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ABSTRACT. In this paper, study the module structure of
EXt%P*BP(BP*)BP*/(pav?oaUgo))v

which is regarded as the chromatic F1-term converging to the second line of
the Adams-Novikov E»-term for the Moore spectrum. The main difficulty here
is to construct elements z(sp”/j; k) from the Miller-Ravenel-Wilson elements
(xg’r/v%)Pk € HOMJ. We achieve this by developing some inductive methods
of constructing x(sp”/j; k) on k.
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1. Introduction

Let BP be the Brown-Peterson spectrum for a fixed prime p. As is well known,
the pair of homotopy groups BP, and the BP,-homology BP,BP forms a Hopf-
algebroid

(BP* , BP*BP) = (Z(p)[’l}l,UQ,. . ] , BP*[tl,tg,. . ])
The Adams-Novikov spectral sequence (ANSS) is one of the fundamental tools to

compute the p-component of the stable homotopy groups 75X, (p) for a spectrum
X:

Ey* = Exthp pp(BP., BP.X) = 7X(,.
Here, for any BP,BP-comodule M, Extpzp gp(BP,, M) is regarded as the right

derived functor of Hompp, gp(BP., M). We abbreviate Extpzp gp(BPs, M) to
H?M as usual.
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As an important example of finite spectra, we have the Smith-Toda spectrum
V(n) for each prime p with BP,V(n) = BP,/(p,v1,- -+ ,vy), although its existence
is verified only for 0 < n < 3 and 2n + 1 < p so far. (Recently, Lee S. Nave
has shown the non-existence of V((p + 3)/2) for p > 5.) Then the Ey-term of the
ANSS for V(n) is H*BP,V (n). Miller, Ravenel and Wilson [2] have constructed
an algebraic spectral sequence converging to H*BP,V (n) as follows:

Denote the BP,BP-comodules BP,/(p,v1,"+ ,v,—1) by NO. Then, define N/®
(m > 1) inductively on m by short exact sequences

0 — N — vt N™ — NI 0.

m+n
We also define M by M = v;inN,’Z"‘. Indeed, they can be described directly as
Nr’rln = BP*/(p7 7Un—17v$lo:"'7v$lo+m71)7
MT’rln = ’U;—ll—mBP*/(pJ 7”71*177)?107'” JUSIj—m—l)'

Splicing the above short exact sequences, we get a long exact sequence:

0 — N° — M° — M} — M2 — ...
called the chromatic resolution of NO. Applying H*(—) to the above long exact
sequence, we obtain a spectral sequence converging to H*NY with Ef7t = H'M;?
and d, : ESt — EST=r+L called the chromatic spectral sequence.

The simplest example in these Ej-terms is the 0-th cohomology of the n-th
Morava stabilizer group H° M2, which is isomorphic to Z/p [viF!]. Moreover, H! M?
(1 <t < 2) has been computed by Ravenel [5]. In general the calculation of HM?
becomes terribly difficult as s + t increases, except for the following case:

Theorem (Morava’s vanishing theorem). If (p—1) {n and t > n?, then
H'M) = 0.
Many chromatic Ej-terms are computed so far (cf. [12]), most of them are due
to Miller-Ravenel-Wilson [2], Ravenel [5] and Shimomura’s works. In particular,
HOM} is computed in [2, Theorem 5.10] and H°M? (n > 2,p > 2) is also done

in [10, Theorem 1.2]. The purpose of this paper is to prove the following theorem
about the k(1).-module structure of unknown H°M? for p > 3.

Theorem. For each Miller-Ravenel-Wilson element $§7r+k/vgpk € H'M} (ptj
and p 1 s) and 1/v"™" € HOM} (p t m), there exists an element
w(sp"/jsk) € vy BP./(p,v3°)
which is congruent to (:ng,,/vg)pk mod (v1), and
1/X57. € BP./(p,v5°)
congruent to 1/v™" mod (v1), so that as a k(1).-module
HOM? =
k(0. {a(sp /3 k) /o] O | k> 0,720, ptseZ and ptj<as, )
@ k(1) {1/v/>" X% | r>0and ptm >1},
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where the integers az, and as, are defined in 2.3.1 and 3.3.1, and the integers
N(s,r,j; k) are given as follows:

®) [P ==+ ] forr=0andpt (s 1),

(2) @t =1)/(p—1) forr=0,p|(s—1) and s ¢ Ny,

(3) [(2p? — D)pF 2]+ [p* 2] forr=0ands e Ny,

4) P —=1)/(p—-1)—[p" '] foroddr>1,s¢& Ny and j = az, — 1,
(5) PP+ =1 (=agy) foroddr>1,s¢ Ny and j <az, —2

or evenr > 2 and s € Ny,

(6) k+1+p 1 (=aspy1) forr=1,seNypandj=p—1,
(M) 1@ +p —p -1+ 7] forr=1,5€No andj <p-2,
(8) [(P® +p—D)pF2] + [p* 2]  for evenr > 2 and s € N,
(9) [(p +p2+p—1)p" 4] +[p ’“*4] for odd r >3 and j = as,,

and for odd r > 3, s € Ny and j < a3, — 1, we have

(10) [(p3 +p2 - 1)pk_3] + [pk_3] fOT’j = a37r - ]-a

(11) same as the case (1) foras, —p<j<as,—2,

(12) wh orj=as, —p—1,

(13) same as the case (7) for j =as, —p+2,
orpt(j+1)andj<az,—p—2,

(14) PP+ =D/p=1) forp|(G+1)
and az,r —p* < j < ag,r — 2,

(15) [(0* +p— 1"+ " for j=az, —p* —p,

orpl(G+1), PP+ +p+1)
and j < as, —p* — 3p,
(16) [ +1p° —p* + 1)p* 1+ 20" forj <as,—2p° —p andp® | (j + 1),
(17) Pt pt forj<as,—p*—2p
and p* | (j +p+1),

Here [z] is the greatest integer which does not exceed x, and
No = {ap-1|pta},
Ny = {(@*-p—1p"+1]|pta,r>1:0dd}. O

In Section 2 we shall review BP-theory and the Bockstein spectral sequence
and recall the structure of the chromatic Ej-term HYMJ computed in [2]. Then we
change the F)-module basis of H M.} and state the method of getting the structure
of H°M? (originally due to Miller-Ravenel-Wilson). It is enough to read this section
for an idea of the theoretical part. In Section 3 we give the fundamental elements
Un k, Wy and X3 ., construct the new element 1/X5 ., and give the differentials
on these elements (some of them are introduced in [1] and [8]). In Section 4 we
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set up the elements Xo(vg,X?f’,,) and X(v%,X;r), each of which is congruent to

X§7r/vg mod (vy1), and compute the differentials. We also introduce some inductive
methods of constructing z(k) for large k. This is the hardest part of this paper.
Using these results, we construct the series of elements z(sp”/j; k) and complete
the proof of the main theorem in Section 5.

We can deduce some applications to H2BP,V (0) from this result. These will
appear in the forthcoming paper [3].

Acknowledgment. I wish to thank Professor Katsumi Shimomura for leading
me to this field, and giving guidance and much helpful advice. I also would like to
thank Professor Mikiya Masuda and Professor Zen-ichi Yosimura for their carefully
reading the draft version, and for their encouragement. I could not have finished
these hard calculations without stimulation from them.

2. BP,-homology and Bockstein spectral sequence

In this section we review several basic facts in BP-theory and explain how to
determine the structure of HOM?.

2.1. Summary of B P,-homology and related maps. For a fixed prime p, there
is a spectrum BP called the Brown-Peterson spectrum, which is characterized by

BP* = Z(p)['l)l,'l)27--- 71;7“...]7
BP.BP = BP[t1,t2, - tn, -],

where |v,| = |t,| = 2(p" — 1). The pair (4,I') = (BP.,BP.BP) form a Hopf
algebroid with the following structure maps:

nL (respr): A — T (left (resp. right) unit), c:I' - T (conjugation),
e:I' > A (augmentation), A:T—-T®4T (coproduct).

Given a BP, BP-comodule M and its B P, BP-comodule structure ¢ : M — M® 4T,
we use the following notation as usual:

H*M = Ext} (A, M) = H*(Q*M,d),
where the cobar complex (2*M, d) is the double graded Z,)-module with
VMM=MesT®4---®4T (n factors of I),
(MmN @) =¢(M) @3N - O
+Y (Dfmen e 0AMm) ® @
+ (-D)""M"men - @1 el

In this paper we compute only the O-th differential dy = ngr —nr : M2 — M? ®T.
By definition, dy satisfies
do(zy) = do(z) y + nr(x) do(y)

for any z,y € A. This formula is frequently used for computations in this paper.
When do(z) = z mod (p, J) for an element z € I' and an ideal J C A, we also have

do(zP) = 2P mod (p, J?).
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See also [2, Observation 5.8].
To compute dy, we summarize some known results about ng. Ravenel [4] has
shown the following congruence of formal group laws:

Z ting (v Z Fv,tp mod p.

1,520 1,520

n—1
In general ng(vy) = vy +vp—1t)  —vh_ ¢ mod I, for the invariant prime ideal
I,—1 = (p,v1, -+ ,vn—2). Then, for instance, direct calculation shows that

(2.1.1) nr(vd) = (vy + v1t?) —i Pty —i(i — 1) WPl 28 mod p, 0?2
More precisely, ngr(vs) and nr(vs) satisty the following congruences (cf. [6](4.3.21)):

2 1

(2.1.2) ngr(vs) = vs +U2t1 — Bty +oith — vl mod p, v},

(2.1.3) ngr(va) E’U4+U3tlf — vty +U2t§ —vbt! 1 mod p, vy, v bt

2.2. Bockstein spectral sequence. In this paper will deduce the k(1).-module
structure of H°M} from H°M;, which has already been computed in [2]. By
definitions of comodules M3 and M?, we obtain the short exact sequence

0 — M} o2y o2 o

Applying H*(—) to this sequence, we get the long exact sequence
0 — HOML Y% mOMZ My gOMZ Sy gl MY

Regarding this long sequence as an exact couple, we get a Bockstein type spectral
sequence in the usual way, leading from H*M3 to H* M2. But as in [2] we compute
HOM? directly by making use of the following lemma.

Lemma 2.2.1 (cf. [2], Remark 3.11). Assume that there ezists a k(1).-submodule
Bt of H'M? for each t < N, such that the following sequence is exact:

0— HOM % B0 25 O 2y g} M M pN-L sy pNoL 9, N

where § : Bt — H'WLM] is the restriction of the coboundary map § : H'M}? —
H''MJ. Then the inclusion map iy : Bt — H'M? is an isomorphism between
k(1).-modules for each t < N.

