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Abstract. To each symmetria x n matrix W with non-zero complex entries, we associate a vector space
consisting of certain symmetrit x n matrices. IfW satisfies

n
x=1

then A\ becomes a commutative algebra under both ordinary matrix product and Hadamard product (entry-wise
product), so thatV' is the Bose-Mesner algebra of some association schem®/ détisfies the star-triangle
equation:

Wa x
= =nd, a,b=1...,n),
Wb,x a,b ( )

1 0 Wa,xWb,x _ Wa.b

— = (a,b,c=1...,n),
«/ﬁ =1 We x Wa,cWh, ¢

thenW belongs toV. This gives an algebraic proof of Jaeger’s result which asserts that every spin model which
defines a link invariant comes from some association scheme.
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1. Introduction

A spin model is one of the statistical mechanical models which were introduced by V. Jones
[12] to construct invariants of knots and links.sfiin models a tripleS = (X, W+, W™),
whereX = {1, ..., n}, andW* are symmetrio x n matrices with complex number entries
such that W, . = 1 forallb, c € X.

Jones gave the following conditions, under which the normalized partition function of a
spin modelS = (X, W¥) is invariant under Reidemeister moves of Types Il and IlI.

Type Il ZWJXWQX =ndap, (a, be X).
xeX
Type Il Y W W Wo, = VWS W, W, (a, b, c e X).

xeX

In this paper, we associate a vector sp&t® each spin moded = (X, W+, W™) as fol-
lows. For eaclb, c € X, we consider an-dimensional column vectar, . of sizen with x-
entryW,ijWCfX. ThenV will be the set of all symmetrie x n matricesA such that, ¢ is an
eigenvector ofA for all b, ¢ € X.
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When S satisfies the Type Il conditiody” is closed under both ordinary matrix product
and Hadamard (entry-wise) product, akdbecomes a commutative algebra (with unity
element) with respect to each of these two products. This impliesflimthe Bose-Mesner
algebra of some association scheme. Definitions of an association scheme and its Bose
Mesner algebra will be given in Section 3. Spin models with the Type Il condition are of
special importance for the study of subfactors in the theory of von Neumann algebras (se¢
[1, 6]).

When S satisfies the Type Il condition\/ containsW*. When S satisfies both Type
Il and Type Il conditions \ is the Bose-Mesner algebra of some association scheme and
containsW*, W~. This gives an algebraic proof of a result by Jaeger [11], which was
obtained by the method of “tangles”.

In Section 2, we show that/ is an algebra with respect to both ordinary product and
Hadamard product whe@ satisfies Type Il condition. In Section 3, we consider relations
between the algebr” and Bose-Mesner algebras of an association scheme.

For general references about association schemes and their Bose-Mesner algebras, s
[4, 5]. For spin models and related link invariants, see [7, 12]. For spin models constructed
from association schemes, see [2, 3, 8, 9, 10, 14, 15].

2. The Algebra\/

Throughout this note, we fix a spin modgk (X, W+, W™), whereX = {1,...,n}.
For eachb, ¢ € X, we consider am-dimensional column vectasy, ;. of size n with
x-entry

(ub,c)x = WJXW(;X‘

Let us defineV to be the set of all symmetritx n matricesA such that, ¢ is an eigenvector
of Aforallb, c e X. Letkéc denote the eigenvalue éfonuyc:

A
Aub,c - )\'b,C ub’c.

Clearly \V is a subspace of the full matrix algebkd,,(C), andl € V. For A, B € A/ and
a € C, the eigenvalues oh+ B anda A are given by [t = AR+ A8 andagh = arf..

From now onwe assume that S (X, W+, W™) satisfies the Type Il condition

We need the following well-known fact to show thaf is an algebra with respect to
ordinary matrix product. Here we give a proof to emphasize that this fact follows from the
Type Il condition.

Lemmal Forafixed be X, the n vectorsl, x, X € X, are linearly independent.

Proof: The matrixU = (Up 1, ..., Upn) CanN be written afl = AW~, whereA denotes
the diagonal matrix with diagonal entri&%, 1, ..., Whn. Since we havaVtW= = nl
from the Type Il conditionW™ is non-singular, and hendg is non-singular. a

In particular, the vectorsy ¢, b, ¢ € X, span ther-dimensional space. Now it is easy to
prove thatV is closed under ordinary matrix product.
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Lemma2 For A, BinN, AB = BA € NV. The eigenvalue of AB is given bff® =
Mpchb e

Proof: We haveAupc = Af.Upc andBupc = A Upc. SO(AB)Upc = A(Bupc) =
AGS Upe) = A5 (AUpe) = Ag.(AfUnc). In the same way, we haveB A)upc =
MM Unc). Therefore(AB)Upe = Aj A cUne = (BAULc holds for allb, ¢ € X.
This impliesAB = B Asince the vectors, ; span then-dimensional space. Sindeand
B are symmetric and commuté,B is also symmetric, and sAB € V. o

We have shown thaY/ is an algebra with unity elemehtunder ordinary product. Next
we show that\/ is closed under Hadamard product. We need the following Lemma. For
two matricesA, B (of any sizes), letA o B denote the Hadamard product Afand B,
defined by(A o B)pc = ApcBoec.

