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Abstract

Reverses of the Schwarz, triangle and Bessel inequalities in inner product
spaces that improve some earlier results are pointed out. They are applied
to obtain new Griiss type inequalities. Some natural integral inequalities are
also stated.
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Let (H;(-,-)) be an inner product space over the real or complex number field
K. The following inequality is known in the literature &shwarz’'s inequality

(1.1) [z, o) < || yll?, 2,y € H;

where||z||* = (z, z), z € H. The equality occurs ini(1) if and only if z andy
are linearly dependent.
In [7], the following reverseof Schwarz’s inequality has been obtained:

Reverses of Schwarz, Triangle
and Bessel Inequalities in Inner
Product Spaces

1
(12) 0< H.THQHZ/H2— ’<(E’y>‘2 < Z|A_CL’2HZ/H4, S.S. Dragomir
providedz,y € H anda, A € K are so that either _
Title Page
(1.3) Re (Ay —z,v —ay) > 0, Contents
or, equivalently, 44 >
< >
a+ A 1
(1.4) o= 2| < 3l dl. E—
holds. The constan} is best possible inl(2) in the sense that it cannot be Close
replaced by a smaller quantity. Quit
If z,y, A, a satisfy either {.3) or (1.4), then the following reverse of Schwarz’s Page 3 of 40
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inequality also holdsd]

Re |A(z,y) +a(x,y)

]

1
15 x < -=- .
(1.5) [ [yl < 5 R @A)}
1 |A|+ |a
< _- -
2 [Re (EA)]% @9}l

provided that, the complex numberand A satisfy the conditiorRe (@A) >
In both inequalities in1.5), the constang- is best possible.
An additive version of 1.5 may be stated as well (see alsd)[

(1.6) 0 < [llf* lyll* — [z, )1
_ 1 (Al = a])” +4[|Aa| — Re(ad)]
4 Re (aA)

In this inequality,; is the best possible constant.
It has been proven in.[], that

@7 0< el ~ oy < 16— ol - 252
provided, either

(1.8) Re (¢pe — z,x — pe) > 0,

or, equivalently,

(19) r= 28l < oo,

[z y) ]

- <I,6>
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wheree € H, |le|| = 1. The constant in (1.7) is also best possible.
If we choosee = 20, ¢ = T'[ly||, ¢ = 7|yl (y #0), I,y € K, then by
(1.8 and (.9) we have

(1.10) Re(l'y —x, 2 —yy) >0,

or, equivalently,

(1.11)

e EELEE R

imply the following reverse of Schwarz’s inequality:

(1.12) 0< le\2 lyll? = [z, )|

= ol —'muyn ~(e,y)

2
The constang in (1.12 is sharp.

Note that this inequality is an improvement &f%), but it might not be very
convenient for applications.

Now, let{e;},., be a finite or infinite family of orthornormal vectors in the
inner product spacgf; (-, -)), i.e., we recall that

0 if i£j
<€Z‘,€j>: s Z,je]
1 ifi=j
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In [11], we proved that, ife; },_, is as aboveF' C [ is a finite part of/ such
that either

(2.13) Re <Z pie; —x,x — Z <pie,;> >0,

el iEF

or, equivalently,

i 1+ Qi 1 2 Reverses of Schwarz, Triangle
(1.14) T — Z ¢ 14 €; § b Z |§Z5Z — gOi|2 R and Bessel Inequalities in Inner
icF 2 2 iR Product Spaces
S.S.D i
holds, where(¢;),.;, (¢:),c; are real or complex numbers, then we have the oo
following reverse oBessel’s inequality:
Title Page
2 2
(1.15) 0 < [lzf|” - Z (2, )] Contents
icF
1 ) 44 44
SZ'Z‘@—%’ —Re Z¢i€i—$>$—z<ﬂi€¢ < >
i€EF i€F i€EF
1 9 Go Back
< - |pi — @il
4 zEZF Close
Quit

