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Odd perfect polynomials over [y

par Luis H. GALLARDO et OLiviER RAHAVANDRAINY

RiSUME. Un polynome A € Fy[z] est dit parfait s’il est égal a
la somme de tous ses diviseurs et il est dit impair s’il n’a pas de
facteurs de degré 1. Il n’y a pas de polynomes parfaits impairs
ayant 3 facteurs irréductibles. Il n’y a pas non plus de polynémes
parfaits impairs ayant au plus 9 facteurs irréductibles dans le cas
ol tous les exposants sont égaux a 2.

ABSTRACT. A perfect polynomial over Fy is a polynomial A €
Fy[z] that equals the sum of all its divisors. If ged(4, 2% +z) =1
then we say that A is odd. In this paper we show the non-existence
of odd perfect polynomials with either three prime divisors or with
at most nine prime divisors provided that all exponents are equal
to 2.

1. Introduction

As usual, we denote by Fy the finite field with two elements {0,1}. For
a polynomial A € Fa[z], let
o(A) = Z D

D|A

be the sum of all divisors D of A. We denote also, as usual, by w(A) the
number of distinct prime (irreducible) polynomials that divide A. These
two functions are multiplicative, a classical fact that will be used without
further reference in the rest of the paper. When Fs is replaced by a field F
of characteristic p > 0, we just sum the “monic” divisors of A. If A divides
o(A) or equivalently if 0(A) = A, then we call A a perfect polynomial.
The notion of perfect polynomial was introduced by Canaday [1], the first
doctoral student of Leonard Carlitz. He studied mainly the case F = Fo,
and ged(A, 2% + ) # 1. We may think of 22 + x € Fa[z] as being the
analogue of 2 € Z so that the “even” polynomials are the polynomials with
linear factors and the “odd” ones are such that ged(A4, 22 +x) = 1. It is easy
to see that an odd perfect polynomial in Fa[z] must be a square. Canaday
(among other results in [1]) classifies the even perfect polynomials with
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three irreducible factors, leaving open the classification of the odd ones.
Moreover, in the special case when A is a product of squares of primes P in
Fo[z] he proves the non-existence of odd perfect polynomials when all such
P’s are of the same degree [1, Theorem 18], and announces without proof
[1, Theorem 21] that P =1 mod 2% + x + 1, and that P has even degree.

In our papers [3] and [4] we worked on polynomials with coefficients in
an extension field of Fy, while here we come back to the original problem
(i.e., the study of perfect polynomials over the ground field Fy), extending
some results in [1] mentioned above.

The object of this paper is to prove two results:

a) There are no odd perfect polynomials A with three prime factors,
i.e., of the form A = P*Q°R¢ where P,Q, R are distinct irreducible
(and non-linear) polynomials in Fo[x] and a, b, ¢ are positive integers.

b) If A is an odd perfect polynomial which is a product of squares of
primes, then w(A) > 10. Moreover, every prime divisor @ of such A
has even degree d > 30, and satisfies: Q =1 mod 22 + = + 1.

A useful lemma for both results a) and b), is a generalization of a result
of Beard [2] (see section 2) about the degrees of the possible prime factors
of A. Also some general lemmata required for b) (see section 4) may also
have some interest in their own right.

It just remains to observe two things. First of all, with a) available, the
complete list of perfect polynomials A with w(A) < 3 over Fy is (see [1]):

(& N+ 1) @+ D@+ 2 +1), 2@+ 1)@ + 2+ 1),

ez + 130 422+ 2 2+ 1), 23+ DMt + 23+ 1))

where n > 0 is a positive integer.

Secondly, the congruence in b), (in which we may think of the modulus
22 4+ x + 1 as the analogue of the number 3 € Z ) seems insufficient to
bar polynomials from being perfect. This is in contrast to the case of
integers. Indeed, already in 1937, Steuerwald [6] proved by a clever use of
congruences modulo 3 that there are no odd perfect numbers of the form
n = p*+tp... p2 where p = 1 mod 4 is a prime number, k > 0 is a
non-negative integer, r > 0 is a positive integer and p; < p2 < --- < p, are
odd prime numbers.

2. Some useful facts

We denote by N the set of non negative integers. In this section we recall,
and present, some necessary results for the next sections.

