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A BOUNDARY VARIATIONAL INEQUALITY
APPROACH TO UNILATERAL CONTACT
WITH HEMITROPIC MATERIALS



Abstract. We study unilateral frictionless contact problems with hemi-
tropic materials in the theory of linear elasticity. We model these problems
as unilateral (Signorini type) boundary value problems, give their varia-
tional formulation as spatial variational inequalities, and transform them
to boundary variational inequalities with the help of the potential method
for hemitropic materials. Using the self-adjointness of the Steklov—Poincaré
operator, we obtain the equivalence of the boundary variational inequality
formulation and the corresponding minimization problem. Based on our
variational inequality approach we derive existence and uniqueness theo-
rems. Our investigation includes the special particular case of only traction-
contact boundary conditions without prescribing the displacement and mi-
crorotation vectors along some part of the boundary of the hemitropic elastic
body.
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1. INTRODUCTION

In recent years continuum mechanical theories in which the deformation
is described not only by the usual displacement vector field, but by other
scalar, vector or tensor fields as well, have been the object of intensive re-
search. Classical elasticity associates only the three translational degrees of
freedom to material points of the body and all the mechanical characteristics
are expressed by the corresponding displacement vector. On the contrary,
micropolar theory, by including intrinsic rotations of the particles, provides
a rather complex model of an elastic body that can support body forces and
body couple vectors as well as force stress vectors and couple stress vectors
at the surface. Consequently, in this case all the mechanical quantities are
written in terms of the displacement and microrotation vectors.

The origin of the rational theories of polar continua goes back to brothers
E. and F. Cosserat [6] who gave a development of the mechanics of contin-
uous media in which each material point has the six degrees of freedom of
a rigid body (for the history of the problem see [28], [33], [22], [9], and the
references therein).

A micropolar solid which is not isotropic with respect to inversion is called
hemitropic, noncentrosymmetric, or chiral. Materials may exhibit chirality
on the atomic scale, as in quartz and in biological molecules, as well as on
a large scale, as in composites with helical or screw-shaped inclusions.

Mathematical models describing the hemitropic properties of elastic ma-
terials have been proposed by Aero and Kuvshinski [1], [2]. We note that
the governing equations in this model become very involved and generate
6 x 6 matrix partial differential operator of second order. Evidently, the
corresponding 6 x 6 matrix boundary differential operators describing the
force stress and couple stress vectors have also an involved structure in
comparison with the classical case.

In [29], [30], [31], the fundamental matrices of the associated systems
of partial differential equations of statics and steady state oscillations have
been constructed explicitly in terms of elementary functions and the basic
boundary value problems of hemitropic elasticity have been studied by the
potential method for smooth and non-smooth Lipschitz domains.

Particular problems of the elasticity theory of hemitropic continuum have
been considered in [10], [23], [24], [25], [26], [33], [34], [35], [39] (see also [3],
[4] and the references therein for electromagnetic scattering by a homoge-
neous chiral obstacle).

The main goal of the present paper is the study of unilateral frictionless
contact problems for hemitropic elastic material, their mathematical mod-
elling as unilateral boundary value problems of Signorini type and their
analysis with the help of the spatial and boundary variational inequality
technique.
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In classical elasticity similar problems have been considered in many
monographs and papers (see, e.g., [8], [11], [12], [13], [15], [16], [17], [18],
[19], [20], [21], [36], and the references therein).

Due to the complexity of the physical model of a hemitropic continuum
we need a special mathematical interpretation of the unilateral mechanical
constraints related to the microrotation vector and the couple stress vector.
We note that the displacement vector and the force stress vector are subject
to the usual classical unilateral conditions. However, we have to pay special
attention to the fact that the force stress and couple stress vectors depend
on the displacement and microrotation vectors.

Here in this paper we can present a reasonable mathematical model for
the unilateral constraints that apply to hemitropic material in contact. We
transform the unilateral boundary value problem to the corresponding spa-
tial variational inequality (SVI) equivalently. Furthermore by boundary
integral techniques, we can reduce the SVI to an equivalent boundary vari-
ational inequality (BVI). Applying the potential method we establish some
coercivity properties of the boundary bilinear forms involved in the BVI and
thus prove uniqueness and existence for the original unilateral problems.

2. BASICc EQUATIONS AND GREEN FORMULAE

2.1. Field equations. Let 27 C R? be a bounded domain with a smooth
connected boundary S := 90+, QF = Qt U S; Q- = R?\ QF. We as-
sume that Q € {W, Q__} is occupied by an elastic material possessing the
hemitropic properties.

Denote by u = (uy,us,u3)’ and w = (w1,ws,ws3) " the displacement vec-
tor and the microrotation vector, respectively; here and in what follows the
symbol (-)T denotes transposition. Note that the microrotation vector in
the hemitropic elasticity theory is kinematically distinct from the macroro-
tation vector % curl u.

In the linear theory of hemitropic elasticity we have the following con-
stitutive equations for the force stress tensor {7,,} and the couple stress

tensor {fipg}

ou ou
= U): = — — a) =2 4 Aoy, di
Tpg = Tpg(U) : = (1 + ) 9z, + (b —a) oz, + Adpg d1vu +
. ow Ow
+56pqd1vw+(/@+1/)a—g;+(ﬁ—y)a—x:—
3
72a25quwk, (2.1)
k=1
ou >
Hpg = tpqg(U) : = 8 6pg divu + (5 +v) [8_:::(1 - Zfz)qkwk} +
P
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+86pqdivw + (k — v) {0% Z sqpkwk}
Tq

Ow Oow
Hy+e) gt +(v—e) 5 (2.2)
p q

where U = (u,w)’, Opg is the Kronecker delta, epqi is the permutation
(Levi-Civitd) symbol, and «, 8, v, d, A, u, v, k, and € are the material
constants (see [1]).

The components of the force stress vector 7(") = (Tl(n) 7'2(") T3(n))—r and
the coupled stress vector p(™ = (1 ("), M(Q"), ué")) acting on a surface ele-

ment with the normal vector n = (n1, na, n3), read as

erqnp, uq Zupqnp, qg=1,2,3. (2.3)

Let us introduce the generalized stress operator (6 x 6 matrix differential
operator)

TW(@,n) TP(9,n) ; ; R —
T(@.m) = {T(3)(8, n) TW(, n)]exa, T = [ngg)hxs’ j=1,4, (24)

where 0 = (81,82,83), aj = 8/8.’1?]‘,

0 0 0
TIS;)(E), n) = (1t + a)dpq n + (u—a)ng — oz, + Ay — Dy’

0 8 0
(2) - = _ - -
T,,/(0,n) = (K + v)dpq o + (k —v)ng oz, + on, 92,

3
— 2« E EpgkMks
k=1
0

0 0
(3) - il _ — —
qu (87 n) (H + V>5pq an + (H V)nq axp + 6”1) a’l}q,
0 0 0
T4) — - _ _— - _
rq (87 n) ('}’ + E)(qu an + (7 E)’I’Lq axp + ﬁnp axq

3
—2v E Epgk Mk -
k=1

In view of (2.1), (2.2), and (2.3) it can easily be checked that
(7, 4T = 70, m)U

The static equilibrium equations for hemitropic elastic bodies are written
as

Z@qu )+ oFy(xz) =0,
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3 3
Z ap :“pq(x) + Z quTTlT(x) + QGQ(Z) - 03 q= 17 23 37
p=1

l,r=1

where F = (Fy, Fy, F3)" and G = (G1,G2,G3) " are the given body force
and body couple vectors per unit mass. Using the relations (2.1)—(2.2) we
can rewrite the above equations in terms of the displacement and microro-
tation vectors:

(u+ a)Au(z) + (A + p— o) graddivu(z) + (k + v)Aw(x) +
+(0 + k —v) graddivw(z) + 2a curlw(x) + oF (x)

(k +v)Au(z) + (6 + k — v) grad div u(z) + 2a curl u(z
+(v+e)Aw(z) + (B+ v —¢) graddivw(x) + 4v curl w(z
—4daw(z) + 0G(x) =0,

0,
+ (2.6)

-

where A is the Laplace operator.
Let us introduce the matrix differential operator corresponding to the

system (2.6):

LM(9), L®(9)

TL®), L),

L(3) (2.7)

where
LW@) : = (n+ )AL + (A + 1 — a)Q(),
LP©@)=L®0) : = (k + V)AL + (6 + k — 1)Q(d) + 2aR(d),  (2.8)
LD9) : = [(y+e)A—4a| I3+ (B+7—€)Q(d) +4vR ().

