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Abstract

Some inequalities of Ostrowski type for isotonic linear functionals defined on a
linear class of function L := {f : [a,b] — R} are established. Applications for
integral and discrete inequalities are also given.
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The following result is known in the literature as Ostrowski’s inequality] |

Theorem 1.1.Let f : [a,b] — R be a differentiable mapping o, b) with the
property that| f’ (¢)| < M forall t € (a,b). Then

__atb
(1.1) ‘ _a/ f(t dt‘ ( )

(b—a)’
forall x € [a, b].
The constant is the best possible in the sense that it cannot be replaced by a

](b—a)M

Ostrowski Type Inequalities for
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smaller constant. S gy
The following Ostrowski type result for absolutely continuous functions whose m—_—
derivatives belong to the Lebesgue spakgh:, b] also holds (see”], [10] and ltle Page
[11]). Contents
Theorem 1.2.Let f : [a,b] — R be absolutely continuous da, b]. Then, for << (13
all x € [a, b], we have: P >
(1.2) ‘ flz)— £) dt‘ E RS
) Close
b (5 )} b=l € Lufad] Qui
1
< » — +1 ) Page 3 of 27
< ﬁ[(bf) U, P e Lyt b+ =1 > L
l % i| ||f/|| J. Ineq. Pure and Appl. Math. 3(5) Art. 68, 2002
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where||-||. (r € [1, cc]) are the usual Lebesgue norms bp[a, b}, i.e.,

9]lo = ess sup |g ()|
tela,b]

lgll, := (/ab\g(t)th)i, r e [1,00).

The constantg, —
(p+1)
Theoreml.L

and

Sl

The above inequalities can also be obtained from Fink’s result zhdn
choosingr = 1 and performing some appropriate computations.

If one drops the condition of absolute continuity and assumegtisaiolder
continuous, then one may state the result (sge [

Theorem 1.3.Let f : [a,b] — R be ofr — H—H0older type, i.e.,
(13) |f(x)_f(y)| §H|x_y|ra for all T,y € [aab]>

wherer € (0,1] and H > 0 are fixed. Then for all: € [a,b] we have the
inequality:

(L.9) ‘f(x)— —/ f(t)dt‘

H
“r+1

<Z:z>m+ <Z’:§)M] (b—a) .

The constan;% is also sharp in the above sense.

and% respectively are sharp in the sense presented in
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Note that ifr = 1, i.e., f is Lipschitz continuous, then we get the following
version of Ostrowski’s inequality for Lipschitzian functions (withinstead of

H) (see [])
1 b 1 x — atb ?
b_a/af(t)dt‘g Z+<b—;> (b—a)L.

Here the constanit is also best. . "
. .. . . Ostrowski Type Inequalities for
Moreover, if one drops the continuity condition of the function, and assumes  isotonic Linear Functionals
that it is of bounded variation, then the following result may be stated {§ge [

(1.5) ‘f (z) -

S.S. Dragomir
Theorem 1.4. Assume thaf : [a,b] — R is of bounded variation and denote
by \/° (f) its total variation. Then Title Page
1 b 1 _ atb b Contents
1.6 — t)ydt| < | = 2
we |-, [ 1o < |gr 5 ]am —
< | 2
for all z € [a, b].
The constang is the best possible. Go Back
If we assume more about, i.e., f is monotonically increasing, then the Close
inequality (L.6) may be improved in the following mannéi][(see also?]). Quit
Theorem 1.5.Let f : [a,b] — R be monotonic nondecreasing. Then for all Page 5 of 27
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x € [a, b], we have the inequality:

(17) ‘ /ﬁf d4
b_a{[%—(a+b)]f( )+/ Sgn(t—x)f(t)dt}
<t (=) [f @)~ @]+ (b —)[F )~ f (@]}

<

1 a+b Ostrowski Type Inequalities for
T — 5 Isotonic Linear Functionals

< |5+ =1 1) = fla)].

[2 b—a S.S. Dragomir

All the inequalities in {.7) are sharp and the constaétis the best possible.

