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Abstract. For a nonlinear wave equation occurring in relativistic quan-
tum mechanics we investigate the problem on the global solvability of the
Cauchy characteristic problem in a light cone of the future.
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1. Statement of the Problem. Consider a nonlinear wave equation of
the type

9 2u o~ 0% 9 3
(D—&—m)u::w—zw—kmu:—/\u + F, (1)
i=1

where A # 0 and m > 0 are given real constants, F' is a given and w is
an unknown real function. As is known, the equation (1) arises in the
relativistic quantum mechanics ([1]-[5]).

For the equation (1) we consider the Cauchy characteristic problem on
finding in a frustum of the light cone of the future Dy : |z] < ¢t < T,
x = (x1,x2,23), T = const > 0, a solution u(z,t) of that equation by the
boundary condition

ulg, =9, (2)
where ¢ is a given real function on the characteristic conic surface St :
t = |z|, t < T. When considering the case T = 400, we assume that

Do :t> |z and S = 0D : t = ).

Note that the Cauchy characteristic problem for the equation (1) with
the boundary conditions u|;—¢ = ug, u|t=0 = w1 has been investigated in
[1]-[5]. For more general semi-linear equations of type (1) the issues of
existence or nonexistence of a global solution of that problem have been
considered and studied in [6]-[21].

In the linear case, that is for A\ = 0, the problem (1), (2) is posed correctly
and its global solvability takes place in the corresponding function spaces
([22]-[26]). In the nonlinear case, for the equation Cu+m?u = —A|u[Pu+F,
p = const # 0, coinciding with (1) for p = 2, the global solvability of the
Cauchy characteristic problem for A > 0, m = 0 and 0 < p < 1 in the
Sobolev space W4 (Dr) has been proved in [27]. In the present paper we
prove the global solvability of the problem (1), (2) for A > 0 in the Sobolev
space W#(Dr). The uniqueness of a solution of that problem will also be
proved, and a result on the absence of the global solvability of the problem
(1), (2) will be given for the case A < 0. In this direction the works [28]-[30]
are noteworthy.

2. A Priori Estimate of a Solution of the Problem (1), (2) for A > 0.
For the sake of simplicity of our exposition, the boundary condition (2) will
be assumed to be homogeneous, i.e.,

U‘ST =0. (3)

Suppose WE(Dy, St) = {u € WE(Dr) : u|s, = 0}, where W (D7) is the
well-known Sobolev space, and the condition u|g, = 0 will be understood
in the sense of the trace theory ([31, pp. 56, 70]).

Definition 1. Let F € Wi(Dr,Sr). The function u = u(z,t) is said
to be a solution of the problem (1), (3) of the class W3, if u € WZ(Dr),
it satisfies both the equation (1) almost everywhere in the domain Dz and
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the boundary condition (3) in the sense of the trace theory (and hence

(o)

W3(Dr,Sr)).

Definition 2. Let F € Wi(Dz, Sr). The function u € W2(Dr, S7) is
said to be a strong generalized solution of the problem E)7 (3) of the class

W3, if there exists a sequence of functions u,, € C*°(Dr) satisfying the
boundary condition (3) and

nll{{.lo l[un — u||W22(DT) =0, 7}5{.10 [ Fn — F||W21(DT) =0, (4)
where
F, = Ou,, + m2u, + )\uf’z and supp F, NSt = 2. (5)

Remark 1. It can be easily seen that a strong generalized solution of the
problem (1), (3) of the class W3 in the sense of Definition 2 is also a solution
of the problem (1), (3) of the class W in the sense of Definition 1, since, as it
will be noted below, the first equality of (4) implies 7111_{20 lu —u3| LoDy =
0. On the other hand, in the next section we will prove that the problem
(1), (3) is solvable in the sense of Definition 2, whereas the uniqueness of
a solution of that problem in the sense of Definition 1 will be proved in
Section 4. This obviously implies that a solution of the problem is unique
in the sense of Definition 2, and the above definitions are equivalent.

Definition 3. Let F € L o.(D) and F € W3(D7, St) for any T > 0.
We say that the problem (1), (3) is globally solvable, if for any T > 0 this
problem has a solution of the class W3 in the domain Dz in the sense of
Definition 1.

