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ABSTRACT. Some inequalities in normed algebras that provides lower and upper bounds for the
norm of}~"_, a;x; are obtained. Applications for estimating the quantifigs || = + ||y || ||
and||||y~!|| = & ||| y|| for invertible elements:,  in unital normed algebras are also given.
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1. INTRODUCTION

In [1], in order to provide a generalisation of a norm inequality /iovectors in a normed
linear space obtained by &&i€ and Rajt in [2], the author obtained the following result:
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wherez;, j € {1,...,n} are vectors in the normed linear sp&ce, ||-||) over K while o,
j€e{l,...,n}arescalars itk (K = C,R).

324-07


mailto:sever.dragomir@vu.edu.au
http://rgmia.vu.edu.au/dragomir
http://www.ams.org/msc/

For oy = B

”,Wlthxk # 0,k e {1,.

SEVER S. DRAGOMIR

.,n} the above inequality produces the following

result established by Baric and Rajt in [2]
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which implies the following refinement and reverse of the generalised triangle inequality due to

M. Kato et al. [3]:
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The other natural choicey, = ||xk|| ke {1, .
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,n} in (1.1) produces the result
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which in its turn |mpI|es another refinement and reverse of the generalised triangle inequality:
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In [2], the authors have shown that the case 2 in (1.7) produces th#aligranda-Mercer

inequality.

[l =yl + [ll=]] = [yl

(1.6)

foranyz,y € X\ {0}.

2 =yl = =l = llyll| <'
min {|[z]], [ly[|}

)

Izl Iyl H max {[|z], |[y][}

We notice that Maligranda proved the right inequality [in [5] while Mercer proved the left

inequality in [4].

We have shown ir|1] that the following dual result for two vectors is also valid:
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INEQUALITIES IN NORMED ALGEBRAS 3

foranyz,y € X\ {0}.

Motivated by the above results, the aim of the present paper is to establish lower and upper
bounds for the norm op 7, a;z;, wherea;,z;,j € {1,...,n} are elements in a normed
algebra( A, ||-||) over the real or complex number fiekl In the case whergA, ||-||) is a unital
algebra and:, y are invertible, lower and upper bounds for the quantities

Mz £ lly™ 1wl and [[fly™"[= = [lz~"] 4]

are provided as well.

2. INEQUALITIES FOR n PAIRS OF ELEMENTS
Let (A, ||-]|) be a normed algebra over the real or complex numbereld

Theorem 2.1.1f (aj,z;) € A%, j € {1,...,n}, then

(i}ﬁ”—fw%—%w%@

()| S

(2.2) max { ay

ke{l,...n}

< max {
ke{l,...,n}

< |2 i
j=1
< i L+
< ke?ll,l..r.l,n}{ ak (; IJ> Z [ (a %H}
< in Slon ()|« 3o el el
ke{l,...,n} i ]
Proof. Observe that for ang € {1,...,n} we have
> oy (325 ) + 3=
7j=1

n

E :ajxj

i=1

n

Taking the norm and utilising the triangle mequallty and the normed algebra properties, we have
> (4 —an)z

n
< ||lag ZZE]‘ +
j=1 Jj=1
n
ay Z%‘ + Z 1(a; — ax) 24
j=1
n
< ||ag ZZL‘]‘ +Z||aj_ak|| ||ZL”]||,
7=1 7j=1

foranyk € {1,...,n}, which implies the second part in (2.1).

Observing that
Za]xj = ay (ij> — Z ap — a;) T;
7j=1

7j=1
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and utilising the continuity of the norm, we have

7 <Z%> - (a—a)z,
7j=1

> ||ak ij — Z(ak—aj)xj
j=1 j=1

> lax (Do ||| =D Iax — a;) 2
j=1 j=1

> Naw [ Do )| = D2 N —agllla]
j=1 j=1

foranyk € {1,...,n}, which implies the first part iff (2]1). O

Remark 2.2. If there exists > 0 so that|la; — a;|| < r|lax| foranyj, k € {1,...,n}, then,
by the second part of (4.1), we have

E :ajxj

J=1

(2.2)

<, min (]} [

+7”Z H%H]

Corollary 2.3. If z; € A, j € {1,...,n}, then

T (Z l"j) ‘ =l — H%’H}
j=1 j=1

< ) _

< ker{r%axn} { Tp ;%) Z |(x e

(2.3) maxn} {
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< ke]{n{unn} { T, ;%) + Z | (z k) il

77777

< k;e?llinn} { Tk Z$]> + Z ”mj - xk” ||wj||} .
j=1 J=1

-----

Corollary 2.4. Assume that! is a unital normed algebra. It; € A are invertible for any
j€e{l,...,n}, then

il

(2.4) e [Z II%H—
<3l sl -

j=1
< o, o' [Z ol -

-----
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Proof. If 1 € A is the unity, then on choosing. = ||z || - 1in (2.1) we get

2 ke?%axn}{”x?l! 2. Z\Hx 1= a1 ux]u}
.....
1Hﬂfj
S B {WH +Z|Hx 1H—Hx;1H|||a:J||}.