Sketch of the proof. Because H!M? is a v1-torsion module, we can filter Bf and
H'M? as

Pi(m)={z € B' | v"2 =0} and Q:;(m)= {x € H'M} | v]*z = 0}.

Assume that the inclusion iy is an isomorphism for £ < ¢ — 1 (the ¢ = 0 case is
obvious), and consider the following commutative ladder diagram:

B % g Y% pm) % Pm-1) % HA
EJ/ Z’t,1 || J/ /L.t ‘l/ it ||
g L omm Y% Qum) 2 Qum—1) -5 HTML

Using the Five Lemma, we can show that Py(m) = Q¢(m) (m > 1) by induction
on m. g
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We shall construct B? satisfying the above lemma to determine the k(1).-module
structure of H°MZ. In order to construct a k(1).-module basis of BY, it is natural
to push each element of HOMJ} to HM? and to divide it by v; as many times as
possible. So we need to review the module structure of H° M.

2.3. H°M; and changing its basis. We first recall some notations defined in
[2] to write down a k(2).-module basis of HY M. Hereafter we assume that p > 2.

Definition 2.3.1 ([2], (5.11) and (5.13)). Define integers as x by
azo =1, az1=p, azz =pazz_1, a32+1 =paz+p—1 for t>1

and elements z3 ; € v;' BP, by

_ _ P p,—1 _ P
T3,0 = VU3, T3,1 = VU3 — UyU3 "4, L3,2t = T3 9415

2t
_ P as2t41—p, (p—1)p~'+1
L3,2t+1 = L3 2¢ — U2 U3

for t > 1.
Using these notations, Miller-Ravenel-Wilson ([2, Theorem 5.10]) have shown
the following;:
Theorem 2.3.2. As a k(2).-module,
H°Mj = k(2). {a§%/vs>" | k>0,ptmeZ} ®F,{1/v} | i >1}.

In this paper we will consider an analogue to Miller-Ravenel-Wilson construction

of the elements z3) € vy ' BP, ([2, Section 5]): The elements x3 ;. have been defined
k
inductively on k with z30 = vs, and each of them has the relation z3; = v}

mod (p,vd) for a small enough integer N. Motivated by this, we shall construct
elements (k) € vy'BP,/(p,v5°) inductively on k with 2(0) = :1:§7T/v§ so that
z(k) = (:10§7T/v§)”’c mod (p,v1V) for a small enough N. Keeping it in mind, we now
change the F,-basis of H°M] to “a pF-power basis”.

Lemma 2.3.3. As a k(2).-module,
HOM} = F, { (a5, /o))" | k20,720, ptse, and ptj<as,}
o, {1eh i1},

Proof. It is sufficient to prove that any F,-module base 3, /v5 (1 <1 < as)
displayed in Theorem 2.3.2 can be written as a linear sum

(2.3.4) :Uglu/vé = Zaxxx,
A

where a) € F, and each z, has a form (a:§7r/vg)p’c withptseZandptj <asg,.
We shall show it by induction on mp*. Notice that
al, vl = 0" Juk + (elements with vs-exponents less than mp*).

When mp* = 1, the only such a base is v3/va, so it is clear. Suppose that
each base zg ,/v5 (1 < ap® < mp*) can be expressed as (2.3.4) and [ = dp® with
ptd. Because | < az, < p“"!, we may assume that e < u. Define y = :Uglu/vlz —
(z3,_./v§)" € HOM}. Since the maximal vs-exponent in y is less than mp¥, y
has a form (2.3.4) by inductive assumption, hence so does z%*, /v}. O
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2.4. The construction of the module B°. Let z(sp”/j; k) and y(mp") be ele-
ments of vy ' BP./(p,v$°) satisfying

w(sp" /5 k) /o = (@8, o) for and - y(mp) o =1 o0
in HYM?%, and N(s,r,j;k) (resp. N(m;r)) be the maximal integer such that each

x(sp"/j; k) /vi (vesp. y(mp")/v}) with 1 <i < N(s,r,j;k) (vesp. 1 < i < N(m;r))
is a cycle of HOM?2.

Proposition 2.4.1. As a k(1).-module,
B® = k(1). {w(sp" /s k) [or "M | k> 0,7 >0, ptseZ and ptj<as, )
@ k(D). {y(mp") /o™ [ 7> 0 and pfm>1}

is isomorphic to HOM? if it satisfies the following condition for the coboundary
map 6 : B® — H'Mj in Lemma 2.2.1:

{(5 (:c(sp’"/j; k)/v{v(s’r’j;k)) }U {5 (y(mp’")/viv(m;r)) } is Fp-linearly independent.

Proof. All exactness of the sequence 0 — HYM1 Yy go vy opgo 8 H'M} is
obvious, but Ker § C Im v;. So we need to show only this inclusion. Separate the
FFp-basis of B? into two parts

A= {ator [0/ {ympr) o7
B = {a(sp"/j;k)/vl | 1 <1< N(s,r, ;) U {y(mp") /vt | 1 <1< N(m;r)}.

Then it is obvious that d(zy) # 0 € H'M; for x5 € A, and that 6(y,) =0 € H* M,
for y, € B. Thus for any element z = 37, axax + 3, buy, of B (ax, b, € Z/p), we
have §(z) = ), axd(zx). The condition implies that all ay are zero when §(z) = 0,
and so vy Zu buyu/v1 = z. This completes the proof. a

We will construct the element z(sp”/j; k) from (:zzgﬂq/vg)plc in Section 5, and the

element 1/XJ". from 1/v" as a candidate for y(mp") in Section 3.

2.5. Fp-linear independence and Coker 6. When we compute the coboundaries
§: B® = HM} of a(sp”/j; k) /v %) and y(mp") /v ™" | we expect each of
these images to have an appropriate form so that we can judge whether the set
of §-images is F-linearly independent or not in H! M} for use in Proposition 2.4.1.
Though the structure of HMJ (p > 3) has already been computed by Shimomura
([9] and [11]), we don’t need the whole structure of H!Mj} for our purpose. We
follow the same method as in the proof of [2, Theorem 6.1 (p. 500)].
Consider the long exact sequence

C s MY S HMO M i gt S
Since the coboundaries on elements of H°M.} have already been computed in [2,
Proposition 5.17], we can obtain generators of Ker (va | H'M3). An easy calcula-
tion shows that Coker(d : H°M} — H'M?) is isomorphic to the following direct
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sum as a IF,-vector space:

(2.5.1) F, {vgprho | either s € Ny and even r > 0, or pt s and odd r > 1}
oF, {vgprhl | either s ¢ Ny and odd r > 1, or p{ s and even r > 0}
SF,{h} & F, {ugp—1h2 | te Z} @ K3).{G ),

where No={s€Z | p[s+1 and p*{s+1}, and h; is the cohomology class of
"

Let S be the set of elements

{4, = vé’“hak/vg’“ |[0<k<n, 0<apr<2 ¢ > >cp, vé’“hak € Cokerd },
and consider the following condition on S:
(2.5.2) (@i, bi, ;) # (aj,bj,¢;) for any two elements with 7 # j.

For a linear sum A = Y}, Ay Ay, assume that A = 0in H'M; and ¢; = ¢ =
.-+ = ¢, for some m < n. Because HlM21 is a vp-torsion module, we can consider
the multiplication by v5' ', so that vs' A = S0 Mg (05 he, Jv2) = 0 in Kervs
(= Cokerd). By the condition (2.5.2), the set {v}*h,, } is linearly independent in
Coker ¢ and thus all A\; (1 < A, < m) should be zero. Iterating this, we conclude
that all coefficients A, are zero and S is linearly independent in H' M.

3. Definitions of some elements

In this section we introduce the elements up , Wk, X3, and 1/X5 .. We will
use these to define many elements in Section 4.

3.1. Moreira’s element u, , and Shimomura’s element w, k.

Definition 3.1.1. As is done in [1, §6(4)] or [8, 2.8], we define the element u, i €

v, LBP, by the following recursive formula:

1 and Z vnﬂuﬁij =0 fork>1.
i+ji=k

Up,0 = Uy,

Remark 3.1.2. In [1] u, is defined only for & < n and denoted as up4y. By
definition

_ —p—1
Up = — U, Ung1,
2 2

_ ,,—p°—p—1,6 p+1 —p°—1

Un,2 = Unp b Un+1 — Unp Un+2,
3 2 2 3 2 2

— —p°—p~—p—1, p°+p+1 —p°—p~—1(, P P

Un3 == Uy Upg1 T Up (Vnt1Un+2 + Unt1Up o)

3
—p3—1
- vnp Un+3 mod (p)7
and so on.

Computing the right unit ng on w,, ,, Moreira has shown that the K (n).-module
base ¢, of H! M is homologous to (?:

Proposition 3.1.3 ([1], Theorem 6.2.1.1). nr(unn)—nL(Un,n) = G—C2 mod I,.
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We now recall the elements wy, , introduced by Shimomura [8]. Define elements

T;(j >0)byTp =1land Zf;é tmR(v;’I_i) = g:l UiT]P:-l mod (p) for j > 1, and an
element e, (z) € v,!BP.BP/I, for = € v,,' BP, by the congruence ng(z) = e, ()

mod I,,.

Definition 3.1.4 (cf. [8], 2.10). Define elements wy, x € v,'BP,BP (n > 2) in-
ductively on k by
k
-1

n—2
wpo=0 and wyi = Zen(ugkﬂ-)Tf for k > 1.

i=1
Remark 3.1.5. By definition,
-1 n—1
wp =v,
_ —p—l tpn71 —p tpn71 tpn+pn71 —1tpn71+1 d pn72
W2 = — v, P oty Fo Pt - )+t mod p, vy

In general, as an element of M} ®4 T

(p'“_lfl)/(pfl)tp

_ k—1 Us 1
N =V
2

elements killed by vépk*l)/(pfl)fl).

We note that ws » is similar to (o = — vy 7~ wst? + vy P (15 — t’1’2+p) + vy My, In
fact wy n (n > 2) is related to ¢, by the following congruence (cf. [8, 4.8]):

n—i—1

p

j—i—1 e
Cn — Wn,n = Z ufz,nfj Z 173 C(t?ik) mod I,,.

1<i<j<n 1<k<j
In particular we have (3 —wz 2 = ’U;l(tz — t’l’H) mod I, for n = 2.