The constant}I in both inequalities is sharp. This result improves an earlier
result by N. Ujevt obtained only for real spaces]l. Page 6 of 40
In [10], by the use of a different technique, another reverse of Bessel’s in-
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equality has been proven, namely:

(1.16) 0< [llf* =) [z e

ieF
1 2 Oi + i ?
SZ‘Z|¢Z'_QOZ" —Z 5 — (z,€)
i€F el
1 2
SZ'ZW%—@J ;

el

provided that(e;),.; , (¢i);c; » (¢i);cr - * andF are as above.
Here the constani is sharp in both inequalities.
It has also been shown that the bounds providedlbyy and (.16 for
the Bessel's differencir|® — Y oier (2, e;)|> cannot be compared in general,
meaning that there are examples for which one is smaller than the atijer [
Finally, we recall another type of reverse for Bessel inequality that has been
obtained in [.7]:

ZeF |¢z|+|% Z
- (2, e)|*;

1
(1.17) ||z | < -
| ‘ 4 ZZEF R’e ¢z§01 icF

provided(¢;),.; , (i), satisfy (L.13) (or, equivalently {.14) and  Re (¢;%;) >
i€EF
0. Here the constan}it is also best possible.
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An additive version of {.17) is

(1.18) 0 < [|2f* = ) [, e5) [

1€l

 ier {0 — l9il)” + 4[|611] — Re (6i77) S e

1
4 > ier Re (0:7) ieF

The constan% is best possible.

It is the main aim of the present paper to point out new reverse inequalities

to Schwarz’s, triangle and Bessel's inequalities.

Some results related to Griss’ inequality in inner product spaces are also
pointed out. Natural applications for integrals are also provided.
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The following result holds.

Theorem 2.1.Let(H; (-, -)) be an inner product space over the real or complex
number fieldK (K = R, K= C) andx,a € H, r > 0 are such that

(2.1) v €B(a,r):={z€H||]z—al] <r}.

(i) If ||a]| > r, then we have the inequalities

Reverses of Schwarz, Triangle

(22) 0< lall* lal®* ~ |(z, @) < Jl2]* ]l ~ [Re (2, a)]* < r* o] andsesslnequaiie 1 e

The constant in front of r? is best possible in the sense that it cannot be

S.S. Dragomir
replaced by a smaller one.

(ii) If f|a|[ = r, then Title Page
(2.3) |z)|* < 2Re (z,a) < 2|(z,a)|. Contents
The constan? is best possible in both inequalities. 44 44

(iii) If [|a| < 7, then < >
24)  z)* <r* = Jlal* + 2Re (w,a) <v* = |la]|* + 2 [(z, a)]. Go Back
Here the constart is also best possible. Close

Proof. Sincex € B (a,r) , then obviouslyl|z — a||* < 2, which is equivalent Qut

to Page 9 of 40

(2.5) ||| + ||| = r? < 2Re (z,a) . 3.1neq. Pure and Appl. Math. 5(3) Art. 76, 2004
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(i) If ||a]| > r, then we may divided.5) by +/||a||* — 72 > 0 getting

H‘rH2 + /HCIH2—7“2§ 2Re(:(:,a)

—? Vllal? =72

Using the elementary inequality

(2.6)

1 > 24/ >
ap + Eq > 2 pg, o> O’ p,q = O’ Reverses of Schwarz, Triangle
and Bessel Inequalities in Inner
we may state that Product Spaces

