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Abstract. LetY be any commutative association scheme and we fix any vewéX . Terwilleger introduced a
non-commutative, associative, and semi-singplalgebral = T (x) for Y andx in [4]. We call T the Terwilliger
(or subconstituent) algebra ¥fwith respect to.

Let W(c CXI) be an irreduciblér (x)-module. W is said to be thin iW satisfies a certain simple condition.
Y is said to be thin with respect toif each irreducibleT (x)-module is thin.Y is said to be thin ify is thin with
respect to each vertex .

The Doob schemes are direct product of a number of Shrikhande graphs and some complet& graphs
Terwilliger proved in [4] that Doob scheme is not thin if the diameter is greater than two. | give the irreducible
T (x)-modules of Doob schemes.

1. Introduction
1.1. The Terwilliger algebras of association schemes

In this section we give the definition of the Terwilliger algebra, and some of its properties.
See [4] for more information.

Definition1 LetY = (X, {R }o<i<p) be a commutative association scheme, Anbe the
ith associate matrix of (0 <i < D). Now fixanyx € X. Foreachinteger(0 <i < D),
let E*(x) be the diagonal matrix in Ma{C) defined by

* 1 iy eR,
(B (X))yy = {O, other\ilvise, (yeX)
where Mak (C) is the Maix (C) whose rows and columns are indexedXy Throughout
this paper, we adopt the convention tif&t(x) := O for any integei such thai < O or
i > D.

Let T (x) be the subalgebra of Mg{C) generated byA (0 <i < D) andE(x) (0 <i
< D). We call T(x) the Terwilliger (or subconstituentalgebra of Y with respect
to x.

Definition 2 Let Y =(X, {R}o<i<p) be a commutative association scheme, &hd
(0<i < D) be the primitive idempotents of. X Pick anyx € X and write E = E*(X)
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(0<i<D), T=T(X). T acts onV := CXI by left multiplication. We calV thestandard
module Let W(cC V) be an irreducibld -module and define
Ws:={i|0<i <D, EW = O0}.
We callW; the supportof W and|Ws| — 1 thediameterof W. Now define
W, :={i|0<i < D, EfW #0}.

We callW, thedual-supportof W and|W,,| — 1 thedual-diameterof W. W is said to be
thin if

dimEW < 1foralli (0<i < D).
W is said to bedual-thinif
dimEW < 1foralli (0<i < D).
Y is said to behin (resp. dual-thin) with respect to »f each irreducibleT (x)-module is

thin (resp. dual thin). Y is said to bethin (resp. dual-thin) if Y is thin (resp.dual thin)
with respect to each vertexe X.

Definition 3
(1) Assume the association scheie= (X, {Ri}o<i<p) is a P-polynomial with respect
to the orderingAp, As, ..., Ap of the associate matrices. Pick axy X and write

E'=E®@O<i<D),T=T(X). LetW be an irreduciblé’-module. We set
v:=min{i |[0<i <D, E'W # 0}.

We callv thedual-endpoinbf W.

(2) Assume the association sche¥he- (X, {R }o<i<p) is aQ-polynomial with respect to
the orderingEg, Ej, ..., Ep of the primitive idempotents. Pick anye X and write
E'=E®@O<i<D),T=T(X). LetW be an irreduciblé’ -module. We set

w:=min{i |0<i <D, EEW #0}.
We call u theendpointof W.

Lemma 1 ([4], Lemmas 3.4, 3.9 and 3.12) LetY = (X, {R }o<i<p) be a commutative

association scheme.

(1) Pick any xe X. Then T(x) is a semi-simple algebra.

(2) AssumeY is P-polynomial with respect to the orderigg4, . . ., Ap of the associate
matrices. Pick any x X and write B = Ef(x) (0 <i < D), T = T(x). Let W be
an irreducible T-module with the dual-endpoinaind the dual-diameterfd Then
e T isgenerated by A= Ajand E* (0 <i < D).

e The dual-support W= {v, v+ 1,...,v+d*}.
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(3) AssumeY is Q-polynomial with respect to the orderigghg, . . ., Ep of the primitive
idempotents. Pick any & X and write B = Ef(x) (0 <i < D), T =T(x). Let W
be an irreducible T-module with the endpojntind the diameter d. Then

The support W= {u, u+1,..., u+d}.

1.2. Doob schemes

Definition4 Thedirect product=: I') oft graphd™®, I'?, ..., 'l is defined by as follows.

The vertex setof := VI
=VIlxVIZx...x VI,

where VT is the vertex set of ' (1 < i < t). And forx = (X;,%X2,..., %), Y =
(Y1, Y2, ..., v) € VI, xis adjacent toy if and only if there ism (1 < m < t) such that,
is adjacent toy, andx; = y; for alli # m.

Definition 5 ([2, 3])

(1) A graph is calleccompletewhen any two of its vertices are adjacent. The complete
graph om vertices is denoted bi,.

(2) Shrikhande grapBis defined as follows. The vertex set®fs {(i, j) |1 <i <4,1<
| < 4} and two verticegi, j) and(k, |) are defined to be adjacent if and only if the
following three condition hold:

@) i #Kk.
(i) j#1.
(i) i—jz£k—=1 (mod 4.
(3) The Doob schemes are direct product of a number of Shrikhande graphs and some
complete graph&,.