First of all, we recall two lemmas obtained by Canaday [1] over Fy. Their
proofs work in a more general setting.
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Lemma 2.1. (Lemma 5 in [1]) Let F be a perfect field of characteristic 2.
Let P,Q € Flx] and n,m € N be such that P is irreducible and o(P?") =
1+---4+P?=Qm. Thenm € {0,1}.

The following lemma follows from the proof of Lemma 6 in [1]:

Lemma 2.2. Let F be a perfect field of characteristic 2. Let P,Q € F[z] and
n,m € N be such that P is irreducible, m > 1 and o(P*") = 1+4---+P?" =
Q™C for some C € Flx]. Then

deg(P) > 2deg(Q).

We shall deal with three types of primes:

Definition. Let F be a field. Let A € F[z] be a polynomial. A prime
divisor P of A is called a minimal (resp. maximal) prime of A if it has
minimal (resp. maximal) degree. When the prime divisor P is neither
minimal nor maximal we call it a medium prime of A.

We are now ready to present the following lemma [4, Lemma 2.5] that
improves a result of Beard et al., [2, Theorem 7]:

Lemma 2.3. Let F be a field of characteristic p > 0. Let A € F[x] be
a perfect polynomial. Then the number of monic minimal primes of A is
divisible by p.

Proof. Let p1,...,p be the list of all monic minimal primes of A. Since
A =0(A), we have:

A
0= 3 a=y
d|A, d#A im1 Pi

It follows that the leading coefficient of the sum ) ;_; zé must be zero. This

proves the lemma. O

3. Perfect polynomials in Fy[z] of the form: A = P*Q*R!

By Lemma 2.3, we may suppose deg(P) = deg(Q) < deg(R).
So, P and @ (and h,k) play symmetric roles. If deg(P) = deg(Q) = 1,
so that A is even, see Canaday’s results in [1] and the Introduction. If
deg(P) = deg(Q) > 2, so that A is odd, we have:

Theorem 3.1. There are no perfect polynomials A in Fo[z] with w(A) =3
irreducible factors P, Q, R with degrees all > 2.
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Proof. If A = P"QFR! is perfect then, by using the multiplicativity of o,
we have:

14+ P"=Q"R,
1+ 4 QF = P°RY,
1+---+ R = PQ/,
where c+e=h, a+ f=k, b+d=1.
Case in which one of h, k,[ is odd:

Suppose that h is odd. Since P(0) = 1, we have: 1+ --- + P(0)"* = 0.
So, the monomial z divides 1 + - - - + P" and then we have either Q = z or
R = x, which is impossible. The same fact happens if k& or [ is odd.

Case in which h, k,[ are all even:

By Lemma 2.2, we have 0 < a,b,¢,d < 1. If b = 0, then ¢ = 1 by Lemma
2.1 and thus A = 1, which is impossible, hence b = 1. Analogously, we have
d=1,sothat l=b+d=2.

-Ifa=c=1,thenh=k e=h—1=k—1=f. So, 1+ R+ R?> = (PQ)".
Thus, by Lemma 2.1, e =1 and h = k = 2. We have then

1+ P+ P?=QR,
14+Q+Q*= PR,
1+ R+ R* = PQ.
Thus, P, @ and R have the same degree and R = P+@Q+1, a contradiction.

-Ifa=0, c=1, then
1_|_..._|_Ph:R7 1_|_..._|_Qk:PR,

So, hdeg(P) = deg(R) = kdeg(Q) — deg(P) = (k — 1) deg(P). Thus h =
k — 1, which is impossible since h and k are both even.

- For a =1, ¢ = 0 the proof is analogous.

-Ifa=c=0,thenh=k=ec=f,1=2. 501+ R+ R?=(PQ)¢ with e
even. This is impossible by Lemma 2.1. O

4. Odd perfect polynomials that are a product of
squares of primes

Here, we present some general results about a possible odd perfect poly-
nomial A € Fy[x], which satisfies certain conditions.
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Definition. An odd perfect polynomial A € Fy[z] is called “special perfect”
if it is a product of w(A) = m primes p; € Fa[z] of degree d; with exponents
all equal to 2:

A:p%-~-pfn, where 2 < dy < ... <d,,.
First of all, we present a simple, but useful result.

