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Let for fixedn € N, X,, denotes the class of function of the following form
f(z) = l-i—iakzk
z k=n 7

which are analytic in the punctured open unitdisk = {z € C: 0 < |z| <
1}. In the present paper we defined and studied an operator in

1
L—p [2(f@)\" z
F(z) = [%/ﬂ (@) t°+“dt}l , for fex, andetl—p > 0.
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1. Introduction

Let H(A) = H denote the class of analytic functionsAn whereA = {z € C :
|z| < 1}. For a fixed positive integet anda € C, let

Hla,n] = {f(z) € H: f(2) = a+ ap2" + app1 2" + -},

with Hy = H[0, 1]. Let.A,, be the class of analytic functions defined on the unit disc
with the normalized conditiong(0) = 0 = f/(0) — 1, thatisf € .A,, has the form

(1.1) fz)=z2+ > az", (z€AandneN).

Let A; = A and letS be the class of all functiong € A which are univalent in\.
A function f € Ais said to be irS* iff f(A) is a starlike domain with respect to
the origin. Let for0 < a < 1,

2f'(2)
f(z)
be the class of all starlike functions of orderSoS*(0) = S*. We denoteS; (o) =

S*(a) A, forn € N.
A function f € A is said to be irC iff f(A) is aconvex domain. Letfar < o <

D e frean () ca)

be the class of convex functions of orderSoC(0) = C.

S*(a):{fEA:Re >oz,z€A}
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Let for fixedn € N, X,, denote the class of meromorphic functions of the follow-
ing form

(1.2) )=+ Yt
k=n

which are analytic in the punctured open unitdisk={z: z € C and 0 < |z| <
1} = A —{0}. Let¥, = X.

A function f € ¥ is said to be meromorphically starlike of ordern A* if it
satisfies the condition

zf’(z))
—Re >a, (0<a<l;zeA").
(6 | )
We denote by-*(«), the subclass of! consisting of all meromorphically starlike
functions of ordery in A* andX’ () = ¥*(«a) (X, forn € N.

We say thatf(z) is subordinate tg(z) andf < gin Aor f(z) < g(z) (z € A)
if there exists a Schwarz functian(z), which (by definition) is analytic in\ with
w(0) = 0 and|w(z)| < 1, such thatf(z) = g(w(z)), z € A. Furthermore, if the
function g is univalent inA, f(z) < g(z) (2 € A) < f(0) = g(0) andf(A) C
g9(A).

In the present paper, fof(z) € X, we define and study a generalized operator

11f]

(1.3) I[f]:F(z):{CE(}JFI_M/()Z(fit))MtC*“dtT, (c+1—p>0, z€ A7),

which is similar to the Alexander transform when= p = 1 and is similar to
Bernardi transformation whem= 1 andc > 0.
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2. Main Results

For our main results we need the following lemmas.
Lemma 2.1 (Goluzin B)). If f € A, S*, then

Re {f(z)r > 1

z 2

This inequality is sharp with extremal functigifz) = —=

(1-zm)7 |

Lemma 2.2 (B]). Letu andv denote complex variables,= o + ip, v = o + i
and letV(u, v) be a complex valued function that satisfies the following conditions:

(i) ¥(u,v) is continuous in a domaif c C?;
(i) (1,0) € QandRe(¥(1,0)) > 0;

(iii) Re(¥(ip,0)) < 0whenevelip,o) € Q, 0 < —% andp, o are real.

If p(z) € Hla,n] is a function that is analytic id\, such thatp(z), zp'(z)) € 2 and
Re(¥(p(2), 2p'(2))) > 0 hold for all = € A, thenRe p(z) > 0, whenz € A.

Lemma 2.3 (O, p. 34], [8]). Letp € H|a,n]
() fvew,[Q M, a,then

U(p(2), 2p%p"(2); 2) € @ = |p(2)| < M.

(i) If U € U,[M, a, then

W (p(2), 2p?p"(2); 2)| < M = |p(2)] < M.
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Lemma 2.4 ([6]). Leth(z) be an analytic and convex univalent functiorAnwith
h(0) = a,c# 0andRec > 0. If p € H[a,n] and

p(z)+ ZE pa,

C

then
p(z) < q(z) < h(z),
where i
q(z) < cc/ tn L ()dt, 2z € A
nzr= Jo

The functiony is convex and the best dominant.

Theorem 2.5.Letc > 0and0 < p < 1. If f € ¥*(a) for0 < a < 1, then
I(f) = F(z) € % (8), where

(21) 6 = ﬁ(a7ca ,U)
= $[20+2au+n+2

— V[4(c— a2+ (n+2)(n + 2 + 4c + 4pa) — 160 — Sun)|.
Proof. Here we have the conditions

(2.2) 0<a<l O<pu<l and c¢>0,

which will imply that 5 < 1.

