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ABSTRACT. Let for fixedn € N, X,, denotes the class of function of the following form
1 = X
f(z)= 2 + ;akz )

which are analytic in the punctured open unit disk = {z € C: 0 < |z| < 1}. In the present
paper we defined and studied an operator in

o [F n [
F(z2) = {H_ L—p / (M) t”“dt} , for feX, andec+1—pu>0.
0

zetl t
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1. INTRODUCTION

Let H(A) = H denote the class of analytic functionsAy whereA = {z € C: |z| < 1}.
For a fixed positive integer anda € C, let

Hla,n] = {f(z) € H: f(2) =a+az" + apn 12"+ 1,
with Hy = HJ[0, 1]. Let A, be the class of analytic functions defined on the unit disc with the
normalized conditiong(0) = 0 = f’(0) — 1, thatisf € A, has the form

(1.1) f(z) =2+ i arz®, (2 € Aandn € N).

k=n-+1

Let A; = A and letS be the class of all functiong € A which are univalent in\.
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A function f € A is said to be inS* iff f(A) is a starlike domain with respect to the origin.
Letfor0 < a <1,

. pe ()
S (oe)—{fG.A.Re 8 >a,z€A}
be the class of all starlike functions of order So S*(0) = S*. We denoteS}(«) =
S*(a) (A, forn € N,
A function f € Ais said to be irC iff f(A) is a convex domain. Let fdr < o < 1,

Cla) = {fEA:Re (1+Z;(S)) >a,zEA}

be the class of convex functions of orderSoC(0) = C.
Let for fixedn € N, X2, denote the class of meromorphic functions of the following form

(1.2) f&) =2+ Yt
k=n

which are analytic in the punctured open unit diSk = {z : z € Cand0 < |z| < 1} =
A —{0}. LetX, =%,

A function f € ¥ is said to be meromorphically starlike of orderin A* if it satisfies the
condition

Re(f(z) >a, (0<a<l;zeAY)
We denote by *(«), the subclass of consisting of all meromorphically starlike functions of
ordera in A* andX* (o) = X*(a) () 2, forn € N.

We say thatf(z) is subordinate tg(z) and f < gin A or f(z) < g(z) (z € A) if there
exists a Schwarz functiow(z), which (by definition) is analytic iMA with w(0) = 0 and
lw(z)| < 1, such thatf(z) = g(w(z)), z € A. Furthermore, if the functiop is univalent inA,

f(z) <g(z) (z € A) & f(0) = g(0) andf(A) C g(A).
In the present paper, foi(z) € ¥, we define and study a generalized opera{gt

1

1— # H\" i

(1.3) I[f]=F(2) = {HT“/ (@) tc+“dt} ’ , (c+1—=p>0,zeA"),
z€ 0
which is similar to the Alexander transform wher= ;, = 1 and is similar to Bernardi trans-
formation wherp, = 1 ande > 0.
2. MAIN RESULTS
For our main results we need the following lemmas.

Lemma 2.1(Goluzin [8]). If f € A, () S*, then

Re {@r > %

This inequality is sharp with extremal functigiiz) = ( K

1—27)

3ol

Lemma 2.2([9])). Letu andv denote complex variableg,= a+ip, v = o+ i and let¥ (u, v)
be a complex valued function that satisfies the following conditions:

(i) ¥(u,v) is continuous in a domaif® c C?;
(i) (1,0) € QandRe(¥(1,0)) > 0;
(i) Re(W(ip,0)) < 0wheneve(ip,o) € 2,0 < SR Ea andp, o are real.
2
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If p(z) € Hla,n] is a function that is analytic i\, such that(p(z),z2p'(z)) € Q and
Re(¥(p(z),2p'(2))) > 0 hold for all z € A, thenRep(z) > 0, whenz € A.

Lemma 2.3([9, p. 34], [8]). Letp € H][a,n]
() f v ew,[Q, M, al,then
U(p(2), 2p%p"(2);2) € Q = |p(2)| < M.
(i) If ¥ e ¥,[M, al, then
[W(p(2), 2p"p"(2); 2)| < M = |p(2)| < M.