Doob schemes are distance-regular graphs, th&-jglynomial association schemes.
The eigenvalues of the 1-st associate matrix of Doob schem@Bre- 4i |0 < i < D},
whereD is the diameter of the Doob scheme. Doob schem§apelynomial with respect
to the orderingsy, Es, ..., Ep, wherekE; is the primitive idempotent corresponding to the
eigenvalue ® — 4i (0 <i < D). Terwilleger proved in [4] that Doob scheme is not thin
if the diameter is greater than two.

2. The irreducible modules of Terwilliger algebras of Doob schemes

Let D; > 1 andD, > 0. We denote the Doob scheme as

['(D1, D) =Sx -+ x Sx Ky x -+ x Kyg,

Dy D,

whereSis Shrikhande graph and, is the complete graph of 4-vertices.
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For anyx, y (vertices ofl" (D1, D5)), there exist @ € Aut(I"(D;, D)) such thatp(x) =

y. HenceT (x) = T (y). So we may pick = (X, ..., Xo, Yo, - - -, Yo) as the fixed point of
Dy B D,

Terwilliger algebra, wherg, is a vertex ofSandyy is a vertex oK,4. LetE* = E*(x) be the
ith dual idempotent of (D4, D2) andT = T(x) be the Terwilliger algebra df (D1, D5)
with respect tox.

For any integersi, m (0 < n < D;, 0 <m < Dy, n+ m > 0), we consider the
Terwilliger algebra ofi"(n, m) with respect tox(n, m) = (Xo, ... X0, Yo, - - -, Yo)-

n m
Let E*(n,m) = E*(n, m)(x(n, m)) be theith dual idempotent of'(n,m) (0 <i <
2n + m), A(n, m) be the 1st associate matrix, amdn, m) = T(n, m)(x(n, m)) be the
Terwilliger algebra oft"(n, m) with respect tok(n, m).
We find

n .
A(n, m)=<ZI16®"'® l16®@ ALO R 116® -+ ® |16) ® lgm
i=1

m U
+|1@®<Z|4®~-~®|4® A(o,1>®|4®~-~®|4>,
j=1

Ef(n,m)= > ELO® - ®E (LO®EO.D® & E; (01D,

i1t Hintjitt jm=i.
O0<i<2n+m,

andforanyk,l 1<k<n-1 1<l<m-1),
AN, m) = Ak, 0) ® l1gr-kam + 116« ® A(N — K, M)
=AN, D ® Iyt + l1ga @ AO, m—1),

Er(n,m)= > E'(k 0)®E;(n—k,m)

r,s>0
r+s=i

= > E(n.H®E;0.m-1).

r,s>0
r+s=i

T(D1, D) naturally acts oi€16™4” =~ C® g ... @ C®® C*® - - - ® C*. We identify

D1 D2
the standard module an€*®*® ... ® C*®C*® .- ® C* . First of all we consider

D1 D2
T (1, 0)-modules and (0, 1)-modules.

Proposition 1
@
CY=UypUPaUPpUsdUs@ U,
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as T(1, 0)-modules where 1, Ui, Uy, Uz, Uy, Us are the following irreducible
T (1, 0)-modules. The notatioja] s is the matrix representatios with respect to the
basisg.

e U has a basigay, a;, &) such that ac E/(1,0)C* (i =0, 1, 2) and

0
[AL O], ay, a0 = | 1
0

NN O
WO

Uz has a basigh;, by) such thatbe E;f(1,0)C* (i = 1, 2) and
-1 3
[AQ O]y, by = [ 1 1}

U, has a basigc;, ¢,) such that ¢e Ef(1,0)C* (i = 1,2) and

1 1
[AL, 0], c» = |:3 _1:|

e U; has a basis dsuch that d € E;(1, 0)C'® and A1, 0)d; = —2d;.
e U, has a basis gsuch that g € E;(1, 0)C* and A1, 0)e; = 2e,.
e Us has a basis £such that § € E;(1, 0)C*®and AL, 0) f, = —21.
)
C*= Vo V2,

as T(0, 1)-moduleswhere \§, V; are the following irreducible TO, 1)-modules.
e V has a basiggo, g;) suchthat ge E*(0,1)C* (i =0,1) and

0 3
[A(O, 1)](90, q) = |:1 2:|

e V; has a basis hsuch that h € E}(0, 1)C* and A0, 1)h; = —h;.
Proof: Straightforward. a

Proposition 2

(1) Let U,....U, C C* be T(1,0)-modules and ¥/..., V) c C* be T(0,1)-
modules. ThenU® --- @ Up, ® V[ ® - -+ ® V[, is a T(D1, D2)-module.

(2) LetU], ... U, U, ...,U5 C C'®beT(1,0)-modulesandy, ..., V] . V7, ...,
V§, € C*be T(0, 1)-modules. Assume/U= U? (1 <i < Dy)and V' = V? (1 <
i < Dy). Then

Ul®@ - ®US Vi@ - @V =U2® - U3 ®Vie - o V3

as T(D,, Dy)-modules.
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(3) Let U;, U, ¢ C* be T(p, 0)-modules, and ¥ V; c C*'# be T(q, r)-modules.
ThenUY ®V/, U;®V; are T(p+q, r)-modules. Moreover if Y= Uj and V| = V,
thenU @V, =U;Q V,.