Lemma 4.1. Let P,Q € Fylx] be two distinct primes of the same degree d.
If Q divides o(P?) then P does not divide o(Q?).

Proof. Assume that o(P?) = 1+ P + P? = QC and that 0(Q?) = PB
for some polynomials C, B € Fy[z]|. Then the first equality implies P # 1
(mod Q) and P3 =1 (mod Q). Thus, the second equality implies B = P?
(mod Q). Tt follows that B2 + B+ 1 = 0 (mod Q). Therefore, Q divides
o(P?) + B>+ B+ 1 = (P + B)(P + B+ 1). This is impossible since
deg(P + B) < deg(B) = deg(P) = d, and deg(P + B+ 1) < d. O

Our second lemma deals with maximal prime divisors.

Lemma 4.2. Let P € Fy[z] be a maximal prime of a special perfect poly-
nomial A = p}---p2, € Falz], with w(A) = m. Let r = 2s be the num-
ber of minimal primes of A. Then, there exists an unique couple (3,j),
i,j €{1,...,m} such that:

a) pj # P, di < d; < dj = deg(pj) = deg(P) = dp,. In other words, p;

1s maximal while p; is medium;

b) P|p?+p;+1 andP\p]z+pj+1, so that P = p; +pj + 1;

¢) if 1+ p;+p?=PR then 0 < deg(R) < d; so that dp,, < 2d;.
Proof. a) and b): We may assume that P = p,,. If p2, divides some o(p?)
for some i < m, then 2d,, < 2d;. So, d,, = d; and p?, = p? + p; + 1. This
implies that

pi = (pm +pi+1)°
is a square, which is impossible. So, p,, appears in exactly two J(pi), say
for k € {i,j} withi <j<m, d; <dj:
Pm | PF+pi+1, pm | D5 +p;+ 1L

This implies that p,, divides the product 7 = (p; + p;)(pi + pj + 1) since

(p12+p1+1)+(p?+p]+1) = T. SO, dm < dj, i.€., dj = dj+1 = ... :dm
If d; = d; then p; + p; and p; + p; + 1 both have degree < d; and since
pm divides one of them, we obtain the contradiction: d,, < d; = dp,.

Consequently, d; < d;. Since py, divides the product (p; + p;)(pi +pj + 1)
and deg(pm) = dp, = d;j = deg(p; + pj) = deg(p; +p; + 1), we derive either
DPm = pi +pj + 1 or p,, = p; + pj. The second possibility does not happen
because p; + p; is not irreducible.
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Clearly p,, # a(p?) since dy, < 2d,, while if pp, = o(p?) then we imme-
diately have the contradiction p; = p?. So, py, divides strictly o(p?) and
o (p3)-

Now we prove that d; < d;. Suppose that the contrary holds: d; = d;.
One has:

Pm@Q =i +pi+1
so that deg(Q) = 2d1 —d,, < d;i. This implies Q = 1. But this is impossible,
since py, divides o(p?) strictly.

c): We have just seen that p = deg(R) = 2d; — d,,, > 0 so that d,,, < 2d;.
Moreover, trivially, p = 2d; — d,,, < d; since d; < dpy,.

The uniqueness of the couple (i, j) follows from the fact that the maximal
prime P appears exactly two times in o(A4) = A. O

Corollary 4.3. Let A be a special perfect polynomial. Then, for every
mazimal prime P of A, and for every minimal prime QQ of A, P does not

divide o(Q?).

Proof. If P is a maximal prime, then by Lemma 4.2, P divides some o(R?)
and some o(S?), where R is maximal and S is medium. So, P cannot divide

o(Q?). 0

Corollary 4.4. Let A be a special perfect polynomial, let t be the number
of maximal primes of A, and let u be the number of medium primes of A.
Then u >t > 3.

Proof. By part a) of Lemma 4.2, there are at least 2 maximal primes, i.e.,
t > 2. Assume that ¢t = 2 so that p,, and p,,—1 are the two maximal
primes of A. By our preceding argument there are two indices k < m — 1
and | < m — 1 such that p,, divides ged(o(p2,_;),o(p?)) and pp,—1 divides
ged(o(p2,),0(p?)). This is impossible by Lemma 4.1. In other words, we
have proved that ¢t > 3, i.e., that A has at least three maximal primes. [

If, for some medium prime pg, two maximal primes P, () divide the same
o(p3), then PQ divides also o(p?). This is impossible since 2d,, > 2dy. So,
u > t, thereby finishing the proof of the corollary.