Now, assumetha}cte?ll}”ri {l|lz:*]|} = [|=}|| - Then

3l el
— e (z oyl -

Utilising the second inequality if (3.5), we deduce

n
| (z el =I5, ) <3 e oyl -
Jj=1 Jj=1

and the first inequality |r1:(2}4) is proved.
The second part of (2.4) can be proved in a similar manner, however, the details are omitted.
0

kao

>

7=1

n
z ) + 3 Nl | -
j=1

—1
j || L

Remark 2.5. An equivalent form of[(2}4) is:

i 5 el = [ sl 2
(2.6) —
max ||z ||
ke{l,...,n
d d Sl e = 32 oyl 2
SZH%‘H_ Till = mln Hx 1H ’
j=1 j=1 ke{l,..., k

which provides both a refinement and a reverse inequality for the generalised triangle inequality.

3. INEQUALITIES FOR TwO PAIRS OF ELEMENTS

The following particular case of Theor¢gm .1 is of interest for applications.

Lemma 3.1.If (a,b), (z,y) € A%, then

(3.1) max{lla(z+y)| =6 —a)yll,l[b(z £yl —[(b—a)z(}
< [laz & byl < min{{ja (z £ y)[| + (0 = @)yl , [[b (= £ y)I| + 10 — ) z[|}
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or, equivalently,
3.2) % {lla (z £ y)[[ + 116 (x £yl == a)yll + [|(b = a) z[|]}

1
+ 5 llat@ £yl =@ £yl + 10— a)yl = |6 - a) 2]
< [laz + by||

< %{Ha(ﬂfiy)!l + o)l + 1116 = a)yll + (b = a) 2|}

—%Illa(wiy)ﬂ o £yl =16 = a)yll = [I(b—a)z|]].

Proof. The inequality[(3.]L) follows from Theorem 2.1 far= 2, a; = a, a; = b, x; = = and
Ty = :l:y
Utilising the properties of real numbers,
. 1 1
min{a, 8} = S la+ 5~ la -8l max{a,f}=lo+F+la—p; afeck
the inequality[(3.]1) is clearly equivalent wifh (B.2). O

The following result contains some upper boundslffer + by|| that are perhaps more useful
for applications.

Theorem 3.2.1f (a,b), (z,y) € A% then
3.3) ez £ byl < min{[la(z £y, [[b(z+ )|} + b — all max {|[z[], ly[l}
< [l gl min {{[al, [6[]} + 16 — al| max {{|z[| , [[yl[}
and
B4)  laz £ byl < [lo + y| max {[|all , [|6]]} + min {[|(b — a) ][, [[(b —a) yl[}
< [l &yl max {{lall , [[6][} + [[b — af| min {{lz[ , [ly][} -
Proof. Observe thal{(b — a) z|| < [|b — | ||z]| and||(b — a) y|| < ||b — al| ||y||, and then
(3.5) 16 = a) [ [[(b—a)yl <[|b— af max{[lz]l, [lyll},
which implies that
min {||a (z £ y)| + [[(b — a) yll, [1b(z £ y)|| + [|(b — a) ] }
<min{fla(z+y)|l, bz £y} + 16— al| max {{lz[, [[y][}
< [l % g min {{[a]l [0/} + 16 = al| max {{[=[], [|y[[} -

Utilising the second inequality if (3.1), we deduce|3.3).
Also, sincella (z £ y)|| < laf |l= £yl and||b (z = )| < [[b]l |l £ y|| . hence

la (z )|l [1b(z £ )l < llz+ yl|max{[lall, 6]},
which implies that
min {[la (z £ y)[| + [[(0 — a) yl[ . [0 (x £ y)[| + [|(b — a) 2| }
< ||z £yl max {{lall, [[b]} + min{[[(b — a) ]|, [|(b — a) y||}
< ||z £yl max {{lall , [[b]]} + [|b — al| min {{l=], |ly[|},

and the inequality| (3]4) is also proved. O

The following corollary may be more useful for applications.
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Corollary 3.3. If (a,b), (z,y) € A2, then

39) Jaz £ by < £ g SRy g St Nl
Proof. Follows from Theorem 3|2 by adding the last inequality[in](3.3) to the last inequality
(3.4) and utilising the property thatin {«, 3} + max {o, 8} = o+ 3, a, 8 € R. O

The following lower bounds fojlax + by|| can be stated as well:

Theorem 3.4.For any (a, b) and(z,y) € A%, we have:

(3.7) max {||laz|| — [layll|, [[[bx]| = by} — |b — al| max {{|=]], [|y[|}
<max{[la(x L y)|,||b(r£y)|} —[[b— al|max {|z], |ly[I}
< llaz & byl|

and

(3.8)  min{[|laz|| = flayl[[, [[[bx]] = l[byll|} = b — allmin {{lz]}, lly[}
< min {{[|az|[ = flayl}[, [[|bz]| = {[byl[[} — min {[[(b — a) z[[, [[(b = a) y[}
< |laz £ by|| .
Proof. Observe that, by (3]5) we have that
max {[la (z £ 9)| — |6 — )yl b (x £ )|l - 1(b — a) ||}
> max {[laz £ ay], [[bx = by|[} — [[b — al| max {{lz[|, [y}
> max {|[laz [} = flayl| [[b=]] = [0y |[} = [Ib — all max {[}z] . [[y[}

and on utilising the first inequality if (3.1), the inequality (3.7) is proved.
Observe also that, since

la(x £y, 1b(z £ y)|| = min {|[|az| — [ay|]], [[|bz]] — [[by][[},
then

max {{[|a (z £ y)[| = [|(b—a) y, 16 (x £ y)|| = [[(b — a) x[|}
> min {[||az|| — {lay||], [bx]| = [|by[|[} — min {]|(b —a) z[| , [|(b — a) y[|}
> min {|[jaz|| — layll], [[|bz]] — [[by]l[} — b — al| min {[lz[], [[y]]} -
Then, by the first inequality i (3.1), we dedufe {3.8). O

Corollary 3.5. Forany(a,b), (z,y) € A%, we have

1 ]l + [lyll
(3.9) 5 ezl = llaylll + flioz ]l = loylll] = 1} - all - ==

The proof follows from Theorein 3.4 by addirjg (3.7)[to {3.8). The details are omitted.

< |lazx £ by|| .

4. APPLICATIONS FOR TWO INVERTIBLE ELEMENTS

In this section we assume thatis a unital algebra with the unity. The following results
provide some upper bounds for the quantifty: || = & ||y ~|| y|| , wherez andy are invertible
in A.

Proposition 4.1. If (x,y) € A? are invertible, then

@) [l = £ [l vl
< ||z &+ y|| min {HJ?_l

|

y = I3+ (=7 =y T me {2l Tyl
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and
@.2) lla" == lly~" v

< Ml yllmase {{l2 [ [y 3+ [l = [y~ [ min Cl2l] iyl
Proof. Follows by Theorerh 3|2 on choosing= ||z~!|| - 1 andb = ||y ~!| - 1. O

Corollary 4.2. With the above assumption ferandy, we have

B - “1| 4 ||y B ) n
@3 [l o] < ey I g Bl

Lower bounds fol|||z || z & ||y || y|| are provided below:

Proposition 4.3. If (z,y) € A are invertible, then

[ 1 My 3 = == Ty~ 1 max Ll gy
< [l = lly ™[Il

4.4) |z tvyl max{

and
(4.5) o yllmin {||z7 ], |l 1} = [l=7 ] = [ly || min {2l ]}
<[l =+ [ly | ]|

Proof. The first inequality in[(4}4) follows from the second inequality [in [3.7) on choosing
a=|z7'|-1andb= |y~ - 1.
We know from the proof of Theoren 3.4 that

(4.6) max {|[a (z £ y)[| = [|(b—a)y[, Io(z £y)|| = [|(b — a) x|} < |laz £ by]|.
If in this inequality we choose = ||z~!|| - 1 andb = ||y~ - 1, then we get
Mz =+ v~ v

= max {{|e | e £yl = [lla™* [ = [ly™ [yl [l Il £ I = {[}=7] = [l [ =]}
> |l £yl min |27 ], [Jy =} = {27 = [y~ | min {ll]l, ly]1}
and the inequality| (4]5) is obtained. O
Corollary 4.4. If (z,y) € A? are invertible, then
==+ [y~ - Sy =+l - -
@7 Nyl =——— = [lle | = o7l === < =" |z £ ly™"{[ |-

Remark 4.5. We observe that the inequaliti¢s (4.3) and|(4.7) are in fact equivalent with:

. : ([ (| g 3 7]
48) [l =% fly ol =l £ ol - =5 | <llle""l = ™"l ==

Now we consider the dual expansifiy || = & ||z~!|| ||, for which the following upper
bounds can be stated.

Proposition 4.6. If (x,y) are invertible inA, then

4.9) |[[ly~ ] = |2~ o]
< ||z &+ y|| min {HJ?_l

|

y = I3+ (=7 = ™ T me {2l gy
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and
(4.20) |[[[ly" || = = [l=7]] v
< Nl £ yllma {{le =l I3 + [l = [y~ | min L] lyll}
In particular,
(4.1) |[fly™" = = [l v

==+ Ny~ - Sy Ml Dl + [yl
o — Tl = -

The proof follows from Theoremn 3.2 on choosiag- ||y~!| - 1 andb = |lz~!| - 1.
The lower bounds for the quantityiy || = & ||=~!|| y|| are incorporated in:

< [l £yll-

Proposition 4.7. If (x,y) are invertible inA, then

(4.12) [l £ ylfmax {{|27 | ly |5 = [[la7H] = [y [ masx {llll - yl}
N EES ]

and
(4.13) o £ yllmin {|l=7||, |y~ = ({27 = [Jy~ | min (=]l i}

< [lly™" == fl=""[ o] -
In particular,

1| 4[]yt - B i
4.14) ||z +y|- |z~ . ly~|| . |Hx 1H o Hy IH} [zl : [yl

SIEES B VR
Remark 4.8. We observe that the inequalities (4.11) and (4.14) are equivalent with

—1 -1
@15) [l o= o] o £ o) - LA
- - IxH+HyH
<[~ = {lv~"[II - :
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