LetU;, Uy c C'®4+ be T(p, g)-modules, and ¥, V, ¢ C* be T(0, r)-modules.
Then U ® V/, UJ ® V) are T(p, g + r)-modules. Moreover if {J = UJ and
V/=V), thenU @ V] =UJ V.

(4) LetUy, ..., Uy, be elements dUo, Ui, Uz, Us, Uy, Us}, Vi, ..., Vp, be elements of
{Vo, i} and set N := #{i |U/ = U;} (j=0,1,2,3,4,5), My = #i |V = WV}
(k=0,1). Then

D, D2 5 1
/ ) ~ Ni M
(&u)e(@v)=(@ue)e(®@w™)
i=1 j=1 i=0 j=0
Proof:  Straightforward. m|

Itis known that all irreducibld (D, D,)-modules arise in the irreducible decomposition
of the standard modul@®”4°2 up to isomorphism. From now on we decompose the stan-
dard module into irreduciblé (D;, D,)-modules and then get all irreduciblg D4, D5)-
modules.

From the above proposition, we get

c = P P (((%UF’M)

Np.....N5=0, Mg.M1=0,
Ng+--+Ng=D; Mg+M1=Dp

Dol _5Nj 9Na 3N5 oMy

Dq!
1 " & NG oNgT Mg
o @V
=0

as T (D;, Dy)-modules. Hence it is sufficient to consider irreducible decompositions of
T(D1, D2)-module(®7_,UN) ® (® }ZOVJ-@Mj), where

NOv"'sN57M07M1207 N0+"'+N5=Dls M0+Ml=D2'

Proposition 3 Letn,m, v, d, p,t be elementsa andnm, v, d, p > 0.

Let W= W(n, m; v,d, p,t) (C C*¥*") be a T(n, m)-module with dual-endpoint,
dual-diameter di- p, dimension(d + 1)(p+ 1), and a basisw;j (0<i <d, 0<j < p)
satisfying

wij € E:+i+j (n, mW,
A(n, mywjj = 3d—i+ 1)wi,1'j +(p—]+ 1)wi,j,1
+ @t +20 — j))wij
+3() + Dwi j41+ ( + Dwiyrj,
wij =0, ifi €{0,...,d} orj &{0,...,p}
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Then

(1) W is an irreducible Tn, m)-module.

)

k+1, if 0 <k < min{d, p},
dimE; , (n,mW = {min{d, p} +1, if min{d, p} <k < maxd, p},
d+p+1-k, if maqd, p} <k<d+ p.

(3) W is thinifand only if dp= 0.
(4) Letu be the endpoint of W. Then

32n+m)—t—3d—p
n= 7 ,
dimE,x(n, mW =dimE}_, (n, mW,
the diameter of W= the dual-diameter of W

B) ForwW =W, m;, v',d, p/,t), W= W ifand only if(v,d, p,t) = (v, d’, p/, ).
Proof:  (2) From the condition of the basig; (0 <i <d, 0 < j < p) of W,
dimE;  (n,mW =#, )i+ =k}, 0<k=<d+ p.
We get (2).
(3) is clear from (2).
(1) We decompos®V into irreducible modules

WE=W, W, P ---, (Wy, Wh, ... are irreducibleT (n, m)-modules.)

From the condition for the basisj; (0 <i <d, 0 < | < p), El(n,m)W = Cuwgo. SO
we may assumeygy € Wi. We will show that

(*) wij € Wy foranyi, j > 0suchthat + j = k.

by induction ork(0 < k < d+ p). If k = 0, () holds by the assumption. Next we assume
(%) holds fork — 1.
We define

R :=E; i (nmMAN ME; (nm), 0<i<d+p—-1,
Fi:=E,;(n,mAMN, ME; (n,m), 0<i <d+p,
Li :=EJ,;_«(n,mAMN ME; (n,m), 1<i <d+ p.

By the assumption of the inductioRy_ wij, FxRe—1wij € Wiforanyi, j >0+ ] =
k — 1). The followings hold.
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Fork (1 < k < min{d, p}),

{wij|0<i<d 0<j<p i+]=k={wnx wik1, ..., wkl,
(FkRe—1wo k-1, Rk—1wok-1, Re—1wik—2, ..., Re—1wk-1,0)
3kt —2k) 3k 0 s 0]
t—2k+4 1 3k-1
= (Wok, Wik-1, ---, Wko) 0 0 2 .0
: 3
0 0 0 k]

Fork (min{d, p} < k <max(d, p}),

e Casep <d,

{wij|0<i <d,0<p,i +] =k} ={wk—pp, Wkept1.p-1:-- - wko},
(Re—1wk—1-p,p, Re—1Wk—p,p-1, - - - » Re—1wk-1,0)
k—p 3p 0 - 0]
0 k-p+1 3p-1
= (Wk—p,p» Wkep+1,p—1s---» wko) : 0
g
0 0 k|
e Casddl < p,
{wij |10<i=<d,0<]<p,i+]=k = {wo, wik-1,--->Wdk-d}s
(Re—1wok-1, Recawik—2, ..., Re—1wd k-1-d)
m3Kk 0 0
1 3k-—1)
= (Wok, W1 k-1, -+ Wdk-d) | O 2
: .. .. ., 0
0 .. 0 d 3k-—d]