Here I}, stands for the k£ x k unit matrix and

0 -85
R@) =0 0 -] , Q0 =I[0d],, (29
—dy, & 0

3x3

Note that obviously

82U3 — (9311,2
R(Q)u = [Osuy — Orug| = curlu, Q(9)u = graddivu. (2.10)
81u2 — 82U1

Due to the above notation, the equations (2.6) can be rewritten in matrix
form as

LU (z) = ®(x), .
U=(uw', =@, &) = (—oF —0G)". 210

Let us remark that the operator L(9) is formally self-adjoint, i.e., L(9) =
[L(=0)]".
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2.2. Green’s formulae. For real-valued vectors U := (u,w) ", U =
(u',w")T € [C?(Q1)]8 there holds the following Green formula [29]

/ [LO - U’ + BU,U")] de = / T, U dS, (2.12)
Q+ aa+
where n is the outward unit normal vector to S = 90, the symbols [-]*
denote the limits on S from QF, E(-,) is the bilinear form associated with

the potential energy density defined by
E(U,U)=EU',U) =

3
= {(M + )ty Upg + (1 — Q) tp g + (K + 1) (UpgWpg + Wpytipg) +
p,q=1

+(k — V)(u;qwqp + w;qqu) + (v + E)W;q‘*’pq +

(7 = €)wpgWap + I (UpyWaq + WygUpp) + Mg, tigq + ﬁw;pwqq} (2.13)

with
3
Upg = Upq(U) = Optig — D Epghtr;,
; (2.14)
Wpg = wpg(U) = Opwq, p,g=1,2,3,
and uy,, = uy, (U') and w;,, = w,,,(U’) represented analogously by means of

U’. Here and in what follows a - b denotes the usual scalar product of two
m
vectors a, b € R™: a-b= > a;b;.
j=1
The expressions up,(U) and wy,q(U) are called generalized strains corre-

sponding to the vector U = (u,w) .
From (2.13) and (2.14) we get

EU,U') =
3N+ 2u 30+ 2k . ., 36+2k .,
= (dlvu+ AT 2 dlvw)(dlvu + T 2 d1vw> +
1 (36 +2K)%\ , . o
+§(3ﬁ + 2y — m) (div w)(divw’) +

3
1 Our  Ou; Kk (Owr  Owj ]
+o L =Ly = (R )| x
2k7j_lzk¢,|:ax]’ oxy, u(c?:cj 8:ck)
!

3
By [Oue  Oup | K (Owk Oy
+3k;1[8xk oz, © (aa:k axj) X

)

j
8_%+3_%+5(8_%+%>}+
Ox; Oz, p \Ox;  Oxi

I

y 0%_5_%+ﬁ(8_%_3_w§) N
oxy, aICj 1% Oxg, a:Cj
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2

3 , T R
th-5) X () (GE 5+

k,j=1, k#j
/ O /
(5 G )]+

—i—a(curlu + —curlw — Qw) . (curlu' + Y curl o — 2w'> +
o a
2
—l—(s — —) curlw - curlw’. (2.15)
a

The potential energy density E(U, U) is positive definite with respect to the
variables upq(U) and wpe(U) (see (2.14)), i.e. there exists ¢y > 0 depending
only on the material constants such that

EU,U) >COZ u —|—w (2.16)
P,q=1

From (2.16) it follows that the material constants satisfy the inequalities
(cf. [2], [29])
>0, a>0, 3X\+2u>0, uy—r>>0, ac—1v>>0,
(BA+21)(368 + 2v) — (36 + 2K) > 0,
whence we easily derive
>0, €¢>0, A+u>0, B+~v>0,
dy = (p+a)(y+¢) — (r+v)* >0, (2.18)
= (A4 2p)(B+27) — (6 +2K)% > 0.

(2.17)

Due to [29] we can characterize the kernel of the energy bilinear form as
follows.

Lemma 2.1. Let U = (u,w)" € [CY(Q)]5. Then E(U,U) = 0 in Q is
equivalent to
ulz)=laxz]+b, wx)=a, z€Q, (2.19)

where a and b are arbitrary three-dimensional constant vectors and where
the symbol x denotes the cross product of two vectors.

We call vectors of the type U(x) = ([a x x| + b, a)T generalized rigid
displacement vectors. It is evident that if a generalized rigid displacement
vector vanishes at one point then it is zero vector, i.e., a = b = 0.

Throughout the paper Ly, W? = W3, and H® = H3 with s € R stand
for the well-known Lebesgue, Sobolev—Slobodetskii, and Bessel potential
spaces, respectively (see, [37], [38], [27]). Note that H* = W* for s > 0. We
denote the associated norm by || - || z=.

From the positive definiteness of the energy density it easily follows that
there exist positive constants c; and ¢, depending only on the material
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constants, such that

B(U,U): /EUU)dx>

o+
3 3
261/{ Z [(Bpuq)? + (Dpwq) JFZ“ +wp }dfﬂ
Q+ p,q=1 p=1
3
—co / Z[ui + wf,] dx (2.20)
o+ P=1

for an arbitrary real-valued vector U € [C(Q+)]5, i.e., for any U € [H ()]
the following Korn’s type inequality holds (cf. [11], Part I, § 12, [5], Sec-
tion 6.3)

BU,U) = Cl||U||[2H1(Q+)]6 - CQHU”[QHO(Q-*-)]Gﬂ (2.21)

where || - [|(zrs(q+je denotes the norm in the space [H*(Q1)]°.

Remark 2.2. From (2.12) it follows that

/ [LOU-U'~U-L@)U"] da= / (o)) [roy ) as (@:22)
Q+ aa+
for arbitrary U := (u,w) ", U := (u/,w’)T € [C?(QF)]°.
Remark 2.3. By standard arguments, Green’s formula (2.12) can be

extended to Lipschitz domains and to the case of vector functions U €
[HY(Q)]% and U’ € [H*(Q1)] and L(O)U € [L2(21)]8 (cf. [32], [27])

/ [L(O)U -U' 4+ EU,U")| dz = ([T(8,n)U]", [U’]+>8Q+, (2.23)
o+
where (-, -)go+ denotes the duality between the spaces [H~/2(9Q1)]¢ and

[H'/2(091)]%, which extends the usual “real” Lo-scalar product , i.e., for
f,9 € [L2(9)]° we have

(f,g9 S—Z/fkgkds— I 9)La(s)-

k=17

Clearly, in the general case the functional T'(9, n)U € [H~Y/2(901)]° is well
defined by the relation (2.23).

3. FORMULATION OF UNILATERAL PROBLEMS AND MAIN EXISTENCE
RESULTS

3.1. Mechanical description of the problem. Mathematical aspects of
the mechanical unilateral problems (Signorini type problems) in the frame-
work of the classical elasticity theory are well described in many works
(see, e.g., [12], [19], [20], and the references therein). Here we will apply the
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analogous arguments and construct a mathematical model for the unilateral
problems in the theory of elasticity of hemitropic materials. The main diffi-
culties appear in the reasonable interpretation of the unilateral restrictions
for the microrotation vector and/or the couple stress vector.

We assume that a hemitropic elastic body, in its reference configuration,
occupies the closure of a domain QT € R3. The boundary S = 9O+ is
divided into three parts S = Sp U Sy U S¢ with disjoint Sp, Sz, and Sy.
For definiteness and simplicity in what follows we assume (if not otherwise
stated) that Sp has a positive surface measure, Sp NS¢ = @ and, moreover,
S, 0S¢, 0St, 0Sp are C°°-smooth.

The hemitropic elastic body is fixed along the subsurface Sp, i.e., the
displacement vector u and the microrotation vector w vanish on Sp. The
surface force stress vector and the surface couple stress vector are applied to
the portion St, i.e., [r™(U)]* = 9@ and [u™ (U)]* = ¢@ on Sy, where
Pl = (1/)9), éj),wéj))—r, j = 1,2, are given vector functions on Sr.

