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A generalization of Jgrgensen’s inequality
to infinite dimension

Liulan Li

ABSTRACT. In this paper, we give a generalization of Jgrgensen’s in-
equality to hyperbolic M6bius transformations in infinite dimension by
using Clifford algebras. We also give an application.
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1. Introduction

In the theory of discrete groups, the following important and useful in-
equality is well known as Jgrgensen’s inequality, see [5].

Theorem J. Suppose that f,g € M(ﬁZ) generate a discrete and nonele-
mentary group {(f,g). Then

62(f) — 4] + ee((f,g]) - 2 > 1.

In [4], Hersonsky gave a partial generalization of Theorem J to Mébius
transformations in R" by using Clifford algebra, which is stated in the fol-
lowing form.

Theorem H. Let f,g € M(R") such that f and [f,g] are hyperbolic, and
suppose that (f,g) is a discrete and nonelementary group. Then

6 (f) — 4] + [tr([f, 9]) — 2| > 1.
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In [12], Waterman generalized Jorgensen’s inequality to high dimensional
groups and obtained

Theorem WA. Let f, g € M(R"). If (f,g) is discrete and nonelementary,
then

1
I |lg—1I| > =.
1f =1l llg = 1l = o5
In [11], Wang also studied the generalization of Jgrgensen’s inequality to
hyperbolic Mébius transformations in high dimension, giving the following

generalization of Theorem H.

Theorem W. Let f,g € M(R") such that f is hyperbolic and [f,q] is
vectorial, and suppose that (f,g) is a discrete and nonelementary group.
Then

6 (f) — 4] + [tr([f,9]) — 2| > 1.

We refer to [6, 9, 10, 11, 12, 13] for related investigations in this direction.

The main aim of this paper is to establish Jgrgensen’s inequality in the
infinite dimensional case. Our main result is Theorem 3.1, which is a gener-
alization of Theorems H and W and a partial generalization of Theorem J
to infinite dimension. We will state and prove it in Section 3. In Section 4
we will give an application of Theorem 3.1.

2. Preliminaries

The Clifford algebra ¢ is the associative algebra over the real field R,
generated by a countable family {i;}?°, subject to the following relations:

iniy = —ipin (h# k), iz =-1, Vhk>1

and no others. Every element of ¢ can be expressed of the following type

a:ZaII,

where [ = iy iy, -Gy, | v <wvy < -+ <vp, p<n,nis a fixed natural
number depending on a, a; € R are the coefficients and ) _; a% <oo. IfI =0,
then ay is called the real part of @ and denoted by Re(a); the remaining part
is called the imaginary part of @ and denoted by Im(a).

In ¢, the Euclidean norm is expressed by

jal = [>~af = VIRe(a)? + [Im(a) >

1

The algebra ¢ has three important involutions:

(1) “7: replacing each i (k > 1) of a by —ig, we get a new number a’.
a — a’ is an isomorphism of ¢:

(ab) =d't/, (a+0b)=d +V,
for a,b € 4.



A GENERALIZATION OF JORGENSEN’S INEQUALITY 43

(2) “*: replacing each iy, iy, . . .4y, of a by iy,iy, ; .. .1, . Weknow that
a — a* is an anti-isomorphism of ¢:

(ab)* =b*a*, (a+b)*=b"+a"

(3) “: a = (a*) = (')*. It is obvious that a +— a is also an anti-
isomorphism of /.

We refer to elements of the following type as vectors:
T =m0+ 2101+ + Tpip + - €L

The set of all such vectors is denoted by fo and we let fo = £ J{occ}. For
any r € fy, we have z* = x and T = 2. For x,y € f5, the inner product
(z-y) of x and y is given by

(7 -y) =20y0 + T1y1 + -+ Tpyn + ...,
where x =xg+ 2181+ +Tpin+ ..., Y=Y+ y1é1+ -+ Ynln +....

Obviously, any nonzero vector x is invertible in ¢ with z=! = % The
inverse of a vector is invertible too. Since any product of nonzero vectors is
invertible, we conclude that any product of nonzero vectors is invertible in
£. The set of products of finitely many nonzero vectors is a multiplicative
group, called Clifford group and denoted by I

Definition 2.1. If a matrix g = < Z b > satisfies:

d

(1) a,b,c,d € I'J{0},
(2) Ag) = ad* —bc* =1,
(3) ab*, d*b, cd*, c*a € la,

then we call g a Clifford matrix in infinite dimension; the set of all such
matrices is denoted by SL(T").

Let
(10 1 d* —-b*

1 1

Obviously, gg~! = g~'g = I, that is, ¢! is the inverse of g. By a simple
computation, we know that SL(I") is a multiplicative group of matrices.

