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ABSTRACT. A pseudocharacter of a semigroup S is a real function ¢ on S
satisfying the following conditions.

1) The set {p(zy) — ¢(z) — ¢(y); x,y € S} is bounded.

2) Forz € Sandn € N (and n € Z if S is a group),

p(z™) = np(w).
A description of the space of pseudocharacters on some extensions of free
groups is given.
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1. Introduction

In 1940 S. M. Ulam posed the following problem. Given a group (G, a metric
group (Gs,d) and a positive number ¢, does there exist a § > 0 such that if f :
G1 — G, satisfies d(f(zy), f(z)f(y)) < 0 for all z,y € G4, then a homomorphism
T : Gy = Gy exists with d(f(z),T(z)) < € for all z,y € G1? See S. M. Ulam
(1960) or (1974) for a discussion of such problems, as well as D. H. Hyers (1941,
1983), D. H. Hyers and S. M. Ulam (1945, 1947), Th. M. Rassias (1978), J. Aczel
and J. Dhombres (1989).

In case of a positive answer to the previous problem, we say that the homomor-
phisms G; — C5 are stable or that the Cauchy functional equation

(1) plzy) = o(x)o(y)
is stable.
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The first affirmative answer was given by D. H. Hyers [14] in 1941. Consider the
additive Cauchy equation

(2) p(ry) = o(z) +¢(y).
Obviously this equation is exactly the same as equation (1), but with the use of

the additive notation on the right-hand side we emphasize that the range of the
function is in an additive group.

Theorem 1 (D. H. Hyers). Let Ei, E> be Banach spaces and let f : Ey — Es
satisfy the following condition: there is € > 0 such that

(3) 1 f(z+y) = flz)—fy)ll <e fordl z,y€kE.
Then there exists T : By — Ey such that

4) Tx+y)—T(x)—T(y)=0 foral z,yeckE

and

(5) || flx) =T(x)|| <e forall =€ E.

If we carefully look at the proof of Hyers’” Theorem, the existence of the ad-
ditive function 7' uniformly approximating f, we easily recognize that the result
remains true if we replace the additive group of the Banach space E; by a commu-
tative semigroup S. So we can conclude that the homomorphisms from an abelian
simigroup into the additive group of a Banach space are stable.

After Hyers’ result a great number of papers on the subject have been published,
generalizing Ulam’s problem and Hyers’ Theorem in various directions. See [11],
[15]-[22], [26]-[28].

Definition 1. Let G be a semigroup and B a Banach space. We say that equa-
tion (2) is stable for the pair (G, B) if, for every function f : G — B such that

If(zy) = f(@) = fFWII <0, z,yeG forsome §2>0,
there exists a solution ¢ of (2) such that
1f(2) = p(a)|| <&, Voe
for some e depending only on §.

In [12] it has been proved that Bj, Bs are Banach spaces, then (2) is stable for
(G, By) if and only if it is stable for (G, Bz).

Due to this remark we simply say that (2) is stable for a group or a semigroup
G. Thus Hyers’s Theorem says that (2) is stable for any commutative semigroup
G. A remarkable achievement was that of L. Székelyhidi who in [28] replaced the
original proof given by Hyers by a new one based on the use of invariant means.

Theorem 2 (L. Székelyhidi). Let G be a left (right) amenable semigroup, then (2)
is stable for G.

Now a question naturally arises: do groups or semigroups exist for which equa-
tion (2) is not stable? In view of L. Székelyhidi’s Theorem we must look among
non-amenable groups or semigroups and in fact in [4, 5, 7, 8, 10] it was proved
that on a free nonabelian group (or semigroup) the additive Cauchy equation (2)
is not stable. We recall the example of Forti (see [10]). Let F(«, ) be the free
group generated by the two elements «, 8. Let each word = € F(a, ) be written in
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reduced form, i.e., ¢ does not contain pairs of the forms aa™', a~ta, 8871, 718
and has no exponents different from 1 and —1. Define the function f : F(a,3) = R
as follows. If r(x) is the number of pairs of the form af in = and s(z) is the number
of pairs of the form 3 ta™! in z, put f(z) =r(x) — s(z).

It is easily seen that for all z,y € F(a,3) we have f(zy) — f(z) — f(y) €
{-1,0,1}, i.e., f satisfies (3). Now, assume that there is 7' : F(a,8) = R such
that the relations (4), and (5) hold. But T is completely determined by its values
T'(«) and T'(3), while f is identically zero on the subgroups A and B generated by
a and (3, respectively. Indeed, T'(a™) = nT(a) and f(a™) = 0 for n € N. Since
T(a™) — f(a™) = nT(a) for n € N, it follows that T'(o) = 0. Similarly we have
T(8) = 0, so that T is identically zero on F(«, ). Hence, f — T = f on F(«, )
where f is unbounded. This contradiction proves that there is no homomorphism
T : F(a, 8) — R such that the relation (5) holds.

It turns out that the existence of mappings that are “almost homomorphisms”
but are not small perturbations of homomorphisms has an algebraic nature.