Using the notation wy, ;, Shimomura [8] has proved the following proposition,
which is a generalization of Moreira’s result:

Proposition 3.1.6 ([8], Proposition 2.2). Forn > 2,

e Unk) = Z umit?l —wp = Vp 1Wn kr1nr(vyY)  mod I, 1 + (WP _)).

i+j=k
O
3.2. Shimomura’s element X3 ,. The elements z,, € v;'BP. (n > 1 and
r > 0) have been defined in [2, (5.11)] to express a basis of HOM} | (x5, was
listed in 2.3.1). As is shown in [2, Proposition 5.17], the differentials dy : v,,! BP, —

v, 'BP, ®4 T mod (p, Ul,v;+a3'”) are given by

_ 2 _ ase p—1 ,p°")
do(z3,0) = vot? and do(z3,) = vy argﬂ,_lt’f for r>1,

where d(r) = 0 for odd r and 1 for even r. However, we need to calculate do(z3 )
mod (p,v1,v5) with ¢ > 1+ a3, for our computation. So we use the following
elements X3 , defined by Shimomura [8] instead of z3 .
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Definition 3.2.1. cf. [8, (3.3)]] Define elements X3, € vy ' BP, by
Xs30 = vs, X34 :X§O+’U§U§U,371, X372:X31—vp +pol U3,2,
X33 =Xz, + vy XD tuyy + v3(3)X§,2f”71U3,37
X34=X53— v, (4)Xp 5P (ugn — us3),
X3, =X% et 2+a3 ”X3 U2l — b(T)X:fzrip{l(ugyz —wus3) foroddr>5,
X3, = X:)’,’J,_1 ( )X:)’,’,, (2 uz2 —ug3) for even r > 6.

with 5(0) = 1, b(1) = p+1and b(r) = a3, +az,1+1= (p>+p+1)p 2 forr > 2.

Remark 3.2.2. By definition, it is obvious that X3, = x3, mod (v, 1+as, 7). In
addition, they satisfy the congruences

— P P = YP /4 +p
X371 =v; mod vy, Xz2 = X3, mod vy

a3,2i4+1—pP

_ P _ p b(2i+2 p2—p—1
X3’2i+1 = X3,2i mod Uy y X3’2i+2 = X3,2i+1 mod Uy ( )=

for i > 1.
Then dy(X3,,) is computed as follows. Let s be an integer with p { s.

Proposition 3.2.3. Mod (p, vl,ug(r)“

small values of r,

), do(X3 ,.) may be expressed as follows. For

2
s — s—1,p _
svpviws ) (= svpvy Ct] ), forr=20
s _ p, .sp—1 p+1 sp—1 _
do(X3,) = < svbvsP ™ty — s vi w3’ ws e, forr=1

sU5% X3 W svg(z)vgpz_p_l(ulotg —wsg3), forr=2.

Forr =3,
d (X3 ,,) = SU23 3X8p 1 1 S ’1}2(3)st) s 1{’11)272 + U,270t2 — w33 + U370(t11)2t2 — tg)}.
For r > 4 and even,

do(X3,,) = sv3°" X3h i t] — S”z(r)Xsp TGt usota — G ).
Forr > 5 and odd,

. b 2_p—
do(X35,) = svy™ X3h Tty — Uz(T)X‘;’;—; (G tws—G).

Proof. Originally, this is proved in [8, Proposition 3.1]. Notice that it is sufficient
to prove the s = 1 case because do(X3 ) = SX;;ldo(ngr).

Forr =0, dp(X30) = vgt’fz mod p,v1,v3 by (2.1.2). For r = 1, Proposition 3.1.6
shows that

P P T P~
do(v8vBuz 1) = vhvE ™'ty — vB Y — BTl wg o

mod (p,vi,v5"?). Summing this with do(X? 0) = vgt’f gives do(X3,1). For r = 2,
we have

P +p — p>+p p p P —1
do(—v5 3 U3,2) = —U; U3 (U3,1t1 +ugots —ws 5 — V2U3 w3 3)
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2
. - -1
mod (p, vy, v} +er2). On the other hand, using the congruence v§ * = X3
vgvg Pus,1 we have
2
R o I Sy O e PP
do(X3 ) = vy X373 4 ol POl TP (ug 8] — wg 5)-

Again, summing the terms gives dy(X32).
For r = 3, we have

do(vh +stz Uz,1)

14+az,3 yvp—1 D
Uy X3,2 (uz,0t1 — w2,1)

b 2_p— 2
U2(3)X§)71 P 1(82(U271)t11) + U270t2 + U370t11) ty — w3,3),
2
b(3) yp*—p— b(3) yp*—p— i
dO(Uz( )X§71 b 1US,S) = ”2( )X§71 b 1(2 ugith ; — wg,S)'
=0
b(3)+1 p’—p _— yp—1
mod (p, v1, v, ). On the other hand, by the congruences Xy, ¥ = X3, —

2 2 3 2 2 2
p°+p yp —p—1 p°—p°—p — yp —p—1 pyp —p—1
vy X5, u3,> and vy =X3, + 0y X3 u3.1, we have

2
3 2 2 k3
p° yvp—1,4p b(3) yp®—p—1/.p 4p _ D 4D
vy Xz, 6 — vy ' X3y (“2,0t2 w3 3+ usity ;).
i=1

do(X35)

Using a congruence for w» » of Remark 3.1.5, we obtain do(X3 3).
For r = 4, we have

do( )Xp P 1u272)E
2_ p—
U2( )X:)I’),z b 1(_C§

j—i—1 i 24
Ug,otg +2¢ —ws 3 — Z Ug,auj (ti - C(t;}fi))p )
1<i<j<3
and do(vs ™ X2 P g ) = i XTI (G - gg) mod (p,vr,v5™ ™). On the

1 2_p 1 3_. 2

other hand, by the con ruencesX” -» —Xp +of +p xpi-p w1 and X2 7P 7P =
y 3,2 , 3,1

p’ fp 1 p>+p v p—p®—p—1
Xz —vy X3

u3,2, do(X% 5) is congruent to
as4 yp—l,p | b(4) ypP—p—1 p P>, p P 4p_ D p (4p°p_4p
Uy X3,3 ty =0, X3,2 {—u21ty +us oty +w272+u270t2—w373+u370(t1 ty—t5)}

b(4 ..
mod (p, vl,vz( )+1 ). Moreover, noticing the congruences

2
P P p'
—w3 3 = (3 — (3 — E :u37it37i7
i=0
3 j—i—1 i1 2—i
p p p’ip E : p p
—(U371t2 + U,370t3) + U3’0t1 t, = — Uz 3_j [ti—i-l 'C(tj_i_l)]p R
1<i< <3
j—i—1 i+2 20—
P 4D p’ (4P P
—uz gty = — E : Ug 3_j [tito c(tj—i—2)] )
1<i<j<3
we have
p as,a b(4) y-p°—p—1 p p D D
dO(X3,3) =0y X — Uy X3,2 (_U271t1 twy, + U2,0t2)

vJ”Xé’,;P*@g—cg— o Y e ).

1<i<j<3 i+1<k<j
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We obtain dy(X3,4) in the desired expression by summing the terms and using the
congruences

v D P —
—ug1t; + wz 2 =G = —( +usots,
piois 1 2—i
P P =
E U33 j E tk Ct k ) = §3—w373.
1<i<j<3 i<k<j

The r > 5 cases are proved by induction on r. By Proposition 3.1.3, we have
congruences

do(vy " XY M) = B XE TN G- @),
dO(vg(r)Xg,Zr:glU&a‘) = o pf*pz Y- @)
We also have the congruences X3 (p = X Pl and
do (v " XE Uz ) = 0y T XE L (g oty — wh ) — 03 XE T - ea(un)

for odd r, and X(p Ur = =X 1+, s Hasr— lXp P luy , for even r. Easy calculation
shows the de51red results for r > 5. (Il

Moreover, we can obtain the following result in the same way as the proof of
Proposition 3.2.3.
Proposition 3.2.4. Mod (p, vf,vg(r) b, do(X3,) is expressed as follows. For
small values of r, we get

1
svy®? Xgh oty r=2;

svy>° X3h7 (1 — viwa ) — ol 1X8p P G — vith (wop +v3 M)}, T =3;

b(4 e
svz“X?fp3 1tp svz( )- 1X§7’; Pl {v2Co — v1(wa,3 + t4¢2)}, r=4.
For r > 5 and odd, we get
SUZ3 TX?L?I;, 11(t1 - ’U1UJ2,2) ( ) XSp 7p ! {2 'UQCQ — ’1}1(11)2 3 +t w2 2)}
For r > 6 and even, we get
s 23TX§1; lltp b(r) 1X§I; {'UQCQ — 2 vyws 3}

3.3. The element 1/X2,r. Here we modify x5, into X, in the analogous way
of modifying z3, into X3 ,, and introduce new elements 1/X§’}T.

Definition 3.3.1. Define integers as, by asp = 1 and as, = p" + p"~! — 1 for
r > 1, and elements X, , € ’UZ_IBP* by
XQ’():'UZ, XZl —XZO+U1U§U271, Xzz—X21+U1+a22Xp 1(’1111’1—1112’2),
Xor=X5, | + 1+a2”X§T11(2 Uy —Uzp) for r>3.
Then we have:
Proposition 3.3.2. Mod (p,v; 2+az, ),
moLvy tp-l-( Juul? 282 forr=0
do(X3) = ¢ mvjvy”™ Yty — viws) forr=1
r—1
v?“vgmp_l)p (2t —v1C) forr > 2.
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Proof. It is sufficient to prove the s = 1 case because do(X3",) = mvémfl)pr do(Xa,r).
The r = 0 case is given by (2.1.1). For r =1, we have

do(viviuzy) = 7 {do(u2,1)v + nr(uz1)do(vy) }

vy vy dy(uz,1)

2
P (=1 p p+1, p—1
vy (vy Tt — 8] ) — T v T wa e

mod p, vf“. Summing this with do(Xé),o) gives do(X2,1) = vag_l(tl — viwa ).

(See also [2, Proposition 5.4].) For r = 2, we have

— 2 — —
dO(Ui+a2'rX§711(ULl —Uu22)) = _Uf Xﬁﬁl (2Uf 1t1 - t?f) + Uf(wgz — ()}
mod p, v} “**. Again, summing this with do (X3,) gives

a 2_
do(X272) = U12’2’U§ p(2t1 — U1C2).
For r > 3, we have
do(vy ™™ XY 11 (2un g —unp)) = o XD {200 0 — ) + 0l (¢~ Go) )

mod p, v} “*". This gives do(X5,,) inductively on r. O

Shimomura (7] has replaced 1/v;"" with 1/27 in computing H°Mg for p = 2.
Analogously, we construct elements 1/X3". as a substitute for 1/vy"" ". Notice that
our 1/X7". should be different from X, " because there is no inverse element of
Xo, (r>1) in vy ' BP..