Title Page
The version of Ostrowski’s inequality for convex functions was obtained in
[6] and is incorporated in the following theorem: ConEns
Theorem 1.6.Let f : [a,b] — R be a convex function ofa, b]. Then for any K D
x € (a,b) we have the inequality < 4
1 Go Back
(18) S [b—)fi (@)~ (@ —a) f ()]
Close

/f t)ydt — (b—a) f(x) Quit

Page 6 of 27
<Sl0-2" 1 1)~ (@~ a)' f} (@)
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For other Ostrowski type inequalities, seg [

In this paper we extend Ostrowski’s inequality for arbitrary isotonic linear
functionalsA : L — R, wherelL is a linear class of absolutely continuous
functions defined o, b] . Some applications for particular instances of linear
functionalsA are also provided.
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Let L be alinear classof real-valued functiong; : £ — R having the proper-
ties

(L1) f,g € Limply (af + Bg) € Lforalla, 3 € R;

(L2) 1€ L,ie.iff(t)=1,t€ E thenf € L.

An isotonic linear functionald : . — R is a functional satisfying , N
Ostrowski Type Inequalities for
Isotonic Linear Functionals

(A1) A(af + Bg) = aA(f)+ BA(g)forall f,g € L anda, 3 € R;
S.S. Dragomir
(A2) If fe Landf > 0,thenA(f) >0
The mappingA is said to benormalisedif Title Page
(A3) A(l) — Contents
Usual examples of isotonic linear functional that are normalised are the fol- « dd
lowing ones < >
[ @, i T
= —— x ), | < 00
X) Jx : a Close
or ] Quit
Ay (f) = /wxfxdux,
(f) wa:Ed (z) Jx () f (2) €9 Page 8 of 27
Wherew ({L‘ > 0 fX dlu( ) > O’ X iS a measurable Space apds a J. Ineq. Pure and Appl. Math. 3(5) Art. 68, 2002
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In particular, forz = (z1,...,2,), @ = (wy,...,w,) € R™ with w; > 0,
W, :=>", w; >0we have

and
A@ (i’) = Z W; Ty,
i=1

are normalised isotonic linear functionals &n.

The following representation result for absolutely continuous functions holds.

Lemma 2.1.Letf : [a,b] — R be an absolutely continuous function @nb]
and definee (t) = t, t € [a,b], g fo 11 =XNx+ X]d\ t € [a,b]
andz € [a,b]. If A: L — Risa normallsed Imear functional on a linear class
L of absolutely continuous functions definederb] and(z —e) - g (-,z) € L,
then we have the representation

(2.1) f)=A(f)+Allz—e)-g(,2)],
for z € [a, b)].

Proof. For anyz, t € [a,b] with ¢ # x, one has

f@) =10 [ / I

r—t x—t

ANz + M|d\=g(t ),
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giving the equality

(2.2) fe) =)+ (@—1)g(t )

foranyt,z € [a,b].
Applying the functionald, we get

A(f(x)- 1) =A(f+(z—e)g(,x)),

Ostrowski Type Inequalities for
for anyr {a’ b] : Isotonic Linear Functionals

Since |
A(f(z)-1)=f(z) A1) = f(x) S.S. Dragomir
and |
A(f+(x—e)-ga)=A(f)+A(x—e)-g(-, 1)), Title Page
the equality £.1) is obtained. n Contents
The following particular cases are of interest: « dd
< | 2
Corollary 2.2. Let f : [a,b] — R be an absolutely continuous function on
la, b] . Then we have the representation: Go Back
Close
L [uo s
(2.3)f:c:—/wt t) dt Quit
i [Pw (t)dt Ja

Page 10 of 27

1 b 1
+b—/w(t)(a:—t)</ f'[(l—)\)x+)\t]d)\>dt
f w (t) dt Ja 0 J. Ineq. Pure and Appl. Math. 3(5) Art. 68, 2002
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foranyz € [a,b], wherep : [a,b] — R is a Lebesgue integrable function with

[P () dt # 0.

In particular, we have

(2.4) f(z

+b% b(:c—t) </01f’[(1—)\)x+>\t]d)\> dt

for eachz € [a,b].

