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Abstract Let Gy, ..., G be finite abelian groups, and let Gg * --- x G be the
join of the 0-dimensional complexes G;. We give a characterization of the integral
k-coboundaries of subcomplexes of G * - - - % G in terms of the Fourier transform
on the group G X --- X Gg. This provides a short proof of an extension of a re-
cent result of Musiker and Reiner on a topological interpretation of the cyclotomic
polynomial.
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1 Introduction

Let Gy, ..., Gy be finite abelian groups with the discrete topology, and let N =
]_[fzo(|G,-| — 1). The simplicial join ¥ = Gg * - - - * G} is homotopy equivalent to
a wedge of N k-dimensional spheres (see e.g. Theorem 1.3 in [1]). Subcomplexes of
Y are called balanced complexes (see [5]). Denote the (k — 1)-dimensional skeleton
of Y by Y*=D_Let A be a subset of Gg x --- x Gy. Regarding each a € A as an
oriented k-simplex of Y, we consider the balanced complex

X(A)=Xg,...c(A)=Y*Dua.

.....

In this note we characterize the integral k-coboundaries of X (A) in terms of the
Fourier transform on the group Gy X --- x Gk. As an application, we give a short
proof of an extension of a recent result of Musiker and Reiner [4] on a topological
interpretation of the cyclotomic polynomial.

We recall some terminology. Let R[G] denote the group algebra of a finite abelian
group G with coefficients in a ring R. By writing f =Y ., f(x)x € R[G] we
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identify elements of R[G] with R-valued functions on G. For a subset A C G, let
R[A] ={f € R[G] : supp(f) C A}. A character of G is a homomorphism of G into
the multiplicative group C — {0}. Let G be the character group of G, and let 1 be the
trivial character of G. The orthogonality relation asserts that for y € G,

D x(@=IGl-8(x. 1), (1)

geG

where §(x,1) =11if x =1 and is zero otherwise. The Fogrier transform is the linear
bijection F : C[G] — C[G] given on f € C[G] and x € G by

FHO=Fx) =Y Fx).

xeG
LetG:Gox~~ka.Then§=§0x~- x@k.ForOSifk,let
Li=Gox--xGij—1 XGjq1 X -+ X Gg.

We identify the group of integral k-cochains C* (X (A); Z) with Z[A] and the group of
integral (k — 1)-cochains CK=1(X (A); Z) = C¥"1(X (G); Z) with the (k + 1)-tuples
¥ = o, ..., Yr) where ¥; € Z[L;]. The coboundary map

di—1: C*H(X(G); Z) — CH(X(G); 2)
is given by

k
A 1¥/(80, -, 8 =D (=D Yi(g0, - &im1, &it1, -+ 8k)-
i=0

For 0 <i <k, let 1; denote the trivial character of G;, and let

Gt =(Go—{10}) x --- x (Gx — {1&}).
For A C G and f € Z[G], let fj4 € Z[A] be the restriction of f to A. The group

BY(X(A); Z) = {die1¥ja : ¥ € CHH(X(G); 2)}

of integral k-coboundaries of X (A) is characterized by the following:
Proposition 1.1 Forany A C G,

B (X (A); Z) = {fia: f € ZIG) such that supp(f) C G —G*}.

As an application of Proposition 1.1, we study the homology of a family of bal-
anced complexes introduced by Musiker and Reiner [4]. Let py, ..., px be distinct
primes and for 0 <i <k, let G; = Z/p;Z = Zp,. Writing n = ]_[f-;o pi, let

0:2Z,—>G=Ggx--x Gy

@ Springer



J Algebr Comb (2012) 35:565-571 567

be the standard isomorphism given by
0(x)= (x(mod Po), - .., x(mod pk)).

For any ¢, let ZZ ={m € Zg:ged(m, ) =1}. Let p(n) = |Z,} | = ]_[fzo(pi — 1) be
the Euler function of n, and let Ag = {¢(n) + 1,9(n) +2,...,n —2,n — 1}. For
A CH{0,...,¢9(n)}, consider the complex

Ka=X(0(AUAQ)) CZpy*--%Zp, .