Definition 3.3.3. Define elements 1/XI*. € v;'BP, (r > 0 and p f m > 1) by
1/X5 =1/vy" and 1/X3% =2 (1/X0_ ) — X7 (1/X57P)  for r> 1.
For example, easy calculation shows the congruence
/X5 =1/vy +m 1}{’1}3/vém+1)1ﬂr1 mod (v?).

Although our 1/X3" is not equal to (XJ%)~* = Y77 (1 — X3")¥, the above
definition is justified by the congruences (X3 —v;"")? = 0 mod (p, v3?) and (X3 —
X5" 1)? = 0 mod (p,vf(aZ"’_p)) for r > 2. Hereafter we denote Y (1/X3") by
Y/X3 and (1/X3%)/v] by 1/vi X3". for simplicity.

Proposition 3.3.4. Mod (p, Uf+a2’”),

—m vt} foy 4 (YR fop T forr =0
do(1/X355) =< —m ol (t — vlwgyz)/v;np+1 forr=1

r—1
—muv>" (2t — vng)/vémpH)p forr > 2.

Proof. We prove that the all above differentials have the form — do(XJ",.)/ va™P "
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The case r = 0 is easy. For r > 1, it is shown by induction on r. In fact, we have
do(1/X5%) =2do(1/ X3P ) — do(X3") /X3P — nr(X3)do(1/X3T0))
=2do(1/X3501)" — do (X3 r)/UQmp — Uy e dO(l/Xz r1)?
~2do(X5,_y)? [0 = do(XE5) /0™ + do(X370)" [0
—do(X55) /0™ + {do(X31) = 208" do(Xgl, 1) Y7 g™

mod p, v] . By the congruence do(X7?.) = mud™ VP dy(Xs,,), the second term

is trivial. 0O

2+az,r

Then we directly obtain the v;-divisibilities of 1 /leg}, (= 1/vol"") in HOM?.

Corollary 3.3.5. 1/v; X" ", can be divided by ’Ua2 ~in H°M?2, and the image of
1/vy*" X3". under the coboundary map 6 : HOM2 — H'M3 is

—m hy oyt forr =0
5(1/vy* X5 ) =4 —m ho vyt . forr=1
—2m ho/vémpH)p forr >2.

]

This corollary asserts that N(m;r) = as,, when we choose 1/XJ". to be y(mp")
in Proposition 2.4.1.
Using 2.5, we easily see that {6(1/1}?2’”X§’}T) } is linearly independent.

4. Preliminary calculations

In Section 5 we shall construct elements x(sp”/j; k) € vy ' BP./(p,v5°) and com-
pute the differentials on them. For the sake of this, we define some elements and
compute differentials in Subsection 4.1. Based on these results, we describe some
inductive methods of constructing the elements z(sp™/j; k) in Subsection 4.2. This
is the hardest part in this paper.

Hereafter we assume that p > 3, and that all elements are either in v; ' BP,/(p)
or in vy 'BP./(p,v5°). We shall compute the differential dy for positive integers e;
and ey in two ways:

dy :v3 'BP./(p) — v3'BP./(p) ®4T mod v, vs?,
dy : v3'BP,/(p,vs°) — v3'BP./(p,v5°) @4 T mod v;*

4.1. Some lemmas.
Lemma 4.1.1. Assume that an element X satisfies
do(X) = vt X3 ¢ Jus*t mod v

where r > 1, e1 > 1 and 1 < ey < azp —2. Then Y = XP — o] 03 X35 (eﬁl)pﬂ
satisfies

do(Y) = v X35 (1 — viwy o)/ obett mod v?** 2,
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Proof. We observe that
do (v X35 /0y TVPT) = do(1/ug™ V) 0 X5+ mr(1/0g T do (0 X31)
=— v1v3X§’;t’1’/véez+l)p+2
+ (l/v(62+1)P+1 _ Ultp/U(62+1)p+2) do(ngs”)

mod p,v?. Since (e2 + 1)p + 2 < pag,,, it is sufficient to compute do(ng ") mod

v?, v5"®". Using (2.1.2) and Proposition 3.2.3, we have

do(vsX37,) = do(vs) X57, + nr(vs) do(X57) = do(vs) X7,
= (’Uztp — vty +uith) X3h.

Observing the congruence ws» = — wvst? /ub™ 4 (15 — t’l’zﬂ’)/vg + 77 /vy (Re-
mark 3.1.5), we obtain

do (vs X7, [0S VP = XEm A fol TP X fub T oy X o fo
Now the result follows easy calculation. d

Given a positive integer j = cp — b < az, (0 < b < p), it is convenient to work
with the element v3X3" | /X5 instead of X3, /vj. Define the integer a by a = ¢
(p) with 0 < a < p.

Lemma 4.1.2. Assume that ¢ <p forr =2, thatc < as,_1 —2 for oddr > 3, or
that ¢ < agr_1 —p —1 for even r > 4. Then do(v3 X35 _, /X5 ,) is expressed as

37“ 1
J+b {ZEbz

,Ustp7 v tp tp+1
- 22 @+ bt —vifawsy +ab—E —bla+b—1) 1}
Uy Vg V2

mod v**?, where E(m,n) = (") T (vit))™. In particular,
do(X5h_1/X5,) = —a vl X350 (t — viws) /o)™ mod (7).
Proof. Notice that
do(v3 X501 /X5,) = do(v3) X301/ X5, +nr(v5) do(X3h_/X5,),
and that ng(v}) is given in (2.1.1). By the assumption on ¢, we have
dO(X:?,r—1/U§) —a U1X3 r— 1'51)/1’6+1 mod (Uf)
Then, Lemma 4.1.1 gives do(X3%._,/X5,) mod (v P2y, O

Similarly to the r > 2 case, we may consider the element X3 ,/X» instead of
X3, /v§ forr=1.

Lemma 4.1.3.

do (X5 ,/X2,1)

(s —1) va:)?,ltl/ng + (;) viusP ™ "2 /vy, mod (vWFT).
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Proof. Notice that dO(ngl/X2,1) = do (]./X271) Xg,l + R (]./X271) dO(X;l): and
that do (1/X2,1) X5, = — o7 X3t /o5 mod (v}"") by Proposition 3.3.4. On the
other hand, we have

ng (1/X21) = 1/08 + 0} (vs —112t1)/112er1 mod v?
do(X5,) = sPX5TH{# — ] nm(vy 1U4)} mod o}, o,
3
= sopXgy' el - dg(’U?)_l’U4)} + ($)viPosP 7?2 mod vy, vyt

Using these congruences, (2.1.2) and (2.1.3), we obtain
nr(L/Xo1)do (X5,) = sl X35t /obt + (5)olos? 143 /s mod v? 7t
Collecting terms gives the result. d
For an integer n with p | n + 1, we denote the integer (n + 1)/p by n', and the
set of integers {s € Z | s = s'p—1 with pts'} by No. Then we introduce two
elements Xo(v}, X§,) and X (v3, X3 ) for s € Np, each of which is congruent to
X35 /vy mod (v1).

Definition 4.1.4. When s = s'p — 1 € Ny, we define Xo(vg,Xg,,) by
Xo(v3,X3,) = X5, /0] +J 01 X5 4 /s'ey OO0
Then we have:

Lemma 4.1.5. For odd r andp{j < as,, do(Xo(vé,ngr)) is expressed as

r—1

i, (sp-1
% ]véw P ¢ mod v?

(1—7) vivy
forr >3 and az, —p < j <as,, and is expressed as
Jj+1

2
forr=1andj <p—2; or forr >3 and either j = a3, —p+2o0rj<az,—p—1,
where £(1,7) = 0 and (r,j) = vivy®" jilX;gf_ﬁ {a(r)j waz+b(r,j) t{¢ } for
r > 3 with integers a(3) = 1, a(r) =2 forr > 5 and b(r,j) = 5> + (2 —a(r))j — 1.

-G +1) vi X3 THtp/s' Jt2tasrtr _ < ) vi X3 AP [0l pe(r,f)  mod v}

Proof. Here we prove only for r > 3 case (the r = 1 case is easier). We com-
pute the differential on each term of Xo(v3, X3 ,). For the first term, notice that

do(X;r/vg) = do(l/vg)Xg,, + nR(l/vg)do(Xgr). Easy calculation shows that
do(X3,) = — vy TX;’;, 11(t1 — viwa s + vivy t1w2 ») mod v}, v §+a3 r.

Using this and Proposition 3.3.4, we see that do(X§ ,/v3) is congruent to

—j X5, {20 — (+ 1) et} /205 oo T TIXEETN G {vs — (G 4+ 1) vith)

mod (v§). On the other hand, using Proposmons 3.2.4 and 3.3.4, we observe that
do(j v X3 H_1/8’ vl FHFesr 41y ig congruent to

= J0 + DOP XG50 T o X5 v = (G D) wit] ) o
p—j—1 . o
+ o0 TS (= 0G4 a(r)j viwas + 55+ 3 — alr)) vt G}
mod (v3). Collecting two terms gives the result for r > 3. O
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Definition 4.1.6. For s = s'p— 1 € Ng and j < as,,, we define X (v, X$,) by
X(Ug:X:)?,r) = U2X§€= /X350 — bU1U2 1X§f IXH%’ b p+1X§r 1U2, 2/”2
= (alr) = Db of oy X s,
where j = c¢p — b and 0 < b < p. Moreover, we define DX, ,j(vy* ,vsrtt X3,) €
vy 'BP,/(p,v3°) @4 T for 0 <m < p,0<n <p, s=sp—1¢€ Ny, and positive
integers e; and ey by

DX [y (v, 0527 X5 ) = —(m + n) vf* 1 X5ty Jus2 !
+n(m+n— 20 X5, b /s
+ ot X5, 05t {nGs + (m = n)ws,p}
Then we obtain the following lemma.