S.S. Dragomir

2
T
@7 el < A a2
\/ al[* = r? Title Page

Making use of 2.6) and @.7), we deduce Contents
44 44

2.8 x all> = r2 < Re(z,a) .
(2.8) ]| A/ {le] < Re (z,a) p R

Taking the square ir2(8) and re-arranging the terms, we deduce the third

. o . Go Back
inequality in €.2). The others are obvious. 0=ae

To prove the sharpness of the constant, assume, under the hypothesis of Close

the theorem, that, there exists a constant( such that Quit

(2.9) l2[* llall® = [Re (z, a))* < or? |2, b LU
prOVidedl” € E (a, T) and ||CLH > T, J. Ineg. Pure and Appl. Math. 5(3) Art. 76, 2004
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Letr = />0, €(0,1), a,e € Hwith |la|| = |le| = 1 anda L e. Put
x = a + \/ze. Then obviouslyr € B (a,7), ||a| > r and||x]| = ||a|® +
elle]l* = 1+¢, Re (z,a) = ||la||”* = 1, and thug|z|” ||a]|* — [Re (z, a)]* =
e. Using 2.9), we may write that

e<ce(l+¢), e>0

giving

Reverses of Schwarz, Triangle
and Bessel Inequalities in Inner
Product Spaces

(2.10) ¢+ ce > 1 foranye > 0.

Lettinge — 0+, we get from 2.10 thatc > 1, and the sharpness of the

constant is proved. 55 Dragomt
(i) The inequality 2.3) is obvious by 2.5) since||a|| = r. The best constant Title Page
follows in a similar way to the above.
Contents
(ii) The inequality 2.3) is obvious. The best constant may be proved in a
similar way to the above. We omit the details. « dd
- < >
Go Back
The following reverse of Schwarz’s inequality holds. -
ose
Theorem 2.2.Let (H; (-,-)) be an inner product space ov&randz,y € H, Quit

v, € K such that either
Page 11 of 40

(2.11) Re (T'y — z,x — ~y) > 0,
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or, equivalently,

r
(2.12) H alt]

o= 3 < 5=l

holds.

(i) If Re (I'y) > 0, then we have the inequalities

AR [T +7) (ey)]}
Re ()

T+~ )
< —. X

(2.13) 2] [ly])* <

— | =

The constant is best possible in both inequalities.
(i) If Re (I'y) =0, then

(2.14) lz* < Re [(T +7) (z,9)] <IT 4+ [(z,9)|.

(iii) If Re (I'y) < 0, then

e (T7) lylI* + Re [(T +7) (z,v)]

(2.15) |z < - R

< —Re (1) [lyll” + T + [ [{z, 9)] .

Proof. The proof of the equivalence between the inequalitie$l) and .12
follows by the fact that in an inner product spaRe(Z —x,z — z) > 0 for
x,2,Z € His equivalent with|z — =2 || < 1 [|Z — 2| (see for exampled]).
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Consider, fory # 0, a = XLy andr =

— T =~
A

3 T =lllyll - Then

r
7n2:| +7|

lall* - lyl* = Re (T7) llyI*-

() If Re (I'y) > 0, then the hypothesis of (i) in TheorePnl is satisfied, and

by the second inequality ir2(2) we have

ol P2 g2 = 2 e [(F47) (]} < 210 = o el

from where we derive

T +7)?— T —~4)?

1 el lyl* < 5 {Re [(T+7) )]}

FMH

giving the first inequality inZ.13).
The second inequality is obvious.

To prove the sharpness of the constanassume that the first inequality
in (2.13 holds with a constant > 0, i.e.,

{Re [T +7) (x.p)]}"
Re (I7) ’
providedRe (I'y) > 0 and either2.11) or (2.12) holds.

Assume that’, v > 0, and letr = vy. Then €.11) holds and byZ%.16) we
deduce

(2.16) z]* Iyl < ¢

T+ 7292 |yl
Iy

4
Y lylI* < c-
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giving
(2.17) Iy <c(T+7)* forany T,y > 0.
Lete € (0,1) and choose inA.17), ' = 1+¢,v=1—¢ > 0to get

1—¢e? < 4cforanye € (0,1). Lettinge — 0+, we deduce > }l, and the
sharpness of the constant is proved.

(i) and (iii) are obvious and we omit the details.

