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Abstract

An integral inequality for convex functions defined on linear spaces is obtained
which contains in a particular case a refinement for the first part of the cele-
brated Hermite-Hadamard inequality. Applications for semi-inner products on
normed linear spaces are also provided.
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Let X be areal linear space,b € X, a # b and let[a,b] := {(1 — \) a + b,
A € [0,1]} be thesegmengenerated by, andb. We consider the function
f : [a,b] — R and the attached functiop(a,b) : [0,1] — R, g(a,b)(t) :=
fl(l—=t)a+tb],te]0,1].

It is well known thatf is convex ona, b] iff ¢ (a,b) is convex on0, 1], and
the following lateral derivatives exist and satisfy

() g4 (a,0) (s) = (V=S [(1 = s)a+sb]) (b —a), s € (0,1)
(i) g (a,0) (0) = (V4 (a)) (b—a)
(ii)) g~ (a,0) (1) = (v-f (b)) (b—a)

) (%)

where(v+ f (z)) (y) are theGateaux lateral derivativesye recall that

(94 @) () = iy [FEERIZLE),
(V-f(2)(y) = kli%l, [f (z+ k‘z) —f (x)] , x,y € X.

The following inequality is the well-known Hermite-Hadamard integral in-
equality for convex functions defined on a segment| C X :

(HH) f(‘”b) /f 1—ta+tb]dt<w,
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which easily follows by the classical Hermite-Hadamard inequality for the con-
vex functiong (a,b) : [0,1] — R

g(a,b) (%) gfolg(a,b)(t)dtgg(a,b><o>;g<a,b><1>.

For other related results see the monograph on iihe [
Now, assume thatX, ||-||) is a normed linear space. The functifin(s) =

L|z|?, z € X is convex and thus the following limits exist . _
2 An Inequality Improving the

) ) First Hermite-Hadamard
i - _ T llyttz "yl | . Inequality for Convex Functions
(IV) <x> y>s T (V-i—f() (y)) (33) = lim [ 2t ) Defined on Linear Spaces and
Applications for Semi-Inner
} Products

I

V) (,9); == (V-fo (y)) (x) = lim [Mﬂ

S.S. Dragomir

foranyxz,y € X. They are called théower and upper semi-inneproducts
associated to the norif||. Title Page
For the sake of completeness we list here some of the main properties of

these mappings that will be used in the sequel (see for exaripl@§suming Contents
thatp, ¢ € {s,i} andp # ¢: <« R
@) (z,2), = [lz|* forall 2 € X; < >
(@) (ax, By), = af (z,y), if o, > 0andz,y € X; Go Back
Close
(aa@)|(z,9),| < Il 1y for all 2,y € X; ot

@) (az +y,2), = alr,z), + (y,2), if z,y € X anda € R; Page 4 of 19
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V) (—z,y), = —(z,y), forallz,y € X;
(va) & +9,2), < lall 2] + (y, 2}, forall 2y, = € X

(vaa) The mapping(-, ->p Is continuous and subadditive (superadditive) in the
first variable forp = s (or p = 1);

(vaaa) The normed linear spadgX, ||-||) is smooth at the point, € X\ {0} if
and only if (y, zo), = (y, xo), for all y € X; in generaly, =), < (y, ),

forall z,y € X;

An Inequality Improving the
. First Hermite-Hadamard
<y> > Inequality for Convex Functions
Defined on Linear Spaces and
Applications for Semi-Inner
Products

(ax) Ifthe norm||-|| is induced by an inner produgt -) , then(y, z), =
(y,z) forall z,y € X.

Applying inequality (1H) for the convex functiorf, (z) = 3 |z||* , one may

deduce the inequality S.S. Dragomir
2 1 2 2
(1.1) x—;—y < / (1 —t)z +ty| dt < M Title Page
‘ Contents
foranyz,y € X. The sameHl{H) inequality applied forf; (z) = ||z, will % o~
give the following refinement of the triangle inequality:
| < >
rT+y Y
(1.2) ” / [(1—t)z +ty| dt < H H Iy , Ty € X, Go Back
- - - - - - - Close
In this paper we point out an integral inequality for convex functions which _
is related to the first Hermite-Hadamard inequality lifH) and investigate its QU
applications for semi-inner products in normed linear spaces. Page 5 of 19
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We start with the following lemma which is also of interest in itself.

Lemma 2.1. Leth : [a, 5] C R — R be a convex function o, 5]. Then for
any~ € [«, 5] one has the inequality

@1 [B-)H ()~ (v - @) h ()
B
< [ nde—(3-a)h)
< 3 1B =R (5) ~ (v o) By ().