Lemma 4.1.7. Assume thatr > 3 is odd and c < a3 ,_1—2. Then dO(X(vg,X:{T))
is expressed as

DX[G« b](varl AR X3 r) + A(UZJXS r)
i sp—1)p"— L _ _ ;
+ a(r)b oo TP (BT (0571 4 0P8, (0)

mod vp“ Here b and c are the integers in 4.1.6, a = ¢ (p) with 0 < a < p, and the
element A(vy, X3 ) is defined to be 0 for 0 <b <1 and to be

s’ b—1
37’ 1 Ungyf .
J+b {Z 1- Z } - bs,vj+b+a3,r+1 {ZE(b o 171)}
2 i=1

for b > 2. Here E(m,n) is as in Lemma 4.1.2 and
. 2
01(”%) = (a—1)(vs —v5t1)¢; +{(a +b—2) vity — vat] }ua.
In particular, 'U2 1o (0P v’ Py = — o8Nty 4 vaws0) /03

Proof. The differential on the first term of X(U%,ng,,) has already been com-

puted in Lemma 4.1.2. For the second term, notice that —bv;v} 1X§,’,’ ' X5
is congruent to

_bleg P/l JHltasrpr b(a — 1)1}{’“1;3)(3? ? /st J+p+2+as .41
mod (v p+2) Using Propositions 3.2.3, 3.2.4 and 3.3.4, we obtain
do(—bvyvl~ 1X§1{’ ’XC"'““)
= —bv1X§f/8' JHOFas et L gy o)1 — b1y
_ bU1X3 _ 1tp(v2 + Ultp)b 1/vj+b
+ a(r)bvyvs®” il y SP 1)PC2 R(051)
+(a+b— )bvlﬂXS ptl/ Iyt as
ot

Awdy+ (b= DI foa + (a— (TP — ) /o] + (a = Dws 5}
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p+1, az,r—j—p—1 - (sp—1)p
+buy vy X3ro2

2
Aot ¢ + a(r)(@ - D¢ (s — vBt) — (alr) — 1)vauf}
mod (vP?). For the third term, notice that
do(bof ™ X350z ) = bl o (X5Tus0) 03T

+2
mod (v}

). Propositions 3.1.3 and 3.2.3 give do(X;"._ uz2), and we obtain

1 i+1
do(bo} ™ X3P ug o /03 T)
_ 1 j+1 1 aszr—j— -1 2

= bl XS (Go = )b = b gt T TP D (uyp — ()

mod (vP*?). For the last term, we may assume that r > 5 because a(3) — 1 = 0.
i _ i _ 2
Then it follows that do(vy™" ’ pXéff_;)pum) =y pXéff_g)p(umt’f —wh )

mod v; by Propositions 3.1.6 and 3.2.3, and hence
do(— (a(r) — )b} o3 TP X7 )Py, 5)
= — (a(r) = Do oy T XS ot — ).
Collecting four terms gives
do (X (03, X35,))
= X;ﬁq_l {(Uz + 01t — v — bu P (vs + vlt'f)bfl} /v%“’
- bUlX:iIf (v +0rt])" =0y} /S’“§+b+a3'r+1
+a(r)borvy X (o)
+b(a+b— 2)vf+1X§:ft1/s'vg+2+a3"'+1
= (@ + B Xyt /o 4 oG o {bG + (@ - Bwz 2}
+ a(r)bvf“vgs"’_j_p_lXéfszl)p {(a —1)C5 (vs — vhty) — vgt’fug,z} .
Then, apply the equation
(X+Y)! XY (X +Y) ! = Xb:(l —1i) C) Xyt
i=2
to the first term, and the congruence
X;:f = X;:r+1 + G(T)S’US(T+I)X§’I;,:11U2’2 mod v2" ™) for odd r > 3
to the fourth term. Modifying these terms completes the proof. O
We also set X (v], X35,) tovsX$, /X0, —bv1v§71X§:2/s’X§jl for j = p—b. Then
we have:
Lemma 4.1.8. do(X (05", X3 ))) is ezpressed as —3v} X3 t1/v5 mod v} ™", while
do(X (v57,X3,)) is expressed as
— 203 X5, (8] — 200 1) /s"0h P
— 0P X5, /o5 {5 fus + 400 Pt — 07T (G + 2 /va + C1)}

p+1 p—2
+v1 ' Z[vy
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mod v for some Z € vy ' BP,BP, where

C1 = (ugot? ™ — ws o )7 + (ugy — wy 1 )ty + uj th.
Proof. Notice that 1/X3" = 1/vy" + mvag/v§m+1)p+1
compute dy on

2p+1—b TyP 24p+1-b p+1 1, P2 +2p+2-b
X351 /vy~ +”1”3X3 1/” —bu X3 2/5 —buvy w3 Xy 2/3

mod (v°"). So we may

instead of do(X (vh~ X§1)). For b = 1 case, we consider the differential mod
(v"™!), so that the last term can be omitted. Because X5, =vf + Uzvés Dr=ty,

p>+p

mod v5” and X3 g = X; mod v; ", we may compute dy on

02 (05 /v2)? + VPV J03P 4 0Pl TPy, ful — vy (X5 /s 0B )P

Then, we obtain the desired result using (2.1.1) — (2.1.3), Proposition 3.2.3 and
Proposition 3.3.4.
Similar but harder calculation shows the b = 2 case. O

Next we define X (v3? , X3%) to modify the differential on X (vl X5 ,)P. Let

i+2+as . 1
Ay = (J+1),U1 ’1)3X§I;/’U(]+2 p+2 +](] + 1)1)1 'U3X3 r+1/SI’UéJ+ +as,r4+1)p+ 7
r—j—1)p—1
A = vy éag Jmbe- X:)E,sf—f)p{ (r)jvauzs — (j +1)U3U272},
Ay = vfp_1v§8p71)p+2/v2.

Using these elements, we define X (v3? , X3h) as follows. For r =1,

X( stp)_ AO fOI‘jSp—?)
’ Ap+ Ay, forj=p-—2.

If r > 3 is odd and either j = a3, —p+2orj<as, —p—1, then
X1 (df, X5h) = Ao + Ar.
Then we obtain the following lemma.
Lemma 4.1.9. Mod (v:"*h),
do(Xo(v3, X3,)P + X (03", X51))

2 ! . 2
_'('+1)—U1PX§7r+2t1 (X
JU S”U%p+2+a3'r+2 2 ,U%'IH-?

= (j = Dot TP X g, (o)),
where 65(v]) =0 for r =1 and
. 2
Oa(v3) = (j + 1) (v3 — 05t1)¢5 + { (7 + DvSts — vat] Jua
for odd r > 3. In particular, v _192(11;3”71)71) =—vf 1(t1 + vows 2) /3.

Proof. Here we prove only for r > 3 case. Other cases are similarly proved.
Notice that dy(A4p) is congruent to

1\ . ) ) )
- <] _; >Ufpd0(U§X§,€f)/véj+2)p+2 +J( + 1)U1pd0(U3X3 r+1)/81véj+2+a3,r+1)p+1
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mod (v7?*!), so that it is sufficient to compute do (v3X3h) mod (v1, oTIP2Y and
do (v3X§:f+1) mod (vy,v{ T3 +PTh) TBagy computations show that

2 vs — 2,2p® 2p 2 2 +1,p°+1\ v
do(v3X3h) = (v3t7" + 0t + 2vaust] — 20hugty — 2057 ] T XE,

’ 2 ’ 2 2
s'p P P s'p 1,,PA3,m+1 5P 4P P P
do(vs X374 1) (2t —vyt1) X5y + s'vy Xty (vs +0at) —wyty)

b(r+2 -1 2
—S”Uz(r+ )Xéifll )ng(vg +vot] —vhty).

Using these and the congruence
s' _ vs'p /. .Q3,r42—P sp 1 b(r+2) y-sp—1
X o = X5 40 — 50 U3 X35 — 570 Xgp 22,

we can show that dy(A4p) is congruent to
. 2 2p? 2p—2 2 ! 2 -1y
§+ 10\ o X (Y — v t1) +iG+ 1)U1P(X§,f+1t11) — 0y X3 4th)
2 U§j+2)l) JU S,v;j+2+a3,r+1)p

az,r—j—1)p— sp— 2
— (G + DopPuy eI TIPTLXEOP LR (0 b upth — oBty) + vhtiuz ).
On the other hand, dy(A4;) is congruent to
JPe T g (a(r) - X5 P 5) = (- DoiPos™ T g (03 XY P ).
Noticing that (a3, —j — 1)p > (p — 3)p, we have
do (X371 Pus 3) = do(uz,5) XEPT7 + g (un 3)do (XEP77)
2 sp— 2 Sp—
= (up oty —wh ) XSTTDP + (un s +uzpt] —wh 5)do(X52P)

— 2_ 2
mod (v1). Because do(Xéff_ll)p) = —v§a3”’1X§ff_2p VP mod (v, 08" ),
the second term remains only for r = 3. Observe that uy 3 and w} 5 can be replaced

with —v;pgvfuzg and —v;p3v§2C§’ respectively. So we obtain
do (a(r)- X7 P us 5)
=a(r)  X§P P (un ot —why)
afr) - ofr T TR X PR ()
a(r) - X5 TP (g ot — wh g) + (2 a(r)) - XS (uy — D)

sp— 2 2
XS P02 un ot —a(r) - why — (2 —a(r) -7 (B ).

Moreover, it is easy to see that

_ _ 2 2
do (s X570~ P 5) = X§P- PP {0sth us 0 — vftius s — (Blvg +vat] —vht1)}.

Collecting terms gives do (X 4 (v3?, X3h)) as

. 2 2p? 2p—2 2 ! 2 —1 v
Jj+1 “1PX§,I;(t1p - “2p t%) 4G +1) ”1P(X§711~)+1t?1) - Ug X§7r+2t1)
2 (j+2)p Y 1o (G+2+az r41)p

Uy 5'0y

. . az »—j—1)p—1 sp— j
— e(r,§)P — (j — DofPolter I TIPTE X m PG, (u]).

This completes the proof for r > 3 case. |
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4.2. Some inductive methods of constructing elements z(sp”/j; k). Here
we describe some inductive methods of constructing z(k) = x(sp”/j; k). Because
(wgvr/vg)pk = (X:)?,T/vg)pk for j < ag,, we may start with X§7T/U§ p1j < asy).
In general, each z(k) (k > 1) is constructed by adding some appropriate terms to
x(k — 1)? so that we can find an element of Coker ¢ (2.5.1) from the numerator
of the leading term of dy(x(k)). There are some patterns for adding terms and
constructing x(k) for a large enough k. We first observe the case with small j and
s & Np, which is the simplest example of such patterns.

Proposition 4.2.1. Assume that an element W1 satisfies
do(W1) = —]le?f’;,tl/vij mod vp+1
for1<j<as,—2, then Wy, (k > 2) defined inductively on k by
Wi = WP+ P X3h /X”H'1 for k=2,
= WP 20 X 0 T s g
satisfies
do(Wy) = —2jv)* '“X;pr t1 /U(”H_1 mod vy* L
Proof. Using Propositions 3.2.3 and 3.3.4, for k£ = 2, we have
do (01> Pua X3 JXIET) = ol TG (8 — 200 ) felf 7YY,
while for k£ > 3, we have
do (2]1112 k stp Jv (Jp+1)p’“_171) = 2j0%* p+1Xsp (" — Uf_ltl)/véjp+1)pk_1,
The result now follows by an easy calculation. a

We will see that each z(sp”/j;1) withr > 1,1 < j < a3 ,—2 and s ¢ Ny satisfies
the condition for Wj in the above proposition.

