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ABSTRACT. A selfadjoint involutive matrix/ endowsC"™ with an indefinite inner produdt, -]

given by[z,y| := (Jz,y), z,y € C". We present some inequalities of indefinite type involving

the a—power mean and the chaotic order. These results are in the vein of those obtained by E.
Kamei [6,/7].

Key words and phrasesy—selfadjoint matrix, Furuta inequality,—chaotic ordero—power mean.

2000Mathematics Subject Classificat 047B50, 47A63, 15A45.

1. INTRODUCTION

For a selfadjoint involution matrix, that is,J = J* and.J? = I, we considerC" with
the indefinite Krein space structure endowed by the indefinite inner pradugt := y*Jz,
z,y € C". Let M, denote the algebra of x n complex matrices. Thd —adjoint matrix A%
of A € M,, is defined by

[Az,y] = [z,A%y], x,yeC,

or equivalently,A* = JA*.J. A matrix A € M,, is said to be/—selfadjointif A# = A, that s,
if JA is selfadjoint. For a pair of —selfadjoint matricesi, B, the J—order relationA >’ B
means thafAx, x| > [Bx, z|, z € C", where this order relation means that the selfadjoint ma-
trix JA — J B is positive semidefinite. I1fi, B have positive eigenvaluebpg(A) > Log(B)
is called the/—chaotic orderwhereLog(t) denotes the principal branch of the logarithm func-
tion. TheJ— chaotic order is weaker than the usualorder relationd > B [11, Corollary
2].

A matrix A € M, is called aJ—contractionif I >/ A#A. If A is J—selfadjoint and
I >7 A, then all the eigenvalues of are real. Furthermore, ifi is a.J—contraction, by a
theorem of Potapov-Ginzburgl[2, Chapter 2, Section 4], all the eigenvalues of the prsddict
are nonnegative.

Sano [11, Corollary 2] obtained the indefinite version of the Léwner-Heinz inequality of
indefinite type, namely fod, B J—selfadjoint matrices with nonnegative eigenvalues such that
I >7 A>7 B,thenl >/ A~ >7 B« forany0 < o < 1. The Lowner-Heinz inequality has
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a famous extension which is the Furuta inequality. An indefinite version of this inequality was
established by Sano [10, Theorem 3.4] and Bebietnal. [3, Theorem 2.1] in the following
form: Let A, B be J—selfadjoint matrices with nonnegative eigenvalues add>’ A >’ B

(or A>7 B >7 ;1) for somey > 0. For each > 0,

(1.1) (AEAPAS)T 7 (AEprAE)e
and
(1.2) (B%APB%ﬁ >/ (B%BPB%)é

hold for allp > 0 andq > 1 with (1 +r)g > p + r.

2. INEQUALITIES FOR aa—POWER M EAN

For J—selfadjoint matricesA, B with positive eigenvaluesd >’ B and0 < o < 1, the
a—power mearof A andB is defined by

Af B — A} (A*%BA*%)Q A3

Sincel >/ A~:BA~: (orI <’ A~:BA~z) the J—selfadjoint power(A—%BA—%f is well
defined.

The essential part of the Furuta inequality of indefinite type can be reformulated in terms of
a—power means as follows. W, B are J—selfadjoint matrices with nonnegative eigenvalues
andul >7 A >7 B for someyu > 0, then for allp > 1 andr > 0

(2.1) A B </ A
and
(2.2) B4, AP >7 B.

ptr
The indefinite version of Kamei’s satellite theorem for the Furuta inequality [7] was estab-
lished in [4] as follows: IfA, B are J—selfadjoint matrices with nonnegative eigenvalues and
ul >7 A >’ B for someu > 0, then

(2.3) A1 BP </ B<? A</ B4, AP

p+r p+r

forallp > 1 andr > 0.

Remark 1. Note that by|(2.8) and using the fact th&t* AX >’/ X#BX for all X ¢ M, if
T ry LT T ry LT .
and only if A > B, we haveA'™" >’ (A2 B?Az)» and(Bz APBz)» >’ B, Applying

the Lowner-Heinz inequality of indefinite type, with= ﬁ we obtain

A>7 (A2BPA2)"™  and (B2APB2)"" >7 B
forallp > 1 andr > 0.

In [4], the following extension of Kamei’s satellite theorem of the Furuta inequality was
shown.

Lemma 2.1. Let A, B be J—selfadjoint matrices with nonnegative eigenvalues ahd>"
A >7 B for somey > 0. Then
A7 B </ B! and A'<’ B AP,

forr > 0and0 <t <p.
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Theorem 2.2. Let A, B be J—selfadjoint matrices with nonnegative eigenvalues and>"
A >7 B for somey > 0. Then

1 1
(24) A pu B <! (A*Tﬁtiny <IB< A< (B*’"ﬂmAp)t <7 B "1 AP,

p+r p+r p+r

forr >0andl <t <p.