The motion of the elastic body is restricted by the so called foundation
F which is a rigid and absolutely fixed body. We are interested in the
deformation of the hemitropic body brought about due to its motion from
its reference configuration to another configuration when some portion of the
material surface of the body comes in contact with the foundation F. Note
that in the case of statics we ignore the dependence of all mechanical and
geometrical characteristics involved on time t. The actual surface on which
the body comes in contact with the foundation is not known in advance but
is contained in the portion S¢ of S.

We confine our attention to infinitesimal generalized deformations of the
body (see (2.14)). Moreover, we assume that the foundation surface OF is
frictionless and no force and couple stresses are applied on S¢c. Therefore,
by the standard arguments (for details see, e.g., [20], Chapter 2) we arrive
at the following linearized conditions on S¢ for the displacement vector u
and the force stress vector 7™ (U):

(i) the so called non-penetration condition,

[u-n]™ <o, 3.1

where n is the outward unit normal vector to QT and ¢ is a given scalar
function characterizing the initial gap between the foundation and the elas-
tic body;

(ii) the conditions describing that a compressive normal force stress must
be developed at the points of contact, while the normal component of the
force stress vector is zero if no contact occurs,

[+ (U) -n]+ <0, [f"™(U) n]+([u n]t — ) =0; (32)

(iii) the condition showing that the tangential components of the force
stress vector vanish on S¢,

™ @) = n[f™@)-n]" =0. (3.3)
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Further, we make a fundamental observation: since the surface OF is
frictionless, the microrotation vector w is not restricted by any condition on
Sc even at the points where the contact with the rigid foundation F occurs
and, therefore, it is very natural to require that the couple stress vector
p™(U) is zero on Sc,

[u(”)(U)]Jr =0 on Sc. (3.4)

Now we are in a position to formulate mathematically the unilateral
problem that corresponds to the equilibrium state of a hemitropic body for
given data: body force and body couple vectors &) = (<I>(11), CIDS), CIDS))T
and ®(2) = (<I>52), <I>52), <I>§2))T in O, surface force stress and surface couple
stress vectors 1) and ¢(® on S, and initial gap ¢ on Sc.

Problem (UP). We have to find a vector U = (u,w)") € [H}(QF)]°
satisfying the following system of equations and inequalities:

LU = —-® in QF, (3.5)
[u]" =0, [w]" =0 on Sp, (3.6)

[r™ @) = [TWu + T(Q)wrr = M)
on S, (3.7)
MUt = [T(3)u + T(4)w] =@

[u-n]" <¢
[F"()-n]" <0
(rs,, [F™(U) 'n]+,rsc [u-n]" — ), =0 ¢ on Sc, (3.8)

rD @)t = nlr™W)-n]" =0

W™ O] =0
where 7, denotes the restriction operator to X,
. , , A
o= (2,07 € L@, 8V = (a7, 2. 2) ", (3.9)
equation (3.5) is understood in the weak sense, i.e.,
/E(U, V) de = /@-de (3.10)
Q+ Q+t

for arbitrary infinitely differentiable function V' € [C§°(21)] with compact
support in €. Due to the well-known interior regularity results for solutions
of strongly elliptic systems (see, e.g., [12]) we conclude that the equation
(3.5), with @ as in (3.9), holds pointwise almost everywhere in Q.

The condition (3.6) and the first inequality in (3.8) are understood in the
usual trace sense, while (3.7) and the fourth and fifth equations in (3.8) are
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understood in the generalized functional sense described in Remark 2.3,
U= (W, @) T e [Ly(S7)]°,

¢(J) = (wy)a éj)7w§j))—ra .7 = 1727

o€ H?(Sc). (3.12)

Throughout the paper H*(X) := {r. f: f € H*(S)} is the space of restric-
tions to X C S of functions from the space H*(S), while H*(%) := {re
H*(S) : supp f C X} for s € R. We recall that H*(2) and H~%(X) are
mutually adjoint function spaces and Lo(X) is continuously embedded in
H~1/2(%) (for details see, e.g., [27], [37]). In the third equation of (3.8) the
symbol (-, g, denotes the duality brackets between the spaces H~/2(S¢)
and H'/?(S¢), which is well-defined due to the embedding (3.11) and the
boundary condition (3.7) implying that

(3.11)

re[r™U) )t er [H V(D) for e {Sp, S, Sc}.
The second inequality in (3.8) means that
(r [F(U) -n]* ) <0 forall v € H'*(Sg), ¢ >0.

Note that due the unilateral conditions (3.8) the problem (UP) is nonlinear
since the coincidence set of the foundation F and the elastic body (i.e., the
subset of S¢ where [u-n]T = ¢) is not known in advance. We have the
following uniqueness result.

Theorem 3.1. The problem (UP) possesses at most one solution.

Proof. Let UM = (u®, w0 T and U® = (u?,w®)T be two solutions of
the problem (UP) and denote U = (u,w)" := UM — U, Tt is evident
that U satisfies the homogeneous differential equation (3.5) with ® = 0, the
homogeneous Dirichlet boundary conditions (3.6), the homogeneous Neu-
mann boundary conditions (3.7) with ¥ := (1f()) ()T = 0. Moreover, the
tangential components of the force stress vector [7(™) (U)]* —n[r(")(U)-n]*
and the couple stress vector [(™ (U)]* vanish on S¢ due to the fourth and
fifth conditions in (3.8). Therefore, by Green’s formula (2.23) and using the
third equality in (3.8) we get

[ B0 de = (10.m01E 0 s = (OO ) =
O+
= () )L O WD) ] L - - ) =

— _< [F U D) ] ;7 w® - nlf - “0>sc_

7< @) n)f W nlf, - ¢>SC <0,
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due to the first and second inequalities in (3.8). Thus, E(U,U) = 0 in
accordance with (2.16) and by Lemma 2.1 it then follows that U = 0 in QT
since Sp # @. This completes the proof. O

Below, in the subsequent subsections we will give some different formu-
lations of the above unilateral problem (UP) with the help of variational
inequalities.

3.2. Spatial variational inequality formulation. Let us put

H(Q™; Sp) = {V = (v,w)T € [HY(QD)®: r, [V]* = o} (3.13)

sp
and for ¢ € H'/2(S¢) introduce the convex closed set of vector functions
K, = {V = (v,w)" € H(QT;Sp) : rsc([U]Jr -n) < @}. (3.14)

Let us consider the following spatial variational inequality (SVI):
Find U = (u,w)" € K, such that

/E(U,V—U)dxz

O+

> /q> V= U)da+ (¥,r, [V~ U*)s, forall VeK,, (3.15)
O+
where E(-,-) is given by (2.15) and ®, ¥ and ¢ are as in (3.9), (3.11) and
(3.12). Note that the duality relation in the right-hand side of (3.15) can be
written as a usual Lebesgue integral over the subsurface Sy due to (3.11)
and Remark 2.3.
Further we show that the SVI (3.15) and the unilateral problem (UP)
are equivalent.

Theorem 3.2. If a vector function U solves the SVI (3.15), then U is a
solution to the unilateral problem (3.5)—(3.8), and vice versa.

Proof. First, we assume that U = (u,w) ' € K, solves the SVI (3.15) and
prove that it solves then the unilateral problem (3.5)—(3.8). It is evident
that

V =U=+V'eK, for arbitrary V' € [C5(Q1)]°. (3.16)
From (3.15) it then follows that

/E(U, V') dr = /cI> V'dzx for all V' € [C5°(QT))°,
Q+ Q+
which shows that U is a weak solution of the equation (3.5). Due to the inte-
rior regularity results the equation (3.5) holds point wise almost everywhere
in QF since ® € [L2(27)]°.
The Dirichlet type condition (3.6) is automatically satisfied due to the
inclusion U € K, since K, C H(Q"; Sp).
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For the solution vector U and for any V' € K, in accordance with Green’s
formula (2.23) we have

(3.17)

/E(U,VfU) do = /@-(va) dz+([T(@,n)UI", [V =UI") s -

Q+ Q+
From (3.15) and (3.16) we conclude

([T@,n)UI", [V=UI*) 00 = (¥,r5 [V-Ul")s, forall VeK,. (3.18)
In virtue of (3.11) and
r[T(0,m)UTF € ry[HV2(S)]8

o+

for ¥ € {Sp, ST, Sc}, (3.19)
rg[V - Ul € [H'Y2(D))°
and since elements from K, vanish on Sp we can decompose the duality

relations in (3.18) as follows

So ' se

<7’ST 70, U, [va]+>ST+ <r
> (W,r,, [V - UlT)gy forall Ve K,. (3.20)

T@.mU) 7o [V-U)) >

Further, let us choose the vector V' as in (3.16) but now with arbitrary
V' € [HY(QF)]% such that [V € [HY/2(S7)]°. Tt is clear that V € K, and
from (3.20) we easily derive
+ + —
(ro, D@ mUT* g, VIF) =
= (U,r, [V/[")s, forall [V']§ e [HY(Sr))", (3.21)

whence the conditions (3.7) on St follow immediately.
Note that the first condition in (3.8) is satisfied automatically since U =
(u,w)" € K.
Now, from (3.20) we conclude
<rsc (8, U]+, r, [V — U]+> >0 forall VeK,, (3.22)

»h S
el Se
ie.,

(reo PPN o o=l +(ro OO -l 20 (3:23)

for all V = (v,w)" € K.