The constang is sharp in both inequalities.
The second inequality also holds for= o or v = 3.

Proof. It is easy to see that for any locally absolutely continuous fundtion
(o, B) — R, we have the identity

v B B
(2.2) /(t—a)h’(t)dt+/ (t—ﬁ)h’(t)dt:h(y)—/ h(t)dt

foranyy € («, 3), whereh' is the derivative of. which exists a.e. ofw, 3) .
Sinceh is convex, then it is locally Lipschitzian and thusZ) holds. More-
over, for anyy € («, 3), we have the inequalities

(2.3) h'(t) < h' (v) fora.e.t € [o,]
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and
(2.4) R (t) > K, (y) fora.e.t € [v,0].

If we multiply (2.3) byt — a > 0, t € [«, 7] and integrate ofr, 7|, we get
Y
(2.5) [ - 56—t o)

and if we multiply .9 by 5 —t > 0, t € [y, 5], and integrate ofyy, 3], we
also have

B
(26) [ G-or @iz 6=, 6.

If we subtract 2.6) from (2.5) and use the representatich), we deduce the
firstinequality in @.1).

Now, assume that the first inequalit.{) holds withC' > 0 instead of?,
ie.,

8
@2.7) C[(B - K, (7) — (v — a2l (7)] < / h(t)dt— (B — o) h(y).

«

,k>0,t€ [a,f]. Then

- (252)oh 0 (552) ot (25)

Consider the convex functio (t) := k |t — 23~
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and
B 1 )
/ o (£)dt = 3 (5 — a)”.
If in (2.7) we choosé: = hg, v = %2, then we get

1 2 1 2 1 2
Z — Z — < = —
cl{o-afie 6ot < jEo-o
which givesC < % and the sharpness of the constant in the first par2 dj (s
proved.

If either A’ (o) = —oo or h_ () = —o0, then the second inequality i@.()
holds true.

Assume that, (o) andh’ (/) are finite. Since: is convex onja, 3], we
have

(2.8) R'(t) > 1, (a) fora.e.t € [a,7] (v may be equal t@)
and
(2.9) h'(t) < h' (B) fora.e.t € [y,0] (v may be equal te).

If we multiply (2.8) byt — a > 0, t € [a,~] and integrate off, 7], then we
deduce

(2.10) [ a0 56— 2 o)
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and if we multiply .9 by 5 —t > 0, t € [y, 8], and integrate offyy, 5], then
we also have

6
(2.11) /‘W—owuwu§§W—vfmmm.

Finally, if we subtract .10 from (2.11) and use the representatidh?), we
deduce the second inequality in.{). Now, assume that the second inequality

in (2.1) holds with a constanb > 0 instead of}, i.e.,

An Inequality Improving the
Ié; First Hermite-Hadamard
o o Inequality for Convex Functions
(2'12) / h (t) dt (ﬁ a) h (7) Defined on Linear Spaces and
@ Applications for Semi-Inner

<D[(B=7)"h_(B) = (y—a)* K, ()] . Plodues
If we consider the convex functidi, () = & \t — "‘—;5 ,k>0,t€ [a,f], then 5. bragomr
we havehy_ (3) = k, hq, (o) = —k and by @.12) applied forh, in v = %ﬂ
we get Title Page
1 1 1
(FB =) <DI2k(B—a) + k(B -a)|, Contents
! ) ) 44 44
giving D > % which proves the sharpness of the const?m the second in-
equality in @.1). O 4 >
Corollary 2.2. With the assumptions of Lemrid. and ify € (a, 3) is a point Clo 2HES
of differentiability forh, then Close
a+ 3 , /ﬁ Quit
2.13 —v|h < h(t)dt—h(7).
( ) ( 2 7) (1) < —Q Jy () ™ Page 9 of 19
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Now, recall that the following inequality, which is well known in the litera-
ture as the Hermite-Hadamard inequality for convex functions, holds

a+ 3 1 A h () +h(B)
(2.14) h( > )gﬁ_&/a h(t)dt < ——— —=.

