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Abstract We describe an explicit crystal morphism between Nakajima monomials
and monomials which give a realization of crystal bases for finite dimensional irre-
ducible modules over the quantized enveloping algebra for Lie algebras of type A and
C. This morphism provides a connection between arbitrary Nakajima monomials and
Kashiwara—Nakashima tableaux. This yields a translation of Nakajima monomials to
the Littelmann path model. Furthermore, as an application of our results we define
an insertion scheme for Nakajima monomials compatible to the insertion scheme for
tableaux.
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1 Introduction

Crystal basis theory for integrable modules over quantum groups as introduced by
Kashiwara [4] leads to a combinatorial interpretation of those modules in terms of
crystals themselves, and furthermore their various models. Let us list some of those
models, which will play a role in the present article:

(1) semistandard Young tableaux and reversed Young tableaux, satisfying certain
conditions, for classical Lie algebras by Kashiwara and Nakashima [6], and Kim
and Shin [7] (see also Kang et al. [2] and [3]), respectively,

(2) Young walls for affine Lie algebras by Kang et al. [1],
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(3) monomials for Kac—Moody algebras discovered by Nakajima [11], and general-
ized by Kashiwara [5],

(4) the path model for symmetrizable Kac—-Moody algebras introduced by Littel-
mann [10].

Let us be more precise about the monomial and the path model. Defining a 7-analog
of g-characters Nakajima [11] introduced a set of monomials 97 in certain variables
Y; (k), and discovered a crystal structure on certain subsets of 9J1. Kashiwara [5] gen-
eralized this, in that he defined a crystal structure on 91, and proved that the connected
component containing a highest weight monomial of integral weight A is isomorphic
to the crystal basis B()) of irreducible highest weight modules.

Kang et al. [2, 3] considered specific highest weight monomials M, € 907 of weight
A and gave an explicit description of their connected components M (A). Further-
more, they exhibited a connection between those and reversed Young tableaux.

As a generalization of Young tableaux Littelmann [9] considered paths (modulo
reparametrization) on the real form of the weight lattice and defined the so-called root
operators acting on those paths. With these operators the set of paths IT becomes a
crystal, and every Young tableau can easily be considered as such a path [10].

In this article we describe a translation between the monomial and the path model.
That is, we map an arbitrary monomial, not necessarily contained in some M (}), to a
path in I7 such that our mapping yields a crystal morphism. For example, if the under-
lying Lie algebra is of type A1 a possible definition of such a map is quite obvious:
each monomial M € 9 is of the form M = Y;(i)*" ... ¥;(ix)*® where k € N,
i1,...,ik €Zandij <--- <ig,and y(i;) € Z. To a fixed monomial M we associate
the path wy =7y, * - * Ty A, » Where 7, (¢) =tA is the path connecting the
origin to A.

Example Consider the monomial M = ¥1(2)~'Y; (1)

- —Aq 0 Ay o]

M=Y;(2)"ly;(1)2 > b | [ e |
LA VA

i : —aq —Ar 0 Ay o1

AM=r,@ (1) — F TG T e > !

Note that, even for type A», to find such a mapping is by far less obvious.

Example For g of type Ay we have f1(Y1(2)~'Y1(1)?) = Y1(2)~ 2y (1)Y2(1).
Adopting the (obvious) construction in type A, we would associate the path 7 dis-
played on the left:

(%) a1tor (2%) a1tar

e h
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After applying fi, observe that f1() has a linear part different from any fundamental
root direction. That is, fi(7) does not coincide with the path we would associate to
the monomial f;(M) in the same manner.

By generalizing the results of [2] and [3] in type A and C to arbitrary monomials
in 91, we determine the structure of the crystal graph associated to the connected
component of an arbitrary, not necessarily highest weight, monomial in 9t. More
precise, we give a crystal morphism between the set 9J1 and the set of tableaux which
give realizations of B(A), and consequently, due to Littelmann [10], we can associate
a path to those tableaux. Our crystal morphism compresses an arbitrary Nakajima
monomial M € M into one which lies in a connected component M (1), with integral
dominant weight A depending on M.

In a first step we describe a crystal isomorphism between the Nakajima monomi-
als and certain matrices, namely Mat,,1x7z(Z>0) in the A, -case and Maty,, «7(Z>0)
in type C,. This bijection allows us to define the compression of a monomial by
compressing its associated matrix as follows: For simplicity let M denote the matrix
associated to an arbitrary monomial M € 9t lying in some a priori unknown con-
nected component of 9. We give an algorithm which decomposes M into a sum
M = M| + M>, such that M corresponds to a monomial in some M (7). Then we
move every column of M, one step to the left and denote by MV the sum of M/ and
the altered counterpart of M». Our procedure allows an iteration yielding a sequence
of matrices M®. Since M has just finitely many nonzero columns, it is guaranteed
that after a finite number of steps our iteration becomes stationary and we obtain a
matrix M® corresponding to a monomial that lies in some M (ux). We call M®)
the compressed version of M. Our algorithm respects the crystal structure, that is, we
prove the following.

Main Theorem Let g be of type A or C, and let M € 9N be a Nakajima monomial.
Denote by M%) its compressed version. Then the map

K:I9M — UM(A)
M AM(")

is a morphism of crystals. In particular, the connected component of M is isomorphic
to the connected component of k (M).

Due to [2] and [3] we can assign a tableau S(N) to each N € M (1). Consequently,
our Main Theorem gives

Corollary Let g be of type A or C, and let M € I be a Nakajima monomial. The
mapping sending M to the tableau S(x (M)) yields a crystal morphism.

Note that in view of [10] we obtain a translation of Nakajima monomials into
Littelmann paths.
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Example Consider the monomial M = Y1 (2)Y; (1)2, and the path obtained via our
construction. Observe that our assignment commutes with the crystal operator fi, as
illustrated in the following pictures.

M=Y;(2)Y(1)2 L Y1(2)72Y1 (D Y2 (1)
J !

a) a1tar (%) a1tan

(@ i i
. ) - o - . .o

As another application of our compression and the Corollary we define an in-
sertion scheme for Nakajima monomials compatible with the insertion scheme of
reversed tableaux described in [8]. More precise, let M1 and M, be two matri-
ces which correspond to arbitrary monomials in 90t. Then we consider the matrix
M| x My = (M>,0, M) with a suitable zero-matrix 0 and apply our compression
procedure to M| x M,. Following the convention that M| % M, interchangeably de-
notes the matrix and its associated monomial, we obtain « (M * M>) € | J, M () and
the tensor product rule of crystals yields the following.

Theorem Let g be of type A or C, and let I be the set of Nakajima monomials.
Then the map

mem -  |(JM®

A
M @M, +— k(M| M)

is a morphism of crystals. In particular, the connected component of M1 @ M> is
isomorphic to the connected component of k(M1 x M3).

2 Nakajima monomials

In this section we define the Nakajima monomials and their crystal structure. Let g
be an arbitrary symmetrizable Kac—-Moody Lie algebra with weight lattice P and [
an index set such that o; € P for i € I are the simple roots. Let further i; € P* be
the simple coroots and (-, -) : P x P — Q a bilinear symmetric form. For i € I and
A€ Pset(h,)):= %gl’“ai‘))

Fori € I and n € Z we consider monomials in the variables Y; (n). That means we
obtain the set of Nakajima monomials 97 as follows:

M := { 1_[ Y; (n)"™: y;(n) € Z vanish except for finitely many (i, n) }

iel,neZ
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In order to define the crystal structure on 90T we take some integers ¢ = (¢;j)i#je; C Z
such that ¢;; + ¢;; = 1 and consider the monomials

Ai) =YY+ D[] Yj 0+ e,
j#i

Let now M be an arbitrary monomial in 90t and i € /. Then we set
i) — z(zyi <n>)Ai,
i n

i (M) =max{2yi<k>;n eZ],

k<n

€ (M) =maX{—Zyi(k);n GZ},

k>n

where A; € P are the fundamental weights, which means that (h;, A;) = §; ;. To
define the operators ¢; and f, we consider the quantities

ny =min{n;<pi(M) =Z)’i(k)}

k<n

k>n

= min{n; (M) = —Zyi(k)},

ne = max{n; gi(M) =y _ yi(k)}

k<n
= maX{n; €(M)=— Zyi(k)}
k>n
and set
if ; (M) =0,

~ 0
fn = {Ai(”f)_lM if i (M) > 0,

0 if,(M) =0,

“(M) = {Ai(ne)M if €; (M) > 0.