Let f(z) € X% («). We first show that'(z) defined by (.3) will become nonzero

for z € A Again sincef € ¥ (a), we havef(z) # 0, for z € A*.
Letg(z) = (f( 77 then a simple computation shows thét) € S5 (apu).
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If we define

Y

- lM]{llu}

z

then/(g) € S and by Goluzin’s subordination result (by Leméd), we obtain

HiRiE
= < .
z 1 + z Integral Operator
From the relation betweefy, g and f we get that PR SENER ETe] SR ST
vol. 10, iss. 3, art. 77, 2009
M < (1 + Z)%(aﬂ—1)7
. . . & Title Page
which implies
2(f())* < (1+ z)% (1—ap) Contents
and sincé) < au < 1, we havez(f(z))* < (1 + z)=. Combining this with « 44
min Re(1 + 2)= = 0, h X
z|l=1
1= Page 7 of 14
we deduce that
Go Back
(2.3) Relz(f(2))"] > 0.
Full Screen
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then ¢.4) becomes

P(z) + 2P () = gy
Hence from £.3) we have
(2.6) ReW(P(z),2P'(2)) = Re {Pu) + —ZP;(Z)] ,

whereV(r,s) = r + 2. To show thatRe P(z) > 0, condition (iii) of LemmaZ2.2
must be satisfied. Sinee> 0, (2.6) implies that

, i n(l+p?)
= )< ——IL
Re U (ip,0) = Re (z,o + c) < 5 <0,
wheno < —”“T*’JQ), for all p € R. Hence from £.6) we deduce thaRe P(z) > 0,
which implies that/’(z) # 0 for z € A*.
We next determing such thatt” € ¥ (3). Let us definep(z) € H[1,n| by
_2F'(z)

By applying (part iii) of Lemma2.2 again with different¥ we finish the proof of the
theorem. Sincg € ¥ («), by differentiating £.4) we easily get

Re ¥(p(z), 2p'(2)) > 0,

where 1-p)
B T T R
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For g < (B(a,c, 1), wheref(a, ¢, ) is given by ¢.1), a simple calculation shows
that the admissibility condition (iii) of Lemma.2 is satisfied. Hence by Lemma
2.2, we getRep(z) > 0. Using this result in%.7) together withG < 1 shows that
F(z) e Z:(0). O

Theorem 2.6.Let0 < c+1—pu < 1. If,for0 < a < 1, f € ¥*(«a), then
I(f) € ¥*(5), where
(2.8) 3 =pap0)

zi 20+2au—|—3—\/[2(c—au)]2+3(3+4c)—4,u(2—|—oz)].

The proof is very similar to that of Theoremb.
In the special case when the meromorphic function givem.if) bas a coefficient
ap = 0, it is possible to obtain a stronger result thart).

Theorem 2.7.Letc > 0,0 < p < 1,0 < a < 1, f € (), thenl(f) € X1(9),
where

(2.9) =Bl o) =i etan+1—ye—apP +dc+1-p)|.

The proof is similar to that of Theoref5.

Corollary 2.8. Letn > 1,c+n+1 > 0andg(z) € H[0, n]. If | ((g(z))")'| < A
and

(2.10) 6= | [ oy ]

then
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N
Proof. From (2.10) we deducegc + 1)(F(2))* + z ((F(2))") = g*(z). If we set I M
2 ((F(2))") = P(z), thenP € H[0, n] and <

P

(c+1)P(2) + 2P'(2) = 2(g"(2))" < Az

From part(i) of Lemma.3, it follows that this differential subordination has the best
dominant

P(Z) ~< Q(Z) — L Integral Operator
c+n+ 1 Pravati Sahoo and Saumya Singh
Hence we have \ vol. 10, iss. 3, art. 77, 2009
/
[ (F())] < crnil
(] Title Page
Contents

Corollary 2.9. Letc+n+1 > 0andf € ¥, be given as

1 44 144
f(Z) = ; + g(Z),

wheren > 1 andg(z) € H[0, n]. LetF be defined by

< >

Page 10 of 14

1 1 1 z "
(2.11) Fle)=-+G(x) =+ LC“ / (g(t))”tcdt} . Go Back
0 Full Screen
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since from £.11), we have
22 (F()") +1] = |G ()]

Hence from 2], we conclude tha# € ¥} . O

Corollary 2.10. Letn be a fixed positive integer and > 0. Letq be a convex
function inA, with ¢(0) = 1 and leth be defined by

Integral Operator

n—+1

(212) h(Z) — q(z) + zq'(z). Pravati Sahoo and Saumya Singh
vol. 10, iss. 3, art. 77, 2009
If f €3, andF(z) is given by(1.3), then
1 _ .
SRR (F) < () = =2 (FE)Y < a(2), e aoe
) ) ¢ Contents
and this result is sharp.
. . - - . . “ b'
Proof. From the definition of.(z), it is a convex function. If we obtain
< >

p(z) = =2*(F"(2))',
thenp € H[1, n + 1] and from ¢.3), we get
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In particular,

erntl 2 Fe)y £ 1) < 1

22 ((f()) +1] <

Hence(F'(z))* is univalent.

Proof. If we take

ez
14+ "
9(2) =1+ 7
then .12 becomes
h(z) =14 Az,

The conclusion of the corollary follows by CorollarylQ
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