Definition 2. A quasicharacter of a semigroup S is a real-valued function f on S
such that {f(zy) — f(z) — f(y) |z,y € S} is bounded.

Definition 3. By a pseudocharacter on a semigroup S (group S) we mean a qua-
sicharacter f such that for x € S and n € N (and for n € Z, if S is group),

f@") =nf(z).

The set of quasicharacters of semigroup S is a vector space (with respect to the
usual operations of addition of functions and multiplication by scalars), which will
be denoted by K X (S). The subspace of KX (S) consisting of pseudocharacters will
be denoted by PX(S) and the subspace consisting of real additive characters of the
semigroup S, will be denoted by X (S).

We say that a pseudocharacter ¢ of the group G is nontrivial if ¢ ¢ X(G).

In connection with the example of Forti, note that his function is a quasicharacter
of the free group F(a, ) but not a pseudocharacter of F(«, ). In [5, 7] the set
of all pseudocharacters of free groups was described. In [4]-[9] a description of
the spaces of pseudocharacters on free groups and semigroups, semidirect and free
products of semigroups was given.

For a mapping f of the group G into the semigroup of linear transformations
of a vector space, sufficient conditions for the coincidence of the solution of the
functional inequality || f(zy)— f(z)-f(y)|| < ¢ with the solution of the corresponding
functional equation f(zy) — f(x) - f(y) = 0 were studied in the papers [2, 3]. In
the papers [13, 24], it was independently shown that if a continuous mapping f of
a compact group G into the algebra of endomorphisms of a Banach space satisfies
the relation || f(xy) — f(z)- f(y)|| < ¢ for all z,y € G with a sufficiently small § > 0,
then f is e-close to a continuous representation g of the same group in the same
Banach space (i.e., we have || f(z) — g(z)|| < € for all z € G).

Let H be a Hilbert space and let U(H) be the group of unitary operators of
H endowed by operator-norm topology. If H is n-dimensional, n € N, we denote
U(H) by U(n).

Definition 4. Let 0 < ¢ < 2. Let T be a mapping of a group G into U(H). We
say that 7' is an e-representation if for any =,y € G the relation

1T (zy) = T(2)T(y)ll <e
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holds.

V. Milman raised the following question: Let p : G — U(H) be an e-represen-
tation with small €. Is it true that p is near to an actual representation 7 of the
group G in H, i.e., does there exist some small 0 > 0 such that ||p(z) — 7 (z)|| < 0
for all x € G ? Answering this question Kazhdan in [24] obtained the following:

Theorem 3 (D. Kazhdan). There is a group T' with the following property. For
any 0 < € < 1 and any natural number n > g there exists an e-representation p
such that for any homomorphism w : G — U(n) the relation

lp =l = sup{[|p(z) = = ()| ; = € [} > 1i0

holds.

Note that the group I' has the following presentation in terms of generators and
relations: I' = (x,y,a,b ||z y tzya b lab).

By using pseudocharacters a strengthening of Kazhdan’s Theorem was estab-
lished in [9] as follows.

We say that a group G belongs to the class K if every nonunit quotient group of
G has an element of order two.

Theorem 4 (V. Faiziev). Let H be a Hilbert space and let U(H) be its group of
unitary operators. Suppose the groups A and B belong to the class K and the order
of B is more than two. Then the free product G = Ax B has the following property.
For any € > 0 there exists a mapping T : G — U(H) salisfying the following
conditions.

1) ||T(zy) —=T(x) Tl <e, forall zye€q.
2) For any representation © : G — U(H), we have

sup{[|T () — w(2)[|; z € G} = 2.

There is the following connection of quasicharacters and pseudocharacters with
the theory of Banach algebra cohomology: The definition of a quasicharacter co-
incides with that of a bounded 2-cocycle on the semigroup. Hence, if a semigroup
S has a nontrivial pseudocharacter, i.e., PX(S) \ X(S) # 0, then arguing as [23],
Proposition 2.8, we obtain H2(S,C) # 0.

The aim of this paper is to establish an existence of nontrivial pseudocharacters
on some classes of extensions of free groups and to describe the set of pseudochar-
acters on some groups.

2. Pseudocharacters on some extensions of free groups

Let G be a group and let a be an automorphism of G. For any ¢ € PX(G) we
set *(z) = p(z®) Vr € G. It is clear that ¢ is a pseudocharacter of the group
G.

Definition 5. We shall say that ¢ is invariant under a if p® = . If this relation
is true for each a from H C Aut G, we shall say that ¢ is invariant under H.

Denote by PX (G, H) the subspace of PX(G) consisting of a pseudocharacters
of the group G invariant under H.
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In this article by F' we mean a free group with a set of free generators X such
that |X| > 2.

Recall that a word v = z7' 23} --- 2" (e; € {1,—1}) is reduced if z3* # a:i;i’“l“
fork=1,2,...,n—1.

