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ON RECTIFIABLE OSCILLATION
OF EMDEN-FOWLER EQUATIONS



Abstract. We are interested in the oscillatory behavior of solutions of
Emden—Fowler equation

Yy + f@)lyl" "y =0, (1)
where v > 0 and v # 1, f(z) € C'(0,1] and f(z) > 0 for z € (0,1].
A solution y(x) is rectifiable oscillatory if the solution curve {(z,y(x)) :
x € (0,1]} has a finite arc-length. When the arc-length of the solution
curve is infinite, the solution y(z) is said to be unrectifiable oscillatory. We
prove integral criteria in terms of f(z) which are necessary and sufficient
for both rectifiable and unrectifiable oscillations of all solutions of (1). For
a discussion on rectifiable oscillation of the linear differential equation, i.e.
the equation (1) when v = 1, we refer to Pasié¢ [15], Wong [17].
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1. INTRODUCTION

We study the oscillatory behavior of solutions of the Emden—Fowler equa-
tion on a finite interval. Consider the equation

y'+ f@)ly Ty =0, >0, y#1, (1)
where f(z) € C?(0,1], f(z) is strictly positive and singular at = 0, i.e.
111% f(z) = co. Let Iy and I denote the half-open interval (0,1] and the

closed interval [0,1] respectively. Under these assumptions, it is known
from results on the semi-infinite interval [0, c0) that any solution y(x) of
(1) with prescribed initial conditions y(zg) and y'(z¢) at some zo € Iy
can be extended throughout the entire interval Iy, see, e.g., Hastings [8],
Coffman and Wong [3]. A solution y(x) of (1) is said to be oscillatory if it
has an infinite number of zeros in I = [0, 1] and non-oscillatory if it has only
a finite number of zeros in I. If any one of the solutions of the equation (1)
is oscillatory in I, then f(z) must be singular. The reverse is not necessarily
true as can be seen in the Euler equation,

1
<L )
Here the coefficient is singular and the general solution of the equation (2)
is given by

y' APy =0, A

y(z) = e1v/x cos(plogz) + cav/wsin(plog ), (3)

1
where p? = A\ — 1 When p? < 0, the solution given by (3) is nonoscillatory.
We are interested in the graph G(y) of a solution y(z) of the equation

(1) where G(y) = {(z,y(z)) : 0 <@ <1} C R?is a curve in the plane. The
arc-length of the solution curve G(y), denoted by Lg(y), is defined by

Lofy) = sup {z [ERTENE <xi_1,y<xi_1>>”2} ,

where the supremum is taken over all partitions 0 = xg < 1 < -+ < xp, = 1
of I,|| |2 denotes the Euclidean norm in R? and m is any finite number.
A convenient formula of computing L¢(y) is the following:

1
La(y) = lim [ /1 +y%(z)dz. (4)

It is clear that any continuous function on a finite interval can have finite
1

or infinite length, for example y(z) = 2 sin — is a solution of y” + =4y =0
and its arc-length L (y), according to the formula (4), is infinite. The well
known example by Weiesstrass of a continuous but nowhere differentiable
function defined on any finite interval also has infinite arc-length .

A curve in R? is called rectifiable if it has finite arc-length and is called
unrectifiable if it has infinite arc-length. A solution y(z) of the equation
(1) is called rectifiable oscillatory if its graph G(y) has infinite length, i.e.
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L¢(y) is finite, and it is called unrectifiable oscillatory if Lg(y) = oo. The
equation (1) is rectifiable oscillatory if all its solutions are. Likewise for
unrectifiable oscillation.

It is therefore natural to ask under what conditions imposed on a(z), the
solutions of the equation (1) are rectifiable oscillatory, and if not, unrectifi-
able oscillatory. In the linear case, the Euler-type differential equation

y" + Xy =0, A>0, a>0 (5)

has been studied by Pasi¢ [15] and Wong [17]. Their main result is the
following.