The proof is obvious by Lemma.1 applied for the normalised linear func-
tionals

b
Al = o [Fw T @ a0 )= [ 1)
defined on
L:={f:[a,b] = R, f is absolutely continuous ofu, |} .
The following discrete case also holds.

Corollary 2.3. Let f : [a,b] — R be an absolutely continuous function on
la, b] . Then we have the representation:

(25) f( sz (x,)

—l—WLnZil:wi(x—xi) </01f’[(1—)\)x+>\xi]d)\>
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foranyx € [a,b], wherex; € [a,b], w; € R (i ={1,...,n}) withW,, :=
> i wi # 0.

In particular, we have

n

@6) f(0) =13 f )+ D (o) (/0 f’[(l—A)w+Axi]dA)

i=1

foranyz € [a,b].
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The following theorem holds.

Theorem 3.1. With the assumptions of Lemr#d, and assuming that : . —

R is isotonic, then we have the inequalities

3.1) [f(z) - A(f)

1 . 1
<d Al = el 1 yy) I o= elb 1 Ny € Lo € Ly o],
1 1 _ 1.
p > 1, ; + a = 1,
LA (1 ) 1 € L
where
17l oy 00 == €8s sup |h(?)] and
T te[m,n]
(te[n,m])
gy i=| [ IBOP ] p =1
If we denote

Mo (@) 1= A (J2 = €l 1/l )

M, (z):=A <|x —e|a ||f’”[x7,}’p) ,and M (z) = A

(1 1) -

A= el o) I 1= el 17 € Lo f € Lolasb];
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then we have the inequalities:
(3.2) M, (2)
(N Ny Az =€) if |z —el €L, f' € Lo a,b];

[A (Hf’\l@,]m)] : A (|2 — e|”)

<
B if A fll0 o [z — €| €L, f' € Loglab], a>1, L4+ 1 =1;

| =)+ o= A (1 ) T 17 g € Lo f' € Loolas].
(3.3) M, ()

X {1 g 15 g } A (o = el7) o= el € L f € Ly [a,0);

1 1

L AQPE)] " [4 e =)
- it N0, |z —els €L, fe€Lfab], a>1, L+1=1

| B+ o= 2207 A (I lpnyp) T 1 Ny € Lo F € Lylast)
and

% ”f,”[a,b},l + % Hf,H[a,a:},l o Hf/H[x,b],l )

(3.4) M, (z) < )
A(r,)] . s
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Proof. Using 2.1) and taking the modulus, we have
(3.5) [f(x) = AN =[A((x—e)-g(,x))
<A(|(x—e€)-g(, )|
= A(lz—ellg (- 2)]).
Fort # z (t,z € [a,b]) we may state

|
)

rg<t,x>\s/0 £ (1= X) 2+ M) dA

<ess sup |f (1 =Nz + At)|
A€[0,1]

= ||f/||[a;7t}7oo N
Holder’s inequality will produce

|g<t,x>|s/0 (1= X) 2+ M) dA

< Uollf’<<1—A)w+At)|”dAr

- (5 [1rwra)
1 1

_1 / )
:‘x—ﬂ prH[x,t],p’ p>1 5—*—5:1,

and finally

1
/ 1 /
() < 1= N+ 20 A = = 1P -

Ostrowski Type Inequalities for
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Consequently

’QJ - 6’ Hf/H[:p,],oo if f/ € Loo [CL?b] 3
3.6) @ —e)llg(x) < q lz—elt [y, i f€Lyab],

!
WEAIESE

foranyz € [a,b].

Applying the functionalA to (3.6) and using 8.5) we deduce the inequality
(3.2).