Proof. Without loss of generality, we may consider= 1, otherwise we can replacé and B
by iA and/%B. Let1 < t < p. Applying the Lowner Heinz inequality of indefinite type in

Lemmg 2.1l withn = 1, we get

(4tp) </ B <A< (Bre )

p+r ptr

1
LetA, = AandB, = (A—Tﬁ%er) ‘. Note that

(2.5) A1 BP = A" (A-’“ﬁ;%Bp) = ATt B
Sinceul >7 A, >7 By, applying Lemma 2]1 to!, and B, with t = 1 andp = ¢, we obtain

1

A" B? <) B, = (A*TﬂMBP)? .

p+r p+r

The remaining inequality irf (2.4) can be obtained in an analogous way using the second in-
equality in Lemma 2]1, with = 1 andp = ¢. O

Theorem 2.3. Let A, B be J—selfadjoint matrices with nonnegative eigenvalues afd>"
A >7 B for somey > 0. Then

1 1 1

1 1 1 1
(Airﬁme) < (AirﬁmB’) ?  and (B’TﬂmAp> > (B*TﬁmAp) 2

pt+r p+r p+r p+r

forr >0andl <t, <t <p.
Proof. Without loss of generality, we may consider= 1, otherwise we can replacé and B
by Aand;B. LetA, = AandB, = A—’"ﬁmBi’) 2 By Lemm and the Léwner Heinz

p+r
inequality of indefinite type withy = %, we haveB, <’ B <’/ A, <’ I. Applying Lemma
[2.1to A, and By, with p = t5, we obtain

31

(2.6) A" B <7 B = (Airﬂme)g-
tot+r p+r
On the other hand,
17t
(2.7) Al e BP = AT 40 {(A_Tﬁpr) tQ} = A" n+ B,
p+r to+r p+r to+r
By (2) and[2]),

t1

A BP <7 (Airﬂme)g-

p+r p+r

Using the Lowner-Heinz inequality of indefinite type with= %, we have

(A—"apr)tll <7 (A‘TﬁWBP>t12.

ptr p+r

The remaining inequality can be obtained analogously. O
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Theorem 2.4. Let A, B be J—selfadjoint matrices with nonnegative eigenvalues and>"
A >7 B for somey > 0. Then
t t
A_Tﬁme SJ (A_TﬂﬁBp> SJ Bt SJ At SJ <B_rﬁiz4p> SJ B—rﬁMAp
p+r p+r p+r p+r

foro0<t<1<pandr>0.

Proof. By the indefinite version of Kamei’s satellite theorem for the Furuta inequality and since
0 <t <1, we can apply the Léwner-Heinz inequality of indefinite type with- ¢, to get
t t
(AfrﬁﬂBp) SJ Bt SJ At SJ <BfrﬂmAp> )
p+r p+r

Note that

p+r 147 p+r

A e B? = (AY) ¥ i {(A‘Tﬁmeﬂ % .

t
Sinceul >7 A, for allt > 0 [10] and A* > (A‘Th%Bp) , applying the indefinite ver-
sion of Kamei’s satellite theorem for the Furuta inequality witrand B replaced byA* and
t
(A—TﬂHTTBP> , respectively, and with replaced by-/t andp replaced byl /¢, we have

t
A"t e BP <7 (A*Tﬂme) .

p+r p+r

The remaining inequality can be obtained analogously. O

3. INEQUALITIES INVOLVING THE J—CHAOTIC ORDER

The following theorem is the indefinite version of tldaotic Furuta inequalitya result
previously stated in the context of Hilbert spaces by Fujii, Furuta and Kamei [5].

Theorem 3.1. Let A, B be J—selfadjoint matrices with positive eigenvalues apd >’ A,
ul >7 B for someu > 0. Then the following statements are mutually equivalent:
() Log(A) =’ Log(B);
(i) (AZBrAs)» <’/ A" forallp > 0andr > 0;
(i) (B:APB:)7 >’ Br forall p > 0 andr > 0.

Under the chaotic ordeltog (A) >7 Log(B), we can obtain the satellite theorem of the
Furuta inequality. To prove this result, we need the following lemmas.