Reverses of Schwarz, Triangle
L] and Bessel Inequalities in Inner
Product Spaces

Remark 2.1. We observe that the second bounddri.) for ||z||* ||y||* is better

than the second bound provided Hy). S8 Dragomit
The foIIowi_ng corqllary provides a reverse inequality for the additive version Title Page
of Schwarz’s inequality.
Contents
Corollary 2.3. With the assumptions of Theorén? and if Re (I'y) > 0, then
we have the inequality: « dd
L : < >
2.18 0 < |lz|? Iyl - 22 LT 2
Close
The constang is best possible inA18). -
ul
The proof is obvious fromA.13 on subtracting in both sides the same quan- Page 14 of 40

tity |(x,y)|* . The sharpness of the constant may be proven in a similar manner
to the one incorporated in the proof of (i), Theor@rd. We omit the detalils.
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Remark 2.2. It is obvious that the inequality?2(18) is better than {.6) obtained
in[9].

For some recent results in connection to Schwarz’s inequality,”3eg. ]
and [L9)].
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The following reverse of the triangle inequality holds.

Proposition 3.1. Let(H; (-, -)) be an inner product space over the real or com-
plex number fiel& (K = R,C) andz,a € H, r > 0 are such that

(3.1) [ —all <7 < laf|.

Then we have the Inequa“ty Reverses of Schwarz, Triangle

and Bessel Inequalities in Inner

(3.2) 0< ||:L’|| + ||a|| — ||:L‘ + CLH Product Spaces
< \/57’ ) Re <:(,” a) ' S.S. Dragomir
= . \/ T
Vi = (il =2+ jal —
Proof. Using the inequality4.8), we may write that Contents
44 42
|z [|al| < llal| Re {z, a)
- 2 ’ < 2
\/all” —r?
Go Back
Jving Close
(3.3) 0 <||z| [|a|| — Re(z,a) Quit
lal| — 1/ |la|)® — 72 Page 16 of 40
< Re (z,a)
|| 6L||2 - T2 J. Ineq. Pure and Appl. Math. 5(3) Art. 76, 2004
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r?Re (z,a)

i - (VialP =2+ )

([l + lal)* = llz + all* = 2 ([|=[| lla]l = Re (z,a)),
hence, by §.3), we have

Since

2 2r2Re (x, a)
Hx|| + ||CLH < HCL’ + CLH + Reverses of Schwarz, Triangle
2 2 2 2 and Bessel Inequalities in Inner
HaH -r HGH —r°+ HaH Product Spaces
S.S. Dragomir
Re (z,a
< ||z +al +vV2r- {z.) ,
2 2
il = (el =2 + ) e
giving the desired inequality3(2). O Contents
The following proposition providing a simpler reverse for the triangle in- . R
equality also holds. < >
Proposition 3.2. Let(H; (-, -)) be an inner product space ov&randz,y € H, Go Back
M > m > 0 such that either
Close
(3.4) Re (My — z,z — my) > 0, Quit

or, equivalently, Page 17 of 40

(3.5)
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holds. Then we have the inequality

@) o< lell+ ol ~ ool < YUY Rl )

Proof. Choosing in 2.8), a = 252y, r = L (M — m) ||y|| we get

M+m
[ Iyl vMm < ——Re (2, y)

Reverses of Schwarz, Triangle
and Bessel Inequalities in Inner

giving ) Product Spaces
osuwmm—Raawg<¢M_v%>Rﬂ%w. o
2v/mM
Following the same arguments as in the proof of Proposiiénwe deduce the Title Page
desired inequality3.6). ] FE——
For some results related to triangle inequality in inner product spaces, see <« b
[31, [17], [18] and [19]. < R
Go Back
Close
Quit
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We may state the following result.

Theorem 4.1.Let(H; (-, -)) be an inner product space over the real or complex
number fieldK (K = R,K = C) andx, y,e € H with |le|| = 1. If r1,ry € (0,1)
and

(4.1) e —ell <r, ly—ell <7

then we have the inequality

{2, y) — (2

The inequality 4.2) is sharp in the sense that the constann front of 7,
cannot be replaced by a smaller quantity.