By the length of v we mean the number n which we denote by |v|. If v is reduced
and the relation x;' # x; “* holds we say that v is cyclically reduced. Denote by
o(X) the set of reduced words. And denote by ¢(X) the set of cyclically reduced
words. For a word v denote by o(v) an element from o(X) such that v = o(v). Let
o(v) = utzu, where z € ¢(X). We set c(v) = 2.

Each pseudocharacter of any group is invariant under its inner automorphisms
(see [7] Lemma 15 ). Therefore if A is an automorphism group of the group F,
then PX(F,A) = PX(F,A-InnF). Hence below without loss of generality, we
can assume that Inn F C A.

Denote by @ the image of the element a € A under the natural epimorphism A —
A/Inn F and denote by A the image of the group A under the same epimorphism.

Definition 6. Two elements u,v from F' are called A-conjugate if thereisa € A
such that elements u® and v are conjugate in F'.

We denote the relation of A-conjugacy by ~ 4. It is clear that ~ 4 is an equiva-
lence relation.

Definition 7. An element u of F' is called simple if for each v € F and each n > 2
the relation u # v™ holds.

Denote by P the set of simple elements of the group F. The set P is divided
into classes of A-conjugacy.

Denote by P the set of A-conjugacy classes of elements of P. Denote by Py subset
of P consisting of classes such that in each of them there is a pair of mutually inverse
elements.

Let us verify that Py # P. Let z,y € X; = # y, m > 1. We check that
the element v = z™yxy ' is not A-conjugate to v~'. For this we show that for
any a € Aut F the element v® is not conjugate to v~ ! in the group F. Indeed,
suppose that for some b € Aut F the element v® is conjugate to v=! in F. Then
there is @ € Aut F such that v® = v=!. By Proposition 4.1 from [25] there is an
automorphism 3 of F' which is nonidentity only on a finite subset of X, and such
that v® = v=!. Let us choose a finite subset X| = {x1,z2,..., 71} of X such that
z,y € X| and the relations z° = x Vo € X \ X] hold. Let us add if necessary to
X{ elements xpi1,...,z4 from X \ X{ such that all the words :Uf, i < k, can be
written in alphabet Xy = {x1,22,..., %%, Tgt1,.-.,24}. Let Xo = X \ X;. And
let F; be the subgroups of F' generated by X;, ¢« = 1,2 respectively. It is clear
that F' is free product F' = F; x* F,. Since ( is an automorphism of the group F
and FZB = by, Ff C Fi we obtain that § is an automorphism of F; too. Direct
calculation shows that if 7 is a Whitehead automorphism of the group F; (see

[25]) such that |c(vT)| = |e(v)], then either 7 is a permutable automorphism or
there is an element a € X' such that v” = a~va®, e € {—1,1}. Similarly for
the word v™! from the equality |c((v™1)7)| = |e(v™!)| it follows that either 7 is a

permutable automorphism or for some g € X1il the relation (v1)" = g v 1g%,

g; € {—1,1} is valid. It is clear that there is no Whitehead transformation that

transforms the word v into some cyclic permutation of the word v—!. Hence, by
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Proposition 4.19 from [25] we find that there is no element a from Aut F that
transforms v into v~'. Futhermore, there is no automorphism of the group F that
transforms v into v~!. Hence, the element v = z™yzy ! is not A- conjugate to vl

Let v = g ”:1:122 ---x:;ill ;" be a reduced word. We recall (see [7]) that the
set of “beginnings 7 H(v) and ‘the set of “ends” K (v) of the word v is defined as
follows: if n < 1, then H(v) = K(v) = {A}, where A is empty word. If n > 2, then

£i €i, €4 €iy Ei €3
H( )_{/\7 11117 z;lxing?"‘?xl;lxile'”xl;nl
€:
K@) = {ag,? i, owy " ai @i A
Let Q = P\Po

Lemma 1. There is a set of representatives T' of the A-conjugacy classes belonging
to Q such that the following conditions hold.

1) T Ce(X)

2) T-1=T.

3) Hw)NK(w) ={A} forallweT.

4) There exists TY C T such that TTN(TT) =0 and T =TT U (TT)!

Proof. The Lemmas 3 and 4 from [7] imply that there is a system of representatives
P of classes of conjugacy in F' satisfying 1)-4) with P in place of T'.

It is clear if ¢ € @,then ¢ is the union of conjugacy classes in F'. Let us choose
as a representative of a class ¢ an element from the set ¢ N P. It is clear that we
can choose the system of representatives such that w is a representative if and only
if w™! is a representative too. Hence, we can choose Tt C T such that T+ C P+,
TTN(THt=Pand T=TTU(TH)L. O

Lemma 2. Let ¢ be a pseudocharacter of F' such that |p(uv) — ¢(u) — p(v)| < ¢
for any u,v € F and |¢(x)| <6 for x € X. Then for any v with |v| > 1, we have

()] < (o] = D)e + [v]d.