Lemma 1. Let A > 0 and F € W(Dr,Sr). Then for any strong
generalized solution u of the problem (1), (3) of the class W3 the following
a priori estimate

lullwzor) < 11 FllLaipe) + A2l FIE )+
+ 03l Fllwy(pry exp (04 + A5l F I3, 0p]  (6)

is valid with positive constants o; = o;(m,T), i = 1,...,5, not depending
onu and F.

Proof. By Definition 2 of strong generalized solution u of the problem
(1), (3) of the class W3, there exists a sequence of functions u,, € C°°(Dr)
satisfying the conditions (3), (4) and (5), and hence

Ouy, +m2u, = =\ + F,,  u, € C°(D7), (7)
Uplg, = 0. (8)

The proof of the lemma runs in several steps.
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19, Assuming Q. := Do N {t = 7}, we first show that the a priori
estimate

ouy, ouy, 9
/u +< ) +Z<axi)]dz§c/Fndzdt, 0<t<T, (9)
Q

t t
is valid with a constant ¢ not depending on u,, and F},. Indeed, multiplying
both sides of the equation (7) by %5 6—““ and integrating over the domain D,
0 <7 <T, we obtain

1 0 ([ Oun,
/5( ) dx dt — /Aun ™ dx dt+_/8t Up) 2 dx dt+

N[O [ du

D, D,

By v = (v1, 12, v3,1p) we denote the unit vector of the outer normal to
S7\{(0,0,0,0)}. The integration by parts with regard for the equality (8)
and v|q,. = (0,0,0,1) results in

o [ ou, ou, \ 2 i Aun\”
/a< at> d dt_/(%) ”Ods—/< at) e *f(ﬁ) Yo ds,
Q S

T T T T

/ gt (un)?* dax dt = / (un)* 1 ds = /(un)zk de, k=1,2,
D, oD, Q,

02u,, Ou,, Ot Ot 1[0 (0u,\’

522 ot U= | T o ”ids_i/a(az) dodt =
D, oD, DTt

ou, Ouy, oun, 2 ou, Ou,
= / 9z, o v;ds — = / <(9—xl> vods = / rra v; ds—
oD, aDT oD,

__/<8'IZ) vyds — /(3$z) de, i1=1,2,3,
S Q

T T

whence by virtue of (10) we obtain

Au,, 1 [ /oun oun  \>
- S
ouy, 2 3 ouy, 2
Q.,. -

() (s i ) 1

A 2
+Z/ufld:c—|— %/u%dz (11)

T Qr
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Since S is a characteristic surface, we have

(639

j=1

=0. (12)

S,

Taking into account that (g % -y %), 1 = 1,2,3, is the interior dif-
ferential operator on S,, owing to (8) we find

Ou | Oun
R
With regard for (12) and (13), the equation (11) yields
2 2
/[<3un> +Z<Z—ZL> dz+%/uidm+m2/uid:c:
Q =1 Q Q.

_2/ a(;‘” dedt. (14)

=0, i=1,23. (13)

S,

D-

. . . Oy Ouy 2
Since A > 0, m? > 0, by the Cauchy inequality 2F, %k < F2 4 (%)
it follows from (14) that

/ Stin 2+23: 0u,)* d </ Oun 2d dt+/F2d dt. (15)
ot 2\ O T at ) n AL AL
Q. = D D

T T

Reasoning in a standard way, from the equalities u,|s. = 0 and u, (z,7)=

J au”ai(f’t) dt, x € Q;, 0 <7 <T, we arrive at the inequality ([31, p. 63])

||
2
/u%dz ST/ (%) dx dt. (16)

Qr D,

Adding the inequalities (15) and (16), we obtain

(Z ui+(%> +Z(g::>]dx§
g(1+T)/(%L;>2dmdt+/F3dxdt. (17)

D. D.

Introduce the notation

w(d) = /

Qs
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Then by virtue of (17) we have

ou 5. /0u
24 <—”) +Z< ”) ]dzdt+/F3dzdt_
=1 D

)

w () :(1+T)/

1{Ds)’ 0<o<T. (18)

5
(1+7T) / o)do + || F,|?
0
From (18), taking into account the fact that the expression ||Fn||2L:2(D6)

as a function of § is nondecreasing, by the Gronwall lemma ([32, p. 13]) we
find that

w(0) < ||Fn||2L2(D5) exp(1+T)d < ||Fn||2L2(D5) exp(1+T)T,

whence for ¢ = t we obtain the inequality (9) with the constant ¢ = exp(1+
T)T.