(4.2) ve) (e < rura [zl flyll-

Proof. Apply Schwarz’s inequality in(H; (-, -)) for the vectorsz — (x,¢) e,
y — (y, e) e, to get (see alsa’])

(2, ) — (2, e) fe. ) ” < (l” = Kz, e)) (lyl* — Iy, e)) -

Using Theoren?.1for a = e, we may state that

(4.3)

2 2 2 2 2 2
@4)  l=l” = Kz )P <ol Nyl = Ky, el < r3 Iyl

Utilizing (4.3) and ¢@.4), we deduce

(4.5) (2, y) — (@ e) (e, y)” < i [l [yl

Reverses of Schwarz, Triangle
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which is clearly equivalent to the desired inequality.
The sharpness of the constant follows by the fact that fery, r; = ro = r,
we get from {.2) that

(4.6) l]l” = [z, e)* < 72 ],

provided||e|| = 1 and||z — e|]| < r < 1. The inequality 4.6) is sharp, as shown
in Theorem?2.1, and the proof is completed. O

Another companion of the Griss inequality may be stated as well.

Theorem 4.2.Let(H; (-,-)) be an inner product space ov&randz,y,e € H
with |le|| = 1. Suppose also that A,b, B € K (K = R, C) such thaiRe (4a),
Re (Bb) > 0. If either

4.7) Re (Ae — z,2 — ae) > 0, Re(Be —y,y —be) >0,

or, equivalently,

A 1 B 1
(4.8) H:B—CH_ ell <= |A—aql, Hy—b+ ell < =|B-1|,
2 2 2
holds, then we have the inequality
1 A—al|B-b
@9) @) — (e el <+ 2B 0oy e ).

o \/Re (A7) Re (B0)

The constan§ is best possible.
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Proof. We know, by ¢.3), that
(4.20)  [{z,y) — (z,e) (e, < (lll* = (=, e)*) (lwll* = [y, e)]*) -

If we use Corollary2.3, then we may state that

(4.11) ol = ey < £ ATl o
) x x,e = 1" Re(4a) x,e
and

1 |B-b 2
4.12 2y, e)? < = - ~ |{y, e)]?.
(4.12) yll” = 1{y, e)] <3 Re<Bb)|<y6>|

Utilizing (4.10 — (4.12), we deduce

, 1 |A—af|B—bp
(@, 9) = (@ e} (e, )" < 15 Re (A7) Re (D)

(2, e) e, ),

which is clearly equivalent to the desired inequalityd}.
The sharpness of the constant follows from Corollar§; and we omit the
details. O

Remark 4.1. With the assumptions of Theoreh? and if (z,e), (y,e) # 0
(that is actually the interesting case), then one has the inequality

' 1 |A—a||B—b|
—1<= .
4\ /Re (A7) Re (BD)

(z,y)
(z,€) (e,y)

(4.13)

The constang is best possible.
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Remark 4.2. The inequality 4.9) provides a better bound for the quantity

[(z,y) — (z,€) (e, 9)]
than (2.3) of P].

For some recent results on Griss type inequalities in inner product spaces,
see {], [6] and [2(].
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Let(H; (-,-)) be areal or complex infinite dimensional Hilbert space @nj.
an orthornormal family irf, i.e., we recall thate;,e;) = 0if ¢,7 € N, i # j
and|le;|| = 1fori € N.

It is well known that, ifz € H, then the serie3>°, |(z,¢,;)|” is convergent
and the following inequality, calleBessel’s inequality

5.) > Il < il

holds.

If 2 (K) == {a = (a;);cy C K|X52, [a;]° < 0o}, whereK = CorK = R,
is the Hilbert space of all complex or real sequences tha2-stenmable and
A = M),y € 2 (K), then the series"°, \e; is convergent ind and if
y =302 Nies € Hthenlly|| = (3272, [Al%)* -

We may state the following result.