If we take v = u and w = w =+ x with arbitrary y € [H!(Q7)]® such that
X € [HY2(Sc)]?, then V = (v,w)T € K, and from (3.23) we see that
[ (U)]* = 0 on Sc, i.e., the fifth condition in (3.8) is satisfied.

From (3.23) then we have

<rsc FW O, v - u]+> >0 (3.24)

Sc
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for all V = (v,0)T € K. To show the remaining three conditions in (3.8)
we proceed as follows. First we rewrite (3.24) in the form

(reo PP o—uli) A (re PN re fo—uld ) 20, (3:25)

where the subscripts n and ¢ denote the normal and tangential components
of the corresponding vectors defined on the boundary S: a, = a-n and
at = a—nay, for arbitrary a € R3. We set V = (v,0)" with v = u4 g where
g € [HY QN3 [9]5 € HY2(Sc), and [g] = 0 on Sc. These restrictions
imply that V = (v,0)" € K, and substitution into the inequality (3.25)
leads to the equation

(re PN e Ll ) =0, (3.26)
(€]
Since [g]; = [g]* is arbitrary we conclude that the fourth condition in (3.8)
is satisfied. Therefore, (3.25) yields
(reo T O s lo - u]g>50 >0, (3.27)
forall V = (v,0)" € K.
Let us put V = (v,0) " with v = u — g where g € [H(Q7)]3, [g]& = nd,
9 >0, and ¥ € HY?(S¢). Then V = (v,0)7 € K, and therefore from
(3.27) we get
(n) +
<7“sc [ (U)]n,rscﬂ>sc <0, (3.28)
which shows that the second condition in (3.8) holds.
Finally, if in (3.27) we substitute V = (v,0)" € K, with Ts,, Wi =ne
on S¢, we arrive at the inequality
(reo [T @ = o fuen]t) 20, (3.29)

Sc

On the other hand, since ¢ —r,_[u-n]" >0 and [7(")(U)]F <0 on Sc we
have

(o P W) o = o fu-m)T) <0, (3.30)

which along with (3.29) implies that the third condition in (3.8) is fulfilled
as well.

Now, we prove the inverse assertion. Let U = (u,w) " be a solution to the
unilateral problem (3.5)—(3.8) with data satisfying the assumptions (3.9),
(3.11), and (3.12). We have to show that then U solves the SVI (3.15). It is
clear that for the solution vector U and for any V' € K, the formula (3.17)
holds in accordance with Green’s formula (2.23). Note that the assumption
(3.11) implies by embedding L2(X) ¢ H~Y/2(%) that rg, [T(d,n)U]t = ¥ €
rs, H=Y/2(S7) and by the trace theorem that rs[V — U]t € [HY/2(2)]6 for
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Y € {Sr,Sc}. Therefore in view of the Dirichlet homogeneous condition
(3.6) we can rewrite (3.17) as follows

[Ewv-vyae= [ovv)as (wr, v )+

St
Q+ Q+

+(re [T@,m)U) g [V = UTH) . (3.31)

Sc

With the help of unilateral conditions (3.8) we derive
(reo T@mUL 1o [V = UV ) - = (oo [F OO o —ulil) o+
+<7‘Sc [r™@)f, Ts, v — u]j>sc+< o [M(n)(U)]Jr’rSc [w— w]+>sc —

= (n) — |t =

(roo PO o o=t )

= (ro FOONL e ol =) (o TP [l — o) =
— (n) + _
(o O s el ) >0

due to the second inequality in (3.8) and since r,_ [v];} —¢ < 0 in accordance
with (3.14). Now, (3.31) completes the proof. O

Thus we have shown that the unilateral problem (UP) (3.5)—(3.8) and
the SVI (3.15) are absolutely equivalent.

Let us remark that the bilinear form B : [H'(Q7)]® x [H}(QT)]® — R
with

BU,V) = / BE(U,V)dx (3.32)
O+

is bounded on [H'(Q1)] x [H}(21)] and strictly coercive on H(Q2F; Sp)
(for details see [32]), i.e., there are positive constants c3 and ¢4 such that

B V) <es |0 s argo IV s e for all U, Ve[ QD). (333)

B(U,U) > cal|U[Zy1 gy for all U € H(Q;Sp). (3.34)
It is easy to see that the linear functional P : [H'(Q21)] — R with
PV) = /cp Vot (U r, [V, forall VeK,, — (3.35)
O+

where ® and ¥ are as in (3.9) and (3.11), is bounded due to the Schwarz
inequality and the trace theorem.

Therefore, due to the general theory of variational inequalities in Hilbert
spaces (see, e.g., [12], [8], [14]) we have the following uniqueness and exis-
tence results for the variational inequality (3.15) which can be written now
as

BU,V-U)>P{V -U) forall VeK,. (3.36)
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Theorem 3.3. The SVI (3.15) (i.e., the variational inequality (3.36)) is
uniquely solvable.
As an easy consequence of Theorems 3.2 and 3.3 we have

Corollary 3.4. The unilateral problem (UP) (3.5)—(3.8) is uniquely
solvable.

It is also well-known that, in turn, the variational inequality (3.36) (that
is, (3.15)) is equivalent to the following minimization problem: Find a min-
imum on the convex closed set K, of the energy functional (see, e.g., [12])

J(V):=27'B(V,V) = P(V), (3.37)
i.e., find U € Ky such that
J(U) = Jain J(V). (3.38)

It is evident that the minimization problem is also uniquely solvable.

Let us remark that we can reduce equivalently the above unilateral prob-
lem (UP) to the case when the right-hand side vector function in (3.5) van-
ishes. To this end, consider the auxiliary boundary value problem (BVP)

L(@)UO =—® in Q+,
[Uo]" =0 on Sp, [T(d,n)Ug]" =0 on S\ Sp,

where Uy = (ug,wo) " € [HY(Q21)]6 and @ is as in (3.5).

This mixed BVP is uniquely solvable (for details see [29]). Therefore, if
we denote U* := U — Uy, where U solves the unilateral problem (3.5)—(3.8)
and Up is the solution vector of the auxiliary BVP, then we see that the
vector U* is a solution to the unilateral problem (UP) with homogeneous
differential equation (3.5) (i.e., with ® = 0) and with ¢* := ¢ —r,_[ugl} in
the place of ¢. Therefore, in what follows, we assume that ® = 0 without
loss of generality.

(3.39)

3.3. Boundary variational inequality formulation. Here we reduce
the unilateral problem (UP) (3.5)—(3.8) (with ® = 0) to an equivalent
boundary variational inequality (BVI). To this end, for a given vector f =
(FO,FOT e [HYAS), fO = (f7, 157, £57)T, 5 = 1,2, let us consider
the vector function

U)=VH 1 f)(z), 2€Qf, (3.40)

where V() is the single layer potential operator and H is the boundary
integral operator on S = Q1 generated by the single layer potential (see
the Appendix, formulas (A.2), (A.11), and Theorems 4.2 and 4.3). It can
easily be verified that the vector (3.40) solves the Dirichlet BVP

LOU =0 in QF, U= (u,w)’ € [HY(QM)],

[U]" = f on S. (3.41)
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Let us introduce the so called Steklov—Poincaré operator A relating the
Dirichlet and Neumann data for a vector (3.40) (see the Appendix, Theo-
rem 4.2)

Af=[T@mVHT ] =27+ KR (342)

With the help of the equalities stated in the Appendix, Theorem 4.3.iii, it
can easily be shown that

A=H Y2+ K] =L - [-27 s+ K|H -2 s + K*],  (3.43)
whence it follows that the operator
Az [HY2(9))° — [H2(9)° (3.44)

is an elliptic, self-adjoint pseudodifferential operator of order 1.
Denote by Xg{A™M,A?) .. A©®} the linear span of generalized rigid
displacement vectors on S (for more details we refer to the Appendix A.1).