The following corollary provides both a sharper lower bound for the differ-

ence, 5
1 a+f3
—ﬁ—@/a h(t)dt—h( 5 ),

which we know is nonnegative, and an upper bound.
Corollary 2.3. Leth : [a, 5] — R be a convex function da, 5]. Then we have

An Inequality Improving the
First Hermite-Hadamard
Inequality for Convex Functions
Defined on Linear Spaces and
Applications for Semi-Inner

the inequality Products
(2.15) 0 < 1 {h; (a+ﬁ) o (oﬂrﬁﬂ 6 - a) S.S. Dragomir
8 2 2
1 h :
< / h(t)dt_h(a—l—ﬁ) Title Page
f —Q Jy 2 Contents
< 3 [W_(8) = I ()] (B~ a). «“ S8
The constan% is sharp in both inequalities. < >
Example 2.1. Assume that-co < a < 0 < [ < oo and consider the convex Go Back
functionh : [o, 5] — R, h(z) = exp |z| . We have p—
—e 7 if 2 <0, Quit

W (x) =
er if x> 0;

Page 10 of 19
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andh’ (0) = —1, A  (0) = 1. Also,

B 0 B
/ h(t)dt = / e "dr + / edxr = exp () + exp (—a) — 2.
a a 0

Now, if"“T*ﬁ # 0, then by 2.15 we deduce the elementary inequality

—a) — 2
(2.16) 0 < &P (B) +exp(—a)—2 exp atp
0 — « 2
1 Anl lity 1 ing th
< —lexp(B) +exp(—a)] (B —a). it Hermite-tadamard
8 Inequality for Convex Functions
ot A Defined on Linear Spaces and
If <%= = 0 and if we denotef = a, a > 0, thusa = —a and by ¢.19 we also Applications for Semi-Inner
have Products
1 -1 1 S.S. Dragomir
(2.17) ¢ < % —-1< 50 XD (a).
The reader may produce other elementary inequalities by choosing in an Title Page
appropriate way the convex functidnWe omit the details. TS
We are now able to state the corresponding result for convex functions de-
fined on linear spaces. b dd
Theorem 2.4.Let X be alinear space;,b € X,a #bandf : [a,b] C X — R < >
be a convex function on the segmgnt|. Then for any € (0, 1) one has the Go Back
inequality
Close
1
(218) (1= 8)* (v f (1 —s)a+ sb]) (b—a) Quit

—s (7 fI(1 = s)a+sb]) (b - a)] Page 11.0f 19
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1f[(1—t)a+tb]dt—f[(1—s)a+sb]

IA

IN
l\DIr—AO\»

(1= 5" (V-f (1) (b—a) = s* (V= (@) (b~ a)] .

The constang is sharp in both inequalities.
The second inequality also holds for= 0 or s = 1.

Proof. Follows by Lemma&.1applied for the convex functiola(¢) = g (a, b) (t) =

fl(1—=t)a+tb],t €0,1], and the choicea = 0, § = 1, andy = s. O An Inequality Improving the
Flrs_t Hermlte-Hadamarq
Corollary 2.5. If f : [a, 0] — Ris as in Theorerd.4and Gateaux differentiable i Ay
inc:=(1—X)a+ b, A € (0,1) along the directionb — a), then we have the Applications for Semi-Inner
inequality: Products
1 1 S.S. Dragomir
@) (3-N) @@ 6-a< [ fla-ard-fo.
0 Title Page
The following result related to the first Hermite-Hadamard inequality for Content
functions defined on linear spaces also holds. ontents
Corollary 2.6. If f is as in Theoren2.4, then 14 dd
1 a+b a+b ¢ >
@20 0 < §|vf (“5) 0-0-vs (57 6-a) o0 Back
< / 1—ta+tb]dt—f(a+b) Close
Quit
1
< glv-f®) b -a)=(v+f(a) (b—a). Page 12 of 19
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The constan% is sharp in both inequalities.

Now, let{2 C R™ be an open and convex setlit.
If F:Q — Ris a differentiable convex function dn, then, obviously, for
anyc € (2 we have

n

OF (¢)

VF (@) (5) = i JERT
(@ () ; Y g
OF
wher Ox; An Inequality Improving the
(Z = 1, R ,n) . Firs_t Hermite-Hadamarq
Using (.19, we may state that fhe e A
1 n OF (\a +(1=2\ Z_) Applications for Semi-Inner
(2.21) <_ B A) Z ( a ( ) ) ‘ (bi _ ai> Products
i=1 S.S. Dragomir
1
g/ F [(1—t)d+tl_)] dt — F (1= X)a+ \b)
0 Title Page
"\ OF (a)
(b —a;) — N2 (b — a; Contents
Z 3% 1 al) z; axl ( 7 aZ)
= <4< 44
foranya,b € Q andX € (0,1). p >
In particular, for\ = % we get
1 _ 7 Go Back
_ T a+b
(2.22) 0 < /0 Fl(1—t)a+th] dt—F( ; ) —

1~ (OF (b) OF(a) Quit
< = : (bl — ai) .
8 < 8:1:1 ox; Page 13 of 19
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In (2.22) the constan§ is sharp.
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Let (X, ||-]|) be a real normed linear space. We may state the following results
for the semi-inner products, -), and(-, -)..