Theorem 5.1. Let (H; (-, -)) be an infinite dimensional Hilbert space over the
real or complex number fiel&, (e;),., an orthornormal family inH, A =
(Ai);en € €2 (K) andr > 0 with the property that
(5.2) > N>

i=1
If x € H is such that

(5.3) <r,

00
T — E )\iei
=1
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then we have the inequality

(5.4) HxHQ < (Zz 1Re[ (z, €Z>D
Zi 1‘)"| —r?
‘Zz 1 ‘T el>‘2
Zz lp\| —r?

> A
SN Z‘

and

(5.5) 0

IN

oo
2 2
lzl* =D Iz, )]
i=1

2 o0

r 2

(5.6) < = S el
> i |)‘i’2 —r? i=1

Proof. Applying the third inequality inZ.2) for a = > .-, A\;e; € H, we have

- 2
Re <$,Z>\i€i>] < r?||z|
i=1

(5.7)
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and since

o0 2 oo

Z&'@i :Z‘)‘i|27

=1 =1

Re <x, f: )\iei> = f: Re [)\_Z (x, 6@')} )
i=1 =1

hence, by %.7) we deduce

HxHQZP\i‘Q_ Re <37,Z/\i€z’>
=1 =1
giving the first inequality in%.4).

The second inequality is obvious by the modulus property.
The last inequality follows by the Cauchy-Bunyakovsky-Schwarz inequality

o 2 o o
Do Nilzed| <D Y el
i=1 i=1 i=1

The inequality §.5) follows by the last inequality in5.4) on subtracting in both
sides the quantity_>°, |(z, e;)|* < oc. O

2

<r*|lz|*,

The following result provides a generalization for the reverse of Bessel's
inequality obtained in1”].
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Theorem 5.2. Let (H; (-
I' = (Fi)ieN € €2 (K) » Y
numbers such that

,-)) and (e;),.y be as in Theorend.1. Suppose that
= (7i);en € ¢ (K) are sequences of real or complex

(5.8) i Re (I'7;) > 0.

If z € H is such that either

Reverses of Schwarz, Triangle

1
2T+ 1 (& ? d Bessel | lities in |
59 I B (Z o w) B e i
= = S.S. Dragomir
or, equivalently,
o0 o0 Title Page
(5.10) Re <Z Iie; —x,x— Z %ei> >0 COETS
=1 =1
. " 44 (44
holds, then we have the inequalities
< >
— 2
1 Oi Re Fz + _’L Z,e;
(5.1 Jof < & (2= Re (T2 70) 1)) Go Back
4 > i1 Re (I7)
- = 9 Close
< b ’Zi:l (s +7%) <x7€i>| Quit
B > icq Re (I'y7) Page 26 of 40
00 S age 26 0
PRNDYRlY + 3 2
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The constang is best possible in all inequalities i® (L1).
We also have the inequalities:

LRIl &
4 37 Re (I'yi) 1

(2, e

5.12)  0< [lz)* =D Ko’ <
=1

Here the constany is also best possible.

Proof. SinceT’, v € ¢*(K), then alsol (T' +v) € ¢*(K), showing that the

series
o0
>3

=1

oo 2

2

=1
are convergent. Also, the series

i FZ‘€7;, i Yi€i and f: i _g FZ €;
i=1 i=1 i=1

are convergent in the Hilbert spage

The equivalence of the conditionS.9) and 6.10 follows by the fact that
in an inner product space we have, forz, Z € H, Re(Z —z,x —z) > 0is
equivalent td|z — =£Z|| < 1]|Z — 2|/, and we omit the details.

Now, we observe that the inequalitiés{1) and 6.12) foIIovvlfrom Theorem

5.10n choosing\; = 2t i € Nandr = 1 (30 |1 — i) 2.
The fact thati is the best constant in both.(1) and 6.12) follows from
Theorem2.2and Corollary2.3, and we omit the details. O

I+
2

Iy —
2

2 [e'e)
and Z Re (T';7%;)
=1
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Remark 5.1. Note that 6.11) improves (.17 and (6.12 improves (.18, that
have been obtained in f].