Lemma 3 Foralln x n matrices A and Band forallb, c € X,
(AO B) Upc = = Z(Aub x) O (Bux ).
xeX

Proof: Thea-entry of (Ao B)up is
(Ao B)Unc)a = Y AaxBaxWy Wy

xeX

=) SxyAaxBay Wi, W,

xeX yeX

From the Type Il condition, we have

Sxy = Z W, W,
zeX
So the above equation implies

(Ao B)upga=) > — Zw;_zw 2 Aax Bay Wy W,

xeX yeX zeX

- —ZZAaXWbX ZBayW SWo,

zeX xeX yeX
= —ZZAa (sz)xZ Ba y(Uzc)y
zeX xeX yeX
—— Z(Aub 2)a (BUzc)a
zeX
= — Z((AUb 2) 0 (BUzc))a.
zeX

This proves the assertion. ]
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Lemma4 For A, BeN,andforh ce X,
(Ao B) Upc = M55 Upc

holds where

1
AoB __ A 4B
)‘b,c - F Z)Lb,x)‘x,c:‘

xeX

Proof: Forx € X, we have
(Aup x) o (Bux,c) = (kéxub,x) o ()‘E,c Ux,c) = )»bA,x)tE,c (Up,x © Uyx,c).

Hereuy, x o Ux ¢ = Up ¢ holds by the definition ofi, .. Then Lemma 3 implies

1 A ,B
(Ao B)upc = y Z Ab,xkx,cub,c. O

xeX

Let J denote then x n matrix, all entries of which are equal to 1.
Lemma5 JeWN.
Proof: Thea-entry of Jup ¢ is given by

(JUboa= Y Jax (Unclx = D Wi, We, = Népc.

xeX xeX
S0 JUp,c = Aj JUp,c holds withi) . = népc. O

We have shown thal/ is a commutative algebra under Hadamard product with unity
element].

Theorem 6 If the spin model S= (X, W™, W™) satisfies the Type Il conditiopthen N
is closed under both ordinary matrix product and Hadamard prodantl I, J € .

3. Association schemes
A d-class (symmetricassociation schemen X is a partition of X x X intod + 1

subsetsR;, i = 0,...,d, whereRy = {(x,X)|x € X}, which satisfies the following
conditions:

1) fx,y) e R,then(y,x) e R (i=0,...,d).
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(2) Foreveny, j,kin{0,...,d}, thereisan integemi"j such that, for every, y in X with
(X, y)in R,

plkj = |{Z€ X|(X,Z) S Ria (Z’y) € RJ}|

DefinenxnmatricesA;,i =0, ..., dwhosex, y)-entry(A)x yequals 1ifx, y) € R
and equals 0 otherwise. Then the above definition can be written as follows.
(3) A #0, A0 Aj =5;A,'A = A,
(4) Ao=1,
(5) YioA =1,
6) AA] = AjA = Yo b5 A

Let A be the vector space spanned by the matrises = 0,...,d. From the above
conditions, A is a commutative algebra under both ordinary matrix product and Hadamard
product, which is called thBose-Mesner algebraf the association scheme.

Itis known (see [5] 2.6.1) that a vector spa¢®f symmetricn x n matrices is the Bose-
Mesner algebra of an association schem&oa {1, ..., n}ifand only if A is closed under
both ordinary matrix product and Hadamard product, bpd € A. Theorem 6 together
with this characterization of Bose-Mesner algebras implies the following corollary.

Corollary 7  If the spin model S= (X, W, W) satisfies the Type Il conditipthen\/
is the Bose-Mesner algebra of an association scheme on X.

Now we consider the Type Ill condition.
Lemma 8 If S satisfies the Type Il conditiothen W € N.
Proof:  Type Il condition can be written a8V " up c)a = +/N W, (Up,c)a, and so
WFupe = +/NW, Ubc

holds for allb, ¢ € X. This means thaty, . is an eigenvector oV with the eigenvalue
VN W, so thatW* e V. U

Remark Itis known (see [12]) that, assuming the Type Il condition, the Type Il condition
is equivalent to

Z W, Wo Wahe = v/n W W W

xeX

As in the above proof, this equation shows that, is an eigenvector oV~ with the
eigenvalue,/n W, So, if S= (X, W, W) satisfies both conditions of Types Il and IIl,
thenW~ belongs taV.
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Theorem 6 and Lemma 8 imply the following result by Jaeger.

Corollary 9 (Jaeger [11]) If a spin model S= (X, W, W™) satisfies the conditions of
Types Il and 1] then there is an association scheme whose Bose-Mesner algebra contains
W+ and W-.
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