Theorem 3.5. The Steklov—Poincaré operator (3.42) possesses the fol-
lowing properties:

(Af, f)s >0 for all f e [HY?(S)]S, (3.45)

(Af, f)s =0 if and only if f=r ([axx]+ba)’, a, beR>? (3.46)
ie., feXg{AW A@  AO}

(Af.9)s = (Ag, f)s for all f, g€ [H'?(S)F, (3.47)

ker A = Xg{AM AP . AO], (3.48)

i.e., for an arbitrary generalized rigid displacement vector x(x) = ([a x z] +
bya)T, z €S, we have Ax =0 on S.

Proof. The relations (3.45) and (3.46) follow from inequality (2.16), Lem-
ma 2.1, and Green’s identity

/E(U, U)dx = (Af, f)s with U =V(H'f). (3.49)
Q+

The equality (3.47) is an easy consequence of (3.43), while (3.48) can be
established with the help of Theorem 5.3.ii in the Appendix. O

Further, let
H(S,Sp) : = {g= (9", ¢®) T, gD e[HVAS)F, j=1,2: r,,9=0}=
= [H"?(5\ 9p)]", (3.50)
and for ¢ € H'/?(S¢) introduce the convex closed set of vector functions
Ko i={g= (9", g®)T €H(S,8p): 1o (gV m) <} (351)

Let us consider the following boundary variational inequality (BVI):
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Find f = (f®, f®)T € K, such that
(Af,g—f)g > (W, (9= f))sr forall g= (g, g7 €Ky, (3.52)

where A is the Steklov—Poincaré operator, ¥ and ¢ are as in (3.11) and
(3.12). Note that the duality relation in the right-hand side of (3.52) can be
written as a usual Lebesgue integral over the subsurface Sy due to (3.11)
and Remark 2.3.

First we establish the following strict coercivity property of the opera-

tor A.

Theorem 3.6. The Steklov—Poincaré operator (3.42) is strictly coercive
on H(S, Sp), i.e., there is a positive constant Cy such that

(A, f)s = Cull flIEgis2qsye for all f € H(S, Sp). (3.53)
Proof. The proof coincides word for word with the proof of Lemma 4.2
in [13]. O

Thus, the bilinear form (Af, g)s is strictly coercive on the subspace
H(S, Sp) and bounded on [H/2(S)]6 x [H'/2(S)]%, i.e. there is a positive
constant Cy such that

(.Af, g>5‘ < Cg||f||[H1/2(S)]6||h||[H1/2(S)]6 for all f, g < [HI/Q(S)]G (354)

Therefore, the BVI (3.52) is uniquely solvable due to the general theory of
variational inequalities in Hilbert spaces (see, e.g., Theorems 2.1 and 2.2 in
14)).

Further we show that the boundary variational inequality (3.52) is equiv-
alent to the unilateral problem (UP).

Theorem 3.7. (i) If f € K, solves the BVI (3.52) then the vector U
given by (3.40) is a solution to the unilateral problem (UP) (3.5)—(3.8) with
P =0.

(i) If U € K, is a solution of the problem (UP) with ® = 0, then
f=1[U)& is a solution of the BVI (3.52).
Proof. Let f € K, be a solution of the BVI (3.52) and construct the vector
U by (3.40). It is evident that U € [H*(Q")]® and L(G)U = 0 in QF in
accordance with Theorem 4.2 in the Appendix. Moreover, since [U]T =
([u]t,[w]")T = f € Ky, on S we see that the conditions (3.5) with ® = 0,
(3.6), and the first inequality in (3.8) are satisfied.

Note that

Af = [1@.mU]* = (O @) e [HVXS). (3.55)

Further, let g = f + h where h = (b, k)T € [HY/2(S7)]¢. Evidently,
g € K, and from (3.52) we get
(Af.h) = (U,r_h)s, forall h=(h" rE)T e [HY2(Sy))°.

Consequently,
7o Af =1y [T(0, n)U]T =¥ on Sr (3.56)
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and the conditions (3.7) hold.
Now in view of the embedding (3.11) and equality (3.56) we see that

ro Af € r [HY2(2)]® with ¥ € {Sp, Sr, Sc}. (3.57)

Therefore, we can decompose the duality brackets in the left-hand side of
the inequality (3.52) as a sum corresponding to the division of the surface
S =SpUSrUSe. With the help of (3.56) we then obtain

(rec AL 7o (9= s = (reo @] (60 = 1)) -+
H(ra U)o, (62 = F®)) =0
for all g = (¢M,¢*)T € K,. (3.58)

Let us substitute g = f + h with h = (0, A®)T € [HY/2(5¢)]° in (3.58) to
obtain

<7“sc-Af7 TSC h>Sc =
- <rsc L@y, h(2)>Sc =0 for all h® e [HY2(Sc)P.

This implies that rg_ (W™ ()]t = 0, ie., the fifth condition in (3.8) is
satisfied. Then from (3.58) in view of (3.55) we derive

<7°sc [T(")(U)]+,Tsc (g™ — f(l))>s >0 forall (¢V,0)7 €K,. (3.59)
C
In turn, this inequality can be rewritten in the following equivalent form

(re MW, (00 = £9)) -+

1
(e PN o 60— 1) >0, (3.60)

where the subscripts n and ¢ denote the normal and tangential components
of the corresponding vectors.
Substituting here g = W +h() where h™M) € [HY/?(S¢)]? with Ay =
0, we arrive at the equation
n 1
(ra PO o V) =0 (3.61)
Sc
for arbitrary tangential vector hﬁl) = () e [HY2(S:)]3. This shows that
the fourth equation in (3.8) is fulfilled.
Further, let ¢V = f(U) — ny, where 9 € H'/?(S¢) with 9 > 0. Clearly,
(9™M,0) € K, and from (3.60) we then obtain
(re D )Fre,9) <0 forall v e HY(Se), 920, (362)
C

nylsq

implying that [r(")(U)]; <0, i.e., the second condition in (3.8) holds.
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The last inequality yields that
(oo PN [ n)t =) >0, (3.63)

since ry_[u-n]* —¢ <0.

On the other hand, let g(*) = ft(l)—i—nt?, where § € H'/2(S) with Ts.0=¢
on S¢ and rg 6 =0 on Sp. We have then (g1, 0) € K, and from (3.60)
we conclude

(re P @) 0 = ropusn)™) 20, (3.64)
C

since [uT] = f(). From the inequalities (3.63) and (3.64) the third condition

in (3.8) follows. This completes the proof of item (i).

Now, let U € K, be a solution to the unilateral problem (3.5)-(3.8) with
® = 0. It is evident that U can be represented in the form (3.40) with
f= W, )T = [U]5. Due to the boundary conditions (3.6) and the
first inequality in (3.8) we see that f = [U]{ € K. Further, by Theorem 3.2
the vector U is a solution to the spatial variational inequality (3.15) with
®=0:

/E(U, V- U)de > (V,r, [V —U")

With the help of Green’s formula the left-hand side integral in (3.65) can
be rewritten as

g, forall Ve K. (3.65)

[ BV = 0)ds = ([T@0UEVIE - W) = (Afg -~ )g. (3:60
o+

where g := [V]§. Since V € K, is arbitrary, from (3.65) and (3.66) it
follows that

<-Afag - f>s > <\IlarsT (g - f)>ST for all 9= (9(1)59(2))T € Ktp'

Thus, the vector f = [U ];r is a solution of the boundary variational inequal-
ity (3.52). |

Note that if f solves the BVI (3.52) then it is also a solution to the
following minimization problem: Find a minimum on the convex closed set
K, of the energy functional

E(g) =27 (Ag,9)g — (¥,75,9) 5 » (3.67)
i.e., find f € K, such that

E(f) = min (9)- (3.68)

In accordance with Theorems 3.3 and 3.7, and Corollary 3.4 we have the
evident existence and equivalence result.
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Corollary 3.8. The unilateral problem (UP) (3.5)—(3.8), SVI (3.15),
BVI (3.52), and the minimization problems (3.38) and (3.68) are equivalent
in the sense described in Theorem 3.7 provided ® = 0. All this problems are
uniquely solvable.

