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Abstract. A technique of minimal free resolutions of Stanley—Reisner rings enables us to show the following
two results: (1) The 1-skeleton of a simplicial — 1)-sphere isl-connected, which was first proved by Barnette;
(2) The comparability graph of a non-planar distributive lattice of rank1 is d-connected.
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1. Introduction

A simplicial complexA on the vertex se = {x, Xo, ..., X,} is a collection of subsets of
V such that (i)}{x} € A forevery 1<i <wvand (ii)ifo € A andt C o thent € A.
Each element of A is called a face ofA. Setd = max{i(c); o € A} and define the
dimension ofA to be dimA = d — 1. Herefi(o) is the cardinality of a finite set.

A simplicial complexA of dimensiond — 1 is called asimplicial (d — 1)-sphereif the
geometric realization ol is homeomorphic to théd — 1)-sphere.

The 1skeletorA® of A is the subcomplex

AY ={o e A; (o) <2}

of A, which is a 1-dimensional simplicial complex (i.e., graph) on the verteX s&/hen a
simplicial complexA is an order complex of a finite partially ordered etthe 1-skeleton
of A is just the comparability graph Cqm) of P.

Given a subsetV of V, we write Ay for the subcomplex

Aw={o € A; o CW}

of A. In particular,Ay = A andAy = {¢}.
Let Hi (A; k) denote the-th reduced simplicial homology group afwith the coefficient
field k. Note thatH_1(A; k) = 0if A # {#} and

s ={y 120,
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We fix an integer 1< i < v. A 1-dimensional simplicial comple& on the vertex se¥
is said to bé-connectedf Ay_w is connected (i.e.Ho(AV_W; k) = 0) for every subset
W of V with (W) <i.
The purpose of the present paper is first to give a ring-theoretical proof of a classical
result that the 1-skeleton of a simplici@ — 1)-sphere igd-connected (cf. Barnette [1]),
and secondly to show that the comparability graph Qonof a finite distributive latticeL
of rankd — 1 isd-connected.

2. Algebraic background

We here summarize basic facts on finite free resolutions of Stanley—Reisner rings. See
e.g., [2, 4, 6, 8] for the detailed information.

Let A = K[xq, X2, ..., X,] be the polynomial ring i variables over a fieltt. Here,
we identify each element; in the vertex setv with the indeterminate of A. We
considerA to be the graded algebra= P, , An with the standard grading, i.e., each
degx; = 1. LetZ denote the set of integers. We writgj), j € Z, for the graded mod-
ule A(j) = D,z A(j)]n over Awith [A(j)]n := Anyj. Given a simplicial complexa
onV, definel, to be the ideal ofA generated by all squarefree monomisls, - - - X, ,
1<ii<iz<-- <ir <v,with {Xi,, Xi,, ..., X, } € A. We say that the quotient algebra
k[A] := A/l is theStanley—Reisner ringf A overk.

Whenk[A] is regarded as a graded modipA] = B, o(k[A])n over A with the
guotient grading, it has a graded finite free resolution -

0— PA-pir 2. B PA-HY S A KA — 0 (1)
jez jez

where eaclB; ., A(—j)"1, 1 <i < h, is a graded free module of rank®} ", i ; <
0o, and where every; is degree-preserving. Moreover, there exists a unique such resolution
which minimizes eacl; j; such aresolution is calledinimal If a finite free resolution (1)
is minimal, then the non-negative intedpas called thehomological dimensioaf k| A] over
Aandg j = Bi j(K[A]) is called the(i, j)-th Betti numbernf k[A] over A. Furthermore,
let B = Bi (k[A]) denote the sumy_; . fi -

Our fundamental technique in the present paper is based on the topological formula
[6, Theorem (5.1)] which guarantees that

BiklAD = > dimcHjisa(Aw: k). 2)

wcV, g(W)=j

Thus, in particular,

Bi(A]D = > dimg Hwy—i—1(Aw; K).

wcv

Lemma 2.1 Let A be a simplicial complex on the vertex set V witV) = v and i
an integer withl < i < v. Then thel-skeletonA™ of A is i-connected if and only if

Bo—iv—i+1(K[A]) = 0.
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Proof: The 1-skeletom\® is i-connected if and only if, for every subsét of V with

#(W) = i — 1, we haveHo(A) \: k) (= Ho(Av_w: k)) = 0. Moreover, by virtue of
Eq. (2), Ho(Av_w; k) = 0 for every subsetV of V with f(W) = i — 1 if and only if
ﬂv—i,v—i-ﬁ-l(k[A]) = 0 as desired. 0O

3. Main results

We first give a ring-theoretical proof of the following classical result which was proved by
Barnette [1].

Theorem 3.1 (Barnette [1]) Thel-skeleton of a simpliciald — 1)-sphere with d&> 2 is
d-connected.