Corollary 4.5. Let A be a special perfect polynomial with exactly three
mazimal primes P,Q, R. Assume that P divides o(Q?). Then Q divides
o(R?) and R divides o(P?). Moreover, let Py,Q1, Ry be medium prime
divisors of A such that P divides 0(Q?), Q divides o(R?), R divides o(P?),
and deg(Py) < deg(Q1) < deg(R1), then

1=P +Q1+ Ry

In particular,

deg(P1) < deg(Q1) = deg(Fn).
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Proof. Tt follows from Lemma 4.2 and Lemma 4.1 that @Q divides o(R?)
and that R divides o(P?). Thus, we get

P:Q+Q1+17

Q=R+ Ry +1,
and

R=P+P +1.

By summing both sides of these three equalities we obtain
1=P +Q1+ Ry
Thus, the inequality deg(P;) < deg(Q1) = deg(R1) holds. O
Our third lemma deals with minimal prime divisors.

Lemma 4.6. Let P € Fq[x] be a prime divisor of a special perfect poly-
nomial A. If S = o(P?) = 1+ P + P? is prime then S is not a mazwimal
prime. Moreover, assume that P is minimal and that S is not prime then:
a) w(S) = 2, more precisely S =1+ P + P? = QR where Q and R are
two distinct minimal primes of A;
b) P does not divide o(Q?) o(R?).

Proof. Assume that S is prime. If S is maximal, then it follows from

Corollary 4.3 that S divides o(P?) for some medium prime P. According

to Lemma 4.2 c), S must be a proper divisor of o(P?), a contradiction.
We assume now that P is minimal and that S is not prime. We can write

T
1+ P+ P =]]ai
=1

with @; prime divisor, deg(Q;) > deg(P), r > 2. So, r = 2 and deg(Q1) =
deg(Q2) = deg(P). Moreover, Q1 # Q2 since P is not a square.
The result b) follows from a) and from Lemma 4.1. O

5. w(A) > 10 and d; > 30 for special perfect polynomial A

Let A € Fa[z] be a special perfect polynomial. Our first result, namely
w(A) > 10, will be proved in two steps. Firstly, the next lemma will show
that w(A) > 8 and secondly, we will prove that w(A) # 8.

Lemma 5.1. Let A € Fy[z] be a special perfect polynomial. Then w(A) > 8.

Proof. Tt follows from corollary 4.4 that A has at least 6 prime divisors,
three maximal and the other three medium. Lemma 2.3 guarantees the
existence of at least 2 minimal primes of A. So, w(A) > 8. O

The case w(A) = 8 is settled by



172 Luis H. GALLARDO, Olivier RAHAVANDRAINY

Lemma 5.2. There is no special perfect polynomial A € TFolz] with
w(A) =8.

Proof. Assume that w(A) = 8. If A has more than 2 minimal primes, then
Lemma 4.2 implies that w(A) > 8. So, by Lemma 2.3, A has » = 2 minimal
primes p; and py. From Lemma 4.6 it follows that o(p?) and o (p3) are also
primes. Following Lemma 4.2 the only cases that remain to be studied are
those of the shape A = p?- - pg where p; and po are minimal primes, ps,
P4, Ps5, are medium primes and pg, p7, ps, are maximal primes. Moreover,
o(p?) and o(p3) must belong to {ps,p4,ps} (see Corollary 4.3). Observe
that Corollary 4.5 implies that the only possibility for the degrees is the
following:
di =do < d3 <dy=ds <dg=d7 =ds.