29, Since owing to (5) we have supp F,, N St = &, there exists a positive
number §,, < T such that

supp Fy, C Drs, = {(z,t) € Dy : t > |z| + 6, }. (19)
In this section we will show that

un}DT\BT,Sn =0. (20)

Indeed, let (2°,t°) € Dy \ Dy, . Introduce the domain Do 0 = {(,t) €
R*:|z| <t < t°— |2 —2°]} which is bounded from below by the surface St
and from above by the boundary S, o = {(z,t) € R* : t = 1° — [z — 2°[}
of the light cone of the past G, ,o = {(z,t) € R* : t <t° — |z — 2|} with
the vertex at the point (2°,¢°). By virtue of (19), we have

Falp, , =0, @"1") € Dr\ Drg, . (21)

Assume Dgo g0 7 := Dyoto N {t < 71}, Qm07t0)7 = Dot N {t=7}0<
7 < t°. Then aDm07t0)T =51, US2,USs3 , where Sq , = 8Dm07t0,7— N Seo,
Sor = 6Dmo7to)7 N S;) 405 Ss.r = 8Dm0)t07.,. mﬁwo)toﬂ_. Just in the same way
as when obtaining theﬁequality (11), we multiply both sides of the equation
(7) by %Lt”, integrate over the domain Do 40, 0 < 7 < t°, and taking into
account (8) and (21), we obtain

o= | a5 (-]

SI,TUSQ,T i=1 ‘7:1

+ At ™ 2] dst
1 2u1/08

S2,7US3 +
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4B

By (8) and (12), taking into account the fact that Sy ; is, just like Sy,

= 0 and also that

3
a characteristic surface and hence (ug -3 1/2)
SI,TUSZ,T

4 J
Jj=1
1 1
120 SI,T:_E<O7 VO‘S2 :E>O, V0|53,7—

(am i)

ou o ou U 2
8171' 0 8t ¢
we have

1 3 Oun, Oun, 2 Oun, ? 2 2
T Z S 0 g Vi + s I/O—Z vi || ds>0. (23)
i=1 ¢ j

SI,TUSQ,T

=1

7

S1,r

Sa2,r

Taking into account (23), from (22) we get

[ B wew [ o verer

3,7 2TU 3,7

Here, since u,, € C*(Dr) and |vg| < 1, we can take

A
M=m?+ 7 ||un||2 < +oo (25)

Dr)

in the capacity of a nonnegative constant M independent of the parameter
7. As far as u,|g, =0 and S7 : t = |z|, t < T, we will have

¢
Oun(z,0)

Up(z,t) = o

do, (.%'7 t) S 52)7— @] 5377—. (26)

||

Reasoning in a standard way ([31, p. 63]), from the equality (26) we get

that
dun \ >
/ u? ds < 2t° / (#) de, 0<7<t’ (27)

S2,+US3 ~ Do 40,

-

Assuming v(7) = [ [(agt") + Z (8“") ] dr, from (24) and (27) we
SS,T
easily obtain

T) < 2tOM/v(5) ds, 0<rt1<t
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whence by virtue of (25) and the Gronwall lemma it immediately follows
that v(7) =0, 0 < 7 < ¢, amdhence‘%“tﬂ:%rlL :g—g;ﬁ :g—ig = 0 in the
domain Do 0. Therefore u,| D,o,0 = const, and taking into account the
homogeneous boundary condition (8), we find that un|p , ., = 0 V(z°,1°) €
Dz \ Dr;s,. Thus the equality (20) is proved.

3%, We will now pass to proving the a priori estimate (6). By (20),
extending u,, from the domain Dy to the layer Xp = {(x,t) € R*: 0 < t <
T} as zero and preserving for it the same designation, we obtain

U, € C (§T>, Unp,

_ =0. 28
ZT\ﬁszTL ( )

In particular, from (28) it follows that u, = 0 for |z| > T.
Differentiating the equality (7) with respect to the variable z;, we obtain