Lemma 2.4([6]). Leth(z) be an analytic and convex univalent functiondnwith 4(0) = a,
c#0andRec > 0. If p € H[a,n| and

P < hea),

then
p(z) < q(z) < h(z),
where

q(z) = —= / L ()dt, 2z € A
Zn Jo
The functiony is convex and the best dominant.

Theorem2.5.Letc > 0and0 < p < 1. If f € ¥*(a)for0 < o < 1,thenl(f) = F(z) € £:(0),
where

(21) 5 = ﬁ(Oé,C, :u’)
= $[20+2au+n+2

— V[4(c — ap)] +(n+2)(n+2+4c+4ua)—1604—8;m].

Proof. Here we have the conditions
(2.2) 0<a<l,0<p<l and c¢>0,

which will imply that 3 < 1.

Let f(z) € i («). We first show thaf'(z) defined by|(1.B) will become nonzero fore A*.
Again sincef € ¥ (a), we havef(z) # 0, for z € A*.

Let g(z) = (700 then a simple computation shows thét) € Sy (ap).

If we define
- [M} {==}

z
thenI(g) € S; and by Goluzin's subordination result (by Lemma] 2.1), we obtain

4 <

= < .
z 142
From the relation betweeh, g and f we get that

g(ZZ) ~ (1+2)%(au—1)’

Y

which implies
(@) < (14 2)new
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and sincé) < au < 1, we havez(f(z))* < (1 + z)=. Combining this with

min Re(l + z)= =0,

we deduce that
(2.3) Relz(f(2))"] > 0.
By differentiating [1.B), we obtain

(2.4) (c+D(F ()" + Z%(F(Z))“ = (c+1—p)(f(2)".
If we let
25) "8 pepy,
then [2.4) becomes
P(z) + %zp’(z) - C“%“z( Fl2))".

Hence from[(2.3) we have

(2.6) Re U(P(2), 2P'(2)) = Re {P(z) il C(Z)] ,
where U(r,s) = r 4 2. To show thatRe P(z) > 0, condition (iii) of Lemma[2.p must be
satisfied. Since > 0, (2.6) implies that

1 2
ReU(ip,0) = Re (i,o—i— f) < _n(+p) 2—i-p ) <
c c

wheno < —”“T*”Q), for all p € R. Hence from) we deduce thAt P(z) > 0, which
implies thatF'(z) # 0 for z € A*.
We next determing such thatF" € 7 (3). Let us definey(z) € H[1,n] by

2F'(z)

By applying (part iii) of Lemma 2]2 again with differefit we finish the proof of the theorem.
Sincef € X («), by differentiating [(2.4) we easily get

Re W(p(2), 2p(2)) > 0,

0,

2.7)

where
(1—p)o
W(r,s) =(1—=0)r+ 3+ —a.
) =0 =0 0 e s w(T= )
For 3 < B(w,c, p), where3(a, ¢, p) is given by [2.1), a simple calculation shows that the
admissibility condition (iii) of Lemma 2]2 is satisfied. Hence by Lenima 2.2, w&getz) >
0. Using this result in[(2]7) together with < 1 shows thaf(z) € X5 (3). O

Theorem 2.6.Let0 < c+1—pu < 1. If,for0 < a < 1, f € ¥*(«a), thenl(f) € ¥*(5), where

(2.8) (G=p(a,p,c)= % [20 +2ap + 3 — /[2(c — a)]? + 3(3 + 4c) — 4u(2 + a)} .

The proof is very similar to that of Theorgm P.5.
In the special case when the meromorphic function givep in (1.2) has a coeftigiend, it
is possible to obtain a stronger result than|(2.8).
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Theorem 2.7.Letc > 0,0 < u < 1,0 < a < 1, f € ¥i(«), thenl(f) € £7(8), where

(2.9) ﬁ:ﬁmwwﬂZ%;F+QM+Y—V®—QM2+MO+P—M-

The proof is similar to that of Theorem 2.5.
Corollary 2.8. Letn > 1,c+n+ 1> 0andg(z) € H[0, n]. If | ((g(2))*)"| < X and

(2.10) F(z) = Lclﬂ /0 Z (g(t))“tcdt]u,
then
; A
[(F()F)] < poe——

Proof. From {2.10) we deduc@ +1)(F(2))* +z ((F(2))") = g"(2). If we setz (F(z))*) =
P(z),thenP € 'H|0, n] and