For any g = + ( Z Z ) € SL(T"), the corresponding mapping

g(z) = (ax + b)(cx +d)~*

is a bijection of /5 onto itself, which we call a M&bius transformation in
infinite dimension. Correspondingly, the set of all such mappings is also a
group, which is still denoted by SL(T").

Now, we give a classification of the nontrivial elements of SL(I") as follows:
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rA 0

e f is lozodromic if it is conjugate in SL(T") to 0 Ly ) where
r e R\{x1, 0}, A € T and |A| = 1; if A = +£1, then f is called
hyperbolic.

e fis parabolic if it is conjugate in SL(T') to 3 Clz, ,wherea, be T,
la| =1, b # 0 and ab = ba’; if a = £1, then f is called strictly para-
bolic.

e Otherwise we say f is elliptic.

Definition 2.2. For g = < g Z

tr(g) = a+d*.

For a nontrivial element g = ( z Zl

) € SL(I"), we define the trace of g as

) € SL(I), if b* = b, ¢* = ¢ and

tr(g) € R, then we call g vectorial.
For the trace, we have the following result (see [8]).

Lemma 2.3. Let g = < Z Z

> € SL(T'). Then Re(tr(g)) is invariant under
conjugation.
The following two lemmas come from [8].

Lemma 2.4. g = ( Ccl Z

tr(g) € R, tr?(g) > 4 and c € lo. If g is hyperbolic, then the two fized points
of g are

) € SL(T) (¢ # 0) is hyperbolic if and only if

1 1
u,v = —5(0_1(1 —ac!) + 50_1((a +d*)? — 4)%
Lemma 2.5. g = 8 Z ) € SL(T) (b # 0) is hyperbolic if and only if

tr(g) € R, tr?(g) > 4 and b € 5. If g is hyperbolic, then the two fized points
of g are co and —b(a — d) 1.

Definition 2.6. For a subgroup G C SL(I'), we call G elementary if G has
a finite G-orbit, that is, there exists a point x € £ such that

G(z) ={g(z)lg € G}
is finite; otherwise, we call G nonelementary.

We say that G is discrete if g, fi1, f2, - € G and f; — g imply f; = g for
all sufficiently large i. Otherwise, G is not discrete.

Lemma 2.7. Let f € SL(I') be not elliptic, and let § : SL(I') — SL(I") be
defined by

0(9) =gfg "
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Suppose that there exists n such that 0™(g) = f, then the group (f,g) gen-
erated by f and g is elementary.

Proof. Define gy = g and g,, = 0™(g). So for some m > 0,

Im+1 = gmfgn_zl-

Suppose first that f is parabolic. Since f has exactly one fixed point,
we may assume that f(oco) = oco. As ¢gp,...,9, are conjugate to f, they
are each parabolic and so have a unique fixed point. Thus if g, fixes oo,
then so does g,, where r > 0. As g, (= f) fixes oo, we deduce that each g;
(j=0,1,...,n) fixes co. This shows that (f, g) is elementary.

Suppose now that f is loxodromic and the two fixed points of f are x and
y. Clearly, g1, ..., gn each have exactly two fixed points. Now suppose that
gr+1 fixes x and y (as does g,,): then

{z,y} = {g- (%), 9-(y)}.

Since g, cannot interchange x and y for r > 1, we know that if g, fixes x
and y, then so does g, for r > 1. It follows that ¢i,..., g, each fix z and
y. This shows that f and g leave the set {z,y} invariant and so (f,g) is
elementary. O

3. The main result and its proof

Now we come to state and prove our main result.

Theorem 3.1. Let f,g € SL(T") such that f is hyperbolic and [f, g] is vec-
torial, and suppose that (f,g) is discrete and nonelementary, then

(3.1) [tr®(F) — 4] + lex([f, 9] — 2] > 1.

Proof. By Lemmas 2.4, 2.5 and 2.3, we know that tr(f) € R, and tr(f)
and tr([f,g]) are invariant under conjugation. Without loss of generality,
we may assume that

7 0 a b
(50 ) (24,

where 7 > 0 and 7 # 1. Let s denote the left side of relation (3.1) and
suppose that (3.1) fails. Then

(3.2) k= (T =711+ |bc|) < 1.
We let

_ am b
g0 =g, gm-‘rl:gmfgm 17 gm:< " dm)v m:(),l,....
m

Cm
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Then, we have
(3.3) g1 = Tamdm™ — T bmem™,
bng1 = (771 = T)ambm ™,
Cmi1 = —(T_l — T)emdm”™,
A1 =T Ydmam™ — Tembm™,
bmi1Cmi1” = —(7'_1 — 7')2(1 + bmem ™ ) omem™.
Let f:]0,+00) — [0, +00) be defined by
fx)=z(1+z)(r 1 =7)%
1