Oty + MUy, = —3NUE U o, + Frpgyy,  1=1,2,3, (29)

where up, o, = %Lm’;, Foa = %I;" Suppose

3 3
1
E(r) = 5 Z/ (ufmt + Z ui”k) dr, Q;=D,N{t=7} (30)
k=1

iZIQT

By virtue of (28), in the right-hand side of (30) we can take instead of 2,

a three-dimensional ball B(0,T') : |z| < T in the plane ¢ = 7.
Differentiating the equality (30) with respect to the variable 7 and then

integrating by parts, with regard for (7), (28) and (29) we find that

3 3
/
E (T) = § / (un,mitun,mitt + E un,mimkun,mimkt) dr =

iZIQT k=1
3 3
= § /(un,mittun,mit_ E un,mimkwkun,mit) dr =
iZIQT k=1
3
= E /(Dunwl)unwlt dx =
iZIQT
3
= 2 3A\u? F, dr =
- M Upg; — SAURUR 2, + Pz, |Un,zt GT =
’i:th
3
= 2 3 F, d 31
- [_ mUnp,z; — UpUn,z; + n,fbi}un,fbit L. ( )
af<T,
t=1

By Holder’s inequality ([33, p. 134])

‘/f1f2f3d9€’ < fillz,, If2llz,, 1 f3llz,,
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1 1 1
for p1:3a p2:67 p3:2a _+_+_:1a
b1 P2 Pp3
and by the Cauchy inequality, for the right-hand side of (31) we have the

estimate

3
I'= ’ Z / [ - mQU‘";ﬂCz‘ - 3Auiun)$1 + Fn,wl] Un,x;t dz

<
el
t=T1
m2 3 m2 3 1 3
<y / w2 de Y / W adet 1Y / F2, doet
=1 |I|<T, =1 |I|<T, =1 \w\<T,
t=7 t=7 t=1
1< 3
+ 3 Z u? , dr+ 3\ Z / UR Uy Uyt AT | <
=)<, =1 <,
t=1 t=1
2 3 5 3
m°+1 m
< 5 Z / uz . do + > Z / Uz 4 dat+
=el<r, =Lz,
t=7 t=T
1< 3
2 2
+ 52 / Fn,xi dCC+3/\Z ||un||L3((|Z|<T7t:T))X
i=1 \w\<T, =1
t=1

X N,z | o (2| <7, t=r) 1Un,z it Lo (o)< T, t=r))- (32)

By the well-known theorem of imbedding of the space W}, (2) into L, (€2)
form=2,1=1,p =6 ([31, p. 84]; [34, p. 111]), there takes place the
inequality

[vll Lo((lzi <) < erllvll g, Vo € Wi((Jz| < T)) (33)

2 ((J=|<t))
with a positive constant ¢; not depending on v.
We also have ([31, p. 117])

3 n
Z / v dr < cp Z / 02, dz Vv € ch/g((|:v| <T)) (34)
=ligl<r b=l gl
with a positive constant c; not depending on v.
Applying the inequality (33) to the functions u,, and u, ,, which by virtue
of (28) belong to the space VCE/%((|I| <T)) for the fixed t=7, we obtain

Un x =T SC Un || o ’
Fenllzoton<r e=my < exllnlly oy ar, 1oy (35)

wn,z: || Lo (el <T, t=r)) < C1lltn,e;

W (|l <T, t=1))"
By (9), (30), (33) and (35), we have

lup | ozl <7, =) N,z | Lo Uzl <, =) 1 Un et Lo (el <, 1=r)) <
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1
< |lun n 2E(7)]? <
[|u ||L5((|\z|\<Tt etllu || 2((lell<T, t= ))[ (7))

< crel|Fallg,p,) 1 RE(T) 2 2E(T)] 2 = 2| Falf,p, E(7).  (36)
By (9),(32),(34) and (36), we have

2
<™ 2+ 1 c2 2E(1) + m2E(T) + % ||Fn||§v2l((ﬂm”<ﬂ 1=ry) T
ANl 0, (). (37
y (31) and (37), we find that
E'(t) <a(r)E(r) + B(1) <a(T)E(T) + B(1), 7<T. (38)

Here ) ) )
a(r) = (m® + 1)ea +m® + 6Acct || Ful17,(p. )

1 (39)

B(r) = 5 IFallivs (<, 1=r)-

Since according to (28

) we have E(0) = 0, multiplying both sides of the
inequality (38) by exp[—a(T

)7] and integrating in a standard way, we obtain

T

E(1) < ea<T>T/e*a<T>Uﬁ( Ydo < e /5

0

e 1 e
3¢ @ /HFW||%/I/21((||1||<T,15:U)) do = 5 ¢ ™ ||Fn||%/l/21(DT) <

IN

1 [e3%

5¢ (T)T||Fn||€v;(DT)= 0<7<T. (40)
By the equality (7),

Up,te = Ay — mPun — Auy, + F. (41)