Proposition 2.1 [5] With the maps wt, ¢;, €;, f, and e; thus defined, M becomes a
semi-normal crystal.
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We denote this crystal by 97, because the crystal structure of 9t depends on the
choice of ¢. On the other hand one can easily see that the isomorphism class of the
crystal 21, does not depend on this choice.

From now on, for simplicity, we choose ¢ = (¢;;)ijes as follows:

0 ifi>j,
Cii =
Y 1 else.

Now we recall the following result of Kashiwara.

Proposition 2.2 [5] Let M be a monomial of weight ). with e;(M) =0 foralli € I.
Then the connected component of I containing M is isomorphic to B()).

The aim of this thesis is to give such an isomorphism explicitly for not necessar-
ily highest weight monomials. In the first part we define this isomorphism for Lie
algebras of type A. In the second part we generalize this to type C.

3 Compression of Nakajima monomials in type A

Henceforth we consider a Lie algebra g of type A,. In this case we have the fun-
damental weights Aj,..., A, and we get an orthogonal basis By, ..., f,+1 Wwith
B1=A1,B8i=A; — Aj_1 for 2 <i <n and B,+1 = —A,. Moreover the simple
roots are given by o; = B — Bi+1. Thus we compute

AN =Y (DYiG+DYia G+ D Y ()™

Fori e {l,...,n+ 1} and j € Z we introduce some specific monomials which will
be of special interest to us:

X:(j):=Yim1 (G + D7),

where we set Y,,+1(j) =1 =Yp(j) forall j € Z.
With this notation we observe

Ai() = Xi(DXip1 (N7
Let us briefly recall the monomial realization of the crystal bases B(X) given in [2].

Proposition 3.1 [2] Let A =) ;_, ax Ay be a dominant integral weight and consider
My =Yi(DUY(1)% ... Y, (1)* as highest weight monomial. Then the connected
component M (L) of M containing M is characterized as the set of monomials of
the form

M= ] X
ie{l,...,n+1}
jefl,...,n}

with
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@) Z" 1m,-j=aj+1~|—--'+anf0rj=1,...,n,
(ii) Z;H'llmkj 5ZZ:I}Hmk,j_lforj:2,...,n+1andi:l,...,n+1.

For s € Z we also consider the following shifted highest weight monomials of
weight A

My =Y () Ya(s)® - Yy (s)™.

As an immediate consequence of Proposition 2.1 we obtain their connected compo-
nent M (A) by the set of monomials of the form

M= ] xG)m
iell,..,n+1}
jels,....s+n—1}
satisfying condition (i) for j =s,s +1,...,s+n —land (ii)) fori =1,...,n+ 1
and j=s+1,...,5s+n.

Our aim is to compress an arbitrary monomial into the form of those in M (1) for
a suitable A € P and s € Z such that the crystal structure is preserved.

As a first step we write an monomial in 9T as a product of X;(j)s. Thus we show
that 91 is generated by the variables X;(j). That means we consider 91 as a group
with the multiplication of monomials as binary operation. Let M be the free abelian
monoid generated by the set {X;(j),i € {1,...,n+ 1}, j € Z}, with the same opera-
tion and we define an ideal J C M by

n+l1
J=<HXk(j+i—k), fori=1,...,n+1andjeZ>

k=1 M

The quotlent M/J becomes a group since we obtain the inverse of X;(j) by
]_[k i1 Xk(J —k+l)l_[k | Xk (j +1i — k). Moreover we get
Proposition 3.2 Sending X;(j) onto Y; (j)Y;_1(j +1)~! yields a group isomorphism
and therefore we get

M=M/J.

Proof In order to show surjectivity let M be of the form M = ]_[iel,jez Y;(j)Yi),

First we write every Y;_1(j + D~1Y;(j) that already occurs in M as X;(j). Then we
consider the other Y;(j)¥/)s in M. There are two possible cases.

1. Case: y; (j) > 0. Then we write

i—1

i) =[]wG+i-k" ‘HYk<;+z—k)

k=0 k=1

=[[xxG+i—h.

k=1
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Therefore we get

i
Yl.(j)yi(j) — 1_[ Xe(+i— k)yi(j)_
k=1

2. Case: y;(j) < 0. In this case we get

n n+1
o . 1 . .
i =TnG-k=0)" [T %(-&-0)
k=i k=i+1
n+1
- ]_[ Xe(G—k+1i).
k=i+1
Hence we have
) n+1 _
Y,‘(j)yi(j) — l_[ Xi(G—k+ l‘)‘)’i(]).
k=i+1
These equations imply
n+l i—1
(DG =[] XG—k+D[[XG+i—h
k=i+1 k=1
and hence with the definition of J we have injectivity. 0

Let now M € 91 be an arbitrary monomial. Due to Proposition 3.2 we can write
M as a product of X;(j)s. That means we find m;; € Z>¢ such that

= I xum.

Writing M in this way is obviously not unique. But we can fix a reduced notation
[m; ;] and associate this matrix. Let us define the reduced notation on the level of
matrices.

Let M = (m;;) be an arbitrary matrix in Mat,, 1 1x7(Z>0), where Mat,, 1x7z(Z>0)
is the set of matrices with infinitely many columns but just finitely many different
from zero. Then we get the reduced form [M] of M by applying the following rule:

Rule A1 Foreveryi € {1,...,n+ 1} we search for j € Z such that
Miyg j—s ZO0foralls=—i+1,—-i+2,...,—1,0,1,...,n — i,
then we decrease these entries by

min{m;yg j_g;s=—i+1,—-i+2,...,-1,0,1,...,n—i}.
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Denote by [M] the matrix obtained from M by applying this rule.

From now on we associate a matrix to a monomial in the following way: We write
every Y;(j)¥) as a product of X;(I)s as in Proposition 3.1 and get a correspond-
ing matrix M = m;;. Then we apply Al and obtain [M]. We define an equivalence
relation on Mat,, 1«7 (Z=0) by

M ~ N iff [M]=[N]
and consider the quotient

Mat, 1 1xz(Z>0)/ ~ .

Now it is obvious that two matrices M ~ N correspond to the same monomial and
therefore we get a well defined map by sending a monomial to the associated matrix
[M] as above. Moreover, we obtain

Proposition 3.3 There exists a bijection between MM and Maty,4+1x7(Z=0)/ ~.

Since we want this bijection to become a crystal morphism we need to define a
crystal structure on Mat, 147 (Z=0)/ ~ which coincides with the structure on 91
under our bijection.

Let M = (m;j)i=1,...n+1 C Zxq be a (n + 1) X Z-matrix.

JEL
Set

n+1
wt(M) = Z(Z%‘j)ﬂi,

i=1 \jeZ

i (M) =max{Zmij — Zmi+1,j;kez}’

j<k Jj<k
(M) = —min{ZmU — Zmi-i-l,j;k S Z}.
Jj>k j>k

If ¢; (M) =0 we set f, (M) = 0. Otherwise let k € Z be minimal such that
@i(M) = Zmij - Zmi+l,j-
Jj=<k j<k

Note that this k exists because M has just finitely many columns different from zero.
We define f; (M) as the matrix we get from M by increasing (resp. decreasing)
mi41 k (resp. m; i) by one. Formally, we get f; (M) =i, ; from M = my_; by

quj lf (S7 J) ¢ {(l’ k)v (l + 13 k)}a
’/hS,j = \Mik— 1 if (S, ]) = (lv k)’
miv1x+1 if (s, j) =0+ 1,k).

Similarly, we can define the operator ¢;, as follows.
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If¢;(M)=0wesete;(M)=0.
For €; (M) # 0 let p € Z be maximal such that

(1) = —(Z iy~ zm>
j>p jzp
Then we obtain &; (M) = i, j from M = m ; by
mS,]‘ lf(s’j)¢{(lvp)9(i+l’p)}a

Mg j=ymip+1  if(s,j) =3, p),
mig1,p—1 if (s, )= +1,p).

It is easy to see that these maps are well defined and that Mat,, 1 1x7(Z>0)/ ~ along

with wt, ¢;, €;, fl and e; becomes a semi-normal crystal.
Now we can prove the following.

Proposition 3.4 The bijection

/8 m —  Mat,1xz(Z=0)/ ~
M= [ xG™ ~ Imy
ie{l,...n+1},j€Z

is a crystal isomorphism.
Proof We have to verify that for every M € 0t and i €  the following holds:

wit(M) = wt(¥ (M)),
@i(M) =i (¥ (M)),
(M) = € (¥ (M),
W (fi(M) = fi(¥ (D),
¥ (e (M)) =& (¥ (M)).

