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Non-unital ASH algebras arising as
crossed products of graph algebras

Christopher Chlebovec and Andrew J. Dean

ABSTRACT. We study the structure of crossed products of graph alge-
bras by quasi-free actions and show that they can be written as inductive
limits of one-dimensional NCCW complexes for at least some dense Gs
set of the action parameters. The K-theory of certain AF algebras used
in the construction is computed.
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1. Introduction

Recently, there have been major advances in the Elliott program to clas-
sify C*-algebras using K-theoretic invariants. In particular, all unital, sep-
arable, simple C*-algebras satisfying the UCT and having finite nuclear
dimension are classified. Furthermore, the finite algebras in this class can
be expressed as ASH algebras [EIN16], [EIGLN15], [TWW17]. Attention has
now shifted to the non-unital case, where there has also been a lot of progress
[GL16], [GL17]. Because of these results, it has become very interesting to
know when a crossed product will have finite nuclear dimension. Recently, it
was shown that if X is a finite dimensional locally compact Hausdorff space,
then the crossed product of Cy(X) by any automorphism has finite nuclear
dimension [HW17]. The analysis naturally led to actions of the reals and
it was shown that crossed products of flows with finite Rokhlin dimension
have finite nuclear dimension [HSWW17].
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The C*-algebras that are considered in this paper are examples of non-
unital Approzrimately Subhomogeneous C*-algebras; that is, C*-algebras that
are inductive limits of C*-subalgebras of C*-algebras whose irreducible rep-
resentations all have the same (finite) dimension. We call such C*-algebras
ASH algebras. In this paper, the ASH algebras arise as crossed products of
graph algebras by quasi-free actions (see Definition 2.2). A large class of
the crossed products are non-unital simple stably projectionless C*-algebras
but it is unclear if these crossed products have finite nuclear dimension.

Over the years, crossed products of graph algebras by quasi-free auto-
morphisms have garnered significant attention and have been a useful con-
struction in generating examples of interesting C*-algebras. Consider the
quasi-free action a* on O, given by a*(S;) = ei!S,;. Kishimoto [KisS80]
showed that the crossed product O,, X, R is simple if and only if one of the
following two cases occur:

1. All the labels A\; are of the same sign and {\1,..., A\, } generate
R as a closed group.

2. The closed subsemigroup generated by all A\ is R.

It was shown that in Case 1, the crossed product is stably projectionless
[KisK96], while in Case 2, the crossed product is purely infinite [KisK97]. In
[Kat03], Katsura completely described the ideal structure of crossed prod-
ucts of O,, and O, by quasi-free actions, giving another proof of Kishimoto’s
simplicity result. As an extension to [Kat03], Elliott and Fang [EIF10] in-
vestigated the ideal structure and simplicity of crossed products of graph
algebras by quasi-free actions, where the corresponding graph is row-finite
and without sinks. In [Kat02], a sufficient condition was obtained for the
AF-embeddability of a crossed product of O,, and O, by quasi-free actions
and along with being stably projectionless, O, xR is AF embeddable in
Case 1 [Kat03]. The AF-embeddability of crossed products of certain graph
C*-algebras by quasi-free actions in [Fan09] shows that the methods are not
easily extended to general graph algebras using the methods of Katsura, as
the graphs are quite restrictive.

In [Dea0l, Theorem 5.1], it was shown that for at least a dense Gy set
of labels, the crossed product of a Cuntz algebra by a quasi-free action can
be written as an inductive limit of one-dimensional noncommutative CW-
complexes, abbreviated NCCW complexes (See Definition 2.6). The special
case of Oy was considered in order to simplify calculations and book-keeping,
however, the general argument also extends to O,. The crossed products
were viewed as fibres in a continuous field of C*-algebras and the rational
ones reduced to studying the mapping torus of Oy X, T by an automor-
phism generating the dual action of Z [Dea0l, Theorem 3.1]. Dean showed
that Oy x4 R is isomorphic to the mapping torus of a simple AF algebra
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A(p,q) = O x4 T by &, where A(p,q) was a universal C*-algebra given
by generators and relations. The mapping torus was then deconstructed as
an inductive limit of one-dimensional NCCW complexes [Dea01, Corollary
3.5]. The rational fibres satisfy a local approximation property and by sta-
ble relations and a Baire category argument, it followed that a dense Gy
set of the fibres have this local approximation property. Since they satisfy
a local approximation property, they can be written as inductive limits of
one-dimensional NCCW complexes [Dea0l, Lemma 4.6].

As in [Dea01], the basis of our construction is viewing these crossed prod-
ucts as fibres in a continuous field over R¥ 1, where E' the the set of edges
associated to the graph. The main result of this article extends the results of
[Dea01, Theorem 5.1] to row-finite graph algebras. The case for finite graph
algebras is proved in Theorem 4.3 and then, as a consequence, the row-finite
case is addressed in Theorem 4.8. As a consequence of the construction, the
crossed products are AF-embeddable.

In §5, the K-Theory of the AF algebras used in the construction of the
mapping torus is calculated for the case when the graph has no sinks and
the labels of the edges are either all positive integers or all negative integers
(Theorem 5.2). Also, the ordered Kop-group is calculated for the Cuntz
algebra case (Theorem 5.6).