In general, we speculate on the existence of some rules in constructing elements
x(k) for large k as the above case. Next we observe another pattern, which occurs
in most cases. To state this, we first introduce some elements.

Definition 4.2.2. Fore; > 1,e3 > 1,s = s'p—1 € Ny and odd r > 3, we define
Yiap (077, 562+1)p,X§7r+1) as follows: for s’ & Ny, it is given by

(ex—1)p—1 sp e1p sp e1p—1
U, 2 X5 X3 uz 0 vy X3 2

X§721+1 t+a v562+1)p (a + b)(b 2)5 gez—i-l)p—i-as 2 ;

(a+0)

for s’ € Ny, it is given by

eilp
U1 X3 r+3

(e24+1)p+b(r+3) °
Z

(above terms) + 2a
S”
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1
Moreover, we define Z(vy e1p’ éeﬁ ' y X3 44) by
e1p’ s'p 1p sp
O s Xg — N iz oz for s’ € Ng and odd r + ¢
s’ (62+1)pi+p+1+a3,r+i+1 ,U(62+1)P 0 ’
2

81P
X3 r+i—1142,2

(e2+1)p*
Up

e1p’ S
U X3 i
U(62+1)Pi

for s’ € Ng and even r + 1,
(Buz,2 — 2u33) fors’ € No,

and DZ(v5, @ﬁmﬂxaﬂwwyﬂamn@%®Arw

erp’ s’ 1P s
0" Xg il X

3,r+1 ' .
: 2ws o — for s' € No and odd r + i
;. (e2+1)pi+1+4as ryit1 (e2+1)p? ( 2,2 42) g 0 +1,
SUy Us
e1p’ v s' P eip’ ys
vttt X ot vt X ) t
1 3,r+i+1%1 1 3,r+1i 2 ' .
- (62+1)p"+1+a3)r+,—+1 mCET <2 vz (2] for s’ € Ny and even r 4+ i,
2
81P
vt X3
1 3,7+
—T(?)CQ — 263) fOI'SI € NO.
Ua

Notice that each of these leading terms includes an element of Coker §.
Proposition 4.2.3. Assume that an element x(k) satisfies
do (x(k)) = DX (vft, 052, X35 ) + 07 Zg, f05? mod vf' !
for some Zy, € vy ' BP,BP, with e; = —b (p) and odd r > 3. Let
ok + 1) = o(k)? + Yo (07, 08P X5 ).
We compute do(xz(k +1)). For a # 0, we get
do (w(k + 1) = aDZ(0f"?, 0y ™7 X5 1) 4+ 00 Zor [0y 7771 mod ot

or some Zy41 € v; \BP,BP. For a =0, we get
f + 3 ) g

do (x(k + 1)) = [P X5 Lt foy ple P UflpZ,'CH/véezH)p_l mod v¢'PT?
for some Z; | € vy 'BP,.BP.

Proof. Here we may ignore elements killed by véez+1)p71. For the first term of

Yiap (07", U§CZ+1)p, X3 ,.11), notice that (a+b)v§el_1)p ! v X35 /X62+1 is congruent
to

(a+ D)o ™7 e X310 — (b= Dyofus fuy 7
mod (p, v§“+1)” 1) Using (2.1.2), Propositions 3.2.4 and 3.3.4, we have
do((a + b)ol™ P ey X5 X gE Y
= (a+ b)v%el*l)ngﬁ,

(b= Dof (T

{obt] + (b — 20} bty toeh ')/

(4)

Z(B)
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mod (vS'?*?). For the second term, we can easily obtain

do(anngI; /vée2+1)p)5 ewXSP(Cz 42)/1;552“)1)(3)

mod (v 81p“) by Proposition 3.1.3. For the third term, using the congruence

s — vs'p 1,.a3,ry2—P sp b(r+2)—p%—p—1
X3r+2_X3T+1—SU2 vz X3, mod v, ,

(2.1.2), Propositions 3.2.3 and 3.3.4, we have
do(—(a+b)(b = 2)v{ 1 X5,y /"0l I
—(

a+b)(b 2)1) 1PX§ TI‘)+1tP/SI,U§62+1)p+1+a3m+2

2 €
@+ D)6 = 2of PN {—ohty | o (T 8 ot /el
mod (v{*?*?). Collecting three terms gives
(4) =0,
B) = "X /v (62+1 b tp2+p ) /o _ P
(B) "{(a+0)( 2)/vy +a(G — )},
(C) = (a+bw 61P+1X8Ptp/ (62+1)P+1

Thus do(Yq,p)(v1"", (82+1)p,X§’T+1)) is congruent to

— (@ +b)(b— 208X P ol I s (g g el PR 4P (TP

2
TP [ (a4 )T — ) [uf + alGa — B))
mod v{***! for a # 0, and do(Yjo 5 (v7'?, 05 (e21)p , X5 .11)) is congruent to

r
eipvs'p ,p. (e2+1)p+ltas iz
—b(b—2)vy"" X3 7 8]/ s" vy

— 2 —
+boTXE (o] ol (6] T — 8) + o Trop ) fug T
mod vflpH for a = 0. Now, recall definitions of (, and w; » and notice the congru-

ences
b(r+2)—p%—p—1

s'p _ a3, r+2—P s
X341 = X3 T v3X§ 11 mod v, ,
sp — s b(r+1) p>—p— 1
Xs, = X5, mod v,

Modifying the differentials using the above two congruences completes the proof of
this proposition for the case s’ & Ny.
For s’ € Ny case, the result is proved using the congruence

d0(2av11pX3 +3/ " €2+1)P+b(7‘+3)) avfle

where
Y = X;:T+2t11)/,U5€2+1)P+1+G«3,r+2 _ X§7r+1(<2 _ <—3 + tg/'l)z)/véez—i_l)p + Z/,Uéez-i-l)l)—l
for some Z € v;lBP*BP. O

We define Y (v tep ngp:X;,p;l) to be
o *+p? —21’_1Xsp_1(4v2 + 0P, 2)/X§I1 for s ¢ No,

(above terms) + 4v? e st WL rttas g s e No.
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By routine calculation, we have:
3 2 2
Lemma 4.2.4. For s & Ny, do(Y (v TP 7P o} _p,ng_l)) is expressed as

3,2 _ _ 2 2
(W TTEXGE fol ) {405 t] + oP (48] P = 55) + 0P B (2 — (§ + Ca — wy3)}

3 2 2
. —p1
+ o7 P PZIl P

p®+p? p+1

mod v] For s € Ny, it is expressed as

(above terms) + 4v¥ i TPXS t] [vh e
R SIS ¢ (R R It G I s S D S
mod vfsﬂ’ka. Here, Z,7' € vs,_lBP*BP, and
=0 usath_ t” bt — ),
i+j=2
Proof. By Proposition 3.3.4,
do(va X35 /XETY) = do(va X357) /X7 + mr(v2 X35 )do (1/X57Y)
= do(v2 X355 ) (1/08 7 — vlv /vp )
a— 2_ a—
+ R0 X551 ol (t — viwap) /b TP
mod (vP7?). It is sufficient to compute do(v2X§f’2_1) mod (v}, v} Ba ) and mod
P2, 2" ~P). Notice that
(vi 2
do(v2 X5571) = do(02) X351 + mr(va)do (X351,
2 2
= do(vz)v§8p71)p + nR(vg)do(v§SP71)p ) mod vp+2,v§)2_p.

3 2 ¢
Using the results of 3.2, we see that do(4vf " ~** 1o, X351 /X7 1) is congruent
to

34p2_2 _1 2 24
4oy TP TEXGET oy TO{F + o (8 T — 1) /v3
On the other hand, we have
do(Uf3+p27PX§,19271U272/U§27P) = Uf3+p27pd0(X§§71U2,2)/U§27p

S 4+p°—p+1
(P P -p )

mod , and

do (X35 u ) = do(u2,2) X557 + nr(u2)do (X35
= (G = X + (g2 + G — B)do(X357)
mod (v1,v2). According to Proposition 3.2.3,

sp—1 sp>—p—1,p p 2 +p+1 sp —p*—p-1
do(X35 7) = —vy X3 1 iy +v (u2,0t2 — w3 3)
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mod (vy, v} +p“) Using this congruence and Definition 3.2.1, we obtain

P 3 4p? —stp—lul2 B U{)3+p2—2pX§7p2—1 tp
do - = 7 20— ) — +Cy —ws 3

Uy 5 vy
p3+p2—pZ
p?—p—1
Us

for some Z € vg !BP,.BP. Collecting terms gives the result for s ¢ NO case.

p3+p® st /S/P-HJ +a34)

For s € Ny case, it is easy to see that do(4v] is con-

gruent to

3 2
- 1
U{) +p st t'l) p°+p? —P x 5P p

U1 3,2

(C2—§3+U2 ot2)+ (elements killed by v§2_p_1).

W - WP
O
Proposition 4.2.5. Assume that an element x(2) satisfies

D e TP g

do(2(2)) = —2s(s — 1)—1 +2(s — 1)27+p
vl vl

p*+p—1 ysp—1 p24p—1
s\ V1 X3 ty ot Z
SEE— L —+C —

+ <2> T <C2 + o + 1> e

mod (vy +p) for some Z € vy BP BP, where Cy is as in Lemma 4.1.8. Then
z(3) = z(2)P + (2)Y(Uf o vé’ X5y ') satisfies

do(il?(?))) = S(S — ].)DZ( p°+p*=p ySZ_p,X:‘;g_l) + U{)3+P2—Pzg/v52—p—1
mod (vf3+p2_p+1) for some Z3 € v; ' BP.BP.

Proof. Collect the differentials on x(2)P and (;)Y(v{)3+p2_p,vgz_p,ng_l) using
the congruences

C{) + 02 = w33 mod [3,
- 1
X3,= X35 — svg fos X35 mod of e
a

As the next step of Proposition 4.2.3 or 4.2.5, we show the following proposition.
Here we state only the result.

Proposition 4.2.6. Assume that an element x(k + 1) satisfies
do(a(k +1)) = DZ@P vy P X5 0) 4 07 Z /oy mod ot

for some Zj41 € vy BP*BP, where e; and ey are positive integers and r > 1.
Then x(k + i) defined inductively on i > 2 by

:U(k + Z) = :U(k + Z — ].) + Z( 61p (62+1)pi7X?f7r+i)
satisfies

do(e(k +1)) = DZ(W ol 7 X5 ) + 05 Zigs ol TP mod v
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for some Zyy; € v;lBP*BP. O

Proposition 4.2.6 is regarded as the last step in this pattern. We will see in
Section 5 that z(k) is constructed in this way in many cases. Actually we have
other two inductive ways of constructing xz(k), introduced in the following two
propositions. Their proofs are relatively easy, so we leave the proofs to the reader.