n 2
Squaring both parts of the equality (41) and using the inequality ( > ai) <

n E a? for n = 4, we will have
i=1

/uiyttd:pgzl)\? / ub dx + 4 / [(Au,)? +m*u2 + F2] dx,

Q, |z|<T, |z|<T,
t=1 t=1

3

whence by virtue of (9), (35) and the fact that (Aun)? <33 uZ ..., we
i=1

find that

[ o < 02

24F Am>2c||F,||?
W ((lell <t er)) (r) +Am7e|| Fulli, o, )+
Q-

+ A Full 7, (ali<r, 1=y S ANENFLNG .y + 4mi el FallZ, p, )+
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+ 4||Fn|\%2((llm||<:r, t=r)) T 24E(7). (42)
Due to (40), it follows from (42) that

T

/ufmt da dt = /dT/ufm de < AN ST Fol|3,ppy+

Dr 0o Q.
+4Am* T Falllyor) + 4 Eally(pry + 126 O Fllfyy gy (43)
From (9), (30), (40) and (43) we now find that

8’&" 8un
||UnHW2 Dr) /dT/ [u + ( > "’Z (8:10) +u721,tt+

+ Z Un, it + Z un,wimk:| dr <
i=1

ik=1

T T
< / |:C/F3 dmdt} dT+/ufmdmdt+/2E(7) dr <
0 D, Dr 0
ST Full7y(pgy + AN ETNFG ,(pyy + 4m* T a7, oy +
FAIE o0 + 126D EallZy oy + T O Faly 5 =
= (T +4m*cT + 4)||Full,(pgy + AN ATIFull,(pp)+
o(T)T 2
(124 D) T By 2 (44)
3 1 3 .
Taking into account the obvious inequality ( > |ai|) < > a2 and
i=1 i=1
the equality (39), from (44) we obtain
lunllwz ey < o1l FnllLo(pr) + )\U2||Fn||3L2(DT)+
+ 03||Fn||12/V21(DT) exXp [04 + )‘05||Fn||2L2(DT)L (45)
where o1 = (¢ + 4m*cT + 4)2, 05 = 23Tz, 05 = (12 +T)2, 0y =
((m?* + 1)ca + m?), 05 = 3cc?. By (4), passing the in inequality (45) to
the limit as n — oo, we obtain the a priori estimate (6). Thus the proof of
Lemma 1 is complete. |

3. The Global Solvability of the Problem (1), (3) for A > 0.

Remark 2. Before we proceed to considering the question on the solv-
ability of the nonlinear problem (1), (3), let us consider the same question
for the linear case in the form needed for us, when in the equation (1) the
parameter A\ = 0, i.e., for the problem

Lu(z,t) = F(x,t), (x,t) € Dy (L:=0+m?), (46)
u(z,t) =0, (z,t) € Sr. (47)
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In this case for F € Wi(Dr, St) we analogously introduce the notion of a

strong generalized solution uw € W2(Dr, St) of the problem (46), (47) for

which there exists a sequence of the functions u, € C*° (D7) satisfying the
boundary condition (47) and

nlggo llun — u||W22(DT) =0, nhjgo [ Ln — F||W21(DT) =0. (48)

As it follows from the a priori estimate (6), for that solution for A = 0
we have the estimate

lullwzpry < collF'llwi oy (49)
with a positive constant ¢y not depending on u and F'.

Since the space C5°(Dr, St) = {F € C*°(Dr) : supp FNSy = &} of the
infinitely differentiable in D functions vanishing in some bounded neigh-

borhood (its own for each function) of the set St is dense in W3(Dr, St),

for a given F € W3(Dr,S7) there exists a sequence of functions F,, €
C3°(Dr, St) such that lim [[F, — F|lyy(p,y = 0. For the fixed n, ex-

tending the function F,, from the domain Dy to the layer Xp = {(x,t) €
R*:0 <t < T} as zero and preserving the same notation, we will have
F,, € C>=(Xr) with the carrier supp F,, C D : t > |z|. Denote by u,, the
solution of the Cauchy linear problem: Lu, = F,, t,|t=0 = 0, %ﬂ =10
in the layer X7, which, as is known, exists, is unique and belongs to the
space C°(Xr) ([35, p. 192]). Moreover, since supp F, C Doo, Un|i—o = 0,
agt" —o = 0, taking into account the geometry of the domain of dependence
of a solution of the linear wave equation, we will have supp u, C Do ([35,
p. 191]). Retaining for the restriction of the function w,, to the domain Dy
the same designation, we can easily see that u,, € C>°(Dr), uy|s, =0, and

because of (49),

lun = ullwz(pry < ol Fn = Fllwy (pr) - (50)