Theorem A. Solutions of the equation (5) are
(a) rectifiable oscillatory if 2 < a < 4, and
(b) unrectifiable oscillatory if a > 4.

More recently, Kwong, Pasi¢ and Wong [13] improved the above result
by proving

Theorem B. For the linear equation (1) with v = 1, if the coefficient
function f(z) satisfies the Hartman—Wintner condition

1
lim / i) | (1)

e—0
(see [4] and [7]), then all solutions of (1) with v =1 are
(i) rectifiable oscillatory if

dr < 0o (H-W)

1
lim Y4 (2)dz < oo, (6)
E—
€

and
(ii) rectifiable oscillatory if

1
ii_r% fi(x)dr = co. (7)

€

Theorem B is a significant improvement of Theorem A. The question
whether Theorem B can be extended to the more general case of the Emden—
Fowler equation (1) when v > 0, # 1, is quite natural, particularly in the
light of the fact that the Sturm Comparison Theorem does not hold for the
Emden—Fowler equation (1) but was used extensively in the proof of The-
orem A. Fortunately, the approach of using asymptotic representation in
proving Theorem B can be modified to the nonlinear Emden—Fowler equa-
tion (1). The purpose of this paper is to prove an analogue of Theorem B
for the equation (1):
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Theorem 1. Suppose that f(z) € C%(0,1], f(z) > 0 for x € (0,1],
lir% f(z) = o0, and satisfies

e—0

1
lim /fﬁl(:v)fjr(:v)dx =Ky < 00, (Ap)

where fi(z) = max (f(z),0). If, in addition, f(x) satisfies for 0 <~y <1

e—0

1
lim/‘d(f’(x)f_?’m(x))‘ < 00, (8)

and for vy >1
1
ti [ fd (/)70 @) | < o, )
e—0
€
then the equation (1) is (i) rectifiable oscillatory if
1
lir%/fl/"YJr?’(x)dx < 00, (10)
E—
g

and (ii) unrectifiable oscillatory if
lim/fl/'”g(x)dx = 0. (11)

In the special case of the Euler-type coefficient f(z) = Ax~%, A > 0, the
Emden-Fowler equation

Y+ x|y =0, A>0, v>0, (1o)
x € (0,1], admits the following

Corollary.

(i) Equation (1g) is rectifiable oscillatory if 2 < a < v+ 3 when 0 <
y<landy+1<a<~vy+3 wheny>1;
(ii) Fquation (1o) is unrectifiable oscillatory if o > v + 3.

Clearly Corollary above reduces to Theorem A when v = 1. Theorem
B however does not follow as a corollary of the main Theorem because the
(H — W) condition is implied by (8) or (9), see Lemma 2 below.

The basis of our proof of the main result is the asymptotic representation
formula for the Emden—Fowler equations developed by Kiguradze [9], [10],
[11] (see Kiguradze and Chanturia [12; pp. 270-275], and Chanturia [5]).
Kiguradze’s results like that of Wintner in the linear case were given on
the semi-infinite interval [0, 00). When compared with the linear case, Kig-
uradze’s results require the additional assumption on the monotonicity of
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f(x) near x = 0, which is provided here by the assumption (A4y), a condition
somewhat weaker than f/(z) <0, = € (0,¢] for some € > 0.

2. AUXILIARY LEMMAS
We first introduce a Lyapunov function V(z) for a given solution y(z) of

the equation (1) by

S @O @ )

Introduce the function g(x) = f/(x)[f(x)]~O+5/7+3 which is related to
V(z) by the following identity by (1):

V(z) = 7243 (@) |y () +

V(@) = V(o) + — [g(zo)y(zo)y/ (z0) — g(@)y(x)y (z)] -

y+3
- [ v (gl (13)
From (12), we have
1/v+1
|y(z)| < (%) f(x)—l/’Y-l-?)V(:C)l/’Y-l-l (14)
and
ly' ()] < f(2) 7TV ()12, (15)

To develop an asymptotic representation of solutions of (1), Kiguradze
introduces a condition similar to the Hartman—Wintner condition which we
label as (K):

g(@) = [f(@)]"0FDHEf (@) € BV(0,1), and lim g(2) =0,  (K)

x—0

which is implied by an obvious extension of (H — W) condition, namely,

(r5w)"

dr < oo. (%)

e—0

1
lim /f_1/7+3(:1c)

Lemma 1. The condition (%) implies the condition (K).