So let M = Hsel,zeZ Y (1)@ € 9 be arbitrary and ¥ (M) € Mat, +1xz(Zso) its
corresponding reduced matrix. Now we show that

wi(M) = wt(¥ (M)).

Assume we write M as a product of X, (¢)s by writing every factor Y ()’ as in
Proposition 3.1 with corresponding matrix m; ;. Now it suffices to show that wt(M)
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coincides with wt(m ;) because it is obvious that wt is invariant under A1. So we get

wi(M) =) (Z s (r)) A
N t

since Ay =1+ + s, =Z<Zys(t))(ﬂ1+---+ﬂs)
N t

—Z Z(Zys(t» Bs

t<s
——
=My

-3 (S
since wt is invariant under Al, = wt(lII(M))

The same computations work for ¢; and ;.
Now we show that ¥ commutes with f;:
Let n s be minimal such that ; (M) = thnf vs(t).

Then we get fi(M) =A; (nf)_lM. Due to the choice of n s we know that n s is
minimal such that

(pl(M) (2 l[/(M) thj Zmi+1,]’.

j<ny j<ng

That means we decrease (resp. increase) Min (resp. m,~+1,nf) by one in ¥ (M). But
since Al-(nf)_1 =X; (nf)_IXi+1 (ny) it follows that f,-(lI/(M)) is a corresponding
matrix of f;(M). It remains to show that f; (¥ (M)) = [ f; (¥ (M))].

Assume we had to apply Al only after having operated with f, but not be-
fore. That means we get a full diagonal My 14s,n5—s #0forall s=—-i+1,—i +
2,...,—1,0,1,...,n—i after having increased Mit1n; by one. But due to the choice
of ny we have mjn,4+1 < mit1n, since otherwise ijnfm,-j - Zj<nf Mgl
would not be maximal. Therefore increasing m;1,,, does not cause any new Al
application and

w(fi(M)) = fi(w(M)).

The same arguments hold for ¢; which finishes our proof. g

Now we define the set of matrices such that the corresponding monomials give a
realization of the crystal bases B(\).

Definition 3.1 Define 0t C Mat,,;1x7z(Z>0) as the set of matrices whose reduced
forms have only zero-entries out of an (n + 1) x n-submatrix M = (m; j), i1
=0,...

with the following properties:

(i) mjjeZsofori=1,...,n+1and j=0,...,n— L.
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(>ii) Zk mk;fzk 1+1mk] jfori=1,...,n+1and j=1,...,n— 1, where
WesetZkZiHmk,J_l_Oforl_n+1.

Due to Proposition 3.1 the associated monomials of matrices in 91 can be consid-
ered as elements in M (A) for a suitable A € P and s € Z. Hence instead of a crystal
morphism between M and (J; ¢ p ;7 M (1) which we originally intended to find,
we just need a morphism from Mat,,1x7(Z>0)/ ~ to N/ ~.

The idea is to compress the matrices. More precisely we move entries into the
next column to the left such that the crystal structure is preserved. We do this by
decomposing our matrix M = M + M, with M € 9t according to the following rule.

3.1 The lower decomposition rule

Let M = [M] = m;; € Mat,1x7(Z=>0) be a reduced version of an arbitrary matrix.
Let k € Z be minimal and / € Z be maximal such that m;; =0 forall j <[, j > k and
i €{l,...,n+ 1}. That means the finite part of M which is different from zero is an
(n+1) x (I —k+ 1)-matrix over Zx>¢. For simplicity we set p =/ — k and renumber
the columns by 0, ..., p. We also assume that p > n — 1, otherwise we fill the matrix
with zero-entries on the right side.

We search for M| € 91 such that

M = M, + M>.
(1)
M

We explain how to compute M| = out of M =m; ; recursively:

Fori=1,. n+1wesetm0_m,o

Then for each j from 1 to p we do the following:

Fori =n+1toi =1 we compare
>y i e 3 )
k>i+1 k>i+1

. ) ©)
and if D oy my oy <mij+ D gsiq My then we set

mVi= 3 m® 3w,

k>i+1 k>i+1
. : (n (D
Otherwise, namely if Zkzi+1 my i =mij+ Zk2p+l my ;. we set

mD
1j _m,-,j.
In this way we get M and set

My :=M — M.

By construction it is obvious that M satisfies condition (i) and (ii) of Definition 3.1
but it remains to show that M7 has at most n columns different from zero such that
we can guarantee that M7 € 1. For that we show the following.
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Lemma 3.1 Let [M] = (m,]), 1] € Mat,+1x1(Z>0) be a reduced matrix without
-

zero columns which satisfies condmon (i1) of Definition 3.1. Then we have

| <n.

Proof Since ZZZ}H my.0 =0 for i =n + 1 condition (ii) yields m,+1,1 = 0. Again
by condition (ii) we obtain 0 = m,y1,1 > m, 2 + m,412 and therefore m, > =
mu+1,2 = 0. In general condition (ii) provides

n+1

Z mg., j =0.

k=n+2—j

That means in particular that m; , =0 foralli =2,...,n+ 1 and m; ; = 0 for all
ieland j>n+1.

It remains to show that m , =0.

Assume m , # 0. Since ZZ;];H—/ my, ; = 0 this implies m ¢ ,—¢ > mj , for all
t =1,...,n. That means we can apply Al which is a contradiction to M being in
reduced form and hence

min =0. m

Now we can define our desired map:

@ :Mat,y1xz(Z=0)/ ~ — N/~
mi; = ngj,

where the matrix 7;; is computed in the following way:
Let M be the reduced version of an arbitrary matrix in Mat,,1x7z(Z>0). Then we
consider the lower decomposition of M:

M =M + M,

with M e 7.
Then we move every entry of M> one column to the left and denote the new M>

by Mz(l). Now we set M) := M + Mél) and if MD e 9 we are done and set
M(]) =:N= njj.

If M(D ¢ 9 we consider the lower decomposition of [M 1] and do the same again.
This iteration yields a sequence of matrices M), Since M has just finitely many
columns different from zero there exists a k£ € N such that the iteration becomes
stationary with M® € 91 and we set

M® =: N =n;j.

Let us now combine @ and ¥ to obtain the compression map k from the set of
arbitrary monomials into the set of monomials which give a realization of the crystal
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bases B()\):

k=¥ lodow : M — U M().
AeP,sEZ

Before we prove that this map is a crystal morphism we consider an example:

Example 3.1 As above, let g be of type A4 and take the monomial
M=Y@"'r3()Y13) ()7 2002 Y3(2)%
Due to Proposition 3.2 we write
Y1) = X2(3)X3(2) X4(1) X5(0),
73(1) = X3(1) X2(2) X1 (3),
Y1(3) ™" = X2(2)X3(1) X4(0) X5(—1),
Ya(1)~! = X5(0),
Y2(0)% = X2(0)* X (1)%,
Y3(2)* = X3(2)2X2(3)* X1 (4)°.

That means we obtain the associated reduced matrix by

002012 02001
020230 201 2 0
002300|%lo1 20 0fl=m,
011000 00000
1 20000 1000 0

where we always only consider the finite part of the matrix which is different from
Zero.
We obtained the lower decomposition of M by

0 2 0 0 1 02 0 00 0 0 0 0 1
2 01 20 2 01 00 00 0 2 0
01 2 0 O0j=J01 0 O0 OJ+]0 O 2 0 O
00 0 0O 0 0 0 0O 0 0 00O
1 0 0 0O 1 0 0 0O 000 0O
and therefore

0 2 01

2 0 30

MP=10 3 0 0

00 0O

1 0 0O
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Since MV ¢ 9 we decompose [M D] =MD and get

02 0 1
2210
MP=|2 1 0 o]lem.
00 00
1 000

Now we apply ¥ ~! and obtain the monomial

N=vEDMP) = X, (1)?X1(3)X2(0)*X2(1) X3(0)> X3(1) X5(0)
= Y1(3)Y2(0)%Y1(2) 2 Y3(0)* Y3 (1) Ya(D) ™.

Due to Proposition 3.1 we get N € Mo(4 A + Ag).
Theorem 3.1 Let g be of type A. Then the map

ke > M)

LeP,seZ

M > @ lodow)(M)
defined as above is a morphism of crystals.

Proof We have already seen that ¥ is a crystal morphism therefore we limit the proof
to @ and get the claim by composition. Since @ is successively defined it suffices to
show that sending a reduced version matrix M to M preserves the crystal structure.
So we take such a matrix M = m;; and its lower decomposition M = M + M> with
M| = ml(jl) and M, = msz)

By definition we obtain

1 _ (1) 2)
(M( ))ij =m;t+mp .

