs A with skeleton of the form

In these graphs there are two nontrivial strongly connected components
{u} and {z}, and the bridges u € uAzx all have |d(x)| > 1. The graphs in
Examples 1.2 and 1.8 are then the graphs A\{w, z} and A\{z}, respectively.
We assume that all the integers d;, a;, b;, ¢;, i, fi, are nonzero.

The vertex matrices of the graph A are then

di ap by 0 do as 0 0

lo 0 0 g o 0 b oo
A1 = 0 0 0 1 and A2 = 0 0 0 Co (51)

00 0 f 0 0 0 fo

Thus we have p(A;) = max{d,, f;} for i =1, 2.
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As in the last section, we consider a dynamics " : R — Aut7C*(A)
given by r € (0,00)? such that 7; > In p(4;) for i = 1,2, 7; = In p(4;) for at
least one i and {r1,r2} are rationally independent. We are interested in the
KMS; states of (TC*(A),a").

First, we suppose that r; = Inp(A;) = Ind; for one of i = 1 or i = 2.
Then the strongly connected component {u} is i-critical in the sense of [9,
§3], and Proposition 3.1 and Corollary 3.2 in [9] imply that all the KMS;
states factor through states of A\{v,w,x} = uAu. Proposition 4.2 of [10]
then implies that (7C*(A),a”) has a unique KMS; state.

Second, we suppose that there exists j € {1,2} such that r; =Inp(A4;) =
Inf; > Ind;. We aim to apply [9, Proposition 4.1] to the hereditary set
D = {z}, and our hypothesis on j says that j belongs to the set Lp described
in that Proposition. We will deal separately with the cases j = 2 and j = 1.

We do j = 2 first. Then in [9, Proposition 4.1] we have H = () and
D = {u,v,w}, and the block decomposition of Ay in [9, (4.2)] is

Ey B
A =
(5 %)
where F5 is 3x 3 and By = (0 0 CQ)T. The unimodular Perron—Frobenius
eigenvector of the matrix (f3) is the scalar 1, and the condition p(Ag) =

f2 > d2 means that p(Ag,y9)1 — Ea = fal — Fy is invertible. So the vector
y in [9, Proposition 4.1] is

y=(p(Afy2)1 — EQ)_lBQ
-1

fo—dy —az 0 0
R 0
0 0  f c2

1 3 az fa azbs 0

(fo—d2)f2 0 2 0 e E:})‘% - dz;fz 2

-t (f2 61—21320)213202 = 2 d;);xi;@bzcz (5.2)
(fa —do)f? (fo — do) foco ;2—102 ' ’
When we repeat this for j = 1, we find that y =
(e ) (BT e e
(fi —dv)f} (fi —dv) frer f?lcl . (5.

Remark 5.1. Tt is a little disconcerting that we get different eigenvectors for
the same matrix. Indeed, it is quite possible that we have r; = Inp(4;) =
In f; for both ¢ = 1 and ¢ = 2, in which case both 1 and 2 belong the set
Lyzy, and Proposition 4.1(ii) of [9] implies that the corresponding vectors y
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are equal. So we had a look at the two formulas, and found the results to
be instructive.

Equality of the third entries in (5.2) and (5.3) is equivalent to fica = facy,
which is one of the relations imposed by the requirement that A is a 2-graph.
Similar reasoning works for the second entries. But when we removed the
inverses by cross-multiplying, the top entry in the second calculation became

(fo — do) f3(a191 + bic1) = fiarg1 + fibier — dafjaigr — dafibicr. (5.4)

In the other calculation, the top entry has just two summands, which are
again products of 5 factors. After staring at them for a bit, we realised that
these products have meaning: for example, fjaig; is the number a;g f5 of
paths in uA?¢1+3¢2g counted using their BBRRR factorisations. Similarly,
do fQlecl = dobicy f22 counts the same set using the RBBRR factorisations.
Now looking at the skeleton confirms that

arg1f3 = ar1(g1f2) f3 = ar(becr) f3 = (arba)er f3 = dobrer f3,

and the first and last terms on the right of (5.4) cancel. Similar considera-
tions using the 1-skeleton of the graph A match up the remaining terms in
the top entries in (5.2) and (5.3).

We now use the results of [9, §5] to describe all the KMS; states on
(TC*(A),a") when A has skeleton described at the start of the section. No-
tice that the set C of nontrivial components of our graph is C = {{u}, {z}};
both components are coordinatewise irreducible, and the existence of j such
that r; = Inp(A4;) = Inf; > Ind; means that [9, (5.1)] holds. Thus we
can apply [9, Proposition 5.1] with z = (31’) to get a KMS; state ¢ of

(TC*(A),a") such that

B(EED) = S 27 2
It factors through a KMS; state of (C*(A), ") if and only if r; = In p(4;) =
In f; for both ¢ =1 and ¢ = 2.