Proof. Let k(z) = fﬁﬁ (x). Tt is easy to verify the identity
g0 @) = (K@K (@) = K@K (@) + K@ (0)

The condition (x) implies for all s € (0, 1]

1 1
/k(w)k”(:c)dw = k(1)K (1) = k(s)k'(s) — /k’(x)2dx > —Cy, (17)



On Rectifiable Oscillation of Emden—Fowler Equations 133

1
where Cy = [ |k(z)k” (z)|dz. Since k(0) = 0 and k(x) > 0 for all z € (0,1],
0

it follows from the mean value theorem that there exists a sequence of points
$n >0, s, — 0, such that k'(s,,) > 0. Using this in (17), we have
1
[ #3@ide < o HOF Q)] - beK ) e (19

where C; = Cp + |k(1)k'(1)|. Letting s, — 0 in (18), we conclude that
k'(x) € L?(0,1). Returning to (16) and noting the condition (14), i.e.
kE(x)k"(x) € L1(0,1), we deduce that ¢'(x) € L1(0,1) which implies
lir% g(z) =c.

From (17) we note that for all s € (0,1) we have k(s)k’(s) < Cy, which
upon integrating from s = 0 to s = x gives k?(x) < 2C 2. Observe that

1 1

. 1 .
I e = ) oo
£ £

Now if lir% g(x) = k(z)k'(z) = ¢ # 0, then there is a neighborhood [0, 21]

of x = 0, 1 > 0, such that |k(s)k'(s)|~! < By for s € [0,21]. Now from
(19) we obtain

dx = oc. (19)

Z1 Z1 Z1

i ds _ [ _(K(5))” 2 [ (102

which contradicts the fact that k’(z) € L%(0,1). Thus limO g(x) = 0, proving
that the condition (*) implies (K). O

We note that the condition (x) alone is not sufficient to prove the required
asymptotic representation formula for the equation (1) as in the case of the
linear equation. Results of Kiguradze suggested that the stronger conditions
(8) in case 0 < v < 1 and (9) in case v > 1 plus the monotonicity condition
(Ap) would suffice. We will prove these observations in the lemmas to follow.

Lemma 2. The condition (8) in case 0 < v < 1 and the condition (9)
in case v > 1 imply the condition (%) hence the condition (K).
Proof. The condition (8) implies that the limit f~3/2(z)f'(x) as 2 — 0 exist

and is finite, so for 0 < y < 1 the expression g(x) = f~%/%(z) f'(x)[f ()] 27
tends to zero as x — 0. Now consider the identity

1

1
[ats)= [ 1020590 (5(5)£52(9)) +

x
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('v+4)
s /|f (O

11—y
0 +3)I2( ), (20)

where I1(x), I2(z) denote the first and second integrals on the right hand
side of (20), respectively. The integral I;(x) converges as  — 0 because of
(8) and lin}J g(x) = 0, so the integral Iz(z) also converges as x — 0. Now

the condition (8) implies that there exists By > 0 such that |I;(z)| < Bj.
We can now estimate (20) and obtain

= Il(:v)

(1)

[ 15(6)1 < 1 @)+ (1= 2)/20+ 9)ale) < By +
The convergence of Iy(z) as x — 0 shows by (21) that g(x) € BV(0,1).
Since f(x) € C?(0,1], this proves ¢’(x) € L1(0,1), so the condition (7)
implies (K). Returning to (16), we note that k'(x) € L?(0,1) from |Iz(z)| <
By. This together with ¢’(z) € L1(0,1) implies by (16) the validity of ().