Fork (max{d, p} <k <d+ p),

{wij |0<i=<dO0< ] < p,l + J =k} = {U)k—p,p, Wk—p+1,p—1s -+ > Wd,k—d}
(Re—1wk-1-p,p> Re—1Wk—p,p-1, .-, R-1Wd k-1-a)
-p 3p 0 e 0

0 k—p+1 3(p-1
= (Wk—p,p» Wk—p+1,p-1s---» Wdk—d) | 'p (? )

: . .. 0
0 0 d 3k-—d
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The elements of the left hand sides are elemenw/ oy the assumption of the induc-
tion. And since the rank of each matrix i§(# j) | i + j =k}, wi; € Wy foranyi, j >0

(i+j=k.
(4)
LA, M)] ;) o<i<d, 0<j<p) = B® lpr1 +1a411® C +tlay1 ® Ipya,
where
0 0 ... 0] 0 p O - 07
1 2 3d-1 . 3 -2 p-1
B=lo 2 4 . o C=lo 6 -4 . 0
o .- 0 d 2d] 0o -~ 0 3p -2p

The eigenvalues dB are{3d — 4i | 0 < i < d} and the eigenvalues & are{p — 4] |
0 < j =< p}. Therefore the eigenvalues oA{n, )], jo<i<d.0o<j<p) are

{8d+p+t—4i+j)|0=<i=d 0=<]j=p}

with multiplicity.
The eigenvalues of\(n, m) are{3(2n + m) — 4k | 0 < k < 2n + m}. By the definition
of the endpoint and the diameter\f,

32n+m)—4u =3d+ p+t,
the diameter otV =d + p,

Thereforey = 32tm-3d-p-t

And fork(0 <k < d + p),

, and the diameter dlV is equal to the dual-diameter @.

dimE, (N, mW=#{(i, })|0<i <d, 0<j <p, 3@n+m —4u+k
=3d+p+t—430+ )},
=#(,])|0<i<d, 0<j<p k=i+]}
=dimE;,  (n, mW
(5) The “if” part is clear. Conversely, we assumMeé= W'. Let ¢ be an isomorphism
fromWtoW'. Letw(; (0<i <d', 0< ] < p) be abasis ofV’ satisfying the condition
in this proposition.

0 # @(E;(n,mW) = E;(n, me(W) C Ej(n, mW'".

By the definition of the dual-endpoint, we get> v'. Similarly we getv’ > v, therefore
v =", Since dimE*(n, M)W = dimE(n, mW' =1,

@(woo) = awgy, Whereae C, a#0.
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Sincey is an isomorphism frortV to W/, we may assume(woo) = wy.
twoo = ¢(Fowoo) = Fop(woo) = t'wgy.

Hencet =t'.
Supposedp # 0. Sincep(Ej,;(n.mMW) = Ej;(n.me(W) C E,;(n.mW', we
can write

@(wor)=awy; + ywig,
@ (w10)=Pwp; + Swi,,

wherew, By, 8§ € C.

/ , t—2 0
(woy, Wip) |:y lg}[ 0 t+2]

=wwmmewr52th

S

= (p(Fiwo1), ¢(F1wio))
= (Fip(wo1), Fie(wig))

’ / t—2 0 a B
[ G [ 0]
thenwe gepg =y = 0.

Bowgy + Swyg = ¢(3wor + wio)
= ¢(Rowoo)
= Rop(woo)

= 3w(/)1 + w;_o.
Hencex =6 = 1.

Pwoy = ¢(Liwor) = Lig(wor) = p'wgo.
3dwgy = ¢(Liwio) = L1g(wig) = 3d'wyy.

Hencep = p’ andd =d'.

If dp=0, thend = d" andp = p’ clearly. This completes the proof. |
Lemma 2
Uo=W(1,0,0,2,0,0), Vo=W(0,10,1,00),
Ul = W(ls 0; 11 17 O’ _1)1 Vl = W(07 11 17 Os 07 _1)7
U=W(1,0,1,0,1,1),
Us=W(1,0;1,0,0, —2),
Us=W(1,0;,20,0,2),
Us =W(1,0;20,0,-2).
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Proof: Straightforward. ]

Lemma3 Letnm,v,d, p,teZandnm,v,d, p=>0.

@)

W(n,0; v,d, p,t) ® Ug
Wh+1,0 v,d+2, p,t) Wh+ 1,0, v+1,d, p,t +2)

~ OWnh+1,0, v+2,d—2 p,t+4), ifd > 2,
Whn+1,0, v,3, p,t) W +1,0; v+ 1,1, p,t +2), ifd =1,
Win+10; v,2,p,t), ifd =0.

(2)
Wn+1,0 v+1,d+1 pt—1

W, 0; v,d, p ) U1 =3 &Wn+1,0, v+2,d—-1,p,t+1), ifd=>1,
Win+10 v+1,1 pt—1), ifd =0.

®3)

Wn+21,0 v+1,d p+1,t+1)
W(n,0; v,d, p,t)y ®Up = eWh+10 v+2d, p—-1t-1), ifp>1

Wh+1,0;, v+1,d,1t+1), if p=0.