Now we have to show the following fori € I:
(i) wi(M) =wr(MD),
(i) @i (M) =@i(M1V),
(i) € (M) = €MD)
and we find that computing M " interchanges with the Kashiwara operators, namely
@) (i) = fiMD),
W) @)D =e;mMM).

Since > jezmij does not change it is obvious that wt is invariant under this con-
struction.

We prove (ii) and (iv) simultaneously and (iii) and (v) follow in an analogous
manner. For simplicity we set M) =: N =n;;.
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We know that
@i (M) =max{ > mij — Y miy1jike Z}.
Jj=<k Jj<k
Assume ¢; (M) # 0 and let k € Z be minimal such that
@i(M) = Zmij - Zmiﬂ,j.
J<k j<k

Now assume @; (M) < ¢; (N).
That is only possible if there exists p € Z such that m; ) 1> ml(f_)l >

Otherwise »_;_,nij — > ;- ,Ni+1,j is equal to or smaller than }°;_,mij —
Zj<p Mi+t1,j-
Due to the lower decomposition this implies
(2) (1)
lp+] =Mip+1 — i+1,p M
and since M = M| + M>,
2) (D
mt(—i-l,p =Mitlp =My pe (@)
Now we compute
(1) (2) (1) (2)
J=p j<pr J=p Jj<p
_ (1) (2) (eY) 2
Zm 1/+l+m +mlp+l
j<p
(H (2) Y] 2
( Z mi gty i T +mi+l,p>
j<p—1
© " ) (1 m®
< jrmii g tmtmipe —mi
j<p
(D (2) (1) 2)
( Z mi gty ety +mi+1,p>
j<p-1
(2) (1) (2) (1)
Z z]+1 +m + M, p+1 — i+1,p
j<p
() )
( Z miy Ml i
j<p—1

(1) (1)
My o T Mt p — My p)
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Do omi= Y misi

Jj=<p+1 j<p+1

But due to the choice of k we have
@i (M) = Z mjj — Z Mit1,j
Jj<p+1 j<p+l
and hence
@i(M) = ¢i(N).

Now suppose ¢; (N) < ¢; (M).
It is obvious that 3, njj — > _;ni+1,j becomes smaller than }_;_, m;; —
> j<xMi+1,j if and only if
2 (@)
07 my e >miy.
Moreover the choice of k again implies that

mD

My SMiglk <Mik.

That means we have the following situation in Mj:

X ni= 3wl

1=i+1 I>i+1
and therefore
@ _ . (1)
M =Mik =My g_1-

With this equation we compute

(1) 2) (1) 2)
S e Y = zm+%H(znmﬂmM)

Jj<k—1 Jj<k—1 Jj<k—1 Jj<k—1
(1) m® 1 2
Zm lj+l+mlkl+m
Jj<k—2
[¢)) m®
( Z miiy, / mi, j+1
Jj<k=2

(€8] )
T e M 1)

(]) (2) (1) (1)
Z mptmp M Mg —my Ly
Jj<k—2

(1) (2) (D
( Z m Ly tml i tmi g s
Jj<k—2
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)]
+Mit1 k-1 — m; [ k—1

(1) (2) (1
Z my gt mik
Jj<k=2

(€8] (2) €))
- Z m; iyt z+1,j+l+mt+lk 2
Jj<k—2

+mit1 k-1

=Sy Emians

J=<k j<k
Hence

@i (N) > ¢;(M).

Furthermore these computations also show that we obtain ¢; (V) either by

2_mij = ) _mis.j

Jj<k i<k

or as in the last case by

DM ) M
j<k—1 j<k—1

and that k (resp. k — 1) is minimal with this property.

That means that we obtain f; (N) by operating on n; ; or on n; x—1.

So assume we operate on n; ; and consider the lower decomposition of f; (M).
In this case we know that m; ; > m;y1 x—1 and the same in N. That means n; ; >
Nit1,k—1-

Hence

(1) (D
Mg =M1 k-1

That implies
SEHEED
JZi+2 jzi+1

and in particular

() —
1+1k_0'

Therefore we get m( ) . increased by one in the lower decomposition of fi(M).

Moreover we know that

(e))
m; Ly g = Mitlk Z Mik+1-

@ Springer



J Algebr Comb (2012) 35:649-690 667

That means
@  _
Migs1 =0
and increasing ml(i_)l « by one does not change the decomposition of the k + 1st col-
umn.
Hence

(i) = fi(N).

(2

The same arguments show that m;’, ;

and we also get

is increased by one if we operate on n; —|

~ 1 ~
(i) = fiw). 0
For M € 9t we set B(M) to be the connected component of M in 9.

Corollary 3.1 For M € MM and ® (¥ (M)) =: n; j € N we consider s € Z maximal
suchthatn; j =0forall j <sandi €{l,...,n+1}. Furthermorefork=1,...,n+
1 we define the quantities

a= Y Mikts—1— Y Mikts =0,

ie{l,...,n+1} ie{l,...,n+1}

Then we have

k(M) € M (Z akAk)

k=1

and hence by restriction

Kigm) : B(M) — M (ZakAk>

k=1

is a crystal isomorphism.

Now we give an application of the compression. In their framework about the
correspondence between Young walls and Young tableaux, Kim and Shin [7] gave
another realization of the crystal bases B(A) in the sense of reversed Young tableaux.
Moreover Kang et al. [2] constructed a crystal morphism between the monomials
in M (X) for dominant integral weights A and those reversed tableaux. By combin-
ing this with the crystal morphism x we can generalize their morphism to arbitrary
monomials in 1.

For a dominant integral weight A we define S(X) to be the set of all (reversed)
semistandard tableaux of shape A with entries 1, ..., n + 1, which gives a realization
of the crystal bases B(}) [7].

Let M € M;(X) be a monomial and m;; the associated reduced matrix in 91. We
define the tableau S(M) to be the semistandard reversed tableau with m; ;, the number
of i entries in the jth row.

Then we get
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Proposition 3.5 [2] The map

QM) — SO
M = S(M)

is a crystal isomorphism.

It is obvious how to generalize this morphism to M (X). Let M € M (X) be a
monomial and m;; the associated reduced matrix in N. In this case we define S(M)
to be the semistandard reversed tableaux with m;;, the number of i entries in the
Jj — s + Ist row, and get the morphism

Q: J M - [Usw
AEP,sEZ reP
M — S(M).
The combination of this morphism with the compression map « yields

Corollary 3.2 The map

Qok: M — US(A)
AEP

is a crystal morphism.
Example 3.2 For g of type A4 we consider the monomial
M=Yi®"'(NG) ) R0 )%
We have already seen that
k(M) =N = X1(1)>X1(3)X2(0)*X2(1) X3(0)* X3(1) X5 (0),

with the corresponding reduced matrix

— O NN O
SO~ NN
[N eNel =
SO O O

Therefore we assign the following semistandard reversed Young tableau:

S(M) =

—
—
\V]
\V]

ofeo|ro ||
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4 Insertion scheme for monomials in type A

In this section, as another application of the compression given in Sect. 2, we de-
fine a bumping rule for Nakajima monomials. That means we consider the crys-
tal tensor product of two monomials M; and M> and search for a monomial N €
U AeP.sel M (X)) such that the connected component of M| ® M, is isomorphic to
the connected component of N. Moreover we will see that this bumping is compatible
with the reversed bumping for reversed tableaux (given in [8]).

Before we define the monomial bumping we recall the tensor product rule for
crystals By and B».

The set By ® By :={b1 ® b2; b1 € By and by € By} becomes a crystal by setting

wi(b1 ® by) = wi(by) + wi(b2),
€i(b1 ®by) = maX[Gi (b1), € (b2) + (hi, wi(b1))},
i (b1 ® by) = max{g;(b1) + (hi, wi(b2)), ¢i (b2)},

P fibi @by if i (b (b,
filb1®by) = fi 181 2 1 @i (b1) > €;(b2)
b1 ® fiby if gi(b)) <e€i(b2),

o |
ei(b1 ®by) = lj‘ ® eiby 1 @i (b1) < €;(b2),
¢ibi @by if g (b1) = € (ba).

Let now M| and M, be reduced matrices of monomials in 9J1. In order to use the com-
pression procedure we associate a matrix M; « M, € Mat, 4 |«7(Z>0) to the tensor
product M| ® M> in the following way:

=)

M| ® My +— M, M, =:M; x M>,

0
0

where again M and M; stand for their finite parts different from zero.
With the crystal structure on Mat,,11x7(Z>0)/ ~ we can show the following.