We assume that the condition (9) holds for v > 1. Consider instead of
(20) the following identity

1

[dts) = [ )08 000 ()75 () +

x

wiﬁ / I @) () Pds =

—1
= I3(z) + WIQ(I)a (22)

where I5(x) denotes the first integral of the right hand side of (22) and
I5(z) denotes the second integral of the right hand side of (22) which is the
same as the second integral of the right hand side of (20). The condition
(9) implies that I3(z) converges as x — 0. Also write

— _at2 —
gla) = O @) f(2) = [ (@) f () O/ OFDOF (@) (23)
the condition (9) implies that | f~(+2)/7+1(z) f/(z)| is bounded, so vy > 1 in
(23) implies that lim g(:v) = 0. We estimate (22) by the following inequality

/|dg )| < B+ s h@) 24

The condition (9) implies the convergence of I3(x) which in turn implies by
(22) that Iz(x) also converges and hence is bounded. These two statements
prove that g(z) € BV(0,1) or ¢’(z) € L1(0,1). Thus the condition (9)
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implies (K). Now the boundedness of I3(x), which is similar to k'(z) €
L?(0,1), plus ¢'(x) € L1(0,1) prove by (16) that k(x)k”(xz) € L'(0,1).
Hence the condition (8) implies (x). O
Lemma 3. Assume that the condition (K) holds. Then for every solution
y(x) of the equation (1) the following hold:
(i) For~y > 1, V(x) is bounded and lin}) V(z)=¢co >0,
(ii) For 0 <~y <1, if V(z) is bounded, then lirr%) V(z) =¢o > 0.

Proof. (i) Suppose that V' (z) is unbounded. Then there exists a sequence

{sk : klim s = 0} such that V(s;) = sup V(z) form a non-decreasing
—00 sp<x<l
sequence and klirn V(sg) = o0 as k — oo. By the condition (K), ¢'(z) €

L1(0,1), so we can estimate V(sy) using (13), (14) and (15):

2 L1\
V(sg) < V(xo) + m (%) V(w+3)/2(v+1)(5k)x

Zo

«Llool + ool + [laa) ] 25)

Sk

For v > 1, (v +3)/2(y + 1) < 1, so (25) yields that V() is bounded. By
(13), lin}J V(z) = co exists and is non-negative by (12).

(i) For 0 < v < 1, we assume that V(x) is bounded but lirr}J V(z) =0.

We want to show that the condition (K) leads to a contradiction. For any
x1 € (0,1], we can find 23 < z2 < 21, such that

{QV(zg) =V (z2) = V(zy),

V(zs) < V(z) < V(xz), where x € (z3,22). (26)

Now putting = z3 and zp = z2 in (13), we find

1/v+1
1 2 y+1
“V(rs) < — [ ——
2 (x)_”y—l—fi( 2 ) x
T2

x /|d9(3)|+|g($3)|+|g(x2)| V () 7+3/20+1),

3
from which it follows

12 1\
V(xl)(wfl)/2(v+3) < m <%) /|dg(s)| < o0, (27)
0

because ¢'(x) € L1(0,1). Since 7 is chosen arbitrarily and 0 < v < 1, so
lir% V(z) = 0 implies that the left hand side of (27) tends to oo as 21 — 0.

This contradiction proves that lin% V(z) =co > 0. 0
xr—
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Lemma 2 shows that Kiguradze’s condition (8) for 0 < v < 1 and condi-
tion (9) for v > 1 are stronger than the corresponding Hartman—Wintner’s
condition (*). Indeed, Lemma 3 shows that if only the condition (K) holds,
then V(z) may tend to 0 as ¢ — 0 in case v > 1 and V(z) may be un-
bounded in case 0 < 7 < 1. However, under the monotonicity assumption
(Ap), i.e. when f(x) is basically non-increasing, then conditions the (8)
and (9) imply that the Lyapunov function V' (z) of any nontrivial solution
satisfies il—% V(z) = co > 0 as x — 0 as given by Lemma 4 and Lemma 5

below.
Lemma 4. For 0 < v < 1, if f(z) satisfies (Ag) and the condition

(8), then for every nontrivial solution y(x) of (1), its associated Lyapunov
function V(z) is bounded.