Proposition 4.2.7. Assume that an element z(k) satisfies

_ i1 _3—i_ 2-i
dg(w(k))zvflpvggfpvgs') Dp™ ;(vy> " p Z)p mod Uf”‘l

(= of o5t} fu3T + vf Zg 05)

for Oi(vgs”’_paﬂ_p%l) (i = 1,2) as in Lemma 4.1.7 or 4.1.9, and some Zj €
vy " BP.BP. Then x(k + i) defined inductively on i > 1 by

i it+1 i+2 i+l _ )
w(k+1i) = am(k+i—1)p — ol pfer T TLpb e et o b g,
z(k+i—1)P for even i

satisfies

‘ J (i) i+2 i1
do(a(k +3)) = o] P gy el e

+ Uflpi Zk+i/vgi+1+pi_1 mod Uf“’iﬂ
for some Zyy; € v;lBP*BP, where 0(i) = 0 for odd i and 1 for even i. d

Proposition 4.2.8. Assume that an element x(k) satisfies

do(z(k)) = v5 052 0% Wy, mod v{* !
with Max{p'=' —p",0} + P(t —2) + 1 < es. Then z(k + i) defined inductively on
t>1by

wlk +1) = ok +i = 1)P + (=1)i Loy P TPOTID g PO D yean™ )
satisfies

do(w(k +1)) = (=1)fof P O Doge PO ™ gy - mod u?HPOTIH,
where P(i,j) = p? (p" 9+t —=1)/(p—1) =p' + - -+ p’ fori > j. We will abbreviate
P(i,0) to P(i). O

Our guide to constructing z(k) is to add suitable elements to z(k — 1)? so that
the differential has one of the forms in the assumptions of Propositions 4.2.1, 4.2.6,
4.2.7 and 4.2.8. In fact, we will observe that each case follows one of the above four
patterns by k£ = 5.

5. Proof of the main theorem

In this section we prove our main theorem by defining z(k) (= x(sp”/j; k)) for
all cases using the preparatory computations displayed in Section 4. Notice that
the smallest integer N with do(z(k)) # 0 mod p, v ' gives the v, -divisibility N (k)
(= N(s,r,j; k)) of z(k).
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5.1. Definitions of x(0) and the differentials. Now we start with X;r/vg
(p1j < az, and p.J( s € Z). Using Propositions 3.2.4 and 3.3.4, we can easily
calculate do (X3, /v3) mod vf :

. 2
do(X50/v3) = —v105t] [v} + svrv3 (5 — 1] 77) s,
and for r = 1 or for even r > 2,
dO(X?ir/Ug) = —j’l)1X3 rtp/vj+1‘
Finally, for odd r > 3,
do(X3,/v}) = —jvr X540 ol — svpoy™ T X3P, (J't'fH/W + w2,2) :

Moreover, we have

do(X3o/v2) = vivh oi wa s mod (vf),

2
1
v1v§_2v§71@(v2 —v1t]) mod (v})

for p | (s — 1). Then the coboundary & : HOM}? — H'MJ} on X?f’,,/vlvg is
6(X35, Jvivd) = —jus? /o3 4 (elements killed by v3).

According to 2.5, its numerator belongs to Cokerd, when s ¢ No = {s'p—1 | p{s'}
and r > 1 is odd or when r > 0 is even by (2.5.1). In this case, we can set z(0)
to X3, /v} with the v;-divisibility NV (0) = 1. In another case, we need to modify

X3, /v] so that its coboundary includes an element of Cokerd.

5.1.1. FOR OoDD r > 3 AND s € Np.
(i) Foras, —p<j<as, Wesetz(0) to Xo(vg,ng,,). By Lemma 4.1.5, we
have
do (£(0)) = (1 - jorvs® ™™ ¢, mod o3,
and so N(0) = 1. Notice that this differential is trivial either for j = a3, —
p+2=1(p)orforj<asz,—p-—1.

(ii) Either for j = a3, —p+2or for j < az, —p—1. We also set (0) to
Xo(vy, X3 ). Then, Lemma 4.1.5 shows that
Jj+1
2
mod (v}), and so N(0) = 2. Note that all elements but &(r,j) are vanished
when p | (j + 1), and &(r,j) = 0 unless r > 3 is odd and a3, — p* —p < j <

as,r — 2p, in which case

() = —a(r)odos® T ol .
(iii) Forp | (j+1),p" { (j+p+1)and j <agp—p*—p.  Setz(0) = X (v}, X3,).

Notice that we replace Xo(vy®" riop , X3 ,) with X (vy® rptp , X35 ,) for j =
— p? — p although &(r, a3, — p* — p) # 0. Then Lemma 4.1.7 shows that

do(.’I}(O)) (] + 1)U1X3 T+1tp/81 Jt2+az 41 < ) 2X§ . ZP/U]+Z + 8(T,j)

do(2(0)) = DXy 1 (0P 05 T X5,) + a(r)ol Troger TIPSR IR g, (ud)
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mod vP™?. Note that do(x(0)) # 0 mod (v*), and so N(0) = p when

PG +p+1). |
(iv) Forp? | (j +p+1) and j < a3, — p* — 2p. We first define B(j) by

B(]) :X(U27X3 T‘) fOera37,r.—p2_3p;
B(a3,r _ p2 — 2p) = X(U;&r P 72P,X§-7r) _ a(r)vf“ (sp—1)p" +p+2/2v§.
Then, let
B(j for s' & N
w(O)—{ () or s’ ¢ No

O\ BG) =200 XS, s ) JHAT) - for o € N.

Easy calculation shows that do(x(0)) = —DZ (WP, vt , X3 ,) mod (v b2y
and so N(0) =p+ 1.

5.1.2. Forr =1 AND s € Ng.  For j <p—2, we set 2(0) to Xo(vg,X:{l). Then
Lemma 4.1.5 shows that

Jj+1

do((0) = —j(j + 102 X5 0 /sv) T2 — < !

2 2 i+2
) X3 1t1p/UJ

mod (v3), and so N(0) = 2. For j = p — 1, we set :1:(0) to X(vf™, X5, )
Lemma 4.1.8, we have do(x(0)) = —3v] X§ ;1 /vy mod (vf *1), and so N( )=

5.2. Definitions of z(k) (k > 1) and the differentials. =~ We complete the
proof of our main theorem by defining z(k) and computing the differentials for all
cases, based on the computations in k = 0 case.

5.2.1. For r =0.
(i) Forpt(s—1). Weset z(1) to X3,/X21. Then Lemma 4.1.3 shows that

S S
do(x(1)) = (s = of X511 /o] ™ + (2) v v
mod v?™' and so N(1) = p. For k = 2, we set
o) = a1y + (3)of X082 X517,

Then Lemma 4.1.8 implies

()5 )

2

X32

= (s 1) 12+p (% —2007'11)
2

P ysp—1 ( 2p p>+p-1
s\ v1 X3 2} p—2 p—1 ta v1 Z>
_<2>T{v_2+4”1 A ) R

Uy
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mod vaH’, and hence do(z(2)) is congruent to

vp 2+p— ZXSP 1 t U{) 2 tp— 1X§2t1
—28(s — 1) —— 7 +2(s — 1) ———
Uy ”z
p*+p—1 ysp—1 pZ4p—1
s\ U1 X3 < > vy Zo
+ —_— 2+—+C1 7_
<2> ,Ug) 1 C ,Ug) 2

mod v “tP_ Notice that do(z(2)) 2 0 mod (¥ B 1), and so N(2) = p? +
2
— 2. For k = 3, we set z(3) to x(2)? + (3)Y (v} L P o) TP X3P, Then
Lemma 4.2.5 shows that

do (z(3)) = s(s —1)DZ(v} Tt ’Ug XS D) +vf3+p2—pZ3/ng_p_1
mod (v] p3+p® p+1) for some Z3 € vy 'Bp, BP, and so N(3) = P+ p? — p.

Applymg Proposition 4.2.6, we can define x(k) inductively on k& > 4 and
obtain N (k) = p* + pF—1 — pk—z' -

Recall that Ny = {(ap® —p—1)p"+1 | pfa,r > 1:0dd}.
(ii) For p | (s — 1) and s & Nj. We have already computed do(z(0)) =

0108 w5 wy 5 mod v?. Thus we can define z(k) inductively on k > 1 using
Proposition 4.2.8 and obtain N (k) = P(k). O

(iii) For s € Ny. In this case s is expressed as (sop — 1)p™ + 1 (s € Ng and odd
ro > 1). We set z(1) to

x(o)P _ 1/0(7“0 + Q)Uf_lX(’UéaS ro+1—DP+2)p X§0r0+2) _ Ufpvg —2p— 1v§sfl)P+1u2 )

with a(3) = 1 and a(ro + 2) = 3 for 1o > 3. Then the differential on the
second term is given by Lemma 4.1.7. For the third term, we have

do(— uf”v;’ B S AT
2 2_o 1 1
= ool TPl P Ll 1 (Bt — st ) (uzp — C5)}

mod (v?*"). Collecting three terms gives

do(z(1)) = —1/a(ro + 2)DX[2 1] (U1 y U (a3 roti—P2P X§0r0+z)
mod v2p+1 and so N(1) = 2p — 1. Applying Propositions 4.2.3 and 4.2.6, we
can define :U(k) inductively on k > 2 and obtain N (k) = 2p*. O

5.2.2. FOR EVEN r > 2.  Define z(1) by

z(l) = X;’;/X%' + svf (SP e +2/2v2 for j =az, —1,
X:ipr/Xz,l for j <as, —2.

