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Short Communications

TARIEL KIGURADZE

ON SOLVABILITY AND WELL-POSEDNESS OF
INITIAL-BOUNDARY VALUE PROBLEMS FOR HIGHER
ORDER NONLINEAR HYPERBOLIC EQUATIONS

Abstract. The sufficient conditions for unique local solvability, global
solvability and of well-posedness of initial-boundary value problems for
higher order nonlinear hyperbolic equations are studied.
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Let b > 0, I be a compact interval containing zero, Q = I x [0, ], m and
n be natural numbers and f :  x R™ x R™ x R™*™ — R be a continuous
function. In the rectangle €2 consider the nonlinear hyperbolic equation

u(m,n) :f(iZ?, n u(m,O)’ o 7u(m,n*l)’ U(O,n)7 s u(mfl,n)7 Dmfl,nfl[u]) (1)
with the initial-boundary conditions

w00, y) = ¢;(y) (j=0,...,m—1),

(m,0) (2)
b (™ (@, ) () = Yu(z)  (k=1,...,n).
Here for any j and &
- Tt ru(x,y) . mn
(4:k) -2 I m—1,n-1 — (qU—-1E-1)
uOR (e,y) = S5 e B D () = (u ()

;€ C™([0,b]), ¥y € C(I) and hy, : C"~1(]0,b]) — C(I) is a linear bounded
operator.
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The linear case of problem (1),(2), i.e., the linear hyperbolic equation

n—1 m—1 n
ut™™ =3 p(,y)u™P + Y TN pin (e, y)u +g(zy)  (3)
pard §=0 k=0

with conditions (2) is studied in [3] and [4] . In [3] necessary and suffi-
cient conditions of well-posedness and so—called p—well-posedness of prob-
lem (3),(2) are established. In [4] a complete description of problem (3),(2)
in the ill-posed case is given.
For the history of the matter see [2-5] and the references quoted therein.
The general initial-boundary value problem (1),(2) has been little inves-
tigated. Namely this problem is investigated in the present paper.
Throughout the paper we will use the following notations.
R is the set of real numbers; R™*" is the space of real m x n matrices

Z11 e Z1n
Z = (leylnln =

Zm1l . Zmn
with the norm || Z|| = Y%, Z?:l |zi5].
C(I) and C(Q), respectively, are the Banach spaces of continuous func-
tions z: I — R and u : 0 — R, with the norms
Izlley = max{lz(2)] : x € I}, [lullo) = max{|u(z, y)| - (z,y) € Q}.

C(I; R™*™) is the Banach space of continuous matrix functions 7 : I —
R™>™ with the norm | z||¢(rrmxny = max{[|Z(z)|| : = € I}.

C*(I) is the Banach space of k-times continuously differentiable func-
tions z : I — R, with the norm

k
Izlexry = D122 lew.
=0

C™"™(9) is the Banach space of functions u :  — R, having continuous

partial derivatives u("*) (j =0,...,m; k=0,...,n), with the norm
lullgm.n ) = Z Z ||U(j’k)|\0(sz)-
§=0 k=0

émn(ﬂ) is the Banach space of functions u : 2 — R, having continuous
partial derivatives u%®) (j =0,...,m; k=0,...,n; j+k < m +n), with
the norm
m—1

n—1 n
||U||5m,n(g) = Z Hu(m’k)HC(Q) + Z ||U(J’k)||0(ﬂ)
k=0

j=0 k=0

If u e CN'm"( Q) and r9 > 0, then gm*”(z;Q,ro) ={¢ € ém”(ﬂ) :
€= 2llgmn <70}
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It will be assumed that (z,y,21, ..., 2n4m, Z) — f(&,9,21, -, Zntm, Z)
is continuous in Q x R"™ x R™X" and continuously differentiable with
respect to z1,..., Zn4m-

Let Iy C I be an arbitrary (not necessarily compact) set containing
zero. By a solution of problem (1),(2) in the rectangle Qo = Iy x [0, D]
we understand a classical solution, i.e., a function u : Q¢ — R having
the continuous partial derivatives u(* (i = 0,...,m; k = 0,...,n) and
satisfying (1) and (2) at every point of Q.