2. Notation and preliminaries

2.1. Graph algebras. The definitions and terminology for directed graphs
given below can be found in [TomO06, p. 3] and [Rae05, pp.5-6]. A directed
graph E = (E°, E',r, s) consists of countable sets E° and E' of vertices and
edges, respectively, with range and source maps r,s : E* — EY. A directed
graph E = (E° E',r,s) is called finite if both E° and E' are finite, and
it is called row-finite if |s~(v)| < oo for all v € E°. A path of length
n > 1 is a finite sequence of edges p 1= pypg -« - p, with r(u;) = s(ui41) for
1 <i<n—1. We regard vertices as paths of length 0. For n > 0, we let E"
denote the set of all paths of length n and define E* := J,,~, E". The range
and source maps extend to E* in a natural way. For vertices v and w, we
define vE"™w to be the set {u € E" : s(u) = v and r(pu) = w}. The vertex
matrix is the matrix Ap € Mpo(N) such that Ag(v,w) = [vE w|. A cycle
is a path with its range and source equal; namely, a path p := pype -+ - tn
is a cycle provided that r(u,) = s(u1). A cycle p:= pips - -+ up has an exit
if there is an edge f € E' with the property that s(f) = s(u;) but u; # f
for some i € {1,2,...,n}. A vertex that does not emit an edge is called a
sink and we write Eginks for the set of all sinks in E°. A vertex that does
not receive an edge is called a source and we write EO ... for the set of all
sources in E°. For v, w € E° we write v > w if vE*w # () and we can define
an equivalence relation ~ on E° by v ~ w <= v > w and w > v. We write
E/~ for the set of equivalence classes of EY and refer to the equivalence
classes as the strongly connected components of E. We say that a graph F
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is cofinal if for every v € E? and every infinite path u € E* there is an
i € N with v > s(p).

If F is a graph, a Cuntz-Krieger E-family in a C* -algebra is a set of
mutually orthogonal projections {p, : v € E°} and partial isometries {s. :
e € E'} with mutually orthogonal ranges that satisfy the following Cuntz-
Krieger relations:

(CKl) S:Se = Pr(e)
(CK2) py = 3 teeptis(e)=u)} SeSe Whenever 0 < |s71(v)] < oo, and
(CK3) sesi < Dy(e)-

The graph C*-algebra (or, simply, the graph algebra) of E is the C*-
algebra generated by the universal Cuntz-Krieger E-family, and it is denoted
C*(E).

Remark 2.1. In this paper, we use the convention that the partial isometries
go in a direction opposite the edges as in [Tom06, p.3|. A path pipus--- up
traverses edges from left to right since r(p;) = s(pit1) fori =1,...,n — 1.
The other convention is to have the isometries go in the same direction of
the edges as seen in [Rae05, pp.5-6]. In any case, the convention will not
change the final results.

2.2. Quasi-free actions. Given a group G, we call a map ¢ : E! — G
a labeling map on the set of edges E'. We naturally extend ¢ to E* by
() = c(p)c(p) -~ cliin) for o = -+ pin € E\E® and c(v) = 1g for
ve B

When the group is abelian, we will write the labeling map additively.
For the case when G = R, we will use A to denote a labeling map, where
A E* = Ris given by Ay = Ay, + -+ A, for =1y, € EX\E? and
A\, = 0 for v € E°.

Definition 2.2. Given a labeling map A : E! — R, there is a strongly
continuous action a* : R — AutC*(E) such that as(s.) = eets, for all
e € EY and ay(p,) = py, for all v € EY. Actions of this form are referred to
as quasi-free actions.

2.3. Skew-product graph. General theory for skew-product graphs can
be found in [KumP99] and [KalQRO1]. The skew-product graph defined
below is the same as the one described in [KalQRO1]. The skew-product
graphs used in [KumP99|, although defined differently, are isomorphic to
the ones used in this paper [KalQR01, Remark 2.2].

Let F be a graph and G be a countable group. Given a labeling map
c: E' = @, we define the skew-product graph, denoted E x. G, to be
the graph having vertex set E° x G, edge set E! x G, and with range and
source maps defined by r(e,g) = (r(e),g) and s(e,g) = (s(e),c(e)g) for
(e,9) € Bl x G.
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Note that E x. G is row-finite if and only if E' is row-finite. Also, (v, g)
is a sink if and only if v is a sink. The C*-algebra of a skew-product graph
is an AF algebra if and only if ¢(u) # 1¢ for every cycle p € E.

The group G acts on the skew-product graph via right translation:

g- (U7h‘) = (U7h‘gil)
g-(e;h) = (e, hgil)‘
This induces an action 5 : G ~ C*(E x. Q) such that

By(8(e,n)) = S(e.ng1)
By(P(w,n)) = Plo,pg—1)
(see [KalQRO1]). Below, we will use G = Z. Then, we have the skew-product
graph F X.Z, with range and source maps as follows:
s(e,n) = (s(e),n —c(e)) and r(e,n) = (r(e),n).
The induced action 3 : Z — AutC*(E x. Z) satisfies Bin(S(en)) = S(e,ntm)

and Bm(p(v,n)) = P(v,n+m)-
The proposition below will be useful in analyzing the crossed products of
graph algebras by periodic quasi-free actions.