Since the sequence {F,} is fundamental in Wi(Dz, Sr), by (50) and
the fact that u,|s, = 0, the sequence {u,} is likewise fundamental in the
whole space W2(Dr, St) = {u € W3(Dr) : uls, = 0}. Thus there exists
a function u € W3(Dr, St) such that lim |u, — ullwz(p,) = 0, and since

by the condition Lu, = F,, — F in the space W3 (D7), the function u will,
by Remark 2, be a strong generalized solution of the problem (46), (47)

from the space W3(Dr, St). The uniqueness of the solution from the space

W3(Dr, St) follows from the a priori estimate (49). Consequently, for the
solution u of the problem (46), (47) we can write u = L™'F, where L™! :

o o
Wi(Dr,S7) — W3(Dr,St) is a linear continuous operator, whose norm
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admits, by virtue of (49), the estimate
1L e

Remark 3. Below, we will show that the Nemytski operator N
W3(Dr,Sr) — W3(Dr,S7) acting by the formula Nu = —\u? is con-

tinuous and compact.

< co.
YD1 S1)—W3(Dr,Sz) = 0 (51)

Indeed, first we note that if u € W(Dr, St), then since Dr is a bounded
domain from R*, therefore u € L,(Dr) for any ¢ > 1, and moreover, the

imbedding operator I1 : W3(Dr, St) — Ly(D7) is continuous and compact
([31, p. 84]). Note also that the imbedding operator Iy : W3 (Dr) —
L,(Dr) is a linear continuous one for 1 < p < 4 ([31, p. 83]). Therefore,

if u € W3(Dr, S7), then u?,u* € Lg(Dr), and since 67“ € W21 (DT) we

have g—;‘i € L3(Dr). Asis known, if f; € L, (Dr), i = 1,2, E + 5, = L
pi>1,7r > 1, then f1f2 € L, (DT) ([4, p. 45]). For p1 =6, po = 3 r=2,
(% —I—% ) fi=1u? fo = 6;, we obtain %—]XJ —3/\u2 am“ € Lo(Dr),

i=1,2,3. Analogously, we have BN“ € La(Dr).

Let X be a bounded set in WQ(DT,ST), and let {u,} be a sequence
taken arbitrarily in X. Since the space W3(Dz, St) is compact-imbedded
into the space W(Dr, S7) ([34, p. 183]), there exist a subsequence {u,, }
and a function u € Wi(Dy, S7) such that

. Oun,, —
1@1520 [un, = ullLy(r) = k—»oo H L2(Dr) -
L H Oin, _ Ou —0. (52)
k—o0 axl axl Lz(DT)

On the other hand, according to the above-said, there exists a subsequence
of the sequence {uy, }, for which we will preserve the same designation, such
that

Jun, .

lim [u2, - by =0, lim H Unk _ o, —0, i=1,2,3,

k—o0 k— ox; Ls(Dr)
) (53
u

lim [[u2, ~0llLaory =0, lim H w0 2o,

k—o00 k 2 k—o0 ot Ls(Dr)

where vg,v,v;, © = 1,2,3,4, are some functions from the corresponding

spaces: Lg(Dr), Lo(Dr) for vy, v, and Lz(Dr) for the remaining v;. Rea-
soning in a standard manner and using the notion of generalized Sobolev’s
derivative, from (52) and (53) we find that
0 0
vo=u? v=ud, v = Y 1=1,2,3 v4:—u. (54)

8171' ’ ’ 8t
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Let us now show that

lim HaN“"k—aN“ =0, i=123
k—o0 8171 8171 Ly(Dr)
ON ON (55)
lim H Uni _ _u =0.
k—oo LQ(DT)

Indeed, using Holder’s inequality for p = 3, ¢ = % (4

2
=9\2 / <u721k Qtiny _ 2 8“) dedt =
L>(Dr) 5 6:101- 8:51

T

2
= 9)\2/ {(uik —u?) 8;’” + u? (8;’” - gu ﬂ drdt <
€T €T €T

H(?Nun,C ONu

Dr
ou 2 ou ou\ >
< 2 2 2\2 np 2 4 ng
< 18X /(unk u®) (—&Ei ) dz dt + 18\ /u (—5%‘ 5551‘) dx dt
DT DT
20/,.2 212 O, ?
< 18\ ”(unk —u ) ||L3(DT) 9 +
Li L%(DT)
ou ou\?
187 |u? " =
- e laor) ‘( Oz; 3501') Ly (Dr)
= 18N luz, —u®|Z,p Outm, |* +
ng T 8171 Ls DT)
ou ou
1822%(|u?||2 —k : 56
FI o |G - | (56)
By virtue of (53), the sequence {H 3 } is bounded. Hence from
Ti ||Ls3(Dr)