Letw = exp(%) be a fixed primitive nth root of unity. The nth cyclotomic poly-
nomial (see e.g. [2]) is given by

p)
@, (2) = 1_[ (z—w)= ch-zj € Zlz].
Jezy j=0

Musiker and Reiner [4] discovered the following remarkable connection between the
coefficients of @, (z) and the homology of the complexes K ;.

Theorem 1.2 (Musiker and Reiner) Forany j € {0,..., ¢(n)},

~ Z/Cjza l =k — 1,
Hi(K(j D) =4 L, i=kandc; =0,
0 otherwise.

The next result extends Theorem 1.2 to general K 4. Let
ca=(cj:jeA)ez?

and

da = ged(ca), ca #0,
A7 o, ca=0.

Theorem 1.3 Forany A C {0,...,p(n)},

7, i=k—1landdy =0,
H(Ka;2) = 2V @ Z/daZ, i =k,
0 otherwise,

and
Z/dAZ, i=k—1,

H K ‘Z ~ ZlA‘s i:kanddA:O’
i(KasZ) = ZA- i =kand ds #0,
0 otherwise.

Proposition 1.1 is proved in Sect. 2. It is then used in Sect. 3 to obtain an ex-
plicit form of the k-coboundaries of K 4 (Proposition 3.1) that directly implies Theo-
rem 1.3.
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2 k-Coboundaries and Fourier transform

Proof of Proposition 1.1 Tt suffices to consider the case A = G.Let ¥ = (Yo, ..., Y¥x)
e CF1(X(G): 7). Using (1), it follows that for any x = (x0,.-., Xk) € 6

GV 0= Y. d1y(@x()

8=(80,---.8K)€C
k
= Y Z( D i (80 - 8im1: 8ig1s -2 80) | [ xi(8))
(80;--,8k) i=0 Jj=0
k
=) N > Vi0s -+ s 8inls Gl 8K)
i=0 (805-+,8i—1,8i+1,---8k)
x ]_[x,(gj)sz(g,
JF#

k
=Y (=D (X0s - Ximts Xit 1 - XOIGil8 (i, 1),
i=0

Therefore supp(dk/_1\1ﬂ) cG-— 6+, and so
U B4 (X(G); Z)  {f € ZIG] : supp(f) ¢ G — G} E 1.

Since X(G) is homotopy equivalent to a Wedge of ]_[ 0(IG | —1) = |G+|
k-dimensional spheres, 1t follows that Hk(X(G) 7Z) = 7Z[G]/ U is free of rank |G+|
and hence rank U; = |G| |G+| On the other hand, the injectivity of the Fourier
transform implies that

rank U, < dimc{ f € C[G]:supp(f) € G — Gt} = |G| — |G*|

and therefore rank U, /U; = 0. Since Uy /U C Hk(X(G); 7) is free, it follows that
U, =U,. O

3 The homology of K 4

Recall that, in the context of Theorems 1.2 and 1.3, one chooses G = Zp, X - -+ X Zp,
and n = ]_[1;:0 p;j. For h € Z[G], let 6*h € Z[Z,] be the pullback of & given by
0*h(x) =h(@(x)). For any ¢, we identify the character group Z} with Z, via the iso-
morphism 7¢ : Zg — Z¢ given by n¢(y)(x) = exp(2mwixy/£). The Fourier transform
on Zg is then regarded as the automorphism of C[Z,] given by

o~ 2
nw=Y f(x)exp( = )

xEZ(
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Proposition 1.1 implies the following characterization of the integral k-cobounda-
ries of K4. For A C {0,...,¢(n)}, let 64 denote the restriction of § to A U Ag, and
let 0 be the induced isomorphism from Z[6 (A U Ag)] to Z[A U Ag]. Let

B(A) = { fiava, : [ € ZIZy] such that 176)) =0}.
Proposition 3.1
0} (B*(Ka: 2)) = B(A).

Proof We first examine the relation between the Fourier transforms on Z,, and on G.
Let

k
A:ZHp,eZ;.