4)

W(n,0;v,d, p,) ®Us =W +1,0,v+1,d, p,t—2).
®)

Wn,0v,d, p,t) @Us ZEW(N+1,0,v+2,d, p,t +2).
(6)

Wn,0v,d, p,t) @Us =W(n+1,0;v+2,d, p,t —2).
)

Whn,m+1; v,d+1,p,t)
W, m; v, d, p,t) ® Vo = OWnh,m+1 v+1,d-1p,t+2), ifd=>1,
Wh,m+1 v+ 1,1 p,t), ifd =0.
(8)

Whn, mv,d, p,t) @ Vi =EWnh,m+1,v+1,d, p,t —1).
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Proof: (1) Letw;j (0<i<d, 0<j < p)beabasisov =W(n,0; v, d, p, t) satisfying
the condition in Proposition 3. Let, 8,y €C. Using Propositions 1, 3, the followings
hold.
Ex(n, O)(qwij ® @ + Bwi-1j @ &1 + ywi—2j ® &)
= (Ef(n— 1.0 ® E}(1.0) + Ef_,(n—1,0) ® E{(1.0)
+E¢_»(n—1,0)® E3(1,0)
X (@wij ® ag + pwi_1j ® a1 + ywi_2j @ &)
= a(Eg(n — 1, 0)wij ® E5(L, 0)ap + E;_1(n — 1, O)wij; ® Ef(1, 0)ag
+E;_,(n —1,0)wi; ® E3(1, 0)ap)
+B(E{(n—1,0wi_1j ® E§(L, 0)ay + E{_;(n — L, O)wi_1,; ® EI (1, O)&y
+E,(n—10wi_1; ® E5(1, O)ay)
+y(Ex(n—1,0wi_2; ® Eg(L, 0)ax + Ex_1(n— 1, 0wi_»; ® EI(1, 0)ay
+E,(n—10wi_»; ® E5(1, O)ap)
=aE{(n -1, 0)wjj ® E5(L, 0)ap + BE;_1(n —1,0wi_1; ® E{ (1, O)ay
+yEi_,(n—1,0wi_2; ® E5(1, 0)ay
= Ski+j@wij ®ag+ Bwi_1j @ a1 + ywi_2j @ A),

where

P 1, ifu=v,
=10, otherwise.

And

AN, 0)(awij ® ao + pwi_1,j ® a1 + ywi_2 | @ &)
=(AN=-10® lis+ l1g1 ® AL, 0))(cwi; ® 8o + Bwi—1j ® a1 + ywi_2 | @ az)
=a(A(N — 1, 0)wi; @ ap + wij ® A(1, 0)ag)
+B(AN—-1,0wi_1; ®a + wi—1j ® A1, O)ay)
+y(AN—=1,0wi_2; @a+ wi—2; @ A(L, 0)ay)
=a{3d—i+Dwj_1j+C+20 — NHwij +( +Dwis1j} ®a
+of{(p—j+Dwij—1 ®a+ 3(] + Dwj j+1 ® ao}
+awij @
+883d—-( -1+ Dwi_oj + (t +2(0—-1- j))wi_lyj +iwij}®a1
+8{p—j+Dwi—1j—1 @&+ 3(j + Dwi_1j+1 ® &}
+ Bwi—1j ® (6ag + 221 + 2a)
+yB8d—( -2+ Dwizj+C+2(0-2—Nwi2j+0-Dwi_1j}@a
+y{p—j+Dwi2j—1®@a+3(j + Dwi_2j+1 @ ay}
+ywi—2j ® (a1 + 4ay)
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=@Bd—-i+Da+6fwi_1j®a+Bd—i+2)p+3y)wi_2; @a
+3(d —i +3)ywi,3,j ® ap
+(P—j+Dwij—1@ag+ Pwi—1j—1 @&+ ywi—2j-1 Q@ a)

+ @A +20 — D)(awj; ®ag+ Pwi—1j @&+ ywi—2j @ a)
+ (@ + Dawit1j @ a + (a + Biwij ® &g

+@2B+y(i —Dwi_1j @a

+3(j + D(awij+1 Qa0 + pwi—1j+1 @ a1 + ywi—2j+1 @ ).

Here we define

vi? =wip ®agt+wi—1j Qa1+ w2 ®ay,

vh =20 + Dwit1j ®ag+ (2 —dwij @ &
+2(i —d—-Dwi_1j ® az,

§ =0 +20+Duwiz; ®a
+(0(+DA-d+Dwit1; Qa

+(@{ —d)(A—d+i)wj ® ay, 0<i<d-20<j=<p

] 10<i<d+2 0<j<plUfvi|0<i<d 0<j<p, v} #0U{v]
O<i<d-20<j=<np uizj # 0} is a basis oiV(n, 0; v, d, p,t) ® Uo.
Using the above formula,

v € Efyy (N4 1,0(W® Ug),
AN OV =3d+2—i + Dy + (P —j + Dol + (t+2G — )]
+ G+ Dol 433G + Do
Uili € E:+1+i+j (n+1,0(W & Uo),
A(n, O)Uilj =3d-i+ 1)Ui171,j +(p—-j+ 1)Ui1,j71 +(t+24+20 — j))vilj
+ G+ Dol 433G+ Dyl
vi € Eliayirj(N+1,00(W ® Up),
AN, O] =3d —2—i + Doy + (p— | + Do?j_y + (t+ 4420 — )]

i =Wn+1,0 v+1,d,pt+2),

V2 EWN+1,0; v+2d—2 p,t+4),

+Gi+ 1)vi2+1,j +3(j + 1)vfj+l.

v ZWN+1,0; v,d+2 p,t),

ifd>1,

ifd> 2.
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We get (1).
(2) We define

vﬂ::wij®b1+wi_1,j®b2, 0<i<d+1 0<j<p,
vilj =@ +Dwisyr; ®b—@d—iwj; ®by, 0<i<d-10<]j<p,

and can prove (2) as same as (1).
(3) We define

vﬂ::wij®cl+wi,j,1®cg, 0<i<d O0<j<p+1,
vh = +Dwiju®c—(p—jwj®c, 0<i<d 0<j<p-1

and can prove (3) as same as (1).