Proposition 4.1 The map

Mat, 1x7(Z=0)/ ~ ®Mat,1xz(Z=0)/ ~ — Mat, 1xz(Z>0)/ ~
M; ® Mp = M x M,

is a crystal morphism.

Proof Let My and M, be matrices as above and after possible renumbering we set
M, = (milj)izl,...,nJrl and M, = (m%j)le ,,,,, »+1. For simplicity we write
i j=1,0 ’ j=1,..t

My x My =M =m, ;.
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Since M and M, are reduced we get by definition that M x M> is a reduced matrix
without any A1 application.

We have to show that wt, ¢; and ¢; are invariant under this map and that it com-
mutes with f; and &;. We observe directly from the definition that

wt(M1 @ M) =wt(My *x M>).
For i € I we show that
i (M1 ® M3) = @; (M1 * M>).

In order to do this we distinguish the two cases ¢; (M) > €;(M>) and ¢; (M) <
€;(M). At first we assume ¢; (M) > €; (M>) and take k minimal such that

1 1
(M) =) mij—miyy o
j=k

This implies

@i (My * Mp) = Z mij —miq1,j—1.
J<k+t+1

_ 1 1
= Z’”i,f' Mg j-1

=k
2 2
+yomi =) miy
j j
since (h,’, Aj) = (S,',j,

= @i(M)+ Y _m}j(hi. Ai — Ai)
J

+ Zmiz+l,j (hi, Aiy1 — Aj)
J
= @i(M)+ Y _m?;(hi. Bi)
J
+ Y miyy thi, Big)
J

= @i (My)

+<hi72m%j Bi+ Y miy ,3i+1>
J J

<hl’ﬁ]):0f0r.]7élvl+1’=¢I(M1)+<hlv (Zmlzd>ﬂl>
i J
= @i(M1) + (hi, wt(M>))
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since @; (M) > €;(M2), = ¢; (M1 @ M>).

Moreover these computations also show: If ¢; (M) > €; (M>), then k is minimal with

@i (M1 5 M2) = @i (M) = Zmi,j - Zmi+l,j
j<k j<k

and hence
fi(My % M>) = f; My % M>.
Due to the tensor product rule we also observe
fi(My ® Ma) = fiM; ® M,

which implies that the map interchanges with £; in this case.
Let now ¢; (M1) < €;(M>). This yields directly

i (M1 x M) = @i (M2) = ¢; (M1 @ M>)

and again f;(M| % M) = M, x f; M>.
The same arguments hold for ¢; and ;. O

With this interpretation of the crystal tensor product of monomials we are able to
give the definition of bumping for Nakajima monomials. Let M| and M> be mono-
mials in 9T then we define M| — M, as the result of the following compositions of
crystal morphisms:

MxM >  MatyixzZe0)/~ > N~ — () M)
LEP,s€Z
(My. M) +— WMD) «¥My) > N oI,

In other words we set
My — My =@ (¥ (M) * ¥ (Mp))).
With Proposition 4.1 and Theorem 3.1 we observe

Theorem 4.1 Let g be of type A. Then the map

mem - |J M
LeP,seZ
M @M, +— M, — M,

defined as above is a morphism of crystals.
Now we notice that the monomial bumping coincides with the tableaux bumping

defined in [8]. More precisely, if we take M1, M, € 97T we have two possibilities to
associate a reversed tableaux to their tensor product M| ® M>.
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The first one is to take the monomial bumping M; — M; and to consider the
tableaux S(M; — M>) in the sense of Corollary 3.2. On the other hand we com-
pute S(M1) and S(M>) and apply the reversed bumping rule given by Kim and Shin
[7, 8], namely S(M1) — S(M3). Corollary 3.2 and Theorem 4.1 imply

S(M{ — M>) =S(My) - S(M>).

5 Compression of Nakajima monomials in type C

In this section we will define the compression of Nakajima monomials for a Lie
algebra g of type C,,. We briefly recall the basic setting of g. Let P be the weight
lattice of g and B4, ..., B, the orthogonal basis of P. Let further / = {1, ...,n} be
the index set for the simple roots given by «; = i — i1 fori =1,...,n — 1 and
o = 28,. Moreover we get the fundamental weights by A; = 81 + --- + B; and
therefore B; = A; — A;—1. Then we compute for alli % n and j € I:

2 ifi =,
(hj,aij)=1—1 ifj=i—1lorj=i+1,
0 else
and
2 if j=n,
(hj,ap)y=1-2 ifj=n—1,
0 else.

As in the A,,-case we set

With this notation we obtain for j € Z

Y)Y (DT G+ DY G+ DT ifi#n,
Ai(j)=

Yu(DYn (G4 DYoi (G + D72 ifi =n.
LetB:{l,...,n,i,...ﬁ}; then we define a total order on B by
<2< <n=<n=<--<2<1.

Fori € I and j € Z we consider the variables defined in [3]:
Xi() =Y+ D7),
X;(j):=Yia(G+n—i+DYi(j+n—i+ 17"
With these variables we have fori #n

Ai(j) = Xip1 ()X (),
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Ai() =X —n+DX;G —n+i)7!
and
An(j) = Xu(DXr(H 7

Furthermore it is easy to see that fori =1, ..., n and some p — g =n — i the follow-
ing equation holds:

Xi(p)X7(q) = Xit1(p) Xi77(q).

This equation will be important later when we define the equivalence relation on
matrices because it involves more options to write an arbitrary monomial as a product
of X;(j)s and X5(j)s.

As in Sect. 3 we recall the characterization of M1 (A) with a dominant integral
weight A for Lie algebras of type C,, given in [3].

Proposition 5.1 [3] Let A =aj Ay + --- + a, A,,. Then the connected component
M1 (A) containing the maximal vector

My =Y (D" - Y, (1)
is characterized as the set of monomials
M = Xll,l (1) e Xt1.k1 (1) Tt th.] (}’l) e th,k,, (n)

satisfying the following conditions:

(i) kj=aj+---+ayforal j=1,...,n,
(i) tj1 El‘j’zz"'ztj‘kijrallj= 1,...,n,
(iii) foreach j=2,...,nandl=1,... k;, tj_1;>1tj].

For s € Z we also consider the shifted highest weight monomials of weight A
My =Y1() Yo ()™ - Yy (s)™.

As an immediate consequence of Proposition 5.1 we obtain their connected compo-
nent M (1) by the set of monomials of the form

M=th_1(s)"'Xt1,k] (S)"'X;nyl(S‘I-l’l - 1)"'Xt,,,kn(s+n - 1)

satisfying condition (i),(ii) and (iii).

We will see later on that these conditions translate into the notation of matrices
exactly the same way as in the A,-case. In order to use similar constructions as in
Sect. 3 we show that 91 is generated by the elements X;(;j) and X7(;j). That means
we define M to be the free abelian monoid generated by the set { X;(j), X7(j),i =
1,...,n, j € Z}. We further define an ideal J C M by
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J::<ka(j+i—k)Xk(j—n+k—1),
k=1

i
HXk(j—i—l—k)Xk(j—l—n—i—l—k),i:l,...,n,jeZ> .
k=1 M

Hence the quotient M/J becomes a group with

i—1 i
xiH =] xG+i-[[XeG—n+k-1
k=1 k=1

and

i—1 i
;)= XeG —i+ O [[ X +n+1-h.
k=1 k=1

This gives rise to an analog of Proposition 3.2.

Proposition 5.2 We have

M=M/J.
Proof We consider the map that identifies X; (j) with ¥;(j)Y;_1(j + 1)~ and X5(j)
with Y 1(j+n—i+1Yi(j+n—i+ 1)~ Let M =[];c; ez Yi(j)" ) be a mono-

mial in 9. In order to show surjectivity we consider again each ¥; (j)* (/) separately
and distinguish two cases.

1. Case: y;(j) > 0, then we write
i—1 i

v(h=[InG+i-o7"' [[nG+i-b

k=0 k=1

=[] xxG+i—h.

k=1

Therefore we get

i
Yl.(j)yi(j) — 1_[ Xe(+i— k)yi(j)_
k=1

2. Case: y;(j) <0, then we set
i
Vi) =] X —n+k—1)
k=1
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and hence
i
)/'i(j))ri(j) — 1_[ Xz(j —n+k— 1)_)}[(/).
k=1

With these equations we compute

i—1 i

XiN =YD GO =] X +i =B [[Xe( —n+k=1)

k=1 k=1
and
() =Y An—i+ DTG 4n—i+1)
i—1 i
=[]xzG —i+O [ XcG+n+1-h.
k=1 k=1
which implies injectivity. O

Remark 5.1 The equation, for p —qg =n — i,

Xi(p)X;(q) = Xit1(p) X777(q)

also holds in M/J.