One has pys = o(p?), ps = o(p3). We claim that o(p3) = psps. We may
assume by Lemma 4.2 that pg divides o(p3). Write p3 + p3 + 1 = pgM for
some polynomial M € Fa[z]. Clearly, deg(M) = 2d3 — dg < d3 so that only
minimal primes can divide M. Take py as a divisor of M and set M = ps N
for some N € Fylz]. Thus, deg(N) = 2ds — dg — d; < d3 — dy < d; since
d3 < d4 = 2dy. So, N = 1. In other words, one has pg 4+ p3 + 1 = pgpo,
thereby proving the claim. So, the relations

d1<d3<d4:2d1
and
dgs = 2d3 — dy < 3d;
hold. Following Lemma 4.2, set
pl+pi+1=0(p]) =prd, ps+p2+1=0(pf) =psB,

with suitable polynomials A, B € Fa[z]. It follows from Lemma 4.2 c) that
A may have only ps, p3 as prime factors and that B may have only p1, p3
as prime factors. But

2d1:d4<d7:d6:d8<3d1,

so that po does not appear as a factor in A, and p; does not appear as a
factor in B, i.e., A = B = p3 and consequently

o(p3) = prp3, o(p?) = peps.

By taking degrees in both sides of the equalities above we obtain ds + dg =
4d; which gives, together with dg = 2ds — dj,
5 7
ds = =dy, dg = =d;.
3= gd1, de =g
From Lemmas 4.2 and 4.1 we obtain

o(pg) = psK, o(p?) = psL, o(p3) = prM,
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for some polynomials K, L, M € Fa[x]. It follows that

deg(K) = deg(L) = deg(M) = gdl.

Observe that the only primes available to be factors of these polynomials
are ps, P4, p2 once, and p; twice. But all these polynomials have degrees
that are integral multiples of dy, a contradiction. O

In order to prove our second result, namely, d; > 30, we shall provide
proofs for two non proven results announced by Canaday (see [1, Theorem
21]). These results, together with a run of a Maple program, will prove the
result.

Lemma 5.3. (Theorem 21 in [1]) Let A € Fa[z] be a special perfect poly-
nomial. Let P € Fa[x] be a prime divisor of A. Then

a) P is congruent to 1 modulo 2% +x +1;
b) deg(P) is even.

Proof. First of all, by Lemma 2.3, Q = 22 4+ x + 1 cannot divide A since it
is the only prime polynomial of degree 2 in Fy[x]. Let F3 be an algebraic
closure of Fy, and let @ € Fy be such that a®> + o +1 = 0. We have
P(a)P(a?) # 0, since P(a) = 0 implies that Q = (v — a)(z — o?) divides
P so that P = @, a contradiction. Assume now that P(a) € {a,a?}. This
implies (1 + P + P?)(a) = 0 and so, @ divides 0(A) = A, a contradiction.
It follows that P(a) = 1 = P(a?) so that

P=1 (modaz*+z+1).

Set F4 = Fa[a]. If P remains prime in Fy[z] then from the equality A = o(A)
we deduce that P divides some o(R?) =1+ R+ R? = (R+a)(R+a?). We
may assume that P divides R+« in Fy[z]. Thus, P(A4+Ba) = R+« for some
A, B € Fy[z|. In particular, we get the contradiction PB = 1. Hence, P
splits in F4[x], i.e., it has the form P = (C+Da)(C+Da?) = C?+CD+D?,
for some C, D € Fq[x], so that deg(P) is even. This finishes the proof of
the lemma. O

The following corollary is used for computations:

Corollary 5.4. Let A € Fy[z] be a special perfect polynomial. Let P € Falx]
be a minimal prime divisor of A. Then P, all prime divisors Q of o(P?), all
prime divisors R of o(Q?) and all prime divisors of o(R?) are congruent
to 1 (mod 2% + x + 1) and have even degrees.

Our main results are summarized in the next theorem:
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Theorem 5.5. Let A € Fa[z] be a special perfect polynomial. Let P € Falz]
be a minimal prime divisor of A. Then:

a) w(A4) = 10;
b) di = deg(P) > 30.

Proof. By corollary 4.4, A has at least 6 prime divisors, hence from Lemma
2.3 (the number of monic minimal primes is even) and Lemma 5.2 one gets
w(A) > 6 +4 = 10 proving a). Now b) is obtained by running a Maple
program that uses Corollary 5.4. All possible P’s with degree up to 28
were tested, and the conclusion of the corollary was always violated. The
computation used 126 hours of idle time on a sun4u sparc SUNW, Ultra
Enterprise machine, running the command line version of Maple 6. O
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