Proof. Suppose that V(x) is unbounded. Then for any z; € (0,1] we can
find 23 < o < 21 such that

{%V(zg) = V(SCQ) - V(‘Tl)a

V(ze) < V(z) < V(xs), where x € (z3,x2). (28)

Substituting x for z¢ and z3 for z in (13), we obtain similarly to (27) the
following estimate

1+l %2
_ 12 (v+1
V(xg)(7 D/20v+1) < m (T) /|dg(s)| (29)
x3
Using (28), (29) and 0 < v < 1, we can find a lower bound for V(z1):
z1 2(y+1)/v-1
V) 2 0, | [ ldgts) , (30)
0
r+1

where M, = 2(12/v + 3)2(0+3)/7-1

(30) holds for all = € (0, 1].
Define W(z) = f(2)- /" 5V(@) = f(@)y2(@) + Zly(@)*.
Using (1), we find
W(x) = —f (@) [ (2)y (@) = =7 (@) f (@)W (). (31)
Integrating (31) from z to x¢ € (0,1], we obtain by (Ag)

2/v—1
5 ) . Since x; is arbitrary,

W (zx) < W(xo)exp /f_l(s)f;(s)ds < oW (z). (32)

Lemma 2 allows us to rewrite (20) as

x

9(z) = / dg(s) = / J()07VROED G (f()f72(s) ) +
0

0
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1=y [ty (o) 2ds —
"o+ 3) / [fOHOIE () 1 (5)Pds =

where Ji(z) and Ja(z) denote the first and second integrals on the right
hand side of (33). We can estimate (33) from above by

x

[ 15(s)] < gy / [ (r)7722(9)] + —2(17‘33) Jo(z). (34)
0 0

Using (33) in (34), we obtain

] dg(s)] < 2(f(a) 0D+ / i (F@f2 @) | +9@.  (35)
0 0
Note that
)] < (F@) 020 [ a (511752 @) | (36)
0

Substituting (36) into (35), we find

- 2(y+1)/v—1 - 2040
[ 1as6s) > 1@ (3 [la(rrore)|] e
0 0

Replace x1 by z in (30) since x; is arbitrary, and use the definition W (x) =
f(z)~OFD/73V(2) to obtain from (30)

2(v+1)/v-1

W)= M, |3 / jd (172()1'(9)) . (38)
0

Because of the condition (8) and 0 < v < 1, the right hand side of (38)
tends to oo as ¢ — 0, which contradicts (32). This proves Lemma 4. O

Lemma 4 and Lemma 3 (ii) together show that for every nontrivial solu-
tion y(x) its Lyapunov function V' (z) as defined by (11) satisfies 111% V(z) =
xTr—
¢p > 0. We now wish to show that the condition (9) in the case where v > 1
also gives the same conclusion.

Lemma 5. For vy > 1, if f(x) satisfies (Ag) and the condition (9), then
for every nontrivial solution y(x) of (1) its associated Lyapunov function
V(z) satisfies lir% V(z) =co > 0.
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Proof. Lemma 3 has already established the fact that V(z) is bounded and
1111%J V(z) exists as a non-negative number ¢yo. To show that ¢y > 0, we

assume that V(z) — 0 as ¢ — 0. Then for any 1 € (0,1] we can find
T3 < x9 < x1 such that

{2V(z3) = V() = V(z1),

V(zs) < V(z) < V(xz), where x € (z3,22). (39)