3.4. A special particular case. In this subsection we consider the unilat-
eral problem (3.5)—(3.8) when Sp = @, i.e.,, 90T = Sp U Sc. In addition,
we assume that the submanifold S¢ is neither rotational nor ruled (i.e., S¢
is not a part of some rotational or ruled surface). Thus, now we have to
find a vector function U = (u, @) € [H*(21)]® by the following conditions
L(O)U =@ in QF, (3.69)

[T(8,n)U]" =¥ on Sr, (3.70)

<rsc [r(@) 0] rg, [ n] T — “”>sc —0 b on 8o, (3.71)

[FD@)] " = a[r™ @) n]" =0

@) =0

with @, ¥, and ¢ as in (3.9), (3.11), and (3.12).

As we will see, in contrast to the above considered case, the problem
(3.69)—(3.71) is not always solvable and the uniqueness theorem does not
hold as well. Below we derive the necessary and sufficient conditions of
solvability for the problem (3.69)—(3.71) and study the structure of the set
of solutions.

To this end we reduce equivalently the problem under consideration to
the form which is more convenient for further analysis.

Let us consider the auxiliary boundary value problem

LO)Uy=® in QF, Up:= (ug,wo) € [HY(QM)]S, (3.72)
[T(0,n)Uo]t =0 on Sr, (3.73)

[u-n]* = ¢
(7 (U] = n[r™ (Uy) -n]t =0 on Sc. (3.74)

W™ (Uo)] T =0

This problem has a unique solution for arbitrary ® and ¢ if the submanifold
Sc is neither rotational nor ruled. In fact, the uniqueness theorem is shown
in the Appendix, Subsection A.2, while the existence is a consequence of
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the Korn’s type inequality (2.21). Evidently,
[T(8,n)UolE € [H™Y2(Se)]°. (3.75)

Denote U = U — Up. Then it is easy to check that U solves the following
unilateral problem

L(O)U =0 in QF, (3.76)

[T(0,n)U]" =¥ on Sr, (3.77)

<7’Sc [T(”)(U) .n]+ —0,Ts, [u.n]+>Sc =0 on Sc, (3.78)
[FD @) = 7™ (U) 0]t =0
(™ ()] =0

where
o=-r, [T(”)(UO) -n) € Tse [H_l/Q(SC)]G. (3.79)
Due to the inclusions (3.11) and (3.79) we have rg_ [rmONE e
Ts,, [H~1/2(5¢)] which implies that the duality relation in (3.78) is cor-
rectly defined since (U3 € [HY?(Sc))®.
Now, let us introduce the convex closed cone of vector functions

Ko = {V = (0,w) € [H(Q)°: 7, (W] -n) <0} (3.80)

and consider the spatial variational inequality: Find U = (u, w)" € K such
that

/E(U,V—U)dxz
ot
> (U,r,, [V — Ul sy + (o, Tse [v—u]t - n)s, forall VeKy. (3.81)

By the same arguments as in the proof of Theorem 3.2 we can show that
if a vector function U solves the SVI (3.81), then U is a solution to the
unilateral problem (3.76)—(3.78), and vice versa.

Further, let

Koi={g= (4", g™ e VS : 1o, (90 -m) <0} (382)

and consider the boundary variational inequality:
Find f = (f, f®)T € K, such that

(Afs9=F)g = (Wrs, (9= Nsr + (o,rs, (gD = F) -n)y (3.83)
for all g = (g™, ¢®)T € Ko,
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where A is the Steklov—Poincaré operator. Clearly, Ky is a convex closed
cone.

By the same arguments as in Theorem 3.7 we can prove that if f € Kg
solves the BVI (3.83) then the vector U given by (3.40) is a solution to the
unilateral problem (3.76)—(3.78), and vice versa, if U € K is a solution of
the problem (3.76)—(3.78), then [U]{ = f is a solution of the BVI (3.83).

Similarly, we can show also that if f solves the BVI (3.83) then it is also
a solution to the following minimization problem: Find a minimum on the
convex closed cone Ky of the energy functional

50(9) = 2_1<Agvg>s - <\IlarsTg>ST - <Ua Tso g(l) 'n>SC' (384)

Thus, the BVP (3.76)—(3.78), SVI (3.81), BVI (3.83), and the minimiza-
tion problem (3.84) are equivalent in the sense described above.

In accordance with the general theory (see, e.g., [12], Part 2, Section 10)
we have to construct the set R of vector functions g € [H'/2(S)]® satisfying
the equation (Ag, g)s = 0. By Theorem 3.5

R = {x =0V x)T e [HYA(S)
X(l) = [aXx]+b, X(Q) = a, IIZES, a7b€R3}7

i.e., R is the restriction on S of the space of generalized rigid displacements.
Further, we set

RlzzKoﬂR:{xeR: rscx(l)-nSO},

. (3.85)
Ri:={x€R:: rscx(l) n=0} ={0}.

The last equality is a consequence of the fact that if ([a X 2] +b) -n(z) =0
for x € S¢, then S¢ is either rotational or ruled.

Let f = (f(l),f(Q))—r € Ky be a solution of the boundary variational
inequality (3.83). Then for arbitrary y = (x"),x®)T € R, we sece that
f=f4+x=UD4+xD @ 4 )T ¢ Ky. Therefore, from (3.83) with
g = ]”vwe get

(Af,x)g = (W, rs X)sp + (0075, X - n)g, forall y € Ry. (3.86)

Since A is self-adjoint, by Theorem 3.5 it follows that (Af, xt)s=(Ax, f)s=
0 for every x € R. Therefore we arrive at the following necessary condition
for the BVI (3.83) to be solvable,

(W, e, X)sr + (0,75, X n)g, <0 forall x € Ry. (3.87)

On the other hand, if the condition (3.87) holds in the strong sense, which
means that in (3.87) the equality appears if and only if x € R} (i.e., if
and only if x = 0), then the minimization problem for the functional (3.84)
and consequently the BVI (3.83) are solvable due to Theorem 10.1 in the
reference [12], Part 2, Section 10. Thus we have the following assertion.
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Theorem 3.9. The inequality (3.87) is a necessary condition for the
BVTI (3.83) to be solvable. If (3.87) holds in the strong sense, then the BVI
(3.83) is solvable.

Let us study the uniqueness question. If f = (fM), f®)T € K, and
h = (KM, )T € Ky are solutions of the BVI (3.83), then we have

(Af,h = f)s = (Urg, (h=f))g + (ors (B = FW) o) . (3.89)
(Ah, f = h)s = (U,rg (f=h))g + (ors (fD =) ). . (3.89)

By adding of these inequalities and with the help of the property (3.45) we
derive

(A(h = f),h = f)s =
which implies that ¥ = (Y, x®)T := h — f € R due to Theorem 3.5.
Note that h = f + X € K. Since (.Af X)s = 0 and (Ah,X)s = 0 we get

from (3.88) and (3.89)

<\Il,rsTx>ST+<a,rSci(1).n>sc§0, (U, r STX>ST+< r i(l).n>ScZO,

Y Sc

that is,

W), =o. (3.90)

<‘Ila ’rsT 2)5’1‘ + <U’ Tscg >SC

Thus we have shown the following assertion.

Theorem 3.10. Let f be a solution of the BVI (3.83). Then f is defined
modulo a generalized rigid displacement vector XY = (Y, Y®*)T € R such
that f + X € Ko and the condition (3.90) holds.

Remark 3.11. It is evident that if o := 0 on Sc¢ and (¥,7,_X)s, = 0 for
arbitrary rigid displacement vector y, i.e., U satisfies the generalized equi-
librium conditions on S, then the necessary condition (3.87) holds but not
in the strong sense. In this case, we can not say anything about the solv-
ability of the variational inequality (3.83). Therefore, the condition Sp # &
is crucial for existence and uniqueness results formulated in Corollary 3.8.