Proposition 2.3. [Rae05, Lemma 7.10],[KalQRO01, Theorem 2.4] Let E be
a row-finite directed graph. Then, there is an isomorphism ® of C*(E x.Z)
onto C*(E) x4 T such that ® o B, = ajy, 0 .

Definition 2.4 and Proposition 2.5 below will be useful for the proof of
Proposition 3.1, where the skew-product graph algebra is written as an
inductive limit of finite-dimensional C*-algebras.

Definition 2.4. [MT04, Definition 3.6] Let E = (E°, E',r,s) be a graph
and let F = (F°, F! rp,sr) be a subgraph of E. Define a graph Er =
(E% EL,rE,, sE,) as follows.
Set S:={ve€ FO: sz (v)] < 00,0 & s5'(v) & s5'(v)}, and let

EY =F'u{v:veStand EL:=F'U{e :ec F! and r(e) € S},

with range and source maps given by

SEp (e) = 3(6)7 SEp (e/) = 3(6)7 TEp (6) = 7"(6), TEp (el) = 7’(6)/.
Proposition 2.5 shows that the C*-subalgebra of C*(F) generated by ele-

ments that come from a subgraph F' is isomorphic to a graph algebra whose
corresponding graph Fp is defined above.

Proposition 2.5. [MT04, Theorem 3.7, Example 3.8] Let E be a graph,
{Se, v} be a generating Cuntz-Krieger E-family in C*(E), and F be a sub-
graph of E. Then, the C*-subalgebra of C*(E) generated by {s. : e €
F1Yu{p, : v € F°}, denoted by C*({sc : e € F1} U {p, : v € F°}), is
isomorphic to C*(Er). Furthermore, if we define
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Po ifwe FO\S
Gu ‘= Z{eeFlzs(e):w} SeS: wa c S
Po = Do f{ecFlis(e)=y} SeSe  if w=1" for some v €S

P qur(f) iffEFl
. SeQr(ey if [ =¢€ for somee¢€ F1,

then {tf, g} will be a generating Cuntz-Krieger Ep-family in C*({se : e €
FYYU{p, :v e F%).

The main result of this chapter deals with writing crossed products as
inductive limits of NCCW-complexes. The definition is provided below.

Definition 2.6. [Ped99, Definition 11.2] A zero dimensional NCCW-complex
is any finite dimensional C*-algebra Ay. An n-dimensional NCCW-complex
is defined as any C*-algebra A,,, arising a pull-back of a diagram of the form:

An—l

Jo

c([0,1], F,) —>— C(S" 1, F,)

where A,,_1 is an (n — 1)-dimensional-NCCW complex, F, is a finite dimen-
sional C* algebra, § is the boundary restriction map, and ¢, is an arbitrary
morphism called the connecting morphism. An NCCW complex A, is called
unital if if A,,_1 is unital and the connecting morphism ¢,, is also unital.

In this paper, we construct a one-dimensional NCCW complex in the
following way. Let Fy and F} be two finite dimensional C*-algebras with
maps ai,as : Fy — Fy. Let ev(0), ev(1) denote the maps from F; ® C0, 1]
to I, given by evaluation at zero and one, respectively. Then, we get a
one-dimensional NCCW-complez as the pull-back of the following diagram:

Fy

loﬂ Daz

ev(0)Pev(l
(0)@ev(1) F & F

F ®C[0,1]

3. The rational fibres

Let E be a graph and ¢ : E! — R a labeling map. A scaling of the pa-
rameters produces an isomorphic crossed product, and an action is periodic
if and only if by a scaling we may assume labels are all integers. From now
on, when «f is referred to as a periodic action, we will assume the labeling
map is ¢: E' = Z.
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The ‘rational’ (periodic) fibres are viewed as mapping tori over skew-
product graph algebras. In Proposition 3.1 below, the ‘rational’ (periodic)
fibres C*(E) x4 R are shown to be inductive limits of one-dimensional
NCCW complexes, extending [Dea01, Corollary 3.5] to finite-graph algebras.

Proposition 3.1. Let E be a finite graph and let of be a periodic action
on C*(E) with corresponding labeling map c. If c¢(u) # 0 for any cycle
w € E*, then C*(E) X e R is an inductive limit of one-dimensional NCCW-
complexes.

Proof. Since af is a periodic action, by rescaling we may assume c : B! —
Z. Let E x.7 = (E° x.7Z,E' x.Z,r,s) denote the skew-product graph.
By Proposition 2.3, we have that there is an isomorphism ® of C*(E x.Z)
onto C*(E) x4 T with ® o 3, = @, 0 .

Let E = (E° E' r, s) be a finite graph and let K be the set K := {v €
EY :r7Y(v) = 0, s~(v) = 0}. For each n, define a subgraph F,, of E x.7Z
by FO = {r(e,k) : e € E', -n < k < n} U{s(e,k) : e € B}, —n < k <
n}U{(v,k):v €K, —n<k<n}and F! = {(e,k) :e € E', —n < k < n}.
Then, F,, C Fy41 and E x.Z = J,, Fh.