Now putting = x5 and z¢ = 5 in (13), we can estimate V(z2) by (39) as
follows

1 2 +1 Yt [ ~+3
Vs (1) [ ool ot +laten)] V) 7

x3

which reduces to

1/y+1 7

_ 12 v+1

Viz)-D/2048) < / dg(s)|. 40

(@) <2 (4 dg(e). (a0
0

Since lir% g(x) =0 and ¢'(z) € L1(0,1), we rewrite (22) as

9(@) = [ dg(s) = [ F() - CEEG (f/()f(5)F ) +
fro] (roser)
v—1 f / -1 2 .
+mo/f(5)f )| s =
= Js(z) + LJQ(z), (41)

(v+1D(v+3)

where J3(z) is the first integral on the right hand side of (41) and Ja(z)
represents the second integral. Note that Jo(z) is the same as the second
integral of (33). Using an argument similar to (33), (34), (35), (36) and
(37), we obtain

x

[1as(s)] < gy / d(r@re7 )| @)
0 0

Define H(x) = f2/7*3(a)V(2) = y"2(¢) + 21/ (@)lyl*". By (1), we find

2 _

H'(x) = ﬁf’(ﬂfﬂyﬁﬂ < fi(@)f @) H (). (43)
Integrating (43) we obtain H(x) > H(xg)e %o for all z < g, 29 € (0,1],
with Ky given by (Ap). Returning to (40) and noting that H(z) is bounded
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below by a positive constant, we obtain by (42)

2(y+3)
~v—1

H(@)= @)V () <Ky /Vi AFH@) e

12K, (v + 1\

v+3 2
hand side of (44) tends to 0 as # — 0 but H(x) is bounded below by the
positive constant H (zo)e~#°. This is a contradiction proving lin% Viz) =

co > 0. O

where K, = . By (9) and v > 1, we note that the right

3. PROOF OF THE MAIN THEOREM

Under the assumption (Ag), (8) for 0 < v < 1 and (9) for v > 1 of
the Theorem, we know that the condition (K) holds. For every nontrivial
solution y(z) of the equation (1), the associated Lyapunov function V(x)
given by (11) satisfies ili% V(z) = ¢op > 0 which is proved in Lemma 4 and
Lemma 5. The asymptotic representation formula developed by Kiguradze
[12] on the semi-infinite interval [0, co) can also be formulated on the finite
interval (0, 1] as described below. Given a nontrivial solution y(z), we rep-
resent it and its derivative y'(x) by the introduction of two functions h(x)
for z € (0,1] and w(t) for t € [0,00) where t = h(x), namely

y(z) = f()” 77V (2)w(h(z)) (45)

(@) = —f(2) FVE @) (hx)). (46)
The functions h(z) and w(t) satisfy HL% h(z) = co and

() + [w®)] " w(t) =0, tel0,00), (47)

where “dot” denotes differentiation with respect to t and w(t) satisfies the
initial condition w(0) =0, w (0) = 1.

Note that the equation (47) is in the form of the equation (1) with f(z) =
1 but is defined over the semi-infinite interval [0, 00). All solutions of (47)
are periodic and have the period T given by

L (aEn T e
() [ae .
0

Denote the zeros of w(t) and w(t) by {t,} and {7,} which satisfy for all n

1/v+1
wtn) = i(m) = 0 and  |w(m)| = (#) . (49)

To show the validity of the asymptotic representation formulas (45), (46),
we need to establish the existence of h(z) such that upon differentiating (45)
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we would obtain (46). This means that h(z) must satisfy the following
W (h(&) [F (@) () 2749 4 V()7 D/

:w(h(z)) [Lf(z)(v%)/wsf/(x) _ Lf(x)72/7+3vfl(x)vl(x) _

v+3 v+ 1

_ %@C;) ( Flz)- OO+ f/(gc)) y
1 (225) [0 - 0w} (50)

Note that w(t) satisfies the identity
w?(t) + %w”“(t) =1. (51)