Proof. For any u,v € F the inequality |p(uv)| < |p(u)| + |@(v)] + ¢ holds. Hence,
by induction on the length of the word v we get |p(v)| < (Ju] — 1)c + |v]d. O

Denote by BPX (Fx, A) the subspace of PX(F, A) consisting of pseudocharac-
ters that are bounded on the set X. Let P be the set from the proof of Lemma, 1.
Now define a system of measures on the set P. For any pair of reduced words u
and v and for any three reduced words a, b, ¢ such that the word abc is reduced,
too, we define the measures fiy, v, fta,b,c Au,v a0d Agp On the set P as follows.

It is easy to see that for any u,v € o(X) there is a uniquely defined triple of
words uy,v1, 2 from o(X) such that u = uyz, v = 27 tvy, uyv; € o(X). Now set
7 (u,v) = ug, v2(u,v) = v, a(u,v) = z. We set py,,(w) = 1 if and only if there
are nonempty words ¢ and 7 such that

LeKMmu), e HOu(ur), w=tn

otherwise we set fi,, ,(w) = 0. We set pgp(w) = 1 if and only if b # A and there
are nonempty words ¢ and 7 such that

te K(a), 7€ H(c), w=tbr;
otherwise we set fig 5 c(w) = 0. Now we set
Ao (W) = o (0) = pre (W), A pe(w) = prape(w) = frape(w™).
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Let v € o(X). Then there is a uniquely defined pair of words 7, z(v) from o
such that v = z(v)~'0z(v) and the word v is cyclically reduced. Furthermore, for
each pair of reduced words u,v from the group F' we define three measures A, ,,
Vy,p, Ou,w o0 P as follows:

Au,v (w) >\'y1 (u,v),y2 (u,v)
Uyp(W) = A

(UJ) Vl (u,v),a(u,v) (’U)) - Aa(u,v)*lgm(u,v) (w))
) —

o(uv),o(uv) (w /\z(a(uv )~ Lo(uv) (w) o )‘a(uv),z(a(uv)) (w)

= Aslowo) = 7w (o (uo)) (0) ~ Aaa(@) = Asqu—1 z(w)

- /\E,z(u) (w) - )‘z(u)—lﬂ,z(u) (w) - /\575(1”)

- Az(v)*lj(w) - >\57z(v) (w) - Az(v)*l,ﬁ,z(v) (w);
Ouw(w) = Ay p (W) + vy o (w).

For any two words u,v we set Oy, (w) = 0 ,(y),o(v) (W)
Let w € PT and let v € 0(X). Then either v has no subwords equal to w or

w™!, or

6 v = tiwtaw - tpw .
+

Here = denotes graphical equality of the words, i; € Z \ {0}, and the words ¢;
have no occurrences of subwords equal to w or w™!. And in this presentation each
occurrence of the words w and w™! in v is fixed.

The presentation of v in the form (6) we shall call its w-decomposition.

Now for each element w € P define a function e, on the set of words in the
group alphabet X. First we define e, on cyclically reduced words. Let u be a
cyclically reduced word. Suppose that u has occurrences of w®, e € {1,—1} and
w=twh ... tpw tr+1 is its w-decomposition, then we set

k
= Zij + Atk+17t1 (w).
j=1

Suppose that u has no occurrences of w®, € € {1, —1}. Consider two cases.

1) If among the cyclic permutations of u there are no words containing occur-
rences of w or w™!, we set e, (u) = 0.
2) If among the cyclic permutations of u there is a word containing w®, € €
{1, -1}, we set e, (u) = €.
Now let v € o(X); then v is uniquely representable in the form v = z(v)~tvz(v),
where T € ¢(X). In this case we set e, (v) = €,(v). Finally for an arbitrary word
v we set e, (v) = ey (o(v)).

1

Lemma 3. The system of pseudocharacters {e,,; w € P} has the following prop-
erties.

1) |ew(uv) — ey(u) — ew(v)| < 15 for any u,v € F and w € P+.

2) If |wi| < |wa]|, then ey, (wi) = 0.

3) If |lwi| = |wz| and wy # w2, then ey, (wy) = 0.

4) ey,(w) =1 for each w € PT.
Proof. See [7], Theorem 1. a

From these properties we obtain that if w1, ws € TT, w; # wy and |wy| < |wa],
then ey, (w1) = 0.
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Definition 8. Let w € T'T. We shall say that w satisfies the condition of boundness
(a) if for any v € F there is ¢(w,v) > 0 such that

(7 card{a € A|e,(v*) £ 0} < c(w,v).

Let M be a subset of 7. We shall say that M satisfies the condition of boundness
(a), if for any w € M and any v € F there is ¢(w,v) > 0 such that the relation (7)
holds.

For w € T satisfying the condition of boundness (a) we define a function d,, by

setting:
5u0) = Y euo”)  veR
acC

where C denotes a system of representatives of cosets of the quotient group A
by Inn F. Since any pseudocharacter is invariant under inner automorphisms we
obtain that the definition of the function ¢, does not depend on the system of
representatives of the cosets of the quotient group A by Inn F. Hence, we can

write
0w (v) = Z ew(v®).
acA
By formula 43 from [7] we have
(8) Oy (W) = ey (uv) — ey (u) — ey(v) for all w € PT and u,v € F.