Due to Proposition 5.2 we can write an arbitrary M € 91 as a product of X;(j)s
and X5(j)s. More precisely, there exist m;; € Zxq such that

M= [] xiGym.

i€B,jeZ

In other words, we can associate a matrix m; ; to each M € 9, where i €
{1,...,n, I,.. .,n} and j € Z. That means we obtain a matrix in Maty,x7(Z>0).
As in the A,-case these are matrices with just finitely many non zero columns and
we number the rows by 1,...,n,n,..., 1instead of 1,...,2n.

In order to get a bijection between the monomials and those matrices we need
to fix the matrix notation. Consider M € Maty, 7 (Z>0) with M = m; ;. Then the
definition of J and Remark 5.1 allow us to apply the following rules without changing
the underlying monomial.

Rule C1 For a pair p, g with p — g =n — b with
mpp #0 and mg’qgéo

w§ decrease my, ;, and mg . by min{my ,, mqu} and increase mp41,p and MpT by
min{my, p, m;yq}.
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Rule C2 For a pair p, g with p —g =n — b+ 1 with
mpp #0 and mg . #0

Wf.} decrease my, ;, and mg by min{my ,, mg’q} and increase mp—1,p and M= 4 by
min{my, p, mg’q}.

Moreover we have an analog of rule Al.

Rule C3 Foreveryi € {1,...,n} and k € Z with
Mmi_g ks 70 foralls =0,1,...,i -1

and

m

#0 foralls=0,1,...,i—1

i—s,k—n+i—1—s

we decrease all these entries by

0,1,....i—1}.

MIN{M —g ks, M7=5 g _pvi—1—s>

We call such a collection a generalized diagonal at m;  and this procedure a cance-
lation at m; k.

We can also insert some generalized diagonals to get longer ones:

Rule C4 Foreveryi €{l,...,n}and k € Z with

mi 70
and
M= j_pyi—1—s 70 foralls=0,1,....i—1
we increase the entries m; g y4s foralls =1,...,i — 1 by
min{m; g, m;— 0130, 1.0 — 1}

and apply C3 to get a longer cancelation at m; .
Foreveryi € {1,...,n} and k € Z with

M _pgiz 70

and
mi_sp4+s 70 foralls =0,1,...,i—1
we increase the entries m;—; K—nti—l—s foralls=1,...,i —1by
min{m; g ks, M pti1> 0,1,...,i —1}

and apply C3 to get a longer cancelation at m; .
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We use the rules C1-C4 to get reduced versions of the matrices associated to
monomials in 9T. We explain what we mean by reduced in this case:
Let m; j € Maty, x7(Zx>0) be a matrix corresponding to a monomial M € M:

M= T] xiG)m.
ieB,jeZ
We search for [m; ;] such that
(1

Z [mij]zmini Z n,-j; l_[ X,‘(j)mij: 1_[ X,'(j)"ij},

ieB,jeZ ieB,jeZ i€eB,jeZ i€eB,jeZ

(ii) there are no pairs p, g with p —qg =n — b + 1 such that

[myp]#0 and  [my ] #0.

We use the rules C1-C4 stepwise to obtain [m;;] from m;; as follows.

Let j be minimal such that m; y =0 for all i € B and k > j. Then we start at m,, ;
and apply C1-C2 to all the other entries if this yields an application of C3-C4 to
my, j. This means we try to get some cancelation at this entry.

After that we go left to the next entry in this row and do the same.

Once we have done this with the whole row we go to the upper one and apply the
same procedure until we reach m i.

At the end we apply C2 to guarantee the desired condition (ii).

With this notation we define an equivalence relation on Maty, x7(Z>0):

m,',j ~ n,-,j iff [m,-,j] = [n,-,j].
We consider the quotient
Maty x7(Z=0)/ ~ .
It is obvious that two matrices which lie in the same equivalence class correspond to

the same monomial and vice versa. Hence by sending a monomial onto its reduced
matrix we get

Proposition 5.3 There exists a bijection between M and Maty, x7.(Z>0)/ ~.
In order to get a morphism of crystals we endow Maty, x7(Z>0)/ ~ with a crystal

structure by defining it on the reduced representatives.
Let M =m; ; € Maty, «7(Z>0) be a reduced matrix. Then we set

wit(M) = Z(Z(mij - m;,j))ﬂi-

i=1 \jeZ
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For i # n we put

@i(M) = max{zmij + M i — ZmiJrl,j +m; ke Z},
Jj<k Jj<k

€i(M) = _min{zmij M i T Zmi+l,j +mp i i ke Z}
J>k =k

and

on(M) = max{Zmn,j — Zmﬁ'f; k e Z},

j<k Jj<k

(M) = —min{Zan — Zmﬁ’j;k € Z}.

>k jzk

If ; (M) =0 we set f;(M)=0foralliel. i
Let now ¢; (M) # 0 then we define the Kashiwara operator f; for i # n.
Let k be minimal such that

@i (M) = Zmij M i Zmiﬂ,j +mi i i
Jj<k j<k

Then we distinguish the following two cases.

1. Case: mi+—1’k_,~1+i =0.
Then we set f; (M) as the matrix we get from M by increasing (resp. decreasing)
mi41 k (resp. m; ) by one. Formally, we obtain f; (M) = nA’LS,j from M =m; ; by

My, j if (s, j) € (G, k), G+ 1,6},
n%,j =1mi;—1 if (s, j) =(, k),
mipx+1 if (s, j) =0 +1,k).

2. Case: mypy g, qy 70
Then we define f; (M) as the matrix we get from M by increasing (resp. decreas-

ing) ms kenti (resp. mi k—n+i) by one. That means we obtain fl M) = ﬁzs,j from

M =my ; by

ms if (s, )¢ {G, k—n+i),(+1,k—n+i)},
"ﬁs,j: mi-l—_l,k—n+i_1 1f(S,])=(l_+1,k—n+l),
Mg+ 1 G, ) =G k—n+i).

Now we give the definition of fn(M ) for ¢, (M) # 0.
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Let £ be minimal such that

On(M) =" "mpj—> ma;.

j<k j<k

Then we set f,(M) as the matrix we get from M by increasing (resp. decreasing)
ma i (resp. m, ) by one. More precisely we obtain f,(M) = i, ; from M = my ;
by

mS,j 1f(S,])¢{(n,k),(ﬁ,k)},
Mg j={mpr—1 if (s, j) = (n,k),
mpr+1 if (s, j) =@, k).

Ife;(M)=0wesete;(M)=0.
For €; (M) # 0 let p be maximal such that

€M)=~ (Z Mij M g = D Mt +m;,,-_n+i>-

j>pr jzp
Then we distinguish the following two cases to define ¢; (M) for i # n:

1. Case: MY ponti #0

Then we set ¢; (M) as the matrix we get from M by increasing (resp. decreasing)
mj,p (resp. m;41,p) by one. Formally, we observe é; (M) = rii,, j from M = my ; by

ms,j ]f(sﬂj)¢{(i’p)v(l+lsp)}9
g j=ymip+1  if (s, /)= p),
mi-l—l,p_l lf(sa]):(l-'_lvp)

2. Case: MT ponti = 0.
Then we define ¢; (M) as the matrix we get from M by increasing (resp. decreas-

ing) M ponati (resp. m; p_n+l.) by one. That means we obtain ¢; (M) = r?zw' from

M =mssj by

ms, j if s, )¢ (G, p—n+i),Gi+1,p—n+i)},
s j = \ M pnyi T 1 if (5. ) =G+ 1 p—n+i),
m?,p—n—i-i_l if (s, j))=0,p—n+i).

Let p be maximal such that
en(M)=— (Z Mn,j — Zmn,/)
j>p jzp
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Then we set e, (M) as the matrix we get from M by decreasing (resp. increasing)
my, p (resp. my_p) by one. Formally, we obtain e, (M) = nﬁs,j from M =m; ; by

mS,j 1f(S,J)¢{(}’l, p)a(ﬁv p)}a
’/hs‘jz mn,p+l if (s, j) = (n, p),
mz.p—1 if (s, j) =@, p).

Easy computations show that Maty, «7(Z>0)/ ~ along with the maps wt, ¢;, €;, f,
and ¢; becomes a semi-normal crystal. As in Sect. 3 we prove that this crystal struc-
ture coincides with the structure on 91 under the above bijection.

Proposition 5.4 The bijection

{178 m — Matgnxz(Zzo)/ ~
M= [ xi™ —  [mjl

i€eB,jel
is a crystal isomorphism.