Let {S(c,k), P(ok) : € € E',v € E° k € Z} be the canonical Cuntz-Krieger
family generating C*(E x.Z). Define A,, to be C*-subalgebra of C*(E x.Z)
generated by {s..r) : (e,k) € Fhu P : (v, k) € FY}. Then,

A; C Ay C -+ is an increasing sequence of C*-subalgebras of C*(E x. Z)
with
C*(Ex.Z) = | An.
n>1

Since ¢(u) # 0 for any cycle u € E*, E X.Z has no cycles. Thus, each A,
is isomorphic to a finite graph algebra (see Proposition 2.5), in which the
graph has no cycles. So, A, is finite dimensional.

Lastly, since A,, and (A,) are both included into A,11, we can now
define the NCCW-complex B, as in [Dea0l]. That is,

B, ={f € C([0,1], Apt1) : f(0) € Ay, B(£(0)) = f(1)}.
Then, B, C B+ for all n and

C*(E) %0 R = M5(C*(E) x4 T) & Msg(C*(E x. Z)) = | | Bn,

n

where Mz(C*(F) x4 T) denotes the mapping torus of @ on C*(E) x, T and
Mpg(C*(E x.7Z)) denotes the mapping torus of 5 on C*(E x.Z). O

4. The structure of the generic crossed product

Below we introduce the local approximation property and show in Propo-
sition 4.2, the periodic fibres satisfy a local approximation property.
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Definition 4.1. We say that a C*-algebra A has the local approximation
property with respect to the class of C*-algebras € if, for every finite set F'
of elements of A and every € > 0, there is a C' € € and a *-homomorphism
¢ : C'— A such that each element of F' lies within € of the image of ¢.

Given a finite graph E = (E°, B! r, s) with edges E' = {e1,ea,...,em}
we write L™ 1= {(Ae;, Aegs -+ -5 Ae,y) € Q™ 2 X is a labeling map on E* and
Ay # 0 for any cycle p € E*}.

Proposition 4.2. Let E be a finite graph with edges E' = {e1,e2,...,em}
and Ao := (Neys Aens - -5 Ae,,) € L™ s0 that o0 is a periodic action of R on
C*(E). Suppose further that € > 0 and fi,..., fn € C.(R,C*(E)). Then,
there exists a neighbourhood U of Ag in R™, a non-unital one-dimensional
NCCW-complex A, and for every s € U, a *-homomorphism s : A —
C*(E) Xqos R such that {os(f1), ..., 0s(fn)} Ce ¥s(A), where ¢ denotes the
canonical inclusion of C.(R, C*(E)) into C*(E) Xq4s R.

Proof. Suppose A\g € R™, e >0 and fi,..., fn € C.(R,C*(E)). Let ¢y, de-
note the canonical inclusion of C.(R, C*(E)) into C*(E) x4, R. By Propo-
sition 3.1, C*(E) x5, R = (J,, By, where B,, are non-unital one-dimensional
NCCW complexes. Thus, by choosing n large enough, there exists a *-

homomorphism ¢ : B, — C*(E) x,, R such that

{SD)\o(fl)v @Ao(f?)a o 7@/\0(.](.71)} ge/Q C*(E) >q)\0 R.
The rest follows from [Dea0l, Lemma 4.8]. O

As in [Dea0l], we use stable relations and a Baire category argument to
show that for a dense Gy set of labels, the associated crossed products satisfy
the local approximation property. Since they satisfy a local approximation
property, they can be written as inductive limits of one-dimensional NCCW
complexes by [Sanl5, Proposition 6 (xiii)].

Theorem 4.3. (Finite Graph Case) Let E be a finite graph with edges E' =
{e1,e2,...,em}. Then, the set of points X € L', for which C*(E) xR is
an inductive limit of one-dimensional NCCW-complexes contains a dense G
set in L™. For such X, the crossed product C*(E) xR is AF embeddable.

Proof. The first statement follows from the same argument as in Theo-
rem 4.10 of [Dea0l]. As in the proof of [Dea0l, Theorem 4.10], we need
to show that the local approximation property with respect to the class of
one-dimensional NCCW-complexes holds for such a set. Pick a countable
dense subset of C.(R,C*(E)) and call it ®. Let ¢, be the canonical inclu-
sion of C.(R,C*(E)) into C*(E) x4s R. From Proposition 4.2 above, for
each finite subset ¥ C ©, ¢ > 0 and A € L™, there is a neighbourhood
V(A, Fe) of A\, a one-dimensional NCCW-complex B(A, F €), and for every
s € V(A F,e), a x-homomorphism (A, s, Fy€) : B(\, F,e) — C*(E) Xqs R
such that p,(F) Cec ¥(A, s, F,e)B(\, Fye). Let G(¢,F) = Uyepm V(A Fle).
Then, for every s in G(¢, F), ps(F') is approximately contained to within
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e by the image of a one-dimensional NCCW complex. Also, G(e, F') con-
tains a dense open set in L™. Let €, be a sequence of positive numbers
converging to zero and let F(D) denote the set of finite subsets of ©. Then
the set G = (\pege) (e, Glen, F) is contained in the set of points s in m
for which C*(E) x4s R has the local approximation property and G clearly
contains a dense Gy set in L™ . Since one-dimensional NCCW complexes
are subhomogenous algebras, we have that C*(E) x,s R is an approximately
subhomogenous (ASH) algebra for all s € G. By Proposition 8.5.1 in [BO0S§],
we have that C*(FE) X,s R is AF embeddable for all s € G. O