Now Theorem 5.2 of [9] implies that every KMS; state of the system
(TC*(A),a") is a convex combination of ¢ and a state ¢ o gy, lifted from
a KMS; state of TC*(A\{z}). Since A\{x} is the graph considered in §3
and we are assuming that Ind; < In f; = In p(A;), we are in the range where
Theorem 3.5 gives an explicit description of these KMS; states.

6. Computing the KMS states on a specific graph

In [11, Example 8.4], we tested the general results in [11] about the pre-
ferred dynamics by computing all the KMS states of the system (7C*(A), ")
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when A has the following skeleton:

Here we do the same for a non-preferred dynamics on the same graph algebra
using the stronger versions in [9]. We consider a dynamics " in which

ri1=In8 and 79 >Inl2, (6.1)

and {ry,ro} are rationally independent. For g > 1, [13, Theorem 6.1] de-
scribes a 3-dimensional simplex of KMSg states of (TC*(A), a").

Now we consider the KMS; states, and aim to apply the results of [9]. The
common unimodular Perron-Frobenius eigenvector of Ay, ; is the 1-vector
1, and as in of [9, Proposition 4.1], this extends to a common eigenvector
z = (y,1) of the matrices A; with eigenvalue p(Ay;) 1) = 8 and p(Ay,y2) =
12. (Since [9, Proposition 4.1] is linear-algebraic, it applies verbatim here.)
Now Proposition 5.1 of [9] gives a KMS; state ¢ of (TC*(A), ") with

¢EQU§ . 3
Y(qw _ -1, _ 1
¢(Qw) - ”ZHl = 24 12
¥(qz) 8

Since the only critical component of A for the dynamics o" is {z}, The-
orem 6.1 of [9] implies that every KMS; state of (7C*(A),a") is a con-
vex combination of ¢ and a state ¢ o g, lifted from a KMS; state ¢ of

(TC*(A\{z}),a").
The graph A\{z} = Ay, 0} is one of those we studied in §3. Since

1 =18 > p(Afypw1) =2 and 72 >1n12 > p(Agywy,2) = In6,

B = 1 is in the range for which Theorem 3.5 gives a concrete description
of the KMS; states of (TC*(A\{z}),a"). So the original system has a 3-
dimensional simplex of KMS; states with extreme points 9, ¢1 © gy 4},
P20 A w,z} and ¢g o q{z}-

With the next lemma, we can continue below the inverse temperature

B=1.

Lemma 6.1. Suppose that B < 1 and ¢ is a KMSg state of the system
(TC*(A),a") considered above. Then ¢ factors through the quotient map

4d{z}-
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Proof. We aim to prove that ¢(t;) = 0. We certainly have ¢(t;) > 0. The
relation (T4) with n = e; implies that

o) > 3 ot = 3 e otit,)

e€xA°l e€x Al

— e P A [g(t,) = 8089 (t,) = 8" (L,),

which we can rewrite as (1 — 8'7%)¢(t,) > 0. But 8 < 1 implies that
8177 > 1, and this is only compatible with ¢(t,) > 0 if ¢(t,) = 0. Now it
follows from [1, Lemma 6.2] that ¢ factors through gy, d

So we are interested in the KMSg states of (T C*(Ayypw}), ") for < 1.
Recall from the start of the section that we are assuming that vy = In 8 and
r9 > In12. The next critical level is

Be :=max{(In8) ' In2,7;'In6} = max {37!, 7, ' In6}. (6.2)

For (3 satisfying 3. < 8 < 1, we deduce from Theorem 3.5 that the KMSg
states of (TC*(Afypw}),@”) form a 2-dimensional simplex; Theorem 3.5
also provides explicit formulas for the extreme points. Composing with gy,
gives a two-dimensional simplex of KMSg states of (7 C*(A),a").

Remark 6.2. Strictly speaking, to apply Theorem 3.5 we need to scale the
dynamics to ensure that the critical inverse temperature is 1 rather than g..
Lemma 2.1 of [10] gives the formulas which achieve this. We will assume
that this can be done mentally (or at least “in principle”).

For B = S, at least one of the inequalities r;3 > In p(Ay,) ;) becomes an
equality. Provided {ri,r2} are rationally independent, Theorem 4.3 implies
that (TC*(Afuwwy), @) has a unique KMSg, state which factors through
a state of (TC*(Ag,}),a"). It follows from [10, Proposition 6.1] that this
state factors through a state of (C*(Ay,y), ") if and only if we have r;3 =
In p(Agyy,;) for both i. For B < B, at least one of the inequalities ;3 >
In p(A;) fails, and it follows from [13, Corollary 4.3] that there are no KMSg
states on any of these algebras.

Remark 6.3. For a dynamics satisfying (6.1), the constraint 7o > In12 im-
plies that 7, 'In6 < (In12)~'In6, and which is the bigger in (6.2) will
depend on r9. A calculator tells us that

In 6
n2+m6
Thus for small 7, we have 37! < Ty 'In6, but for big ro, we can have
371 > r2_1 In6. So B. could be either value.

(In12)"'In6 = 0.72.
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