Proof: Suppose thad is a simplicial(d — 1)-sphere on the vertex s€twith (V) = v.
We know thatk[A] is Gorenstein; that is to say;(k[A]) = O for everyi > v —
d, Bu—a,jK[A]D) = 0if j # v and B,_q.,(K[A]) = 1. Thus, in particular, we have
Bii+1(K[A]) = O for everyi > v —d. Hence, by Lemma (2.1), the 1-skeletar of
A is d-connected as required. ]

Remark The above ring-theoretical technique enables us to show the 1-skeleton of a
level complexA (see, e.g., [3, 7]) of dimensioth — 1 with v vertices isd-connected if

ifo € A | g8(oc) = d} # v —d— 1. In particular, we can see that the 1-skeleton of a
Gorenstein compleA (see, e.g., [2, 6, 8]) of dimensiah— 1 isd-connected.

We now turn to the study on comparability graphs of finite distributive lattices. Every
partially ordered set (“poset” for short) is finite. poset idealin a posetP is a subset
| c Psuchthaix € I, 8 € P andg < « together implyg € |. A clutteris a poset in
which no two elements are comparablectainof a posetP is a totally ordered subset of
P. Thelengthof a chainC is ¢(C) := #(C) — 1. Therank of a posetP is defined to be
rank(P) := max¢(C); C is a chain ofP}. Given a poseP, we write A(P) for the set
of all chains ofP. ThenA(P) is a simplicial complex on the vertex st which is called
the order complexof P. The comparability graphCom(P) of a posetP is the 1-skeleton
AD(P) of the order complexA(P). Whenx < y in a posetP, we define the closed
interval [x, y] to be the subposdtz € P; x <z <y} of P.

A lattice is a poset. such that any two elemenéssand 8 of L have a greatest lower
bounda A B and a least upper boundv B. Let 0 (resp. 1) denote the unique minimal
(resp. maximal) element of a lattide A lattice L is calleddistributiveif the equalities
aA(BVYy)=(@rB)V(aAy)andaV (BAy) = (aVB)A(axVy)holdforalla, B,y € L.
Every closed interval of a distributive lattice is again a distributive lattice. A fundamental
structure theorem for (finite) distributive lattices (see, e.g., [9, p. 106]) guarantees that, for
every finite distributive latticé., there exists a unique podetsuch that. = J(P), where
J(P) is the poset which consists of all poset ideal®obrdered by inclusion. We say that
a distributive latticd. = J(P) is planarif P contains no three-element clutter.b&olean
lattice is a distributive latticel = J(P) such thatP is a clutter.
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AchainC:0 =ap < a1 < -+ < as_1 < as = 1 of a distributive latticel is called
essentiaif each closed intervald, ;4] is a boolean lattice. In particular, all maximal
chains ofL is essential. Moreover, the chain< 1 of L is essential if and only if_ is
a boolean lattice. An essential cha@lin0 = ap < a1 < -+ < as_1 < as = 1 is called
fundamentalf, for each 1< i < s, the subchaii® — {«;} is not essential. The following
Lemma (3.2) is discussed in [5].

Lemma3.2([5]) LetL beadistributive lattice of rank-d1withf(L) = vandA = A(L)
its order complex. Then the — d, v — d + i)-th Betti numbe, _q ,—q-i (K[A]) is equal
to the number of fundamental chains of L of length d — 1.

We are now in the position to give the second result of the present paper.

Theorem 3.3 Suppose that a finite distributive lattice L of rank-d is non-planar. Then
the comparability graph Coth) of L is d-connected.

Proof: LetP = {p1, P2, ..., Ppa—1} denote a poset with = J(P) and M : 0=ag <
0] < -0 < Qdep < Qd_1 = 1an arbitrary maximal chain df. We may assume that
eache; is the poset idealp:, po, ..., pi} of P. Sincel is non-planar, there exists a
three-element clutter, sayp;, pm, pn} With 1 <1 <m < n < d — 1. Hence, for some
I <i < m, p and p;4+1 are incomparable irfP, and for somem < j < n, p; and
Pj+1 are incomparable if?. Letl <i < m(resp.m < j < n) denote the least (resp.
greatest) integer (resp. j) with the above property. The$ = {ps, ..., pi—1, pi+1} and

Y = {pP1, ..., Pj-1, Pj+1} both are poset ideals ¢?. Moreover,ai_1 < 8 < oj11in L
with 8 # o andoj_1 < y < ajq1in L withy # «;. Thusthe closed intervalai[_1, o ;1]
and prj_1, @j4+1] both are boolean. Hence,iit+- 1 < j — 1, then the chaio\! — {«;, o}

is essential. On the other hand,iiff 1 > j — 1, i.e.,i = m—1andj = m, then
P< P41 <-r < Pmo1@ndPmys < Pmi2 < - < Pnin P; thus{pm-1, Pm, Pmi1}
is a clutter ofP. Hence the closed intervakj,_», am.1] of L is boolean, and the chain
M — {am_1, am} IS essential. Consequently, there exists no fundamental chdinodf
lengthd — 2. Thus, by Lemma (3.28,_4.,—a+1(K[A(L)]) = 0. Hence, by Lemma (2.1)
again, the comparability graph Cém = A® (L) of L is d-connected as desired. O

Remark Easily seen from the above proof, for a planar distributive lattioé rankd — 1
which is not a chain, the following conditions are equivalent.

(1) The comparability graph Coraj of L is d-connected. .
(2) There exists no elemeate L such that both(, «] and [¢, 1] are chains.
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