We have

Mg (2) < 500 {17l } A (12— €]

tela,b]
= max {11 g 0 1 o0} Al = €]
= ||f/||[a7b],oo A (|.f1§' - 6|)

and the first inequality in3.2) is proved.
Using Holder’s inequality for the functiona, i.e.,

1 } 11
< Ma )7 4=
B.7)  [A(hg)| < [A(IA]7)] [A <|9| ﬂ ca>1 — 5 1,
wherehg, |h|%, |g|° € L, we have

M (@) < (Al — e [A(170,.0)]
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and the second part o3.Q) is proved.
In addition,

M (2) < sup o=t A (1]

tela,b)

=max{r —a,b—x} A (Hf,“[m}oo)

1 b
- {5 (b—a)+ |z — a;L H A<||f/||[x7.],oo)

and the inequality3.2) is completely proved.
We also have

My @) < 500 {1} A (12— )
:nmxgvumnwnfmmw}A(m_ﬁﬁ).

Using Holder’s inequality%.7) one has

1

My @ < [A(le =] [A (171E,)] a>1 4 g-l

My (@) < swp Lo =13} A(1F 1)

tela,b]

= max {(w—a)f 0 =23} A (I 1)

1 bl]
- [30-a+ - 4 (1r,)
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proving the inequality&.3).
Finally,

A1) < g0 {17 I} A )

tela,b

= maX{Hf/H[a@},l ) ||f/||[x,b],1}

1 1
= 1 Mg + 5 1 g = 1 |-

By Hoélder’s inequality, we have

@l

A M) < [A(W0G00) ] B>,

and the last part of3(4) is also proved.
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The following theorem also holds.

Theorem 4.1.Let f : [a,b] — R be an absolutely continuous function such
that f” : (a,b) — R is convex in absolute value, i.¢f/| is convex or{a, b) . If

A: L — Risanormalised isotonic linear functional and — |, |x — e[| f'| €

L, then

41 f@)-ANI<S1F @IA(z —el) + Az — el [f])]

NJI»—l

’

51 oo+ 1 @] Al = ]}, i f7 € L [a,8];

IN

1@l el + (4 - ) [4 ('f'm
1;

if Jo—e* |f)P€l, a>1,L4+1

(3 (1 @Az —e]) +

Proof. Since|f’| is convex, we have

(L0 —a)+|o— =2 A(FD] 1€ L

|g<t,x>|s/0 £ (1= X) 2+ M) dA

—!f’(x)\/o (1—)\)d>\+\f’(t)]/0 A\

@I+
)
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Thus,

f (z) — A(f)] §A<|x_€|. |f’<x)|—2Hf’(t)|)

— L1 @I A — e+ Ao — el

and the first part of4.1) is proved.

We have
Ostrows_ki T_ype Inequa!ities for
A (‘:L’ _ 6‘ |f") < ess sup {‘f/ (t)’} A (lx _ el) Isotonic Linear Functionals
tefat] S.S. Dragomir
!
= [ lia .00 A (I =€)
By Hdlder’s inequality for isotonic linear functionals, we have Title Page
L 5 1 1 1 Contents
A(lz —el|f]) <[A :z:—eaa[A(’ﬂ ca>1, —+=-=1
(je =€l If1) < [A(jo =€) [4 (171 —+3 ——
and finally, < >
A(lz —el [f']) < sup |z —t]- A(|f]) Go Back
telat] Close
— _ _ . /
— melmx (x—ab—2x)-A (l|)f ) Quit
a—+
~ (30-a+]e-252]) a0r0. page 200127
The theorem is thus proved. OJ J. Ineq. Pure and Appl. Math. 3(5) Art. 68, 2002
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If we consider the normalised isotonic linear functiodd|f) = ~ f f, then
by Theorem3.1for f : [a,b] — R an absolutely continuous function, we may

state the following integral inequalities

(5.1) ‘ / f(t dt‘
b—ua
Ostrowski Type Inequalities f
/ =t £l .00 Isotonic Linear Functionals,
x_ib L . S.S. Dragomir
||f’|| lab],00 {4 + ( e > } (b—a) (Ostrowski’s inequality)
providedf’ € L, [a,b]; Title Page
5 (b—2)* ! 4 (z—a)* ! ]| @ Contents
b— af ||f/||[act i| |: (a+1)(b—a)
S9 o «“ 33
if /"€ Lo [a,b], |/l € Lplal], @>1, 2+ 5 =1 > N
T el | T dt Go Back
2 + b—a fa Hf ||[:E,t],oo
\ if ' € Loo [a,], and if || ], o € L1 [a,b], Clezs
Quit
for eachz € [a, b]; E————