. —A
Starting from the measures 0, , we define measures 04 and 0,,, on the set

T+ as follows: ’

—A 1
93,1)(1”) = Z eu“yvo‘ (w)7 ®u,v = —93,1)‘
- O (w)

acA
Definition 9. Let w € T". We shall say that w satisfies the condition of boundness
(b) if there is dy, > 0 such that
(9) card{a € A|w € suppOye ya} < dy, for all u,v € F.
We shall say that M C T satisfies the condition of boundness (b) if for each w € M
there is dy, > 0 such that the relation (9) holds.

Lemma 4. Let w € T satisfy the conditions of boundness (a) and (b). Then the
function &y, is an element of PX(F, A).

Proof. The condition of boundness (a) is used in the definition of the function d,,.
From the conditions of boundness (b) we have

|60 (w0) = 6 (u) = 6 (0)] = | D ewl(uv)®) = D ew(u®) = D ew(v®)]

acA acA a€A
=D lew(u®v®) — ew(u®) = ew ()|
a€A
=) O e (w)] < 15 - dy
a€A

for any u,v € F. d
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Definition 10. Let 70F = {w; w € T, |w| = n}.

1) We shall say that the set T'F satisfies the condition of boundness (b') if there
is d(n) > 0 such that for each w € T},

card{a € A|w € supp©a ya} < d(n) for all u,v € F.

2) We shall say that the set T satisfies the condition of boundness (c) if there
is ¢(n) > 0 such that

|T;F N supp ®f7v| <¢(n) forall u,v€F.

3) We shall say that the set T" satisfies the condition of boundness (d) if for
any w € TV and any v € F such that v ~4 w,

le(v)] < fwl.

Lemma 5. Let wy, wy be distinct elements from the set T satisfying the condi-
tions of boundness (a), (¢) and (d). Then §y,(w1) =0, Ju, (w2) > 1.

Proof. Let |w;| < |wa|. Then the conditions of the Lemma imply that |c(w)| <
|ws| for all @ € A. Hence, from Lemma 3, assertion 2), and from the fact that any
pseudocharacter is invariant under inner automorphisms it follows that d,,, (w1) = 0.
Now suppose that |w;| = |ws| and wy # wy. Then for each a from A the element w§*
is conjugate in F neither to wy, nor to wy *. Moreover, the relation |c(w)| < |c(ws)]
holds. Hence, from Lemma 3, assertions 2) and 3), we get e, (w{) = 0for all a € A.
The definition of the set 7" implies that elements w$, w; 1 are not conjugate in
F and the estimation |c(w$)| < |c(w=)| holds. Hence, from Lemma 3, assertions 2)
and 3), we get that if for some ap from A the inequality e, (w5°) # 0 holds, then
ew, (w5°) = 1. Now from relation e, (wz) =1 we have d,, (ws2) > 1. O

Note that the set {0, ; w € T} is linearly independent. Indeed, let wy, ..., w,
be pairwise distinct elements from Tt and let Aq, ..., \, be nonzero numbers such
that >0 | A\idy, = 0. We may assume that |wi| < .-+ < |w,|. Then Lemma 5
implies ¢¥(wy,) = Apdw, (w,) and we obtain a contradiction to the relation A, # 0.
Now set

() =

w(w)

Oy (V).

It is clear that 6, (w) = 1. In general the function &, is not an integer-valued
pseudocharacter.

Lemma 6. Let w € Tt and u,v € F. Then

(10) Suw(uv) — 0y (u) — 6, (v) = OF ,(w),
(11) 3o () = By (1) = By (v) = B, (w).

Proof. The equality (11) follows from (10). Let us verify (10). From

ew (U V) — €y (UY) — €4y (V) = Oya o (W),
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(see [7] formula 43) we get
Su(uv) = 8o (u) = 8, (v) = Y [ef(uv) — eg (u) — eg, (v)]

acA

= D lew(u®v®) — ey (u) = ew(v®)]
acA

= Z @uaﬂ)a (UJ)
acA

= @Wj(w).

O

Theorem 5. Let n be a positive integer. Let the set T.7 satisfy the conditions of
boundness (a), (b') and (c) and let t be a bounded function on the set T,F. Then:

1) The functions

Pt = Z t(w)dw
wETi—

(12) b= 3 twp,
wET;"

belong to the space PX(F, A).
2) P(w) = t(w), for allw e T;F.
Proof. It is obvious that for each « from A, each integer n and each v from F, the
equalities
or =t , =1, @i (0") =ne(v) 0 YF (") = nee(v)
hold. We verify that the set {¢:(uv) — pr(u) — p(v); u,v € F} is bounded. Let

¢ > 0 be such that sup{|t(w)|; w € T;F} < ¢. Then for any elements u,v from F
we have