For (7) it is sufficient to take a basis which are the same form as (2).
(4), (5), (6), (8) are easy calculation. ]

Proposition 4 For No, N1, N2, N3, Ng, Mg > 0 such that
No+ N + N2+ N3+ N4 < Dy and My < Do,

(X i5=OUi®N‘) R (X leovj@M") decomposes into irreducible modules which are isomorphic
to

W(D1, D2; r +5+ Ni 4+ N3+ 2Ns + 2N5 + N2 — Mg, 2Ng + N1 + Mo — 2r,
Np — 25, 2 — 25— Ny + Ny — 2Ng + 2Ng — 2Ns + My).
= W(D1, Dy; r +5—2Ng — Ny — N — N3 — Mg + 2D; + Do,
2Ng + Ny + Mg — 2r, N, — 2s,
2 — 25+ 2No + Ny + 3Ny + 4N, + Mo — 2D; — D).

r =0, ifNg=21and N\ = My =0,
r=01...,No+ [MtM | otherwise

N>
s=01...,|—],
5
where N = D; — Ng — N7 — N> — N3 — N4, M1 = D, — Mg and the notation
la] :=max{ie Z|i <a}, xe R.

Proof: Using Proposition 2(3) and Lemma 2, 3, we get the result. ]
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From now on we will observe the range whichd, p, t:

v:=v(Np, N1, N2, N3, Ng, Mg, , S)
=1 +5—2Ng— Ny — N — N3 — Mg + 2D; + Do,
d:= d(No, N1, No, N3, N4, Mg, 1, S)
= 2Ng+ Ny + Mg — 2r,
p:= P(No, N1, N2, N3, N, Mo, , s)
= Ny — 25,
t :=1t(Ng, N1, N2, N3, N4, Mg, r, S)
=2r —2s+ 2Ng + N;y 4+ 3Ny + 4Ng + Mg — 2D; — Do.

move where théNg, N1, N2, N3, N4, Mg, r, s move inG:

G:= {(No, N1, N2, N3, N, Mo, 1, 8) [ No, ..., Ng, Mg > 0,
No+---4 Ns < D1, Mg < D,

r =0, ifNo:lanlezMozo,
r=0,1...,No+ [ MM | otherwise,

N,
=01,...,| — .
S 07 Y ’\\ZJ}

We defineH := {(v, d, p, t) | (Ng, Nz, N2, N3, Ng, Mo, 1, s) € G}.

Lemma 4

1)

H={(v,d, p,t) | (No, N1, N2, N3, Ng, Mo, 1, 0) € G}.

)

H ={(v,d, p.t) | (No, N1, N2, N3, N4, Mo, 1,0) € G, N; € {0, 1}}.

®3)

{(v,d, p,t) | (No, N1, N2, N3, Na, Mg, 1,0) € G, Ny € {0,1},d > 1}

={(v,d, p,t) | (No, O, N2, N3, Na, Mg, r,0) € G, d > 1}.

(4) Suppose B> 2.

{(v,d, p,t) | (No, N1, N2, N3, Na, Mo, 1,0) € G, Ny € {0,1},d =0}

= {(v,d, p,t) | (No, O, N2, N3, N4, Mg, 1,0) € G, d = 0}.

187
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(5) Fory e Z(0 <y <2D1+ Dy,

{(\1, d, p, D) | (No, N1, No, N3, N4, Mg, 1, O) € G,2Ng + Mg = Y, N; € {0, 1}}

= {(U, d, p,t) | (No, N1, N2, N3, Na, Mo, 1,0) € G, Np € {0, 1},

_[min{y, D}, if y — Dyis even
= Imin{y, D, —1}, ify — D,isodd
-M
No = %}

Proof: For each case, it is clear that the set of left hand side includes the set of the right
hand side. Conversely,

(1) For

V=t +5—2Ng— N; — Ny — N — Mg + 2D; + D,

d =2Ng+ N; + Mg — 2r,

p=N;—2s,

t=2r —2s+2Ng+ Ni + 3Ny + 4N4 + Mg — 2D, — Do,

we define
N;:=N2—2s, Nj:=N3+s, Nj:i=Ns+s.
Then(No, N1, N3, N3, Ny, r, 0) € G and

v=r — N; — Ny — Nj — Mo+ 2D; + Dy,
d=2Ng+ N; + Mg — 2r,

p=N,

t=2r +2No + Nz + 3N, + 4N, + Mg — 2D; — D».