I I .
- < - — q / J. Ineq. Pure and Appl. Math. 3(5) Art. 68, 2002
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(

1
b—ax z—a)at!
qmaX{Hf/H[a,x],pa Hf,H[z,b],p} {( )(b a;_(fj-i-l)) } ’
p>1, %—F%:l andf’ € L,[a,b];

1
ﬁ b—x g4_1-"- T—a g
L (1) [< e A
and || f'|l,.;, € Lpla,b], wherea > 1, ~+ 4 =1
o atb Ostrowski Type | lities f
= } A d el sl
L if f/ € Lp [CL, b] , and Hf/||[x,~],p €y [CL, b] , S.S. Dragomir
for eachr € [a, b] and
1 b Title Page
(5.3) ’f(l') T G/a f(@) dt’ Contents
I <4 >
<o [ g
a | 4
3 1 g + 3 )”f/”[m,l N W] I f € Lafa, 0] Go Back
< Cl
<9 (S S )
_ Quit
if f"€ Lifa, 0], |l ;1 € Lsla,b], where3 > 1, Ee————

for eachx € [a, b] .
If we assume now thaf : [a,b] — R is absolutely continuous and such that | T roea am v 30 A 6o, 2002
|f'| is convex on(a, b) , then by Theorend.1 we obtain the following integral TR L
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inequalities established in]

b
(5.4) ’f(:r)—ﬁ [ 1w dt‘

1 1 _ )’ I
3 |f" ()] Z+<xb_;) (b—a)er/GW—tHf'(t)!dt

IN

ath\ 2
Hireli+ (55) ] e-a
e e |ﬂdt "}
if f’eLg[a,b} a>1, T4+1=1;

Hirwi i+ (F2) ] e-a+ 1+ 5221 e }

if fl c L1 ,
for eachx € [a, b] .

IN

\

3 1 e + 17 @] [i+ (%)2] (b—a) i '€ Lo [0, 1]
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For a given intervala, b] , consider the division

IL,:a=xy<t1 < <xp1<x,=>

and the intermediate poinfs € [x;, x;11], i =0,n — 1. If h; :=x;.1 — 2, > 0
(i = 0,n — 1) we may define the following functionals

Ostrowski Type Inequalities for

A(f; 1,,€) - Z f (&) h; (Riemann Rule) Isotonic Linear Functionals
S.S. Dragomir
1 K3 7 .
Az (f; In) Z PACORSICE -h;  (Trapezoid Rule)
“b-a 2 Title Page
i+ 9€z+1 : . Contents
v (fi1n) Zf -h;  (Mid-point Rule)
Cb-a <4 >
As (f;1n) = §AT (f; 1) + 5AM (f: 1) (Simpson Rule) < 3
Go Back
We observe that, all the above functionals are obviously linear, isotonic and
normalised. Close
Consequently, all the inequalities obtained in Sectidasmd3 may be ap- Quit

plied for these functionals.
If, for example, we use the following inequality (see Theorzn)

J. Ineq. Pure and Appl. Math. 3(5) Art. 68, 2002
(6.1) |f (x) - A (f)’ < Hf/H[a,b] A (|l‘ - 6|) , T € [aa b] ) n;?tp:l;;;;;m.‘:/pu.egu.au r
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providedf : [a,b] — R is absolutely continuous anfl € L. [a,b], then we
get the inequalities

n—1 1 n—1
(6.2) ‘f ST < W e s D7~ &l
=0 =0
1 [ (@) + f (Tig1)
(6.3) ‘f(x b_az 5 < hy

n—1
1 |z — @i| + [z — iq
< || . E h;
= ||f ||[a,b],<>o b—a g 2 ’

(6.4) ‘f(x)—biaZf(%)-m

=0
n—1
1 Ti+ Tiy1
S Mapoe =5 2 2= =5 | B
1=0

for eachx € [a, b].
Similar results may be stated if one uses for example Thedr&nWe omit
the details.
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