(13) pe(uv) — e (u) — i (v) = Y Hw)OL,
wETi—
(14) Peluv) — o) — () = 3 Hw)E,,.
wET:r
Indeed,
pr(uv) — or(u) — pr(v) = Y tw)du(uww) = > Hw)du(u) = > tHw)dy(v)
weTyF weT;F weTy
= Y W) (uv) — du(u) — 6, (v))]
wETmT
= > tw)o,.
wETmT

Similarly (14) is established. Further, from the conditions of boundness (b'),(c)
and (13) we have

Jpe(uv) = (W) — )] < | Y tw)O,| < e d(n)e(n).

wETn+
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Similarly

o) — o) — ()] < ¢ - dm)e(n).
Thus, ¢4, € PX(F,A). Let wy € T;f, then Lemma 5 and the definition of &,
imply

Yilwe) = 3 tw)du(wo) = Y t(w)‘S‘”(“’O) - gwo(“"’) = t(wy).

weTF weTH O (w) wo (o)

O

Definition 11. We shall say that the set T satisfies the condition of boundness
(¢') if for any n > 1 the set T} satisfies the condition of boundness (c).

Definition 12. We shall say that the set T satisfies the condition of boundness
if it satisfies the conditions of boundness (a), (¢'), (d) and for any n € N the set
T, satisfies the condition of boundness (b').

Let the set T satisfy the condition of boundness. Denote by E the set of
functions ¢ on the group F' that satisfy the following conditions.

1) ¢(z™) = np(z) for each z € F and each n € Z.
2) o(z*) = ¢(z) for any = € F and each a € A.
3) p(zy) = ¢(yx) for all z,y € F.

4) ¢ is bounded on T, for each i € N.

Obviously, E is a linear space under the usual operations. Let L(T) be a linear
space of a real functions ¢ on T'F, satisfying the following condition:

t is bounded on Tl-+ for each ¢ € N.

Let us construct an isomorphism 7 between the linear spaces E and L(T). Let
@ € E. For any i € N let us define a function ¢; : T;" — R as follows. We set

(3

t1 = T+ The function ¢; is bounded. By Theorem 5 the function

¢t1 = Z tl(w)gw

weTl+

belongs to the space BPX (Fx,A). Now define ¢, as follows: for any w from T,
we set

t2(w) = (¢ — ¥, ) (w).
It is clear that the function t¢; is bounded. Further, the functions ¢; are defined

by induction: if ¢, ..., %, have been already defined and are bounded, then for each
we T 1 We set

(15) tnt1(w) = p(w) — Z 1 (w)

where the functions 1, are pseudocharacters, which are constructed in Theorem 5
by the formula (12). It is obvious that the function ¢,,41 is bounded. Now define
a function 7(p), which we denote by ¢, as follows: if w € T;", then we set
t(w) = t;j(w). It is clear that ¢t € L(T) and that the mapping = is linear. Let us
show that the following equality holds:
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(16) Y= Z¢ti‘
i=1

If w € T;", then (12) and Lemma 5 imply that for each i > 2 the equality
¥t (w) = 0 holds. Hence, p(w) = ¢, (w) = t;(w) and the equality (16) is valid.
Suppose the equality (16) has been already established for all w from U7, T;. Let
us prove it for w from T, ;. Suppose that w € T,/ ;. Then from (15) and the
definition of the functions ¢,y; and 1, ., we obtain

Vtas () = ) = 3 i, (),

ie.,
n+1

plw) = 3 i (w)

Now from the relation ¢y, ,, (w) =0 for i > n + 1 we get

plw) = 3t (w).

Thus the formula (16) is true for all w from T'. The functions from the left and
right sides of the equality (16) satisfy conditions 1) and 2) from the definition of
the space E. Hence this equality will be true for all elements of F. Note that if
the 7; are bounded functions on T;r, i € N and ¢, are pseudocharacters of F', that
are defined by formula (12), then the function ¢ = .2, 1., belongs to E and the
following equation

(17) 7T(90)|T,+ =7, foreach €N

holds. Indeed, suppose that 3; are functions defined on the set Ti+, t € N such that
61 = <p|T+ and that for n > 1 the function (3,41 is defined by the formula
1

+
Tn+1

But1 = (¢ — ZZ/JT,-)
i=1

Then 8 = <p|T1+ = 11, f(w) = p(w) = P, (w) = r(w) for each w € T,F.
Suppose that 3; = 7; for i < n. Then using the relation 7;(w) = 0 for ¢ > n+ 1, for
w € T,f,, we obtain

Busa () = p(w) = 3 i (w)
Z ’l/}Ti (w) - Z 1/)‘1'2' (w)

Z Y (w)

t=n+1
= w‘rn+1 (w)

= Tp+1 (w)
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Thus the equality (17) is established. In particular the equality (17) implies that
the mapping 7 is an epimorphism. Let us show that kerm = 0. Indeed, suppose
that ¢ € ker m; then from (16) and (17) we obtain

W(@”qﬂ = E:Lhi

i=1

o+ =t =0 for all k € N.
k

Hence, for any k¥ € N we have 90|T+ =0 and ¢ = 0. Thus, kerm = 0 and 7 is an
k

isomorphism.
Denote by K(T") the space of real function 8 on the set TV satisfying the
following conditions.