Definition 1. A solution u of problem (1),(2) defined on Q¢ = Iy x [0, b] is
called continuable to the right (to the left), if there exists an interval I; D I
and a solution u; of this problem in Qy = I X [0, b] such that sup I; > sup I
(inf Iy < inf Ip) and

ui(z,y) = u(z,y) for (z,y) € Q.
u is called non—continuable if it is non-continuable both to the right and to
the left.

Definition 2. A solution u of problem (1),(2) defined on Iy x [0, 5] is a
called global solution (local solution) if In = I (Iy # I is a compact interval
such that [—¢,e]NI C I for any sufficiently small € > 0). Problem (1),(2) is
called globally solvable (locally solvable), if it has a global (local) solution.

Along with (1),(2) consider the perturbed problem

v(m,n) _ f(I, n ,U(m,O)7 s ,U(m,nfl)v ,U(O,n)7 o 7,U(m71,n)7 Dmfl,nfl[v])_k

+q(z,y), (4)
U(j70)(07y) = 90](3/) ""_(Ej(y) (j =0,....m— 1)7 (5)
B0 (2, 9)(2) = x(@) + Tele) (k=1,...,m).

Let Iy C I be a compact interval containing zero, u be a solution of prob-
lem (1),(2) in Q¢ = I x [0,b], and let rg be a positive constant. Introduce
the following

Definition 3. Problem (1),(2) is called (u;rg) well-posed if there exist
positive constants § and r such that for any ¢; € C"([0,8]) (j =0,...,m —
1), v, eC) (k=1,...,n), and g € C(p) satisfying the inequality

m—1
Z @5llen o)y + Z ||¢k||c (1) + lldlleo) <9, (6)
7=0 k=1

problem (4),(5) in the ball B™™(u; ), 7¢) has a unique solution v and the
inequality

,_.

m—

lu — vl gm, n(Jx[0,]) ( 12;llcm(p0,0) + Z 1Ykl + ||Q||C(Jx[o,b))

=0 k=1
(7)
holds for every compact subinterval J C Iy containing zero.
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Definition 4. Problem (1),(2) is called well-posed if there exist positive
constants ¢ and r such that for any ¢; € C"™([0,b]) (j = 0,...,m — 1),
Yp € C(Ip) (k=1,...,n), and ¢ € C(Qp) satisfying (6) problem (4),(5) has
a unique solution v in  and estimate (7) is valid for every compact subset
J C I containing zero.

The proposed method of investigation of problem (1),(2) is based on the
theory of boundary value problems for ordinary differential equations (see,
e.g. [1]). For the boundary value problem

2 = p(y, 2. .., z("_l)); lk(z)=cr (k=1,...,n), (8)

where I, : C"71(]0,b]) — R (k = 1,...,n) are linear bounded functionals
and p : [0,b] x R” — R is a continuous function having continuous partial
derivatives

(9p(y, By Z’ﬂ)
8Zk

we introduce a definition of a strongly isolated solution, which is a modifi-
cation of the definition from [1].

pk:(y7217'- '7271) =

Definition 5. A solution z of problem (8) is called strongly isolated if
the problem

¢ = ij(y,z(y), . .,z(nfl)(y))c(jflh k(CQ)=0 (k=1,...,n)
j=1

has only a trivial solution.
Set
k—1 m,n
o(y) = (o1 )(y))L1 ,
(n)

po(yuzla .o '7271) = f(0=y7217 .o aZm(P((Jn)(y% .- -7S0m_1(y); q)(y))u
p[u](m,y721, .. -7271)

= f(ac, Yy 215 2, w0 (), w2 ), DT ) (, y))
Theorem 1. Let zg be a strongly isolated solution of the problem
2 =po(y,z,...,27), he(2)(0) = k(0) (k=1,...,n). (9)
Then problem (1), (2) has a local solution u satisfying the condition
Wm0(0,y) = 20(y) for y € [0,