4. APPENDIX

A.1. Properties of potentials and boundary pseudodifferential ope-
rators. The fundamental matrix I'(z) for the differential operator L(9)
reads as follows (this matrix can be obtained by standard limiting procedure,
as the frequency parameter ¢ — 0, from the fundamental matrix of the
pseudo-oscillation equations constructed in [29]):

(e — Hp(l)(a;) T(2) (z)
= 3 4 )
r&(z) TW(2) 6X6 (A1)
(m _
DO @) = [E @) e = 1,2,8,4,
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where

1) 1 ([(y+e 1 —’W\—1 o
() = - 4W{[ . m—f—Zkzlcu o

0? Ap |z e kulel
703%837]» [u()\+2u 2 ZCU ] +
0 e Rl 1
Z CAEkjp 7 o T}
l,p=1
2) (3) 1 kv 1 o —kulzl 1
ij( ):Fk] (m):_ﬂ{_ |: dl |1’| +Zkl03l i|(5k_]+
e—kilzl _q e—kilzl _q

0xké)x] ; 3 ————— + Z Cal€kjp 8 |$| }7

l,p=1

) 1 (rp+al *kllmlf1 _
ij(x)* 47_‘_{[ dy |I|+Zk505l }5@*

e~ kilzl _ 1 o ekl _1
axkaiﬂ] ; 50— T Z C6i1€kjp 7 a |£L'| }

l,p=1
Here d; and dy are defined by (2.18), and

C
e = = (6 — k)L [(7 + )hE — 4a] (kF — 23) + dwdsh? },

dy
ak o o ,  16a%k
o = "5t (8 —K){ [ds(y +2) — ]k + = .
k2
egr = L (7 = K)[(k? = X3)( + v) — 2ads],
1
k2
e = "t (F — ) [20(k — M) — dsk? (5 + )],
Clk2
e = 90 (4 )2 — 47— )
crdski
co ==t (o) (k — k), 1=12,
. 7((54—2&)2 e d+ 2k
BT a0+ 20 T da(h+ 2002
1
Co3 =~ C23 =43 =co3 =0,
1
c , q=1,23, ky:=ky, ks:= ko,
A eGP e
4(pv — ak) 5 dap o Aa(A+2p)
dy = ———2, N =— k=2
3 dl ’ 1 dl ) 3 d2 )
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k24 k2 =2\ —d2 kk3=)\), ki=ka=a+ib, a>0,beR.
With the help of the relations

3 3
chkf ="ty ?, chkfm =0 for m=2,3,

3
+2 +e A+
chk;%:l, chlkl— Pty ayte p

do dy pA+2p)’
5+2/<; 1/+/<; A+2 +«
Zc3lkl = — 2 Zc5lkl = — d2 H + ,u'dl ’

it can easﬂy be checked that for sufﬁmently large |z| (as |z| — +o00) and
for arbitrary multi-index o = (01, 02, 03) we have the following asymptotic
behaviour

O(|lz|~ 1oy for k,j=1,2,3,
8‘7ij($) = (| |,2,‘0‘) . J .
O(|z| ) for either k>4 or j > 4.
Here o} are nonnegative integers, 07 =0705205°, and |o|=01+02+03>0.
We remark also that
Dy —a) =[P -y)]"
The corresponding single layer and double layer potentials, and the New-
ton type volume potential read as follows [29)

V(p)(z) = / Iz - y)p(y)dS,, =€ R®\S, (A2)
S

W(e)e) = [ [10,n@)y -] ¢ ds,. s B\S, (A3)
S

No(¥)(z) = / T'(@ - y)(y)dy, o€ RS, (A4)
Q

where T'(0,n) is the stress operator of the theory of hemitropic elasticity
(see (2.4)), @ = (p1,-..,96) " is a density vector-function defined on S =
09, while a density vector-function ¢ = (1,...,1)" is defined in Q €
{QT,Q}.

These potentials have the jump and mapping properties described by the
following theorems (for details see [29]).

Theorem 4.1. Let U € [H*(Q1)]% with L(O)U € [L2(Q1)]°. Then there
holds the following integral representation formula
W(U")(2) = V([TU]")(2) + Na+(LO)U)(z) =
B {U(:c) for z € QT

0 for x € Q. (A.5)
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Theorem 4.2. Let S € C*tL7 where k > 0 is an integer, 0 < 7 < 1,
and let 0 < t < 7. Then the operators

Vo [CRH9)]E — [CHIH@E)], W [CR(9)]° — [CHHF)]°, (A6)

are bounded.
For any g € C*'(S) and any x € S

V(g)@)* = V(g)(x) = Hy(x), (A7)

T3y, n(@)V (g)(@)]* = [£2~ 5 + Klg(z), (A8)

W (@) @)]* = [£27 U + K*Jg(a), (A.9)

(T(0r, ()W (g)(@)]* = (@ n(2))W () ()]~ = Lg(x), (A.10)

where

Ho(x) : = / Iz — y)g(y) dS,. (A11)
S

Kg(x) : = / T(0r, n(2))T (& — y)g(y) dS,, (A12)
S

)i= [ @nwIN - 2) o) ds,. (A.13)
S

Low): = lm _ T(9.,n(x) / (73, n(y))T(y—2)] "9(y) dS,. (A.14)

S
The operators V. and W can be extended by continuity to the bounded
mappings
Vi HYAS)C - (NN [[HA9)° — (L0,
W [HYA(S) = [HY QD)) [[H2(S)° = [Hho(@)° ]

The jump relations (A.7)—(A.10) on S remain valid for the extended opera-
tors in the corresponding functional spaces.

Denote by X+ {AM, A®) .. A©)} the linear span of vectors of general-
ized rigid displacements in a region Q7 , where, for definiteness, we assume
that

A(l) = (07 —x3,T2, 1) 07 O)Ta A(2) = (.173, 0) —I1, 07 1) O)T7
A(3) - (—.%'2, T, 07 Oa 07 1)Ta A(4) = (17 07 07 07 07 O)Ta
A®) =(0,1,0,0,0,0)T, A® =(0,0,1,0,0,0)".
The restriction of the space Xq+ {A™M AP .. A©®} onto the boundary

5 =09 we denote by Xg{AM, A . A0} Clearly, the vectors {AD}9_,
are basis in both spaces Xq+ and Xg.
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Theorem 4.3. Let S, k, t, and 7 be as in Theorem 6.1. Then the
operators

o [CHUS)E — [CHIS)E [[HVA(S) — [HYV2(S)], (A5

) )
K [CH(S))S = [CR ) [ A0 — [H2(9)° ], (A6)
K [CRUS)0 = [CRUS)° [ [HYAS)E - [HY2S) ], (A7)

)

L [CHS)E =[RS [ (S — [HVAS)E] (A

are bounded.

Moreover,

(i) H, £27 16 + K, 271 + K*, and L are elliptic pseudodifferential
operators of order —1, 0, 0, and 1, respectively;

(i) £27 116 + K and £27 s + K* are mutually adjoint singular integral
operators of normal type with index equal to zero. The operators H, 2~ I+
K and 27115 + K* are invertible. The inverse of H

H [CFH(S)]E — [CRHS)S | [HYA(S)]® — [HV(S))°

is a singular integro-differential operator.
The null space of the operator —2~ I + K* is Xg{AM A® .  AO)};
(iii) £ is a singular integro-differential operator and the following equal-
ities hold in appropriate function spaces:

K*H =HK, LK* =KL, HL =411+ (K*)?, LH=—-4"'Is+ K%

(iv) The operators —H and L are self-adjoint and non-negative elliptic
pseudodifferential operators with positive definite principal symbol matrices
and with index equal to zero. Moreover, (h,—Hh)g > collh|g-1/2¢sy6 for
all h € [H=Y2(8)]% and (Lg,g)s > 0 for all g € [HY?(S)]® with equality
only for

g=(laxz]+ba)T, (A.19)
where a,b € R3 are arbitrary constant vectors; here (-,-), denotes the dual-
ity between the spaces [H~/2(8)] and [H/?(S)]® which extends the usual
[L2(9)]¢-scalar product;

(v) a general solution of the homogeneous equations [—27 11 + K*]g = 0
and Lg = 0 is given by (A.19) ( i.e., the operators L, —27'Is + K*, and
—2711s + K have siz dimensional null-spaces).

A.2. Uniqueness theorem for the BVP (3.72)—(3.74).

Theorem 4.4. The homogeneous BVP (3.72)—~(3.74) has only the trivial
solution if the submanifold S¢ is neither rotational nor ruled.