Remark 4.4. The condition on the labels comes from the fact that the skew
product graph is AF. In [Dea0l, Theorem 4.10], Dean scaled the action and
made A1 = 1. In this case, the labels are all positive since the skew-product
O, X Z is AF if and only if ¢(E') C ZT or ¢(E) C Z~.

We can now recover Theorem 5.1 in [Dea01].

Corollary 4.5. The set of points
(1, X, ..., An) € (0,00)" 7L,

for which O, xR is an inductive limit of non-unital one-dimensional
NCCW-complexes, contains a dense Gy set.

Proof. Since \; = 1 we have that L' = (Q*)"! and thus L"~! =
[0,00)"~L. The rest follows from Theorem 4.3. O

Remark 4.6. Theorem 5.1 of [Dea0l] assumes A\; = 1 by rescaling. In this
case, we get a continuous field over R"~! with fibres O,, ¥ R, where A =
(1, A2,...,An). It was not necessary for us to rescale, as in our case, we can
obtain a continuous field over R™ instead. Then, L™ will be a larger set than

@)
The next proposition shows that a large family of crossed products are
stably projectionless.

Proposition 4.7. Let E be a finite graph that is cofinal and in which every
cycle has an exit. If E contains a strongly connected component that is not
a single cycle and X : EY — R is a labeling map with Ao > 0 for all e € E',
then C*(E) xR is stably projectionless.

Proof. We note that C*(E) is a simple unital C*-algebra. Since E is a
graph having a strongly connected component that is not a single cycle,
there exists a f > 0, with p(Cg) = 1 [Chll6, Proposition 4.3, 4.4]. By
[Chl16, Corollory 4.5] , there exists a KMSg state with 8 # 0. By [KisK96,
Corollary 3.4], C*(E) x4~ R is stably projectionless. O

Let E = (E°, E',r,s) be an infinite graph with edges E* = {eq,ea,...}.
Write L™ := {(Ae;s Aey,---) € Q% : Xis alabeling map on E* and A\, #
0 for any cycle u € E*} equipped with the product topology on R>.
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Theorem 4.8. (Inﬁniti Graph Case) Let E be an row-finite graph. Then,
the set of points A € L for which C*(E) X R is an inductive limit of

one-dimensional NCCW-complexes contains a dense Gg set. For such A,
the crossed product C*(E) xR is AF embeddable.

Proof. Using Proposition 2.4 , we can construct a sequence of finite sub-
graphs F} C Fy C --- C F with E = U2, F,, so that C*(F) is an inductive
limit of finite graph algebras C*(F),) that are invariant under «. Hence,
C*(E) x» R = hﬂC*(Fn) Xoam R. Let {s;}72, be a strictly increasing
sequence with |F}| = s,. By Theorem 4.3, we have that C*(F},) X xm) R is
an inductive limit of one-dimensional NCCW complexes for all A(n) € G(n),
where G(n) contains a dense Gy set in L. Let L := {(Ae, i Aesynr-) €
Q> : Xis a labeling map and A, # Ofor any cycle p € E*}. Then, G(n) x
L contains a dense G set in L and so does G := ), G(n) x L. We have
that C*(E) xR is an inductive limit of one-dimensional NCCW complexes
for all A € G. O

5. K-theory: rational fibres

In [Robl12], a classification result was obtained for C*-algebras that are
stably isomorphic to inductive limits of one-dimensional NCCW complexes
with trivial K; group. There are many examples of crossed products of
graph algebras by quasi-free actions that are not classified under the results
of [Rob12].

Based on the proof of Proposition 3.1, the rational fibres are mapping
tori over skew-graph algebras that are inductive limits of one-dimensional
NCCW complexes. In this section, the K-theory of these skew-graph alge-
bras is computed as well as the ordered K group of the skew-graph algebras
C*(Op X 7).

Lemma 5.1. Suppose G is a countable abelian group. Then, E x. G =
Ex_.G.

Proof. Let ¢' : (E x.G)? — (E x_. G)° be defined by ¢°(v,n) = (v, —n)
and ¢! : (E x.G)' = (E x_. G)! be defined by ¢°(e,n) = (e, —n). Then,
¢° and ¢! are bijective maps that satisfy rEx_,qo ¢t = ¢ o TEx.q and
sExchogbl = QSOOSOEXCG. U
Theorem 5.2. Let E be a finite graph without sinks and o : T ~ C*(E)
be an action such that o(s.) = zc(e)se, where ¢ : E'' — 7 is a labelling
map with ¢(E') C ZT or ¢(E'Y) C Z~. If v is not a source, define M, :=
max{|c(e)| : 7(e) = v}. Let M := |ES  os| + > {veEor—1(v)£0y Mo- Then,

Ko(C*(E) %a T) = lny(Z", B)
for some M x M matriz B and K;(C*(E) x, T) = 0.
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Proof. By Proposition 2.3, we know that C*(FE) X, T is isomorphic to the
graph algebra C*(E x.Z), where E x.Z = ((E x.Z)°,(E x.Z)!,r,s). By
Lemma 5.1, we may assume c(E') C Z*.