Proposition 3.1. For anyz,y € X ando € (0, 1) we have the inequalities:

Bl (1-o0)y—=z,(l-0)ztoy),—0*(y—=,(1—0)z+oy),

1
< [I0-ald -0 - a)o oyl
0

An Inequality Improving the

2 2 First Hermite-Hadamard
< <1 B 0> <y -, y>i -0 <y -, y>s : Inequgﬁty fg:rgonvex Functions
. L Defined on Linear Spaces and
The second inequality ir8(1) also holds forc =0 or o = 1. Applications for Semi-Inner
Products
The proof is obvious by Theoreth4 applied for the convex functiofi(z) =
2 S .
% ||l’|| e X. S.S. Dragomir
If the space ismooth then we may pufr,y| = (z,y), = (z,y), for each
x,y € X and the first inequality in3.1) becomes Title Page
(82 (1-20)[y—=z,(1—0)x+ oy Contents
1
<44 >»
< [0+l (0 - o)+ oyl
0 < >
An interesting particular case one can get frd@ri)is the one folw = % Go Back
1
(3.3) O§§[<y—x,y+x> —(y —x,y + )] Close

Quit
H Page 15 of 19
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<-[ly-zy),—(y—=12)].

|

The inequality 8.3) provides a refinement and a counterpart for the first
inequality (L.1).

If we consider now two linearly independent vectatrg, € X and apply
Theorem2.4for f (z) = ||z||, = € X, then we get

Proposition 3.2. For any linearly independent vectarsy € X ando € (0,1),

one has the inequalities: An Inequality Improving the
First Hermite-Hadamard
| lity for C Functi
Qo Lfoooplenlorinl, a0on_orim] S
’ _ _ Applications for Semi-Inner
2 (1 ®T+OMI (1 —0)x+ oyl e
< / (1=t 2 +ty|| dt — (1 — o) 2 + oy 5. Dragori
0
1 2 (Y—my) L y—ma)
< Z (1= NI 52 s .
=9 |:( U) H?JH g ||9UH Title Page
. . Contents
The second inequality also holds for= 0 or o = 1.
<4< >
We note that if the space is smooth, then we have > 3
(3.5 (1_0_>'[y—l’,(1—0'):p—1—0y] Go Back
2 [T= o)z +oul Close
< [I0-0a i~ -a)o oy, Qui
0

Page 16 of 19
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and foro = % (3.4) will give the simple inequality

z+y z+y
<||—H> < Ex >]
2 2 i

1
§/ ||(1—t)x+ty||dt—H H
0
1

(3.6) 0<

8 ’ HyH i H$H B An Inequality Improving the

First Hermite-Hadamard
Inequality for Convex Functions
Defined on Linear Spaces and

The inequality 8.6) provides a refinement and a counterpart for the first in-

equality in (L.2). Applications for Semi-Inner
Moreover, if we assume thaf7, (-,-)) is an inner product space, then by Products

(3.6) we get for anyr,y € H with ||z|| = ||y|| = 1 that S.S. Dragomir

(3.7) 0< / (1 —t)z + ty|| dt — H H < —Hy—xH Title Page

Contents

The constant is sharp. > W
Indeed, ifH = R, (a,b) = a- b, then takingr = —1, y = 1, we obtain

equality in 3.7). < >
We give now some examples. Go Back
1. Let¢* (K), K = C, R; be the Hilbert space of sequenaes: (z;),., With Close

Quit

Page 17 of 19
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Yoo l2;]* < co. Then, by 8.7), we have the inequalities

(3.8) og/ (E I(l—t)wﬁt%IQ) dt—(Z )
- i=0
1 o0
g EO _xz )

Ti + Yi
2

2 : o) 2 o) 2 i i
foranyz,y € ¢ (K) provided) ° |z;|" = >"2 lvi|” = 1. AnFilrnSet?;Jggtg?S;%\g;gatrZe

Inequality for Convex Functions

. Let i be a positive measuréd,; (€2) the Hilbert space ofi—measurable Defined on Linear Spaces and
functions on(2 with complex values that ar2—integrable ort2, i.e., f € Applicatiogs fgf Siemi-'nnef
)iff o 1f (¢t )|? du () < co. Then, by 8.7), we have the inequalities rodies

S.S. Dragomir
1
2
89 o< [ ([l0-nr0+x0fan) o .
Title Page
1
t+g(0)] ’ Contents
. O +90f" 4,
Q 44 44
1
gg-/u(t)—g(t)ﬁdmt) . -
° Go Back
forany f,g € L, (Q) prowdede |f(t ‘ dp (t fg g (t ’ du (t) = 1. Close
Quit

Page 18 of 19
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