(2) Using (1), it is sufficient to consider the case- 0. For

v=r —2Ng— N; — N2 — N3 — Mg + 2D + Do,

d = 2No+ Ny + Mo — 2,

p= Ny,

t=2r +2Ng+ N1 4+ 3N2 + 4Ns + Mg — 2D; — Do,
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we defineN}, Nj, Ng, Ny, r’ as follows.

Nyg:=0, N;:=0, Ng:=Nz+1, Nj:=Nsg+1 r :=0,

if No=0, N; =2, andr =1,

Ny = [ 2N | 41, Nj:= N3, Nji= Ng, "=,

N 1, if 2No + N is odd,

1700, if 2Ng + Ny is even,
otherwise.

Then(N{, N7, N3, Nj, Mo, r,0) € G, N; € {0, 1} and
l)=r/—2N6— Ni— Ny — Né— Mo + 2D; + Do,
d=2Nj+ N; + Mg —2r',
p= Na,

t =2r"+2Ng + N; + 3Ny + 4Ny + Mg — 2D — Do.

(3) For

N; € {0, 1},

v=r —2Ng— N7 — N — N3 — Mg + 2D; + Do,
d=2No+ N; + M0—2r,

P =N,

t =2r +2Ng+ Ny 4+ 3Nz + 4Ny + Mg — 2D1 — Do,

we define

N, == No, M} :=0, if Ny = 0,

N, = No+1 Mj:=Mo—1, if Ny=1andMo > O,
NG == No, M} =1, if Ny = 1 andMp = 0.

Then(N’, 0, N2, N3, Ng, Mé, r, O) eG
v=r —ZN(/)— N, — N3—M6+2D1+ Dy,
d=2Nj+ Mg —2r,
P =N,
t = 2r + 2N} + 3N, + 4Ng + M} — 2D; — D,.

(4) For
N; € {0, 1},
v=r —2Ng— N1 — N2 — N3 — Mg + 2D; + Do,
0=2Ng+ N; + Mg — 2r,
pP=Ng,
t=2r +2No + N3 4+ 3Nz + 4Ng + Mg — 2D; — Do,
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we find that ifN; = 1, thenMp is odd. We define

Ng := No, Mg =0, if Ny =0,
Nyg:=No+1, Mj:=My—1, if Ny =1andMg > 3,
Ng := No, Mj =2, if Nt =1andMg = 1.

Then(N’, 0, N2, N3, Ng, Mé, r, O) eG

v=r — 2N, — Nz — N3 — M}, + 2D; + Dy,
0=2N)+ M) — 2,

p= Nz,

t = 2 + 2N} + 3Np + 4N, + M, — 2Dy — D,

(5) For

¥ = 2Np + Mo,

D=1 —2Ng— Nj — Ny — Ng — Mo + 2D; + D».

d =2Ng+ N; + Mg — 2r,

P =N,

t = 2 + 2No -+ Ny + 3Np + 4N, + Mo — 2D, — D,

we define
M/ min{y, Dy}, if y — D, is even,
07 Imin{y, D,—1}, ify — D,isodd,
y — Mg
N = —=.
0 2

Then(N(), N1, N2, N3, Ng, MC/)’ r,00eG and

v:r—ZNé—Nz—Ng—M6+2D1+ D,,
d=2Nj+ Mj—2r,

p= Na,

t =2r + 2Nj + 3Nz + 4Ny + M| — 2D; — Da.

Here we define the following notations.
o = 2Ng+ 2Nz + N3 + Mg, B := Ng — Ns.

Then
d+a

— p+2D;1 + Do,
t =—4v—-3d— p+6D;+ 3D, +48.

TANABE
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We will observe the range the p, «, 8 move(d = 2Ng + Ny + Mg — 2r, p = Np)
whereNg, N1, N2, N3, Ng, Mg, r move inGq:

Gl:Z{(N& N1, N2, N3, N4, Mo, 1) | No, ..., Na, Mg > 0, N; € {0, 1}

No+ -+ Ng < D1, Mg < Do,
r=0, if No=1andN; = My =0,
r=01...,No+ [ MM | otherwise. ’

from Lemma 4(2).

Lemmab5
(1) Suppose dp such that

0<d<Dy ifDy>2,
0 <d < Dy, otherwise,
0<p=Ds.

are given. Thew, 8 € Z behave as follows.

2(D1 — p) + Dy, ifd — Dy is even
2(Dy—p)+Dy,—1, ifd— Dyisodd

max{—%, —D; + p}g g < min{Dl— p— {#J D; — p}.

a—disevenanddgas{

(2) Suppose dp (D, < d < 2D;+ Dy, 0 < p < Dy — =22 |) are given. Them, f €
Z behave as follows.

. 2(D1 — p) + Dg, ifd — Dy is even
O‘_O''Se"e”""”d‘t°‘5{2(Dl—p)+D2—1, if d — D, is odd
oa—d a—Dy+1
- Di—p—|—=2"7]
> <B=<Di—p L 5 J

(3) Suppose P=1,andd p(d =0, 0< p < D) are given. Thew, 8 € Z behave as
follows.

aisevenand < o < 2(D1 — p),
o (07

——<B<D;i—p-——-.
z_ﬂ_ 1—Pp >

(4) Suppose P=0,andd p (d =0, p = D;) are given. Them, 8 € Z behave as
follows.