Then, in both cases we have

do(z(1)) = —jol X5 4y (tr — viwsn) /o3P H!
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mod (v"7?). Notice that do(x(1)) # 0 mod (v*"), and so N(1) = p when s & No.
Then we can define x(k) inductively on k& > 2 by Proposition 4.2.1 and obtain
N(k) = az,k. When s € Ny, notice that the above differential can be rewritten as

do(z(1)) = DX[j 0 (07, 0™, X3 40),
and so N(1) = p. Applying Propositions 4.2.3 and 4.2.6, we can define z(k) induc-
tively on k > 2 and obtain N (k) = p* + pF—1. O
5.2.3. FOR ODD 7 > 1 AND s € Ny.  Define z(1) by
z(l) = X;pl/Xj forr =1,
= X;’;,/X2 L sv1vgas'”_j)pvgs’)_l)prugyz for odd r > 3.
Forodd r > 3 and j < a3z, —p—1, do(X;’;,/Xil) has already been computed in

Lemma 4.1.2. We also obtain do(X:f,’;/Xil) for other cases by easy computations.
We first give the case r = 1:

do(X37/X57") = of Xt o TP — soluf T o,
and for j <p—2,
dU(XZ?,pl/Xg,l) ]Ungﬁtl/”]pH-
Now let » > 3 be odd. Then
do (X35 X557) = o X5l o™ — sofu TV (G — wn),

do(X3h /X557 ™") = 200 X501 [of o TP — sobul TV (0 ¢ 4 20t ),
and for j < as, — 2, we have

SpIvi \ _ _ ;. PYSP jp+1 p, (a3,r—3)p, (sp—1)p" -p
dO(X37r/X2,1) = _J”1X3,rt1/“2 — 801Uy Us G-

Additionally, we consider the element —svaéas'”_j)pvgs’)_l)pr uz,» for odd r > 3, on

which the differential is congruent to
—S’l}pv(%r ip :gSPfl)P (G — Cg)

P+1

mod v; Collecting terms shows that do(z(1)) is congruent to

vagprtl/ pas -+l 4 sv} 'U(SP Lr” (thrl —t9)/vy for odd r >3 and j = a3,
_Jleéﬁ;t /,U(a3 r—1)p+1 Svlv?()sp L)p" +1t§’/v2 for j = ag, — 1,

—joy X5hty JviPtt for j <az, —2

mod v?™! | and so N(1) =

(i) For £ > 2 and j < as, —2. Using Proposition 4.2.1, we can define z(k)
inductively on k so that
k—1

do(x(k)) = =240+ X3P 1, [uP TP

mod (v; " ***) and obtain N (k) = ay . O
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(ii) For k> 2 and j =as, — 1. Let

_ r41
z(2) = z(1)P + ju>*~ st’) vy® Tt v’ +sv1 v véSp Lp Uz .
Then easy calculation shows that
R S1
dof(2)) = —sof o8 Moy

mod (v¥ +2) and so N(2) = p®>+1. Applying Proposition 4.2.8, we can define
z(k) 1nductively on k > 3 and obtain N (k) = P(k) — pF~1. O
(iii) For k >2,0ddr >3 and j = az,. Letx(2)=x(1)? —of _1X3 20352,

3 2
and z(3) = x(2)P + sv? PP P+ Then easy computations show

that
do(z(2)) = —sov? 41 ésl}*l)pwlti’/vz mod v} +2,
do(z(3)) = —so? e ésl)_l)pr“ (t1 — viwa)/v2  mod v} e
(= sDXp ! 70, X3005)),

and so N(2) = p> + 1 and N(3) = p® + p. Applying Propositions 4.2.3
and 4.2.6, we can define x(k) inductively on k > 4 and obtain N (k) = p* +
ph=2 4 pk=3, a

5.2.4. FOrR r =1 AND s € Np.
(i) For j = p—1.  First we define Z by T = z(0)" + 3vy** P X5 [vf L
Observe that dO(N) = —31}122Xs”1t1/v2 mod (v;T"**). Then, let z(1) =
:U+3’U122X3 3/s’ y +a33,az(2) = 2P +30, TP XY Ju,>* 7P, and 2(3) = z(2)P +

3v > Py p /U2 L Bupt Xy /s'0h THass . Easy computations show that

do(z(1)) = —31}?2‘21)211?1)71)1){2, do(z(2)) = —3v>%v pgtl/vgg,
3
do(z(3)) = 3v>*o{PIP Py fp

mod vy T****and so N(k) = as 41 (1 < k < 3). For k > 4, we define z(k)
k k—2 —
inductively on k by z(k) = a(k — 1)P — ui>17Pylsp-brits /1}5”c L
Parallel calculation to the proof of Proposition 4.2.1 shows that
k—2

do (k) = 3oyt ol Pt

( 1+as, k+1)

mod and so we obtain N (k) = a2 g+1- O

(i) For j < p—2. We set z(1) to Xo(vg,Xgl)p + X (vdP , X3h). As is already
computed in Proposition 4.1.9,
Jj+1

dofa(1) = =4 + Do X [0 (7

> 2”X3 2t2 /U1p+2

mod (v 2er1), and so N(1) = 2p. For k > 2, we can construct z(k) as in
5.2.5 (i) and obtain N (k) = 2p* + pF—1 — pk—2. 0
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5.2.5. FOR ODD r > 3 AND s € Np.
(i) Foras, —p<j<asg, (j#az, —p+2). Weset
2(1) = 2(0)7 + (1 — j)ufel PP~V y
Easy calculation shows that for a3, —1 < j < as,,

do(z(1)) = (1 — j)ofv{™ PP~V ¢, mod P+
and for az, —p<j<as,—2,

do(z(1)) = (j — l)vf"'lv;a“7j)p71v§8p_1)prw273 mod v? 2.

For j = as, and k > 2, we can define z(k) as in 5.2.3 (iii). For j = a3, — 1,

we set ©(2) to z(1)? — 3/20F T1X (pieerrr PP , X35 .42). Then do(z(2)) is
congruent to
3oy v 1Xs r2(2t — 7)142)/21’@3 D + 3v} o p ”ésp 1)pTHtlz“ZJ

(= =3/2D X[y yy(vf TP, 0§ s PP s ) 4 30 P 7, 2Pt

mod (v} +”Jrl) for some Z € v; ' BP,BP, and so N(2) = p?+p—1. Applying
Propositions 4.2.3 and 4.2.6, we can define z(k) inductively on k£ > 3 and
obtain N (k) = p* +pF~!. On the other hand, we can apply Proposition 4.2.8
to az, —p < j <as, — 2 case and obtain N (k) = P(k). a

(ii) Either for j = a3, —p+2,orfor j < az, —p—1land pf(j+1). For
Jj=as,—p—2, weset

;L'(].) :XO(U;31 —p—2 Xgr)p+X ( (az,r—p—2)p XSP)+2,U%P,U§SP*1)PT+P+2/U§'
Otherwise, we set

(1) = Xo(v3, X3, + X4 (03", X51).

We now use Proposition 4.1.9, to compute do(2(1)) mod (v;?"). For j =
agr —p— ]-7
2p s’ 2p ys 2
— U1 XT+2t1 Uy X3,T+1t1 2p p 21+ (sp— 1)p az,»—p—1
do(l‘(].)) = S,UD(T+2)—P2—P+1 - vas,r+1—P2—P+2 +3 X3 02 ( )
2 2
Otherwise,
2pxs t j+1 VP XS 2
— sl r+2 1 “*3,r+1°1
do(z(1)) = —j(j + I)W - < 9 )W
So N(1) = 2p. For k = 2, we set
JH1Y 2p2 o +2)p—2 s
@) =1y - (75 ) e )
Using Proposition 4.1.7, we now compute do(z(2)), getting
—1)ptt as,r—p— .
3vfp2v§3_pv§8p Lp By (vg PP mod v2p T oforj=as, —p-1,

. 2
— (TN DX,y (077 P g (ip+2)p—1 ,X3,.,)  mod vi? “tP otherwise.
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Thus, N(2) = 2p? for j = a3 —p—1, and N(2) = 2p? + p— 2 for other cases.
In the former case, we can construct (k) inductively on k > 3 using Propo-
sition 4.2.7 and obtain N (k) = 2p*. In the latter case, Propositions 4.2.3
and 4.2.6 work well, and so we obtain N (k) = 2p* + pF—1 — p*—2, a

For j <az,—2pandp| (j+1). Foras, —p® <j<as, — 2p, we have
already shown that

do(x(0)) = —a(r)vivy®" e 1U§Sp71)pr_1w2,3
mod (v?) in 5.1.1 (ii). Then we can define z(k) inductively on k& > 1 using
Proposition 4.2.8 and obtain N(k) = p* + P(k). For j < a3, — p* — p,
5.1.1 (iii) and (iv) also show how to compute the congruence class of do(z(0))
mod p,v? . For p? t (j +p+ 1), we get

r—1

DX[y (o0 0™, X5, + a(rol gt T TP ) (),
For p* | (j +p+ 1), we get
—DZ( P-‘rl J+1 X3 r)
When p?|(j +p+ 1), we can construct z(k) inductively on k > 1 using Propo-
sition 4.2.6 and obtain N (k) = p¥™! + p*. On the other hand, we set z(1) to
2(0) + Yoy (0? P o Xg ) when p? § (j +p+ 1). Then do(a(1)) is
expressed as follows. For p* { (j + 1),

do(x(1) = j'DZ(0 P, 0¥ P X5 ) mod of L

For j = a3, — p* — p,

r+1

do(z(1)) = a(r)vf%rpvgs*pvgs’)_l)p 61 (Ug3’”_p2_p)p mod v} ey

For p? | (j +1) and j < a3, — 2p* — p,

do(z(1)) = oF +p+1X3 H_ltp/v(ﬁl p+1 mod v? “+pt2

When p? { (j + 1), we construct z(k) inductively on k& > 2 using Proposi-
tion 4.2.6 and obtain N(k) = p**! + p*. When j = a3, — p> — p, we can
construct (k) inductively on k > 2 asin j = ag, — p —1caseand k > 3
(discussed in 5.2.5 (ii)), and obtain N (k) = p’CJrl + pF. When p? | (j + 1)

2
and j < as, —2p? —p, we set 2(2) to z(1)P —o¥ e, s X301 /vy (G+1)p"+p L
Since

+1)p*+p+1
do(— p+p +2, Xsr+1/ (j+1)p~+p )

B e G+1)p*+p [ ,p? p—1 p—1
=Y Xg,r+2/“2 (t] —vy “t1) tovivy Twap

mod (v} S P12y we have

3, 2 . 2
d0($(2)) = _DX[I,O](’Uf +p +P+17,Uéj+1)l) +17X§7r+2)7

and so N(2) = p® + p? + p. Applying Propositions 4.2.3 and 4.2.6, we can
define z(k) inductively on k > 3 and obtain N (k) = p**1 +pk +pF—1 4 pF—2,
Finally we have completed the computations for all cases. a
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Now we can prove our main theorem.

Proof of Theorem. For each F,-basic element (:10§7r/vg)p’c of Lemma 2.3.3, we
have already constructed the element z(k) (= z(sp”/j; k)), which satisfies the con-
gruence z(sp”/j; k) = (x§7r/vg)pk mod (vy ), and determined the vy -divisibility N (k)
(= N(s,r,j;k)) of z(k) as the smallest integer with do(z(k)) #Z 0 mod (v{v(k)ﬂ).
We also define y(mp”) by y(mp") = 1/XJ". and obtain N(m;r) = az, (Corol-
lary 3.3.5). Using these results, let BY be the direct sum of the cyclic modules as
in Proposition 2.4.1. The linear independence of the set

{8(a(sp" /3 1) /o ")} U LS (L /0™ X))
is verified by checking with condition (2.5.2). This completes the proof. g
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