(56), by virtue of (53) and (54), we obtain the first three equalities from (55)
for i = 1,2,3. The last equality from (55) is proved analogously. Finally,
the fact that Nu,, — Nu in Lo(Dr) follows directly from (53) and (54).
Thus the statement of Remark 3 is proved.

Remark 4. When writing the equalities
. 2 : 3
i, g = vollzoqory =0 i fem, = vlzaor) =0

from (53), we used the following: (1) the imbedding operator I

W3i(Dr,Sr) — Ly(Dr) for any ¢ > 1 is continuous and compact; (2) if
u € Ly (Dr), p > 1, 7 > 1, then |ul? € L.(Dr), and from the fact that
Up — w in Ly (Dr) it follows that |u,|[P — |u|? in L,(Dr) (analogously,
if u, — w in L3, (Dr), then u3 — w3 in L,(D7)), which is a consequence

of the following theorem ([34, p. 66]): the nonlinear Nemytski operator H,
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acting by the formula v — h(z,u), where the function h = h(z, ) possesses
the Carathéodory property, acts continuously from the space L,(Dr) to
L.(Dr), p>1,7 > 1, if and only if |h(z,€)| < d(z) + alé|* VE € (—o0, 00),
where d € L,.(Dr) and § = const > 0. In our case, h(z,£) = [¢|P,

e., Hu = |ulP. Note also that we have for the present proved that the

o
operator N from Remark 3 is compact from the space W3(Dr,St) to
W4(D7). In its turn, this implies that the operator is continuous as well,
since the above-mentioned spaces, being Hilbert ones, are also reflexive ([34,

p. 182]). Finally, the fact that the image N(W3(Dr, St)) is, in fact, a sub-
space of the space WQ(DT, St) follows from the followmg reasoning. If
u € WQ(DT,ST) then there exists a sequence u,, € c? (DT,ST) ={u e

C*(Dr) : u|s, = 0} such that u, — u in the space WQ(DT,ST) But
according to the above-said, N un — Nu in the space W3 (D7), and since

Nu,, = —)\u € CQ(DT, St) C Wl(DT, St), owing to the completeness of
the space W) 3(Dr,ST), we ﬁnally obtain N(WQ(DT, Sr)) ¢ Wi(Dr, Sr),
and hence the operator N : WQ(DT, Sr) — WQ(DT, St) is continuous and
compact.

Remark 5. As is said in Remark 1 of Section 2, the first equality of (4)
implies that lim ||u) —?||1,(p,;) = 0. The latter is a direct consequence
of the statement in Remark 3. From the above remarks it immediately

follows that if ' € W(Dr, Sr), then the function u € W3(Dr, St) is a
strong generalized solution of the problem (1), (3) of the class W3 if and
only if this function is, in view of (51), a solution of the following functional
equation
uw=L" (=3 +F) (57)
in the space W2(Dr, St).
We rewrite the equation (57) in the form
u= Au:= L Y (Nu+ F), (58)
where, according to Remark 3, the operator N : W3(Dr, St)— W3(Dr, St)
is continuous and compact. Consequently, owing to (51), the operator A :

[e] [e]
W3(Dr,St) — W3(Dr, St) is likewise continuous and compact. At the
same time, by Lemma 1, for any parameter 7 € [0,1] and any solution

u € W3(Dr, St) of the equation with the parameter u = 7 Au the following
a priori estimate is valid:

lullws(r) < O17IF N La(Dr) + TACT I, +

+ 037||Fllw; (pg) €xp [04 + TAGST? | F |7, (ppy | < 011 FllLa(or)+



On the Global Solvability of the Cauchy Characteristic Problem 65

+202|| P2, pp) + 03l Fllwg (pr) exp [0+ A5 FIIL,p,)] = Co(A, 04, F),

where Cy = Cy(\, 0, F) is a positive constant not depending on u and on
the parameter 7.