Let {S(e,), Pok) : k € Z,e € E',v € E% be the canonical Cuntz-Krieger
family generating C*(FE x.Z). Since the skew product has no cycles, C*(E X,
Z) is AF.

Let Vi, = {(v,k) : v € E%k € Z and — 0o < k < m} for m > 0. For
m > 1, define F},, to be the subgraph of F x.Z with vertices

F2 =V, U{(v,m+1),...,(v,m—1+M,):veE°r~'(v) #0}

and edges
Fl = s (Vi1).

We have that each F,, is a graph without loops, where F,, C Fp 41
for m > 1 and F xX.Z = UZO:1 F,,. Let A,, denote the C*-subalgebra of
C*(E x.Z) generated by {s() : (e,£) € Fy,} U{p(n) : (v,n) € F)}. The
generating set for A,, is a Cuntz-Krieger F, family in C*(E x.Z) with all
projections nonzero. Hence, by the Cuntz-Krieger uniqueness theorem, there
is an injection of C*(F,,) into C*(E X.Z) and this map gives C*(F},) = Ap,.
Thus, C*(Fp,) € C*(Fiq1) and C*(E % Z) = U,y C*(Fp).

A typical element in the spanning set for C*(F;,) is s,s;, with r(u) = r(v).
Suppose r(p) = r(v) = (w, k). If (w, k) is not a sink, we can apply the Cuntz-
Krieger relations, so that s,s;, can be written as a finite sum of terms of the
form sqsj, where r(a) = r(8) is a sink. The set of all sinks in the graph
F., denoted by SF,,, is the set

{(v,m):ve E°}U{(v,m+1),...,(v,m—1+M,):ve E°r~t(v) #0}.
Therefore,
C*(Fy) = span{sssj : r(a) = r(B) € SE,, }-
Fix an element (v, k) € Sg,,. Let
FM ={a e Fy :r(a) = (v,k)}
and
Ay = spﬁ{sasz ta, € Fr(,fk)}

The elements sasE with o, € FT(,;) k) form a family of matrix units, and

thus, A(, ) is isomorphic to the algebra of compact operators on 02 (F,gf ’k)).
For any two elements (v, k), (w,n) € Sg,, Agy is orthogonal to A, )
when (v, k) # (w,n). Hence,

C*(Fn)= P Awr

(v,k)ESFm



ASH ALGEBRAS AS CROSSED PRODUCTS OF GRAPH ALGEBRAS 457

Since p(y,x is a rank one projection in A, ), we have that Ko(A, ) is
a free abelian group generated by [p(v,k)]. Therefore,

Ko(C*(Fn) =Ko | P Awn

(v,k)GSFm

= EB Ko(A(w,k))

(v,k)GsFm
= P Zbwpwl
(’U,k)ESFm

Continuity of Ky gives Ko(C*(E x.Z)) = lim Ko 0(C*(Fin)).

To calculate the bonding maps ¢n, m+1 : Ko(C*(Fp,)) — Ko(C*(Fn+1))s
we will see how the projections [p(, )], with (v,k) € SF,,, decompose in
Ko(C*(Frt1)). If v € EY, then

[p(um)] - Z [s(e,n) Sfe,n)]

s(e,n)=(v,m)

= Z [pr(e,n)]

s(e,n)=(v,m)
= Z [D(r(e),m-+e(e))]s
s(e)=v

where m < m + c(e) < m + M, ().
Since Sg,, N Sk,.,, = Sk, \{(v,m) : v € E'}, we have that

[Pog)] 2Ly P, k)] if (v,k) € Sp, \{(v.m) v € £%)
Z [p(r (e),m+c(e)) ] otherwise.

We note that
1S5, | = |E°] + | F\Vin|
= |E°| + Yoo (My-1)

{veEOr=1(v)#0}

= |E0| + Z Mv |E0\Esources|
{veE%:r—1(v)#£0}
|E ources| + Z M’U
{veE%:r—1(v)#0}
=M.
The matrix representations of the bonding maps ¢, 11 are all the same
and we will denote them by B. Hence, Ko(C*(E x.7Z)) = lig(ZM ,B). O
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As a consequence of Theorem 5.2, we can now recover the result for the
gauge action (see Corollary 7.14 of [Rae05]).

Corollary 5.3. Let C*(E) be a row-finite graph without sinks and let =y :
T ~ C*(E) be the standard gauge action. Then, Ko(C*(E) x4 T) =

liﬂ(ZEo, AL, where Ag is the vertex matriz.