Thus when w'(h(z)) # 0, (50) implies by (51) that h(z) satisfies the differ-

ential equation

B (z) = _f(m)2/w+3v(z)('yfl)/2(v+1)+

1 _1 , /
T mf () f'(z)w(h(z))w' (h(z)). (52)

On the other hand, when w’ (h(z)) = 0, we know that |w?**(h(z))| = FYZLI

by (49), which shows that the last term under brackets in (50) is also zero.
This establishes the validity of (50), hence that of (52).
Turning to the differential equation (52), we can rewrite it as

—h'<x>=f<m>2/v+3{v<x><7-1>/2<7+1>—i <w>w(h<x>)w’<h<x>)}. (53)

7+39

Since g(x) — 0 as ¢ — 0 and lim V(x) = ¢o > 0, we obtain from (53)

1
1 (=
t=h(z) 2 5087 R /f2/7+3(8)ds — 00 (54)
as ¢ — 0. Here we set h(1) = 0. The existence of a solution h(x) of

the first order nonlinear differential equation (52) (or (53)) satisfying the
initial condition h(1) = 0 follows from classical existence results except to
note that the initial conditions are set at the right hand end point of the
interval. This proves the validity of the asymptotic representation formula

1
(45), (46). The divergence of [ f(s)?/73ds follows from (19) in Lemma 1.

x
Let y(z) be a nontrivial oscillatory solution of the equation (1) and {ax}
be the decreasing sequence of consecutive zeros of y(z), i.e. y(ar) = 0,
api1 < ag, k=0,1,..., klirn ar = 0 and ag € (0,1]. Consider the segment
— 00
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of the solution curve I'y, = {(az,y(x)) tapr < < ak}. Denote the arc-
length of Ty, by L(T'y) and let s be the extremum point of y(z) between
ar+1 and ag, i.e. y'(si) = 0. Note that

2ly(sk)l < L(Tk) < 2ly(sk)| + (ar — artr)- (55)

Piecing together the segments I'y, over the entire interval (0, 1], we note that
the arc-length of the graph of the solution curve satisfies

La(y) = ZL(I‘k) + arc-length {(w,y(m)) tag <z < 1} . (56)
k=0

Combining (55) and (56), we obtain

QZly Sk|<LG <22|y Sk +M0+a0, (57)
k=0

where M)y is the arc-length of the solution curve on the interval [ag, 1] which
is finite. We note also that

[l @lde =3 lutsu)l+ [ 1y @laz, (58)
0 k=0 ao

so the solution is rectifiable oscillatory or unrectifiable oscillatory depending
whether or not y'(x) € L1(0,1).

We return to (46) and recall that w(t) is a periodic hence bounded func-
tion. Furthermore, ili% V(z) = co > 0, so the condition (10) implies that

y(x) is rectifiable oscillatory.

On the other hand, we denote by 7 the zeros of w(t) which correspond
to the zeros sy of y'(z) by the asymptotic formula (46). We first note that
for x close to 0 h'(x) is strictly negative by (53), so t = h(z) has an inverse
x = h™1(t) on the sub-interval (0,ag,), where ko is sufficiently large. Now
we use the asymptotic formula (45) to estimate

S r ()] = S0 30 5 () ol (69

k= ]i}() k= k()
By (57), we will show that y(x) is unrectifiable oscillatory if we will show
that the series in (59) is divergent. The periodicity of w(t) shows by (49)

that |w(m)| = (3;—1)1/V+1, so the series on the left hand side of (59) will

be divergent if we show that Z fY743 (=Y (7y)) is divergent.
k=ko
By assumption (Ap), we note that for 0 < z; < 29 < 1 we have

xo 1
S Fr6), [,
log ) —/ d Sb/ ds = K. (60)

f(s) f(s)

x1
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Denote F(t) = f~Y/7*3(h=%(t)) and Ji, = [rk, Tkt1] which for each k has
the fixed length 7'/2 by (48). Since h™!(t) > h™*(741) for all t € [7h, Thy1],
h=1(mx) = si and y/(sx) = 0, by (60) and (53) we obtain