Furthermore, if f(x,y,21,. .., Zntm, Z) is locally Lipschitz continuous with
respect to Z, then problem (1), (2) is (u; ro)—well-posed for some sufficiently
small rg > 0.
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Remark 1. In Theorem 1 the requirement of strong isolation of a solution
z to problem (9) is essential and it cannot be replaced by the requirement
of uniqueness of a solution. Indeed, consider the problem

uD = (W) 4 a? w(0,y) =0, ut(z,0) = M0 (2,b),  (10)
for which problem (9) has the form
2 =2% 2(0) = z(b). (11)

It is clear that problem (10) has no solution. On the other hand problem
(11) has only a trivial solution which is not strongly isolated.

Remark 2. Under the conditions of Theorem 1 problem (1),(2) may have

an infinite set of solutions even for smooth f. Indeed, consider the problem
ulhY = sin(u ) + 2 fo(w, y, 0, OV ), (12)
u(0,y) =0, w9 (x,0) = u(a,b),

where fp :  x R? — R is a continuously differentiable function. For (12)
problem (9) has the form

2 =sinz; 2(0) = z(b).
The latter problem has a countable set of strongly isolated solutions z; = k7
(k=0,%£1,...). By Theorem 1, for every integer k there exists positive e,
such that in Q = Ij, x [0,b], where I, = [—ek,ex] N I, problem (12) has a
unique solution uy satisfying the condition

u}(€1,0) (0,y) =kr for ye€]0,b)].

Theorem 2. Let u be a a non-continuable solution of problem (1), (2)
defined in Qo = Iy x [0,b]. Furthermore, let for any xg € Iy the function
z(y) = u(m’o)(xo,y) be a strongly isolated solution of the problem

2 = plul(wo,y, 2,7, 2"V,
hi(2)(x0) = Yi(x0) (K=1,...,n).
Then Iy is an open set in I. Moreover, if a* = sup Iy & Iy, then

(13)

r—a*

m—1
lim sup (||U(m’0)(11?, Mmooy + >, IO (a, ')HC"([O,b])) = +oo, (14)
=0

and if ax = inf Iy & Iy, then

m—1
lim inf (||U(m’0)(£v, Mmooy + >, w0, ')”C"([O,b])) = +oo. (15)
« =

Remark 3. In Theorem 2 the requirement of strong isolation of the
solution z(y) = u(™9(zq,%) of problem (13) for every zo € Iy is essential
and it cannot be weakened. As an example in the rectangle [—2,2] x [0, )]
consider the problem

uHl = |u|u(1’0) +u, u(0,y)=1, u(l’o)(x,O) = u(l’o)(ac,b).
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This problem has a non-continuable solution u(x,y) = 1 — x defined on the
set [—2,1] x [0,0]. Indeed, supposing that u can be continued to the right,
by continuity of u and v we will have

w0 (z,y) <0, w(z,y) <0 for (z,y) € (1,1+6] x[0,0]
for some sufficiently small § > 0. Consequently
ut D (,y) = Ju(z, y)|u™ O (@, y)+ule,y) <0 for (z,y) € (1,143]x[0,b].

But the latter inequality contradicts to the periodicity of u(1:0) with respect
to the second argument. Consequently (14) does not hold for u. The reason
for this is that problem (13) has the form

Z=1—-zolz4+1—z0, v(0)=0(b),

and z(y) = —1 is a strongly isolated solution of this problem for every
zo < 1, but not for zg = 1.

Definition 6. We say that the function f belongs to the set Sy, .. 4, if
there exist functions p;x € C(Q) (i =1,2; k=1,...,n) such that:
(i)
pl’i(‘rv y) < fzi (CC, Ys 215 - -5 Zntms Z) < in(CC, y)
for (z,y)eQ (i=1,...,n);
(ii) for any x € I and measurable functions p; : [0,0] - R (i = 1,...,n)

satisfying inequalities pii(z,y) < pi(y) < pai(z,y) for (w,) € Q (i =
1,...,n) the problem

n

¢ = ij(y)gufl); hi(O)(z) =0 (k=1,...,n)

j=1
has only a trivial solution.