Lemma 3.2([10)). If A, B are J—selfadjoint matrices with positive eigenvalues ah¢-’ B,
thenB~! >/ A1

Lemma 3.3([10]). Let A, B be J—selfadjoint matrices with positive eigenvalues dnd”’ A,
I >7 B.Then

1 1 1 A-1 1
(ABA)* = AB? <B§A285> B34,  MeR

Theorem 3.4(Satellite theorem of the chaotic Furuta inequalitygt A, B be J—selfadjoint
matrices with positive eigenvalues and >/ A, ul >’ B for somey > 0. If Log (A) >7
Log (B) then

A BP <’ B and B i AP >7 A

pr pr

forall p > 1 andr > 0.
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Proof. Let Log (4) >’ Log (B). Interchanging the roles ofandp in Theoren{ 3L from the
equivalence between (i) and (iii), we obtain

p

(3.1) (B%A'“Bg)m >/ Bp

for all p > 0 andr > 0. From Lemma 33, we get
p—1

T T T 1tr T D p y _ﬁ p
A7 (AEBPAR)» A% = Bt [(BzA’”Bz) ’ 1 B,

[S14S)

Hence, applying Lemnja 3.2 fo (8.1), noting that (p—1)/p < 1 and using the Léwner-Heinz
inequality of indefinite type, we have

i i T 1tr T P P
A"z (A2BPAz)"" A7z </ BaB'"?PB2 = B.
The result now follows easily. The remaining inequality can be analogously obtained.]

As a generalization of Theorem B.4, we can obtain the next characterization of the chaotic
order.

Theorem 3.5. Let A, B be J—selfadjoint matrices with positive eigenvalues apd >’ A,
ul >7 B for someu > 0. Then the following statements are equivalent:

(i) Log(A) >” Log (B);
(ii) A—TjoTTBP </ Bt,forr > 0and0 < t < p;

(ii) B*”ﬁ%rAp >7 At forr > 0and0 < t < p;
(iv) A—Tﬂ%BP </ A7t forr > 0and0 <t <r;
(v) B*”ﬁ%AP >J B~ forr > 0and0 < 4§ < r.

Proof. We first prove the equivalence between (i) and (iv). By Theorerm Bog(A) >/
Log(B) is equivalent to(Az BP Az )»* </ A", for all p > 0 andr > 0. Henceforth, since
0 <t < r applying the LOwner-Heinz inequality of indefinite type, we easily obtain

—tgr —t4r

(A5 BrAs) 7 = [(Aipras)it] T <A

Analogously, using the equivalence between (i) and (iii) in Thegreim 3.1, we easily obtain that
(1) is equivalent to (V).
(if) < (v) Suppose that (i) holds. By Lemrha B.3 and using the factiva# X >/ X#BX
forall X € M, ifand only if A >/ B, we have
ASBIAS >0 (ABBPAR)r

— AiBS (B%A”B%> " BEAS.

It easily follows by Lemma 3]2, that

—t+p
P

Brt <’ (B%ATBE) e

forr > 0 and0 < t < p. Replacingy by r, we obtain (v).
In an analogous way, we can prove thatf\)ii). O
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Remark 2. Consider twaJ —selfadjoint matrices!, B with positive eigenvalues and >’ A,
ul >7 B for someu > 0. Let1 < t < p. Applying the Lowner Heinz inequality of indefinite
type in Theorerh 3]5 (ii) withv = 1, we obtain that.og (A) >’ Log (B) if and only if

1

<A‘Tﬁ%B’?)? <’ B.
1

Considerd; = AandB; = (A‘WHTTBP) . Following analogous steps to the proof of Theo-
rem2.2 we have
A‘Tﬁ%Bp = Al"”ﬁ%B{
SinceB; <’ B <’ ul andA, <’ ul, applying Theorerh 3|5 (ii) tol, and B, with t = 1 and
p = t, we obtainLog (A;) >’ Log (B;) if and only if

A1 BP <7 (A-’”ﬁme)1 .

p+r p+r

Note thatLog (A;) > Log (By) is equivalent td.og (4) > Log (B), whenr — 0. In
this way we can easily obtain Corolldry B.6, Corollary] 3.8 and Cord[lafy 3.8 from Thegor¢m 3.5:

Corollary 3.6. Let A, B be J—selfadjoint matrices with positive eigenvalues and >’ A,
ul >7 B for someu > 0. ThenLog (A) >’ Log (B) if and only if

p+r p+r p+r p+r

forr > 0andl <t <p.

A8 BP <7 (A—?"ijBp)1 </B and A<’ (1}3—7‘th+u4p)1 <7 B "h1ur AP,

Corollary 3.7. Let A, B be J—selfadjoint matrices with positive eigenvalues and >’ A,
ul >7 B for someu > 0. ThenLog (A) >’ Log (B) if and only if

(A_rﬁ““BpﬁSJ (A_Tﬁw3p>é and (B—TuwApyllzJ <B—rﬂt2+rAp)tlz

p+r p+r p+r p+r

forr >0andl <t, <t <p.
Corollary 3.8. Let A, B be J—selfadjoint matrices with positive eigenvalues and >/ A,
wul > B for someu > 0. ThenLog (A) >7 Log (B) if and only if

t t
A"t BP <7 (A-’“ﬁlin) </ Bt and A'<’ (B-’”ﬁliAp) <T B e AP,

p+r p+r p+r p+r
forr >0and0 <t <1<np.
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