1) ﬁ|TI+ is a bounded function for all 7 € N.

2) There is an € = () > 0 such that for each pair of reduced words u,v from
F' the following inequality holds:

| T+,8d@£7v| <e.

It is clear that K (T7T) is a subspace of L(T). Let us verify that BPX (F, A)
is subspace of E. It is clear from the conditions defining the space E that we
must verify only 3). Let us show that this follows from Lemma 2. Indeed, if
¢ € BPX(Fx,A), then the function 90|T1+ is bounded. From the fact that ¢ is a
pseudocharacter it follows that there is ¢ > 0 such that for any w,v from F' the
inequality |¢(uv) — p(u) — p(v)| < ¢ holds. Let |p(z)|] < ¢ for all z € X. Then
Lemma 2 implies that |p(v)| < |v|-d+ (Ju|—1)-cfor all v € F. Hence, BPX (Fx, A)
is a subspace of E.

Theorem 6. Let the set T satisfy the condition of boundness. Then:
1) The mapping ™ is an isomorphism between the spaces BPX(Fx,A) and

K(T™).
2) Each element ¢ from BPX(Fx,A) is uniquely representable in the form
()0 = Z /B(U))gw,
weT+

where 3 € K(TT).

Proof. 1) Suppose that ¢ € BPX (Fx,A) and that |p(uv) — ¢(u) — ¢ (v)| < € for
some € > 0 and any u,v € F. Let n(¢) = § and j; = ,3|T+ for i € N. Using (11)

we obtain the following equation that is valid for any u,v € F.
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(18) paet, = / 840",
=1 Ti+

T+
=3 3 Bw)s, ,(w)

i=1 wETiJr

=5 B@)u(u) — 8 (u) - Fu()]

i=1 wETi"'

=3 Y Bw)uu) =Y S Bw)du(w)

=1 werst i=1 wert
)
= > Bw)u(v).
i=1 weT;

Now using formula (16), the definition of pseudocharacters ¢, and formula (18)
we get

—A = —A
dO, .| = do
| pavil =13 [ sl

= | Zfﬂﬁz (uv) — ZU’BI (u) - Zwﬁz ('U)|

= |p(uv) — p(u) — p(v)| <e.
Thus, 7(p) € K(TT). Now let 3 € K(T7T) and 3; = ﬁ|T_+. Then as was shown
above, if ¢, are the pseudocharacters defined by the formula (12) and if

o0
Y= Z"/’Bu
i=1

then 7(p) = 3, i.e., ¢ = 7 1(B). Let us show that ¢ belongs to BPX (Fx,A). Let
e > 0 such that | [, ﬁd@f)v| < ¢ for any u,v € F.. Then

o) =) = p(v)] = | 3 v (u0) = 3 s, (w) = 3 5, 0)]
= | > ) = 5, (1) = 5, 0]

= | Z Z Bi(w) [0 (uv) — 64 (u) — gw(v)”

=1 yer;t
=13 Y Biwe,, (W)
=1 weTf

= | T+ﬂd62,v| <e.
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Hence, ¢ € BPX(Fx,A) and 7 is an isomorphism between BPX (Fx, A) and
K(T")
The assertion 2) follows from assertion 1). O

The following result was obtained in [6].

Theorem 7. Suppose that f is a quasicharacter of a semigroup S and that ¢ > 0
is such that

|f(zy) — f(@) = fly)| <c
for all x,y € S. Then the function

(19) Fle) = tim o 7”)

is well-defined and is a pseudocharacter of S such that

~ ~ ~

[f(zy) = f(z) = f(y)| <4c forallz,y € S.

Corollary 1. Suppose that f is a quasicharacter of a group G and that ¢ > 0 is
such that

[f(zy) = f(z) = fly)l <c
for all x,y € G. Then the function

Flo) = tim o f)

is well-defined and is a pseudocharacter of G such that

~ ~ ~

|[f(zy) — f(x) = F(y)| <4c forall z,y € G.

Proof. Theorem 7 implies that in order to prove that f is a pseudocharacter of
group G it remains to verify that for each € G the equality f(z~!) = —f(z)

~ ~

holds. From the relation f(z") = nf(z) for all # € G and n € N, we obtain

~ ~ ~ ~ ~

nf(l) = f(1™) = f(1). The latter is possible only if f(1) = 0. Hence, |f(1) —
f(z) — f(z71)| <dcfor allz € G and |f(z) + f(z~')| < 4c for all x € G. Whence
follows the inequality n|f(z)+ f(z7!)| = |f(z™)+ f((z7H)")| < 4c for all x € G

~

and n € N. This is possible only if f(z7!) = —f(x) Now let £ > 0. Then we have
Fl@™) = f((@")7Y) = —f(*) = —kf(2). O

Proposition 1. Let A be a finite group. Then there exists T satisfying the con-
dition of boundness.