Proof 1t is easy to verify that wt, €; and ¢; are invariant under ¥ especially because
they are invariant under the application of C1-C4. It remains to show that ¥ com-
mutes with the crystal operators f; and &;. Let M € 9)t be a monomial with associated
matrix [m; j]. Due to the crystal structure defined on the matrices it follows almost
directly that for all i € 1

fion =TT x(fitmd
leB,jeZ

and the same for ¢;.
Therefore it suffices to verify that

fi(imi1) = [fi(lmi;1)]
and
éi(mij1) = & (Imi;1)]-

Since this can be proved analogously we just give the proof for f;.
For simplicity we denote [m;, ;] by m; ; and for i # n let k be minimal such that

oi(M) =Y mij + MET jonti — D miprj+ Mg i pyie
Jj<k j<k

First we look at the case my7 ;_,,; = 0. That means we get fi (my,j) by increasing
m;41.x and decreasing m; ; each by one. Let us assume that the increase of m; 1
induces a longer or new cancelation. But this yields

miy1,k = 0 and sz,k7n+i =0
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and together with the choice of k this implies

mix+1=0 and m 0.

i+ k—n+i+1 —

Since mj j+1 =0 and m;;_, ., =0, the increase does not provide any generalized
diagonal at m; 4 x+1—s for positive s, without insertion. But those insertions would
have been done before we operate with ﬁ because m;_ ; is in reduced form.

It is still possible that we get a new generalized diagonal by C4 at m; 11 j itself. But
we get no diagonal m; 4 1—g k45 # 0 fors =0, ..., i since m; x+1 = 0. Furthermore we
cannot increase this entry by applying C1 because otherwise we could have applied
C4 at m; i+ before.

The second possibility to apply C4 at mj41 x needs myy—; ;_,,;_ 7 0 for all
s =0,...,i. In particular we get M5 kn1tis #0forall s=0,...,i —1 and
m; x 7 0 which implies an application of C4 at m; ; before operating. This is again a
contradiction to the fact that m;_; is reduced.

Moreover since m; ;_,,; = 0 we cannot apply C1 to the increased m;1 k.

Overall we have seen that operating with f; preserves the reduced version in this
case.
Similar arguments hold for the case m;7 ,_,,; #0. |

Now we translate the characterizing conditions of the monomials that give a real-
ization of the crystal bases, given in Proposition 5.1, into the language of matrices.
We will recognize that those are the same conditions as in Sect. 3. From this obser-
vation one can deduce that similar constructions yield our desired morphism.

Definition 5.1 Define 91 C Maty, x7(Z>0) as the set of matrices whose reduced ver-

sions have only zero-entries out of a 2n X n-submatrix M = (m;;j) ;.5 .7 satisfy-
j=0,..n—1
ing the following properties:

(i) mjj eZZofori:l,...,n,ﬁ,...,Tandj:O,...,n—1,
(>ii) Zkzimk,jfzbimk,j,]fori=1,...,n,ﬁ,...,1andj=1,...,n—1,where
we set >y ;mg, j—1 =0fori=1.

Due to the crystal structure and the equivalence relation above we observe the
following remark which helps us to guarantee that operating interchanges with lower
decomposition later. Moreover it implies that 91 and hence also 1 are stable under
application of &; and f;.

Remark 5.2 Let m; ; be a reduced version of a matrix in Maty, x7(Z>0) and i € I.

(1) If f; acts on m;  then m; g > m; 41 x—1,
(i) if ¢; acts on m;y1,, thenm; 1 p > m; pyi1,

where weseti +1=i —1ifie{n,...,2}andn+1="7.

As mentioned above we also use the lower decomposition rule for the latter con-
structions. Therefore we need a C-analog of Lemma 3.1.
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Lemma 5.1 Let [M] = (m;;);o1,. 5.7 € Maty,x;(Zx0) be a reduced matrix with-
j=0,..., 1

A
out zero columns which satisfies condition (ii) of Definition 5.1.
Then we have

[ <n.

Proof_Assume I > n and consider a special collection of elements in B={1,...,n,
n,...1}:

Fork=1,...,n 4 1let i} € B be maximal such that m;, ; # 0.

This collection exists because there are no zero columns and / > n. Furthermore
condition (ii) of Definition 4.1 implies

i1 <ip <---<ip<Ij.
That means there exists at least one pair p,q € {1, ...,n + 1} with p > g such that
ipe{l,...,n} and iz=ip.
Let p be minimal with this property. The minimality of p yields
p—q=<n—ip,+1.

We assume p —q <n —1i,+ 1, namely p—qg=n—i,+1— j for some j € N.
Let us consider the number of elements between i pandig:

Wiprip_ts.origitsigll=n—i,—j+2.
Since
n—ip—j+2+Gp—D=n—j+1<n+1
there is another pair p, ¢ with p > p > g such thatis € {1,...,n} and i; :g. If we

consider p minimal with this property one gets
p—qg=<n-—i »t+ 1

If we assume p — G < n —i; + 1 we can use the same arguments as above. This way
we can inductively conclude that there has to be such a pair with p —g=n—i, +1
which is a contradiction to m; ; being reduced and therefore / < n. O

Let us define the C-analog of the map @ given in Sect. 3.

@ : Maty,x7.(Z>0)/ ~ — N/~
mij = onj,

where we compute 7;; as follows:
Let M be a reduced version matrix in Maty,x7(Z>0)/ ~. Then we consider the
lower decomposition of M:

M =M + M,
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with M| = ml(lj) M, = ml(zj) and M € 1. We use exactly the same decomposition
as in Sect. 3.1 with 2n rows instead of n 4+ 1. Then we move every entry of M> one
column to the left and denote this matrix by Mz(l) and set

MY = my + M.

Then we decompose [M 1] and proceed the same way until the iteration becomes
stationary and we reach M® = ml(kj) € N. Then set

ni,ij:zM(k).

Before we show that this map has the desired properties we state another lemma
which will be useful for the proof of the main theorem.

Lemma 5.2 Let M = M| + M be the lower decomposition of a matrix in reduced
form with M| = ml(lj) and M, = ml(zj) Then there exists no pair p,q with p —q =
n — i such that

m{) #0 md;@2¢a

Proof Due to the lower decomposition rule we obtain M; € 91 and since M is reduced
it is obvious that M is reduced. Now one can use the same arguments as used in the
proof of Lemma 5.1. g

We define the compression map k again as the following composition:
k=0 lopow
and show.

Theorem 5.1 Let g be of type C. Then the map

KM — U M (D)
LeP sl
M — @ lodow)M)

defined as above is a morphism of crystals.

Proof We limit ourselves to proving that sending a reduced matrix M onto M) thus
defined preserves the crystal structure. This implies inductively that @ and hence
w~! o ® o W are crystal morphisms. So consider M = m;, ;j the reduced form of an
arbitrary matrix in Maty, x7(Z>o) and m; ; = ml(lj) + ml(zj) its lower decomposition.
For an i € I we have to show:

(i) wr(M) =wit(MD),
(i) @i(M)=@;(MD),
(i) (M) =& (MD)

@ Springer



684 J Algebr Comb (2012) 35:649-690

and that computing M) commutes with the Kashiwara operators namely

(i) (it)D = f;(MD),
V) @)D =& (mD).

We confine ourselves to prove (ii) and (iv) because the rest follows analogously.
Rather we just show (ii) and get (iv) from the A,-case. Set N = M| + Mél) with
N =n, ; and let k be minimal such that

@i(M) = Zmij T i ZmiHJ Tm; i
<k Jj<k

In the first step we show @; (M) < @;(N).
For simplicity we introduce some notation.
Fori € 1,] € Z and a matrix M =m; ; we set

pia(M) = mj j+ M jopti — D migij+ UL
j=l j<l

First of all we look at the case M epi = 0. That yields m; x # 0 and further-

more Remark 4.2 says m; ; > m;4+1 x—1. The fact that M is reduced also implies
My i = 0. We show that either

Pik(N) = pi (M) = @i (M)
or
Pik—1(N) = pi (M) = ¢;i(M).
Let us assume that p; ¢ (N) < p; x(M). The first case that could yield this is
DBUTED BNEED NS PN
Jj<k j<k j<k j<k
But the computation in the proof of Theorem 3.1 shows that in this case we obtain
DmiG =) Miv = D mij = ) Mt
j<k j<k j<k—1 j<k—1

and since M fpi = 0, Mg pyiog = 0 we get

@i (M) = pik-1(N).
The other possibility to get p; x(N) < pi x(M) is
j<k Jj<k Jj<k Jj<k

and

E :ni-Tl,j—n+i - § :”?,j—n+i < § :mi—Tl,j—n+i - § :m?’,j—n+i~

j=k Jj<k j<k i<k
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The first equation implies 0 # m l(lk) > ml(l_)l v—1 and the inequality yields