Theorem 3. Let there exist a positive constant lg such that

J € Shyyihns (16)
n+m

@y 2 2| <l (14 Y [l +12]). (D)
k=1

Then problem (1),(2) is globally solvable. Furthermore, if f(z,y,z1,...,
Zntm, Z) 18 locally Lipschitz continuous with respect to Z, then problem
(1), (2) is well-posed.

Remark 4. In Theorem 3 condition (16) is optimal and it cannot be
weakened. Indeed, in the rectangle [—m, 7] x [0,b] consider the problem

utY = arctan(u™?) — arctan(1 + u?);

18
u(0,y) =0, uV(z,0) = u"(2,b), (18)
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for which condition (17) holds but condition (16) is violated. As a result
problem (18) has a unique solution u(z,y) = tan(z), which cannot be con-
tinued outside the rectangle (—Z,Z) x [0, b].

202
Below separately consider the case, where the righthand side of equation
(1.1) does not contain the derivatives u(™* (k =1,...,n — 1), i.e., where
equation (1.1) has the form
u(m7n) = g(x7 y’ u(m70)7 u(07n)7 MR u(m_l)n)7 Dm_l7n_l [u])7 (19)
where (2,9, 21, ..., 2m+1, Z) — g(X, Y, 21, - . -, Zm+1, Z) is continuous in Q x
R™ L x R™*" and continuously differentiable with respect to 21, ..., Zmi1-

We also assume that the function g is sublinear, i.e., for some constant [y > 0
g satisfies the inequality
m—+1

96,9215 2mr1, 2) < 1o (143 el + 1121
k=1

in Q x R x RmXn,
Corollaries 1—3 concern the case, where (2) is either the initial-Dirichlet

u0(0,y) = ;(y) (G =0,...,m—1),
u ) (3, gy (2) = Yuz) (=1,...,n%), (20)
uF Y (2 g0 (2)) = Yor(x) (k=1,...,n—n"),
or the initial-periodic conditions
u9(0,y) = 0;(y) (G=0,...,m=1),
u™ D (@, (@) = D (o, g (@) + le) (k=1 m),

where n* is the integer part of n/2, p; € C™([0,b]), ¥r € C(I), Y1k, ok €
C(I), y1, y2 € C(I), 0 < ya(x) < ya(z) <bforz € 1.

(21)

Corollary 1. Let there exist a nonnegative function pg € C(Q) and a
positive number € such the condition

—po(@,y) < (1" (y = y1 (@) ga (@921, 2, D) <
Oy — € ( o )2"*
4 \ya(x) —yi(2)
holds in € x R™L x R™*"  where o, = 1 for n = 2n*, and a, = n/2
forn=2n* + 1. Then problem (19), (20) is globally solvable. Furthermore,

if flx,y,21,...,2m+1,Z) 18 locally Lipschitz continuous with respect to Z,
then problem (19), (20) is well-posed.

Corollary 2. Let there exist nonnegative functions p; € C(Q) (i =0,1)

such that
y2(x)

pi(z,y)dy >0 for wel,

y1(z)
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and the condition

_po(‘ray) S 039z (‘riywzlu ceooy ZmA4l, Z) S _pl(x7y)a
holds in Q x R™TL x R™*" where

o= (-1)"" for n=2n* and oe{-1,1} for n=2n"+1.

Then problem (19), (21) is globally solvable. Furthermore, if g(x,y, 21, ..,
Zm+1, Z) 18 locally Lipschitz continuous with respect to Z, then problem
(19), (21) is well-posed.

Corollary 3. Let n = 2n*, and let there exist a positive number ¢
and a nonnegative function p1 € C(Q) satisfying inequality (1.41) such the
condition

*

" 2 — ¢ n
pl(zay) < (_1) gzl(z,y,zl,---,Zerl,Z) < (—(1.)) ’

y2(2) — 1
holds in ©Q x R™*T1 x R™*"_ Then problem (19),(21) is globally solvable.
Furthermore, if g(x,y, 21, .., 2m+1, Z) 48 locally Lipschitz continuous with

respect to Z, then problem (19), (21) is well-posed.
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