Proof. Let k be the order of the group A. It is clear that each class of A-conjugacy
is the union of at most k classes of conjugacy in F. From this fact we find that
the set ¢ N P contains at most k elements. Hence, one can choose an element of
maximal length in the set ¢gN P. Hence, there is a set of representatives 7" of classes
of A-conjugacy belonging to ¢ such that the following relations hold.

1) w € T if and only if w=! € T.

2) Every element w € T has maximal length among the elements belonging to

the set ¢(X) and A-conjugated to w.

Hence, in the set T we can choose subset T such that T+ C P*, T+n
(T t=0and T =T" U (TT)"!. Now it easy to verify that the set T'" satisfies
the condition of boundness. |



150 Valerit Faiziev

Proposition 2. Let H be an invariant subgroup of finite index k in a group G.
Then PX(G) = PX(H,G).

Proof. Let us show that each element from PX(H,G) may be uniquely extended
to a pseudocharacter of the group G. Let ¢ be an element from PX(H,G) and
¢ > 0 be such that

lp(zy) —(z) —p(y)l < c
for all z,y € H. Suppose that A is a system of representatives of cosets of G by H,
then each element g € G is uniquely representable in the form

g = a(g)h(g)
where a(g) € A, h(g) € H. By hypothesis the set
{a(araz); ar,az € A}
is finite. Hence, there is 6 > 0 such that
(20) lp(a(aras))| <6 for all a;,as € A.

Now let ¢; the function on G defined by formula ¢; (ah) = ¢(h), he H, «a€ A.
Let us verify that ¢; belongs to K X (G). We have
lp1(arhiazhs) — i (arhy) — p1(azhs)
= |p1(araahi®he — @1 (arhi) — g1 (azhs)|
= p1(a(araz)h(araz)hi? ha) — p1(arhi) — p1(azhs)
= p1(h(araz)hi?hy) — p1(h1) — ¢1(he2)
= p(h(araz)hi*hs) — p(h1) — p(h2))]
= p(h(araz)hi?hs) — o(hi?) — @(h2) — p(h(araz))
+ p(h(araz2)) — p(hi*h2) + p(hi*hs)|
< lp(h
+ e

(a102)hi®ha) — @(h(araz)) — (AT hs)|
(hi%h2) — o(h1?) — @(h2)| + |p(h(a10z2))|
Now from (20) we get

lo1 (rhiashs) — @i (a1hi) — @i(azhs)| < 2¢+ 0.

Thus ¢1 € KX(G), hence ¢' = @) is a pseudocharacter of the group G. Here
@1 is defined by (19). It is clear that <p’|H = . Let us verify that the mapping
¢ — ¢' is one-to-one and maps PX (H,G) “onto” PX(G). Indeed, if f € PX(G),
then ¢ = f|H € PX(H,G) and ¢’ coincides with f on subgroup H. Hence, the
pseudocharacter » = f — ¢’ vanishes on H. From the equality 1(g*) = k¢(g)
for all ¢ € G we obtain ¢ = 0 on G and f = ¢'. Similarly we verify that if
v1,2 € PX(H,G) and @1 # o, then ] # ©h. O

Corollary 2. If a group G is a finite extension of a free group F of finite rank,
then its space of pseudocharacters is described by Theorem 6.

Proof. Let X = {z,2s,...,z1} be a set of free generators of the group F and let
T+ be the set from Proposition 1. Let A be the group of automorphisms of the
group F' that are induced by conjugation by elements from G. From the condition
we have that the group A = A/Inn A is finite and we can apply Proposition 1.
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From the finiteness of the set X it is clear that every element of PX(F,G)
is bounded on the set X. Hence PX(F,G) = BPX(Fx,G). By Proposition 2
we have PX(G) = PX(F,G) = BPX(Fx,G) and we obtain that the space of
pseudocharacters of the group G is described by Theorem 6. g

We note that Theorem 6 may be used to describe the space of pseudocharacters
of certain infinite extensions of free groups of infinite rank.

Example. Suppose that F' is the free group with free generators X = {z;; i € Z},
and that A is an infinite cyclic group with generator a. Let G = A - F be the
semidirect product such that F' <G where A acts on F as follows:

(21) ry =Ti41, t€Z.

By Theorem 2 from [6] we have PX (G) = X (A)+PX(F, A), where X (A) is a space
of additive characters of the group A. Let ¢ be an arbitrary element from the space
PX(F,A). From (21) it follows that ¢ is constant on the set X. Hence, we have
PX(F,A) = BPX(Fx,A) and the problem of describing of the space PX(G) is
reduced to the problem of describing of BPX (Fx, A). Let T be some set satisfying
the conditions of Lemma, 1 and belonging to PT. It is easy to verify that 7't satisfies
the condition of boundness. From this fact we obtain that the Theorem 6 describes
the space BPX (Fx,A) and therefore the space of pseudocharacters of the group
G too.
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