2 @
= > .
07 M k=nti T k—ntig1

But the existence of 0 # ml(lk) and 0 # le,f_nH provides a contradiction to
Lemma 5.2. ’

Now we consider the case M ke pti # 0. Since M is reduced we getm; 11 =0
(2

itk = 0. Therefore the only chance to have p; x(N) < p; k(M)

. 2 0] L . ..
is my; ¢ # 0 and 0 # Mt nti ™ T hntig ]’ which is again a contradiction to

and in particular m

Lemma 5.2.
Overall we get

@i(M) < ¢i(N).
It remains to show that
@i(M) = ¢;i(N).
Suppose ¢; (M) < ¢; (N), which means there is a t € Z with
Pi,i(N) > ¢i(M).
We distinguish the same cases as above. At first we assume
Do D Mkl > Y mi = ) mitlj.
jst j<t j=st Jj<t

That is only possible if mgzt)ﬂ > ml(i)l ;- In particular we obtain m; ;11 # 0 and hence

= 0. From the A,-case we know that the following inequality holds in this

PUNED BN NED DEINED DR TN

J=t j<t Jj<t+1 j<t+1

M3 p—n+i
case:

Combining this with mz

i p—n+i — 0 and p; ;(N) > ¢; (M) we see

Dit+1(M) > @i (M),

which is a contradiction to the choice of k.
Now suppose that

an,jfrhki - Z"?,j—nw = me,jfnﬂ' - Z’"z‘:f—nw'

J=<t j<t Jj=<t j<t
2 2 S .
That means 0 # m®-  >m?  andthe Ay -case implies again
i+1,t—n+i+1 i,t—n+i
n- . . — n- . << m- . . — m- . ..
Z i, j—n+i Z i,j—n+i — Z i,j—n+i Z i,j—n+i
j=<t Jj<t Jst+l J<t+l1
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If m; p+1 =0 we obtain the same contradiction as in the above case. So we assume

m; p+1 # 0. Butin order to get p; ;(N) > ¢; (M) we need mfl) # 0 because other-

! P+l
wise
Pi.t(N) = piit1 (M) < ¢i(M).
1 2 . _
Bu;_lml.’m_1 # 0 and M pyigl # 0 provide a contradiction to Lemma 5.2.
ence

0i(M) > @i (N).

Moreover these arguments also show that either k or k — 1 is minimal such that either

@i(N) = pik(N)
or
@i(N) = pik—-1(N).
Finally Remark 5.2 and the A, -case imply (iv), which finishes our proof. 0

Example 5.1 For g of type C3 we consider the monomial
M=Y,0)Y1 QY ()71 G) Y3 Y4 T2 Y2(0) Y2 (3) Ya(5) T2 Y3(0) Y3 (4).
‘We can write M as

M = X1(0)X1(2)X1(—=2) X1 (2) X1(0) X7(1)* X2(0) X1 (1) X2(3) X1 (4) X5(3)
X1(2)>X3(0)X2(1) X1 (2) X3(4) X2(5) X1 (6)

with reduced version matrix

1 0200

1 1010

[m<~]=10001

nJ 00 0O0O

00010

1 1.2 00

We observe its lower decomposition by

1 0200 1 01 0O 0 01 0O
11010 1 1000 000 1O
1 000 1) |1 0O0O0O 0 00 01
0000 0|=|looooo|lT|looooo
00010 000 O0O 00010
1 1.2 00 1 00 0O 01200
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and therefore

1 110
1 110
1 1 0 01 1
[m; 1V = 000 ol [[m: 1]
0 010
2 200
One further step yields the desired matrix in 91:
1 1 1
1 20
1 0 1
D (¥(M)) = 00 0
010
4 0 0

and by application of ¥ ~! we get the monomial
N = X1(0)X1(1)X1(2)X2(0)X2(1)2X2(2) X5(0) X5(0)*
= Y1(0)Y2(0)Y2(1)?Y1(3) " V3(D) Y2 (1) € Mo(BA; + 245 +243).

Let B(M) be the connected component of M € 9.

Corollary 5.1 For M € MM and ® (Y (M)) =: n; j € N we consider s € Z maximal

such that n; j =0 for all j <s and i € {1,...,n,n,...1} = B. Furthermore for
k=1,...,n we define the quantities:
aj := Zni,kﬂq - Zni,kﬂ > 0.
ieB ieB

Then we have
n
k(M) € M (Z akAk)

k=1

and by restricting our morphism to the connected component we get

K|\BM) : B(M) — M (ZakAk>

k=1

is a crystal isomorphism.
Kim and Shin [7] also gave a realization of the crystal bases in the sense of re-
versed Young tableaux for Lie algebras of type C. In this case they obtained S(A)

as the set of all semistandard reversed Young tableaux of shape A with entries
1,...,n,m,..., 1 satisfying some conditions (for details see [7]). Moreover Kang et
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al. [3] constructed a morphism between M (1) and those tableaux for g of type C,,.
This is similar to the one in Sect. 2 and can also be generalized to a crystal morphism
between arbitrary monomials and tableaux in S(}) via compression.

Let M be in M ()) for an integral dominant weight A and m; ; its associated
reduced matrix. For i € B we define again S(M) to be the reversed tableaux with
m; ; many is in the jth row. In order to get a tableaux that satisfies the condition of
S(A) we have to apply the rules (al-1) and (al-2) which are due to [3]. If we denote by
[S(M)] the reversed tableaux we obtain from S(M) by applying those rules we can
state the following.

Proposition 5.5 [3] The map
Q:M@x) — SO
M - [S(M)]

is a crystal isomorphism.
As in the A, -case we continue this morphism to M (). Let M € M (A) be a mono-
mial and m;; the associated reduced matrix in 1. We set S(M) to be the semistandard

reversed tableaux with m;, the number of i entries in the j — s + 1st row, and get the
morphism
Q: | M - [Jsw
LEP,s€Z reP
M = [S(IM)].

If we combine this result with Theorem 5.1 we get a morphism between Nakajima
monomials and tableaux:

Corollary 5.2 The map

Qok:M — US(A)

repP

is a crystal morphism.
Let us consider an example.

Example 5.2 For g of type C3 consider the monomial
M=12’L1) " O 0)Y33) "

Via compression we get @ (¥ (M)) by

— e O =
SO = O~ O
[eNeoNeBeNe N
(=Nl lolo]
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This yields the following tableau:

S(e(M)) = 53] @

[1]2]3]2

=[Sk(M))] e SA).

>~|c,o|>~|
o
rof o no]

[1]2]3]3

6 Insertion scheme for monomials in type C

In this section we define a C-analogue of the bumping rule for Nakajima monomi-
als given in Sect. 4. Let M, M> € Maty,«7(Z>¢) be two reduced version matrices
of monomials in 9)t. As in the A,-case we need to associate a matrix M| * M, €
Maty, x7(Z>0) to M1 ® M>. In order to ensure that M; * M> is in reduced form
we need more zero columns between M| and M> in this case. Namely we insert n
zero-columns and define

0o ... 0
0 0
My x My = M, CoM, € Maty;, xz(Z>0).
0 0
0 0

With the tensor product rule and the same arguments as in Proposition 4.1 we observe:

Proposition 6.1 The map

Maty, x7(Z>0)/ ~ @Mato, xz(Z=0)/ ~ — Maty,xz(Z=0)/ ~
M Q M — My x M»>

is a crystal morphism.

Furthermore for M|, M, € 971 we can define the bumping M, — M| via compres-
sion analogously to the A,-case:

My — My =~ (& (¥ (M) % ¥ (M2))),

where ¥ is the crystal isomorphism between 9 and Maty,x7(Z>0)/ ~ and @ :
Maty, «7(Z>0)/ ~— I/ ~ the matrix compression. Theorem 5.1 and Proposition
6.1 imply

Theorem 6.1 Let g be of type C. Then the map
mem - |J M
LeP seZ

M @M, +— M| — M

is a crystal morphism.
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Kim and Shin [7, 8] also defined a bumping rule for reversed tableaux in type C.
Therefore it is natural to compare [S(M| — M>)] and [S(M)] — [S(M3)] as in
Sect. 3, where [S(M| — M>)], [S(M1)] and [S(M>)] are the corresponding tableaux
in [ J, S(1) due to Corollary 5.2. Theorem 6.1 together with Corollary 5.2 implies
again

[S(M — M) =[S(M)] — [S(M2)].
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