Jj=01#j
For any h € Z[G] and m € Z,,

Fhom) = 3 6 h(x)exp<2m“m)
X€Zy
k mxm
=Y h(6W)) exp(Z ) (6 (m)). )
X€Znp j=0

Noting that
0 G =012y x - x L) =LY =)L),
it follows from Proposition 1.1 and (2) that
BX(K4:7Z) = {h6cavag) : h € Z[G] such that supp(h) C G — 6+}
=@ {fiaua, : f € Z[Zy] such that supp(f) C Zy — Zy}. 3

Let P, = {o™ : m € Z, } be the set of primitive nth roots of 1. The Galois group
Gal(Q(w)/Q) acts transitively on P,. Hence, by (3):

05 (B"(K4: 7))
={fiava, : f € Z[Zy] such that supp(f) C Zy — 7y}

= {ﬁAuAO . f € Z|Zy] such that f(m) = Z fx)e™ =0forallme Z;}

X€ZLy

= {fiaua, : f € ZIZy] such that f(1) =0} = B(A). O
Corollary 3.2 6} induces an isomorphism between H¥(K 4; Z) and

H(A) E ZIA U Agl/B(A).
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For j € AU Ao, let g; € Z[A U Ag] be given by g;(i)=1if i = j and g;(i) =0
otherwise. Let [g;] be the image of g; in H(A). The computation of H(A) depends
on the following:

Claim 3.3
(1) H(A) is generated by {[g;]: j € A}.

(ii) The minimal relation between {[g;]}jeca is Z/eA cilgij1=0.

Proof of (i) Lett € Ag. There exist ug, ..., Uymn)—1 € Z such that

pm)—1
Z uewe +o' =0.
=0

Let f € Z[Z,] be given by
ug, 0<€<epm —1,

f@O=31, €=,
0 otherwise.

Since
R pmn)—1
Fh= > wo'+o' =0,
£=0

it follows that

Z”J’gj + 8 = flaua, € B(A).
JjeA

Hence [gt]=—ZjEAMj[gj]~ =

Proof of (ii)ALet f € Z[Z,] be given by f(€) =c; if 0 <€ < ¢(n) and zero other-
wise. Since f (1) = @,(w) =0, it follows that

Y "cjgj = fiaua, € B(A).
JjeEA

Hence ) ;c4cjlgj]l = 0. Conversely, suppose that Zje’éaj[gj] = 0 for inte-
gers {a}jea. Then there exists an i € Z[Z,] such that (1) =0 and hjaus, =
Y jea@;g;- In particular, h(¢) = 0 for £ = p(n) + 1. Let p(2) = Y% h(e)zt. Then
p(w) =h(1) =0. Hence p(z) =rP,(z) for some r € Z. Therefore aj = h(j) =rc;
forall j € A. O

Proof of Theorem 1.3 Corollary 3.2 and Claim 3.3 imply that

HN(K A; Z) 2 H(A) = Z[A)) Zep =7V @ Z)dATZ. )
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The remaining parts of Theorem 1.3 are formal consequences of (4) and the universal
coefficient theorem (see e.g. [3]):

0 < Hom(H, (K 4; Z), Z) < HP (K s; Z) < Ext(H,_1(K4: Z),Z) << 0. (5)
First consider the case c4 = 0. By (4) and (5),
0 < Hom(Hk(K 4; Z), Z) < Z'" <~ Ext(Hk—1(K 4; Z), Z) < 0.

Therefore Hy (K 4; Z) = Z!Al, and Hy_{ (K 4; Z) is torsion free. The Euler—Poincaré
relation
rank Hy (K 4; Z) = rank Hy_1 (K 43 Z) + |A| — 1 6)
then implies that ﬁk_l (Ka;Z) =7 and
A" (K 4; Z) = Hom(Hi—1 (K a3 ), Z) = Z.
Next assume that c4 # 0. By (4) and (5),

0 < Hom(Hy(K 4; Z), Z) < Z'"1™' @ Z/daZ < Ext (Hi—1(K a3 Z), Z) < 0.
Therefore Hy (K 4; Z) = Z!A1™! and Ext (Hy_1(K 4; Z), Z) = Z/daZ. It follows by
(6) that rankH_i(Ka; Z) = 0. Hence Hy_1(Kag;Z) = 7Z/dsaZ and
H1(K4:2) =0. O

Remark In the proof of (ii) it was observed that the function f € Z[Z,] given
by f(€) =c¢ if 0 <€ < ¢(n) and zero otherwise is the image under 6* of a
k-coboundary of X (G). This fact also appears (with a different proof) in Proposi-
tion 24 of [4] and is attributed there to D. Fuchs.
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