Proof. For the standard gauge action, we have c(e) = 1 for all edges e € E'.
Thus, C*(E) x, T = C*(E x1 Z). Using Theorem 5.2, we see that F, = Vj,,
Fl = sY(V,_1) and Sk, := {(v,m) : v € E°}. We note M = |E°| and for
all v € EY, we have that

¢m,m+1([p(v,m)]) = Z [p(r(e),m+1))]

s(e)=v

= ) Ap(v, W) [P miny)-

weEo

Hence, in this case, the bonding map is multiplication by the transpose of
the vertex matrix, as required. O

The Cuntz Algebra Case

Let O, be the Cuntz algebra with corresponding graph O,, having vertex
v and edges {e;}!" ;. The skew-product graph algebra C*(Oy X Z) is AF
if and only if ¢(E') C Z* or ¢(E') C Z~. Without loss of generality,
we assume c(E') C Z%. Suppose we have s < n distinct labels; namely,
by < kg <-or < k.

Here, we note that ks = M. For all j =1,2,..., ks, define

(e B @ = itie bk k)
I 0 otherwise.

Using Theorem 5.2, we have Sg,, = {(v,m), (v,m+1),...,(v,m—14+M,)}
and the bonding maps ¢, ;1 send

[P(v,m)] — Z [P(r(e),m+c(e))]

s(e)=v

—~

= Z [p(v,m—i—c(ei))]

=1

n
1=

== Z Ck‘i [p(’v,m—i-k‘i)]?
=1
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while the remaining elements remain fixed under ¢, ,+1. Hence,

c1 10 --- 0

co 01 --- 0
T 1)

c.,—1 0 0 --- 1

ck, 0 0 --- 0

is the matrix representation of the bonding maps ¢, m+1. Therefore, we
have that Ko(C*(Oy %, Z)) = liy(Z"", B).

Also, the determinant of B is cg,(—1)**! # 0. So, if we suppose that
ck, = 1, then the bonding maps are bijective and in this case, KO(C*(On X
7)) = 7Mo,

Next, we consider the positive cones of the Ky groups. A matrix A is
called unimodular if the determinant of A is +1 or —1 and primitive if A is
nonnegative and A™ > 0 for some positive integer m, where B > 0 means
b;; > 0 for all 4,j. The bonding maps in Proposition 5.4 are nonnegative
unimodular primitive matrices in My(Z).

Proposition 5.4. [She81, p.464]| Suppose we are given a sequence
7k A gk A gk A

where A is a nonnegative unimodular primitive matriz in My(Z). Then, the
resulting stationary dimension group lig(Zk,A) has a unique state, and we
can express its positive cone as

Pias,..an) = {(z1,...,25) € ZF 21 + agxo + - oy > 0} U{(0,...,0)},

where (1, aq,...,ay) is the eigenvector of the Perron-Frobenius eigenvalue
of A, at least one of o is irrational, and oo, . .., o, > 0.

For the rest of the section, we will suppose that s = n and ged(kq, ..., k) =
1. Then ¢i, = ¢g, = -+ - ¢k, = 1 and ¢; = 0 otherwise. We will use the nota-
tion Oy (k1, k2, ..., k,) to represent C*(On X Z), where ¢ is a labeling map
with distinct labels k,, > k,—1 > --- > k1 > 0. We denote the transpose of
the matrix B in (1) as

¢k C2 ¢33 -+ Cg,
1 0 O 0
Apgogmy =0 10 0
: . 0
o o0 --- 1 0

This matrix is known in the literature as the Leslie matrix [CFR05, p. 140].
The matrix Ay, . x,) has characteristic polynomial

xkn _ mkn_kl . xkn_kn—l _ 1
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In order to apply Proposition 5.4, a description of the Perron-Frobenius
eigenvalue and its corresponding eigenvector for A, ...k, is needed. This
is described in Lemma 5.5, along with the fact that « is the limit of a ratio of
terms from a difference equation. The description of « in this way was given
in [Flo11], but with more cumbersome calculations as the size of the matrix
increased (for example, [Flol1, p.26]). The proof of Lemma 5.5 makes use
of some standard results from matrix theory.

Lemma 5.5. The matriz A, ,, . i, has eigenvector (1, a”l, . a ket
where o is the Perron-Frobenius eigenvalue of Ay, .. k,) and is irrational.

It satisfies « = lim , where

m— 00 fm—i—kn—l
fm+kzn = fm+knfk1 + fm+kn7k2 4+ .+ fm
s a difference equation with initial conditions fo = fi = -+ = fr,—2 =0
and fk?n—l = 1