For some recent results related to Bessel inequality, Je¢4], [14], and

[16].
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The following result related to Gruss inequality in inner product spaces, holds.

Theorem 6.1. Let (H; (-,-)) be an infinite dimensional Hilbert space over the
real or complex number fiell, and (e;),. an orthornormal family inf. As-
sume that\ = (\;),.y, # = (1i);ey € ¢ (K) andry, 7, > 0 with the proper-

ties that Reverses of Schwarz, Triangle
s o and Bessel Inequalities in Inner
Product Spaces
2 2 2 2
(6.1) DN Yl > |
i=1 i=1 S.S. Dragomir
If 2,y € H are such that
Title Page
S S Content
ontents
(6.2) T — Z Aiei|| < 71, - Zmei < 1,
i=1 i=1 44 44

then we have the inequalities < >

00 Go Back
(©.3)/ @) Z 7 ey Close
. o 0o Quit
- = ) Z|<$a€i>|22|<y,€i>|2 Page 29 of 40
\/Zz 1‘>" _7"1\/21 1|Mz -3 i=1 i=1
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) S
- 2 2 ’
VEZ NP = Sl — 3

Proof. Applying Schwarz's inequality for the vectors— Y72 (z,e;) e, y —
> ey (v, i) ei, we have

(6.4) ‘<x ) (x,e;) e,y — Z (y, e;) ei>

00 2 00 2
<o =D {menell |ly—=> (vede
=1 =1
Since
<:1: — f: (z,e:) e,y i (y, €:) 61> = (z,y) - i (z,e:) {ei, y)
=1 =1 =1
and N ) .
r—Y (redel =lz)* =Y [ el
i=1 i=1

hence, by %.5) applied forz andy, and from ¢.4), we deduce the first part of
(6.3.
The second part follows by Bessel’s inequality. O

The following Griss type inequality may be stated as well.
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Theorem 6.2.Let(H; (-, -)) be aninfinite dimensional Hilbert space afid),
an orthornormal family in/7. Suppose thatl’; ), , (7i);en s (D) ien > (Pi)ien €
¢* (K) are sequences of real and complex numbers such that

(6.5) Y Re(T'im) >0, > Re(Pid;) > 0.
i=1 i=1
If z,y € H are such that either
N Reverses of Schwarz, Triangle
00 T+ ~ 1 00 2 and Bessel Inequalities in Inner
7 ) ' + 2 Product Spaces
(6.6) Hx—z G EE (Z!F@ %\) |
i=1 i=1 S.S. Dragomir
1
Hy_z 5 ¢ = 9 (Z’q)l_@’ ) Title Page
i=1 i=1
] Contents
or, equivalently,
44 44
(6.7) Re <Z Iie; —x, o0 — Z%ei> >0, < 4
i=1 i=1 Go Back
Re <Z Die; —y,y — ¢iei> >0, Sl
i=1 i=1 Quit
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holds, then we have the inequality

(68) l’ y Z Z, ez 62,
=1

(S

1 (S 0= P)* (52 19— )
! EE Re (T (S Re (0:61)

(G) ()

L1 (R (S e al)
LS, Re (A [, Re (2,6))

The constanﬁ is best possible in the first inequality.

IN

NI
N

N[

-

Proof. Follows by £.12 and ©.4).
The best constant follows from Theoreh?, and we omit the details. [

Remark 6.1. We note that the inequality (8) is better than the inequality (3.3)
in [17]. We omit the details.
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Let (2,3, ) be a measurable space consisting of a‘seta o—algebra of
parts¥ and a countably additive and positive measuren > with values in

RU{oo} . Letp > 0 be a Lebesgue measurable functiofbwith [, p (s) du (s) =
1. Denote byL? (©2, K) the Hilbert space of all real or complex valued functions

defined o) and2 — p—integrable o), i.e.,

(7.2) / p(3)1f ()2 dpu(s) < 0.

It is obvious that the following inner product

(7.2) (f.g), = / 0 (3) £ ()9 () (s).