(. B) = (0,0).
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(5) Suppose P=0,andd p(d=0, 0 < p < D;—1)aregiven. Thew, 8 € Z behave
as follows.

aisevenand < o < 2(D; — p),

-1<B=<Di—p-2 if o =2,
—-Di+p<B<0andf#-Di+p+1 ifa=2(D1—p),
—% <B=<D1—p- %, otherwise.

Proof:
(1) From Lemma 4(3), (4), itis sufficient to consider the chige= 0. (2Ng + Mg, r) can
take the following values in this case.

k —
(2No + Mg, r) € {(k Td> ‘ k —dis even,

d<k<

2(D1 — p) + Dy, if D, —dis even
2(Dy—p)+ Dy —1, if D, —dis odd,

So it is sufficient to considdry, Mg, r take the following values from Lemma 4(5).

(No, Mo, 1)
i =d\|. . . D,, if D, —dis even
e{(O, i, T)‘l—mseven,dglg{Dz_L isz—disodd,}
oo i=d\|.  [Dg if D, — d is even, .
U{(" "J+T>"—{Dz_1, if D, — d is odd, OSJSDl_p}'

For eachNg, Mg, andr, N3z andN,4 can behave as follows.

0<N3<Di—p—No— Ny,
0<Ng<Di—p—No— Ny — Ns.

Fora = 2Ng+ 2N3+ N3 + Mg, 8 = Ng— N3, if we range the parametel;, N3, No,
Mg with this ordering, we get the result.

(2) From Lemma 4 (3),(5), itis sufficient to consider the chige= 0 andNy, Mg, r take
the following values.

(No, Mg, 1)

... i=d\|. [Dy, if D, —diseven, d—i .
6{(” "J+T)"—{DZ_1, it D—disodd, 2 =) =DPi1=Pp

We can get the result as same as (1).
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(3) From Lemma 4 (5), itis sufficient to consider the cAlgeN;, Mg, r take the following
values.

(No, N1, Mo, 1) € {(j, 0,0, )|0< ] <Di—p, j #1}

We can get the result as same as (1).
(4) Mg = 0 sinceD; = 0. Ng, N1, N3, Ng, r take values

No=Ni=N3=Ng=r =0.

So we get the result.
(5) Mg = 0sinceD, = 0. From Lemma 4 (5), itis sufficient to consider the chigeNy, r
take the following values.

(No, N1, 1) € {(j, 0, j))|0=<j <Di—p, j#1}.

We can get the result as same as (1). O

Theorem 1 The irreducible modules of (D1, D,) are W(D4, Dy; v, d, p, t), where the
parameters, d, p,t € Z behave as follows.

(1) Inthe case B > 0,

0<d<Da, 0<p=<Ds,
D,—d+1
1”5
t =maxd+ 3p — 2D; — Dy, —4v — 3d + 3p + 2D1 + 3D,} (mod) 4 and
max{d + 3p — 2D; — Dy, —4v — 3d + 3p+2D; + 3D} <'t
< min{—d — P+ 2D1 + Dy, —4v — 3d — 5p+ 10D1 + 3D2},
ifd — D, is even,
max{d + 3p — 2Dy — Dy, —4v —3d + 3p+ 2D, 4+ 3Dy} <t
<min{—d - p+2D;+ D, — 2, —4v — 3d — 5p + 10D; + 3Dy},
ifd — D5 is odd,

J+D1§v§—d—p+2D1+D2,

and

D, <d <2D; + Dy, OSDSDl—L 2

\\Dz—d+1

d—Dz-}-lJ

2
t=d+3p—2D; — D, (mod 4 and
d+3p—-2D;— Dy <t<-d-p+2D; + Dy, ifd — Dy is even
d+3p—-2D;—Dy<t<-d-p+2D;+Dy;—2, ifd—D,isodd

J+D1§v§—d—p+2D1+Dz,
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(2) Inthe case B =0,

d=0, O0<p=<Di-1, Di<v<-p+2Dy,
t=3p—-2D; (mod 4 and

3p—-2D; <t<-4—-p+2Dy, ifv=—1— p+2Dx,
3p—2D;<t<—-p+2Djandt#3p—2D;+4, ifv=Dy,
3p—2D; <t < —p+ 2Dy, otherwise
and
0<d=<2D;
0<p=<Dy—|%] ifd>0
p= Dy, ifd =0,
—d
L * J+D1§v§—d—p+2D1,

t=d+3p—2D; (mod 4 and
d+3p—2D; <t=<-d- p+ 2Dy, if d is even,
d+3p—2D;<t<-d-p+2D;— 2, ifdisodd.

Proof: d = 2Np+N;+Mg—2r, p = Ny, whereNg, N1, N2, Mg, r move in the following
set:

{(No, N1, N2, Mo, 1) | (No, N1, N2, N3, My, Mo, 1) € G4}
= { (No, Nz, N2, Mo, r) | No, Ni, N2, Mg >0,

No + N1 + Nz < D1, Mg < Dz, N; € {0, 1},

r =0, if No=1andN; = Mg =0,
0<r <No+ |[MtM|  otherwise.

So we get

0<d < 2D; + Dy,

0<p<Dy, if0 <d < Dy,
Ofprl—Ld_DTZH'J, ifD2<d§2D1+D2.

Using Lemma 5 and

d+a
> — p+2D; + Dy,

t=—4v —3d — p+ 6D1 + 3D, + 48,

V=—

we get the result. ]
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