Proof. The matrix A, 1, r,) vields a difference equation of the form

frt1 = fo—ki41 + fr—kot1 + -+ frn—kp+1,

with initial conditions fo = fi = -+ = fx, , = 0 and f, , = 1 or equiva-
lently, in matrix form

fm+kn ferknfl fkn,l 1
. . fkan 0
’ = Ay, ko kn ’ ) . =1 .
fm+2 (ki ka ) fm+1 : :
Jm+1 Im fo 0
fm—i—kn—l
(see [Mey00, pp.683-684]). If we let g(m) = 3 , then it is not
fm+1
fm

hard to see that g(m) = A?Z:l,kz,...,kn)g(o)'
The matrix A, k,,...k,) 18 primitive if and only if the ged(k1, ..., kn) =1
(see, for example, Theroem 6.11 in [CFRO5]). If r = p(Aw, ks, kn)), then
Al o)\ A"
r thp
eigenvectors of A, . k,) and A?l;hkz,...,kn)’ respectively [Mey00, p.674].
From this, we get that

lim
m—0o0

> 0, where p and q are the Perron-Frobenius

glm) _
m=oo [|g(m)[|x

)

where p is the Perron-Frobenius eigenvector of Ak, k... k) (see [Mey00,

p.684]). For 0 < ¢ < k, — 1, lim Jmta exists and is positive. Hence,
m—20 ||g(m)][1
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so is lim M. Since
m—0o0 m—i—kn—l
fm—i—k:n o fm+kn—k1 fm—l—kn—kg fm
= - R (2)
Jmtkn—1  Jmtkn—1  Jmtke-1 Jmakn—1
fm—l—kn

we have that lim
m—0o0 fm+kn_1

Taking the limit of both sides of equation (2), we get a = o~ (ki=1) 4
a~ k=) oo (a1 or equivalently,

exists and we will denote it by a.

Oékn _ akn—kl _ akn_kQ e — 1 = 0

Therefore, o satisfies the characteristic polynomial of A, k. .k, By
Descartes’ rule of signs, the characteristic polynomial has one positive root
and since « is positive, it must be the Perron-Frobenius eigenvalue.

Lastly, we have that

c1 C2 c3 e Chy, 1 Oé_k1+1 —+ a—kz—i-l + -+ Oé_k"—H
1 0 0 0 ot 1
0 1 0 0 a2 _ a~l
0 : :
0 0 1 0 a Fntl akn
1
a—l
= a a_Q
a—kn+1

The only possible rational root of the characteristic polynomial is —1, hence
« must be irrational. O

Theorem 5.6. Let v = (1,a™',...,a )" be the eigenvector of
Ak ko, k) » Where o is the corresponding Perron-Frobenius eigenvalue. Then,
Ko(On(k1,. .. kn)) = ZM

and

K (On(k1,y... kn)) = Py,

where

P, ={(x1,...,21,) € ZFn oy +a oy + -+ oz_k"ﬂa:kn >0}
U {(0,0,...,0)}.
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Furthermore, if the characteristic polynomial of Ak, k,,...k,) S trreducible
over the rationals, then

(KO(On(k;l,kQ,...,kn)),K;(on(kl,kQ,...,kn)),(1 00 - 0)”)
> (Z4+a 24+ a L (Z 40 24+ a2 R D).

Proof. By Theorem 5.2, Lemma 5.5 and Proposition 5.4, we have the Ky
group and its cone are described as above. The map (1,a7%,..., ofk"“) :
ZFr — Z4+a ' Z+- - -+a F*17Z is a positive surjective homomorphism that
preserves the order unit and the image of the cone K (O (k1,ka, ..., ky))
is exactly (Z+a 'Z+---+a **t1Z)NR, . Furthermore, if the characteris-
tic polynomial is irreducible, then the map (1,a7!,..., a~**+1) is injective
since the set {1,a7 %, ..., a*k"“} is linearly independent. Indeed, the set
{1,a,...,a* 1} is linearly independent since the characteristic polynomial
is irreducible and therefore, so is the set {1,a7 %, ..., a_k"+1}. Hence, we
have an order isomorphism, as required. O

Remark 5.7. Ko(Oy(k1,ka,...,ky)) is not totally ordered when the number
of nonzero even entries is one greater than the number of nonzero odd entries
in the first row of the bonding maps A, k... k,), since the characteristic
polynomial will have —1 as a root (see [Han81, pp. 63-64]).

The K-theory of the standard Fibonacci algebra was calculated in [Dav96]
and extended for the generalized Fibonacci algebras in [Flo11]. The standard
embedding was given by the matrix A, k,,.. k,), where k; = j for j =
1,...,n. As a consequence of Theorem 5.6, we arrive at the same results,
but in a more indirect way.

Corollary 5.8. Suppose kj = j for j =1,2,...,n. Then,
(Ko(Onlht ks k), Kif (On(kskz, o k) (10 0 oo 0)7)
~(Z+a 2+ +a N2 (Z+a 2+ +a M) NRL D).

Proof. By [Bra51, Theorem 2], the characteristic polynomial of A, k,.. k)
is irreducible over the rationals. Then, the result follows from Theorem
5.6. O

Example 5.9. Suppose we have the Cuntz-algebra O3 with the following

labels:
1 fg ) 3

2

Then, we have the following skew-product graph:
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Hence,

110
1 01
100

Ky(03(1,2,3)) = limg 73, =~ 73. In this case,

a ~ 1.83929 is the Perron-Frobenus eigenvalue of the above bonding map

and

(Ko(0s(1,2,3)), K5 (05(1,2,3)),(1 0 0 - 0)")
> (Z+a 2+ a2, (Z+ a2+ a?Z) R, 1).
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