) . R (Trq1)
2 Fm) 2 ey / F(yds =
k—ko k=ko h=1(p)
o Skl
= eiKO Z / f71/7+3(5)h/(8)d8 Z
k=ko Sk
Sk
Zcév_l)/g(y-',-l)efKo / fl/’Y+3(s)d8. (61)
Sn41

1
Now s,, tends to zero as n — oo, so the condition (11), i.e. [ f}/7%3(z)dx =
0

00, implies by (61) that y(z) is unrectifiable oscillatory. This completes the
proof of the theorem.

4. REMARKS AND OPEN PROBLEMS

We begin with comments about the assumptions (A4p), (8) and (9) and

key steps of the proof of the main Theorem.

1. let f(z) = 27%(2 + sinz). It is easy to verify that f/ (z)/f(z) <

(cosz)4 which is integrable on (0,1), so the assumption (A4g) is
satisfied.

. Both conditions (8) and (9) reduce to g1(z) = f~3/2(z) f'(z) when

setting v = 1. In this case the condition (K) is equivalent to the
original Hartman—Wintner condition (H — W).

. It is interesting to note that the proof of the asymptotic formula

(45), (46) is not valid when v = 1. The key estimates (37), (38)
when 0 < v < 1 and (40), (43) when v > 1 become meaningless if
v = 1. The original proof of Hartman—Wintner asymptotic formula
in the linear case was based upon variation of parameters formula
which is valid only for linear equations.

. We refer to Corollary (i) stated in Section 1 and in particular to the

lower bounds for a > 0 which are different for 0 < v < 1 and for v >
1. These requirements are imposed to ensure that the equation (10)
is oscillatory. When « = 1, this is the same as Theorem A(a) where
the oscillation follows from the Sturm Comparison Theorem. For
the Emden—Fowler equation (1), we can use the integral oscillation
criteria of Atkinson [1] and Belohorec [2] which give necessary and
sufficient conditions for the oscillation of all solutions of (1). Their
results, when converted to the finite interval [0, 1], are as follows:
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(i)
(i)

1
(Belohorec) For 0 < v <1, [af(z)dz = oo,
0

1
(Atkinson) For v > 1, [ 27 f(z)dz = occ.
0

When f(z) = Az=%, A > 0, the above criteria require (i) o > 2
for 0 <y < 1and (ii) @ >y +1 for v > 1. In fact, (i) and (ii) also
follow directly from the conditions (7) and (8).

We conclude our discussion by posting three open problems which
are of independent interest:

(a)

When v = 1, the linear equation (1) can have a coefficient f(z)
which allows co-existence of both rectifiable and unrectifiable
oscillatory solutions. The proof depends on the Wronskian
of two linearly independent solutions, see [13]. An example
showing co-existence of rectifiable and unrectifiable oscillatory
solutions for the nonlinear equation (1) is still at large;

Curves confined in a bounded domain in R? and having infi-
nite arc-length are known as fractals. In the special case of the
equation (5), it is known that when a > 4, the fractal dimen-

sion is — — —, see Falconer [6], Pasi¢ [14], [16]. Here the proof

depends heavily on the Sturm Comparism Theorem which is
not available for the Emden—Fowler equation (1). It will be
of great interest to prove similar results for the equation (1)
with A > 0,0 > v+ 3.

The linear equation (5) when a < 2 may possess both oscil-
latory and non-oscillatory solutions for different values of «,
but we know that in both cases all solutions are rectifiable.
For the Emden—Fowler equation (1) with f(x) = Axz=* A > 0,
when 0 < a < 2, we also know that it may possess both oscilla-
tory and nonoscillatory solutions even for the same «. Clearly,
bounded non-oscillatory solutions are rectifiable but we have no
knowledge about those oscillatory ones for the Emden—Fowler
equation (1). Must they also be rectifiable?
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