Proof. Let Uy := (ug, wo)' be a solution to the homogeneous BVP (3.72)-
(3.74) with ® = 0 and ¢ = 0. From Green’s formula (2.12) with U = U’ =
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Uy and Lemma 2.1 then we have
up(r) = [a x ] +b, wo(x)=a, €O, (A.20)

where a, b € R? are arbitrary three-dimensional constant vectors, i.e., Uy is
a generalized rigid displacement vector. It is evident that all conditions of
the homogeneous BVP (3.72)—(3.74) are automatically satisfied except the
first equation in (3.74) with ¢ = 0, implying the following restriction

uo(z) -n(z) = (la x 2] +b) - n(z) =0, = € S¢, (A.21)

where, as above, n(z) is the exterior unit normal vector at the point z € S.
In what follows we shall show that if (A.21) holds and |a| + |b] # 0, then
Sc is either rotational or ruled submanifold. We prove it in several steps.

Step 1. First we assume that a = 0 and b # 0. Without loss of generality
we set b # 0. From (A.21) then we get

b-n(x) = bini(x) + bang(x) + bang(z) =0, = € Sc. (A.22)

Let (1,22, 23) = 0 be an equation of the submanifold S¢ in some neigh-
bourhood of a point g € S¢. Then n(z) is parallel to the vector V,((z) =
(01¢(x), D2¢(x), 03¢ (x)). Therefore, by (A.22) we arrive at the partial dif-
ferential equation of the first order

o), L)

9¢(x)
=0. A2
811 +02 8932 +b3 813 0 ( 3)

The corresponding system of characteristic equations is (see, e.g., [7])

b

dry dry  dws

b1 a b2 a bg '
Evidently, the first integrals of the system of ordinary differential equations
(A.24) are the functions

(A.24)

z1 —axry =C1, x3— Bz =Cy,

where a = by /b3, 3 = ba/bs, and C; and Cy are arbitrary constants.

Therefore, ((z) := F(z1 — axs,x2 — S x3) with an arbitrary differentiable
function F(-,-) is a general solution of the differential equation (A.23).

Moreover, it is evident that if V F' # 0, then ((z) = F(x1 —axs, xo—f13) =
0 defines a two-dimensional manifold. Performing the linear transformation,

1 =) +axl, xo=uxhy+ Pal, x3 =3,
it is easy to see that g(a?) = F(x1 —ax3, 20 — faz) = F(x), 25) = 0 describes
a cylindrical surface with directrix parallel to the x% axis, i.e., parallel to the
vector (a, 3,1) = (1/b3)b. Thus, the above mentioned equation ((z) = 0

of the submanifold S¢, as a particular case of the general equation ((z) =
0, defines a cylindrical manifold with a directrix parallel to b (note that
V {(x) # 0). Since S¢ is not ruled submanifold we conclude that b = 0.
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Step 2. Now, let a # 0. Represent b as b = ¢+ d, where ¢, d € R? and ¢
is parallel to a, while d is perpendicular to a. Then there is a point x(y such
that d = —[a X z¢] and due to (A.20) we have

up(r) = [a x (z —x0)] +¢, ©€QT. (A.25)
Then from (A.21)
[a x (z—x0)]-n(zx)+c-n(xr)=0, z€Sc. (A.26)

Sub-step 2.1. We first consider the case ¢ # 0 and make an orthogonal
transformation of the co-ordinate system, x = A £ + z¢ such that the new
axis & is directed parallel to the vector a and the new origin coincides
with the point zg. Clearly, A = [Ag;]3x3 is an orthogonal matrix with the
properties

det A=1, A7'=AT, M\yy=M;, a=A(lal,0,0)", c¢=A(|c,0,0)T, (A.27)

where A ; is the co-factor of the element Ay, |a| and |c[ stand for the lengths
of the vectors a and ¢ respectively. Set @ := (|a|,0,0)" and ¢ := (|c[,0,0)7.
Note that [Az x Ay] = A[z x y] for arbitrary z, y € R? and for an arbitrary
orthogonal matrix A. Applying the above identities from (A.26) we have

{[ax(x—l‘o)]'n(a?)—&-c-n(x)} =

z=A€+x0

= {A[AT ax AT (z —xo)] -n(z) + AATc- n(x)}l:A&—&-:co -

_ {[AT ax AT (a: _ 330)} 'ATTL(J?) + ATe- ATn(x)}:c=A§+x0 =

= {([Zi x &+ E) . ATn(m)}szg-s-xo =
=L(§) - n(§) =0, € Sc, (A.28)

where £(¢) := [a x &] + ¢ = (|c], —|alés, |alé2) and 7(€) := ATn(AE + x0) is
the outward unit normal vector at the point £ € S¢.

Further, let ¢(&1,&2,€3) = 0 be an equation of the submanifold S¢ in
some neighbourhood of a point & € Sc. Then n(€) is parallel to the vector
VeC(€) = (01€(£), 02€(£),03¢(€)) and by (A.26) and (A.28) we arrive at the
partial differential equation of the first order

0 0 0
c] —gg) — lal&s —(géf) + lalé —gg) =0, (A.29)
ie.,
a¢(§) a¢(§) ) - el
e 3 — &3 96, + & 96 0 with e= _|a| . (A.30)

The simultaneous characteristic equations are
de__de _dg

; et (A.31)



100 R. Gachechiladze, J. Gwinner, D. Natroshwvili

It can easily be shown that

m(&) : = —E2sin 5—1 + &3 cos 5_1 = (4,
’ ‘ (A.32)

n2(§) =& cos% + & sin% — O,

where C7 and C5 are arbitrary constants, are the first integrals of the system
of ordinary differential equations (A.31). Therefore, a function

€)= Fln(©)m(@) = P~ &osin L + g cos %L o ™

e
with an arbitrary differentiable function F'(-,-) is a general solution of the
differential equation (A.30).

Note that the equation ((£1,£2,£3) = 0 of the submanifold S¢ is a
particular case of the general equation ((€) := F(n1(€),12(€)) = 0 with
V F(n1,m2) # 0. This relation defines a two-dimensional manifold M in a
neighbourhood of some point £y € M. Further, by the implicit function
theorem we derive that either 71 (€) = hq1(n2(§)) or n2(§) = ha(m(£)), ie.,
either

I sin%)

—& sing—1 + &3 cosg—1 =M (fg (:osg—1 + &3 sing—l)
e e e e
or
fgcos£—1+§3sin§—1 :h2<fggsin£—1+§3cos§—1).
e e e e

We easily see that in both cases the functions hy(-) are linear functions
in & and &3, since the second order partial derivatives of the functions hy,
with respect to the variables & and &3 vanish identically. Therefore, the
intersection of the manifold M with the plane &5 = const is a straight line
segment defined by the above linear relationship between the variables &»
and &3. This proves that M is a ruled manifold. Since, by assumption S¢
is not ruled, we conclude that ¢ =0 in (A.25), and consequently in (A.26).
Sub-step 2.2. From (A.26) with ¢ = 0, by the same arguments as above
we arrive at the equation (A.29) with |¢| = 0, that is,
9¢(€) 9¢(&)
o6 o (4:53)
due to the assumption |a| # 0. Here ((&1,£2,&3) = 0 is again an equation
of the submanifold S¢ in some neighbourhood of a point &, € Sc. The
characteristic equations now read as follows

&y d&y _ dSs
0 $ &
The corresponding first integrals are
G =C1, &+& =0,

where C and Cs are arbitrary constants. A function

(&) = F(&,&+¢€d)

—&3

(A.34)



A Boundary Variational Inequality Approach to Unilateral Contact 101

with an arbitrary differentiable function F'(-,-), is then a general solution of
the differential equation (A.33). If we assume that VF(n1,7n2) # 0 then the
equation Z(f) = F(&1,62+€2) = 0 defines a rotational submanifold M with
the axis of rotation parallel to the co-ordinate axis {1, i.e., to the vector a.

Therefore, the function ¢(§), as a particular solution of the equation
(A.33), belongs to the family of functions of the form F(&;,£2 + £2), and
consequently, the equation ((&1,&2,£3) = 0 describes a rotational surface.
Since the submanifold S¢ is not rotational, we conclude that a = 0.

Thus, we have shown that if S¢ is neither rotational nor ruled submani-
fold, then @ = b = 0. Due to (A.20) this proves that the homogeneous BVP
(3.72)—(3.74) possesses only the trivial solution. O
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