1
generates the norify ||, == (/, p (s s)[*du (s))* of L2 (2, K), and all the
above results may be stated for mtegrals
It is important to observe that, if

(7.3) Re [f (s)m} > foru—a.e.seq,
then, obviously,
(7.4 Re (f.ah, =Tt | [ ()7 ()70 (5)

~ [ p @R [5G du (o) 2 0
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The reverse is evidently not true in general.

Moreover, if the space is real, i.65 = R, then a sufficient condition for
(7.4 to hold is:

(7.5) f(s) >0, g(s) >0 foru—a.e.se.

We provide now, by the use of certain results obtained in Se&j@ome
integral inequalities that may be used in practical applications.

Proposition 7.1. Let f, g € Lf, (©,K) andr > 0 with the properties that
(7.6) 1f(s)—g(s)| <r<lg(s)| forp—ae.se.
Then we have the inequalities

@7 o< / o ()1 () dpe (s) / 0 (5) 19 ()2 du (5)

2

/Q p(5) £ ()9 (5)du (s)
< / o ()17 ()2 du (s) / p(5)lg ()2 dpe ()

~[[rome(r05@) o)
sﬂ/ﬂp@ 9 ()2 dp(s)

The constant in front of 72 is best possible.
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The proof follows by Theoreri.1and we omit the details.
Proposition 7.2. Let f, g € L? (Q,K) andv,I" € K such thaiRe (I'y) > 0 and

(7.8) Re [(Fg (s) = f(s)) (W - imﬂ >0 foru—a.e.s €.
Then we have the inequalities

(7.9) / p(5)1f (5)du (5) / o (5)1g () dp (5)

1 {Re [T +9) fon(s) £ ()7 Gl (s)] }
4 Re (T7)

1
—————Lp@f@g@ww>

The constan§ is best possible in both inequalities.

The proof follows by Theorerd.2 and we omit the details.
Corollary 7.3. With the assumptions of PropositiGr2, we have the inequality

1.10) 0= [P duts) [ p(6)lg) dul)
- [ )£ 3T s
<Rt | ) £ 9T

The constang is best possible.
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Remark 7.1. If the space is real and we assume, fdr> m > 0, that
(7.112) mg (s) < f(s) < Mg(s), foru—ae.s e,

then, by 7.9 and (7.10), we deduce the inequalities

(7.12) /Q/)(S) Lf ()" dpe (5)/P(5) 9 ()] du (s)

Q
1 (M+m) 2 :
< B oo ane) e
Q Product Spaces
and S.S. Dragomir
2 2
(713 0< / p (5) Lf ()] dpu (s) / p(5)lg () dp (s) il Page
2
| [r0 106 ) Conton
: ? @ ) <4« >
1 (M—m
< . X 7 .
<1 U [ r@a )] <l
Go Back
The inequality 7.12) is known in the literature as Cassel’s inequality. o
ose
The following Griss type integral inequality for real or complex-valued Quit

functions also holds.

. ] 5 Page 36 of 40
Proposition 7.4. Let f, g, h € L2 (2, K) with [, p(s) [l (s)["du(s) = 1 and
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a, A,b, B € K such thatRe (Aa) , Re (Bb) > 0 and

Re |(Ah(s) = £ (s)) (F(s) — ah (s))] = 0,
Re [(Bh(s) — g (s)) (96s) — Bh (5))] = 0,

for p—a.e.s € €. Then we have the inequalities

’/ g (s)dp (s)

—Ap@f@MGMM@Ap@h@m@MMﬂ
1 JA—d|B -0
+\/Re (4a) Re (BY)

/Qp(S)f(S)h(S)du (S)AP(S)h(S)g(S)du (s)

<

X

The constan§ is best possible.
The proof follows by Theorem.2.

Remark 7.2. All the other inequalities in Sectioi@s- 6 may be used in a similar
way to obtain the corresponding integral inequalities. We omit the detalils.
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