(c+1)P(2) 4+ zP'(2) = 2(g"(2))" < Az.
From part(i) of Lemma 213, it follows that this differential subordination has the best dominant

Az
P =——
(Z) = Q(Z) c+n+1
Hence we have \
W< 2
(FEM < gy
0
Corollary 2.9. Letc+n+1 > 0andf € ¥, be given as
1
f(z) =< +9(2),
wheren > 1 andg(z) € H[0, n]. LetF be defined by
1 1 1 N z
(2.11) F(z) = s G(z) = ot [F/o (g(t))" tcdtl :
Then (c+n+1)
, n(c+n
M < .
(g | < =
Proof. From Corollary 2.B we obtain
, n
G2)") | < ,
(G| £ o=
since from|[(2.11), we have
|22 (F(2))") + 1] = |G (2)].
Hence from[[2], we conclude th& € X} . O

Corollary 2.10. Letn be a fixed positive integer and> 0. Letq be a convex function i,
with ¢(0) = 1 and leth be defined by

n+1 ,
(2.12) h(z) =q(z) + 2q'(2).
If f € £, andF(z) is given by(1.3)), then
c+1

T2 () < h(z) = =2 (FE) < a2),
and this result is sharp.
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Proof. From the definition of.(2), it is a convex function. If we obtain
p(z) = =2*(F"(2)),
thenp € H[1, n + 1] and from [2.B), we get
1, c+1—
p(2) + -2yl (2) = =L ((F())") < h(2).

The conclusion of the corollary follows by Lemina|2.4. O
Corollary 2.11. Letn > 1 andc > 0. Let f € ¥, and letF(z) given by(L.3). If A > 0, then

Z2((FE)) +1 < A= [22((F()") +1] <
In particular,

22 ((f()") +1] <

Hence(F(z))* is univalent.

c+n+1
— =z
c

Proof. If we take
ez

c+n+1’

h(z) =1+ Az.
The conclusion of the corollary follows by Corollgry 2,10. O

q(z) =1+
then [2.12) becomes

REFERENCES
[1] H. AL-AMIRI AND P.T. MOCANU, Some simple criteria of starlikeness and convexity for mero-
morphic functionsMathematica(Cluj)37(60) (1995), 11-21.

[2] S.K. BAJPAI, A note on a class of meromorphic univalent functidey. Roumine Math. Pures
Appl, 22(1977), 295-297.

[3] P.L. DUREN,Univalent FunctionsSpringer-Verlag, Berlin-New York, 1983.

[4] G.M. GOELAND N.S. SOHI, On a class of meromorphic functio@asnik Mat. Ser. 11 17(37)
(1981), 19-28.

[5] G. GOLUZIN, Some estimates for coefficients of univalent functions (Rusdidet), Sb, 3(45), 2
(1938), 321-330.

[6] D. J. HALLENBECK AND St. RUSCHWEYH, Subordination by convex functiofspc. Amer.
Math. Soc.52(1975), 191-195.

[7] P. T. MOCANU, Starlikeness conditions for meromorphic functioRspc. Mem. Sect. Sci.,
Academia Romanja(19) (1996), 7-12.

[8] S.S. MILLERAND P.T. MOCANU, Differential Subordinations and univalent functiddéchigan
Math. J, 28(1981), 157-171.

[9] S.S. MILLERAND P.T. MOCANU, Differential Subordinations: Theory and Applications, Mono-
graphs and Textbooks in Pure and Appl. Matfol. 225, Marcel Dekker, New York, 2000.

[10] P. T. MOCANUAND Gr. St. FALAGEAN, Integral operators and meromorphic starlike functions,
Mathematica(Cluj).32(55), 2 (1990), 147-152.

[11] Gr. St. FALAGEAN, Meromorphic starlike univalent functiorBabes-Bolyai Uni. Fac. Math. Res.
Sem, 7 (1986), 261-266.

[12] Gr. St. ALAGEAN, Integral operators and meromorphic functioR&v. Roumine Math. Pures
Appl, 33(1-2) (1988), 135-140.

J. Inequal. Pure and Appl. Mathl0(3) (2009), Art. 77, 6 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Introduction
	2. Main Results
	References