Therefore, by the Leray—Schauder theorem ([36, p. 375]), the equation
(58) and hence the problem (1), (3) has at least one strong generalized solu-
tion of the class W in the domain Dr. Thus taking into account Remark
1 and Definitions 1, 2 and 3 of Section 2, the following theorem is valid.

Theorem 1. Let A >0, F € Lajoc(Ds) and F € Wi(Dr, St) for any
T > 0. Then the problem (1), (3) is globally solvable, i.e., for any T > 0
this problem has a solution of the class W in the domain Dt in the sense
of Definition 1.

Suppose
W4 1oe(Doc, So) = {v € Lajoc(Dos) : v|p, € WE(Dp, St) VT > 0}

In the next section we will prove the uniqueness of a solution of the
problem (1), (3) of the class W2 in the sense of Definition 1. This and
Theorem 1 allow us to conclude that the theorem below is valid.

Theorem 2. Let A > 0 and F € W} ,.(Doo; Sao). Then the problem
(1), (3) has in the light cone of the future Do a unique global solution u from

the space W2, (Do, Soo) which satisfies the equation (1) almost everywhere
in the domain Do and the boundary condition (3) in the sense of the trace
theory.

4. The Uniqueness of a Solution of the Problem (1),(3) of the
Class W3.

Lemma 2. The problem (1), (3) fails to have more than one solution of
the class W3 in the sense of Definition 1.

Proof. Let u; and ug be two solutions of the problem (1), (3) of the class
W2 in the domain Dt in the sense of Definition 1. Then for the difference
u = us — up we have

(O 4+ m?)u = =3 u3 + 3 u?, (59)
u, u1,uz € W3(Dr, St). (60)

Multiplying both parts of the equation (59) by wu; and integrating over the
domain D; just in the same manner as when writing (14), we obtain

3
/ {Ut—FZui] dm+m2/u2dx =
i=1 o

Qr

= —GA/(ug —ud)ugdrdt, 0<1<T. (61)

D,
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Estimate the first part of the equality (61). We have

‘ - GA/(ug —u)uy dmdt‘ = 6]} ‘/do/(u% —u)uy dmdt‘ <
0 9,

T

< 6|7 /do/ lug — uq|[u3 + uguy + u?| [ug dmdt‘ <
0o 9,

<9I\l /da /(u% + ud) |ul |ug| d dt. (62)
0 Qo

Using Holder’s inequality for p; = 6, ps = 3, p3 = 2 (% + % +1=1), we
obtain

/(U§+U?)IUI Jue| da dt < ([[u3 ] oo+ 0]l o)) ull Logn) el 2agn) =
Qo

= (lualZ g,y + luallZ ) lull oo el Loy, 0< o <T. (63)
By the imbedding theorem, we have ([31, pp. 69, 78])
<CDvlwzp,y (dimQe =3, dimDr =4),

< ﬁC(T)||U||W22(DT)7

v o
I |”"”W;(sza) (64)
llvlo, L0, < 5||v|ﬂa|\vf;,%(ﬂv)

where the positive constants C(T') and 8 do not depend on the parameter
o € (0,7T] and on the function v.
By virtue of (60), it follows from (63) and (64) that

[+l el o <20l g, <
Qs

<M 2
< M(Jul%,

o

3
o el ) =01 [ |2+ 302 | e (o)
Q. i=1

where
M = B2C*(T) max (urllyz pys lu2llfyzp,y) < +oo.

Assuming w(r) = [, [uf +30 uil] dz, by (62)—(65) we have

w(r) < 9|/\|M/w(a) do,
0

whence by the Gronwall lemma we find that w =0, i.e., Ut = Uy, = Uz, =
ugz, = 0. Consequently, u = const, and since by the condition of the lemma
u|s, = 0, we have u = 0 and hence us = uy, which proves the lemma. O
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5. The Absence of the Global Solvability of the Problem (1), (3) for
A < 0. The following statement is valid: let A < 0, F = puFy, Fy € C(Ds),
supp FoNSo = @, Fy > 0, Fy £ 0, = const > 0. Then for any T > 0 there
exists a number pg = po(7) > 0 such that for p > po the problem (1), (3)

[e]
fails to have a classical solution u € C?(Dr, St) = {u € C*(Dr) : uls, =0}
in the domain Dr.

We omit here the proof of that statement because it repeats the proof
of an analogous result for the wave equation with the power nonlinearity
with two spatial variables [27] and relies essentially on the method of test
functions [14].
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