Let » = (77! — 7)72 — 1. It is obvious that f(z) is an increasing function
on [0,+00) such that f(z) < z on [0,r]. It follows from (3.2) that |bc| < r.
The above facts and relations (3.3) show that

bt 16mi1 | < F(lbmem™]) < -+ < fH([be"]) < [be*],
bt 1emy1”| < (7'_1 - 7)2(1 + |bmem ™) [bmem ™|

< (7 = 1)U+ b b | = Klbmen,

by 1Cmyr*] < K™ bel.
So
lim bpep” =0, lim apd,* =1.
m—0o0 m—0o0

The above relation and (3.3) imply that

lim ap,, =7, lim d, = L.
m—0o0 m—00
Now
\b;nlbm_H] = |(7'71 —T)ay*| — |T(T71 —7)| < VKT

So for sufficiently large m, we have

berl bm
Tm+1 < \/E ‘Tm' '
It follows that
b
— 0.
T

In a very similar way, we get that

lim ¢, 7" =0.
m—o0

It follows that
lim f"gomf™ = f.
m—0o0
Since (f, g) is discrete, we must have go,,, = f for some m. By Lemma 2.7,

(f, g) must be elementary, which violates the assumption. The contradiction
shows that x cannot be less than 1. O
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Remark 3.2. Theorem 3.1 is a generalization of Theorem B in [4] and the
corresponding result in [11].
4. An application

For f, = < CCLT 27" >, where a,, b, ¢, d, € TU{0} and r =1, 2, define

1ol = Vae? + 1602 + |2 + [dy |2,
11 = foll = Va1 — az]® + by — bo|® + |1 — c2|® + |d1 — da2.

Then
Lemma 4.1 ([7]). For any U = < —ab, clz)’ ) € SL(T") (U is called unitary),
g= ( 3 ? ), we have ||g|| = ||gU|| = ||Ug||, where o, 3, v, § € T’ U{0}.

Lemma 4.2. Let f € SL(I") be hyperbolic. Then
1
IF 11 = L) - .

Proof. Since ||f — I| and tr?(f) are invariant under conjugation by unitary
transformations by Lemmas 2.3, 2.4, 2.5 and 4.1, without loss of generality,

we may assume that
v 0
f - < 0 ’11,71 ) )

where u > 1. By a simple computation, the conclusion follows. O

Lemma 4.3. Let f,g € SL(I') be hyperbolic such that [f,g| is vectorial.
Then

1f =107 llg = I11* = [ex([f, g1) — 2I.

Proof. Since the two sides of the above inequality are invariant under con-
jugation by unitary transformations, we may assume that

(o) ()

where u > 1. By computation, we see that

* 27k 2 _ *
[fa g] = ( (c,;d2 _u1>bccd* d(C:i _ ;)ggb* > ’ ’tr([f)g]) _2| = (U—U_1)2|bc*|7

1F =117 lg =TI = [(u—=1)* + (™! = 1)*][la = 1> + (B + [¢]* + |d — 1),
Therefore, we have
1f =102 1lg = II1* > (w = u=")?[be| = [tr([f, g]) — 2|. O

We will use Theorem 3.1 to prove
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Theorem 4.4. Let f,g € SL(T") be hyperbolic such that [f,g] and [g, f] are
vectorial. If (f,g) is discrete and nonelementary, then

If =1 -llg -1l = v2-1.

Proof. Let x = min{|tr?(f) — 4/, [tr%(g) — 4]}
We first suppose that 2 < 2¢/2 — 2. By assumptions and Theorem 3.1,

tr?(f) — 4]+ [er([f,9]) — 2| > 1, [tr?(g) — 4] + [tr([g, f]) — 2| > 1.
Therefore, by Lemma 4.3, we have that
1f =117 llg = I)1* > [te([f, 9]) — 2] = 1 = [tr®(f) — 4],
and
lg = I - 1If = 101> > Itr(lg, /1) — 2| = 1 = [t2*(g) — 4I.
Thus,
IF =11 llg= 1P >1-(2v2-2) = (vV2-1)%

Now we suppose that z > 2v/2 — 2. By Lemma 4.2, we have
1 1
17 =117 2 Sl(7) — 41, g~ 11> > 5lu(g) 4.
We hence know that
1
IF =102 g = 111* = 4 16x*(F) = 4lltr*(g) — 4] = (V2-1)% O
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