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Abstract It is shown that the graph I, that has the set of all n x n symmetric matri-
ces over a finite field as the vertex set, with two matrices being adjacent if and only
if the rank of their difference equals one, is a core if n > 3. Eigenvalues of the graph
I, are calculated as well.
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1 Introduction

A graph homomorphism between two undirected graphs I" and I'’, with no loops and
multiple edges, is a map @ : V(I') — V(I"') between the vertex sets such that the
following implication holds for any v, u € V(I"):

{v,u} is an edge — {@(v),@(u)} is an edge. @))

In particular, @ (v) # @ (u) for any edge {v, u}. A graph homomorphism is an en-
domorphism if I' = I'’ and an automorphism if in addition @ is bijective, and the
converse of (1) also holds (the last statement is redundant if the graph is finite).
A graph I' is a core if the semigroup End(I") of all its endomorphisms equals the
group Aut(I") of all its automorphisms. If I" is a graph, then its subgraph I"’ is called
a core of I if it is a core and there exists some homomorphism @ : I' — I,
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Let S, (IF,) denote the set of all n x n symmetric matrices over a finite field IF,
with g elements. Let I3, be the graph with the vertex set V (I3,) = S,(IF,) and the
edge set E(I;) = {{A, B} : tk(A — B) = 1}, where 1k is the rank of a matrix. It is
the main aim of this paper to characterize End(/7,) for n > 3. Since the structure of
Aut(I},) is well known [31, Theorem 5.56], it suffices to show that I}, is a core for
n > 3. In the proof we first show that I, is either a core or it has a complete core.
To prove that the latter cannot occur if n > 3, we show that the chromatic number of
I, is bigger than its clique number. This is done by computing the eigenvalues of I,
and by using Hoffman’s lower bound for the chromatic number.

We now state the main results of this paper.

Theorem 1.1 If n > 3, then I, is a core. Unless both ¢ =2 and n = 3, End([7},)
consists precisely of the maps of the form

®(A)=aPA°PT + B, )

where a € ¥ is a fixed nonzero scalar, B € S,(IF;), P is an invertible n x n matrix,
and o is an automorphism of ¥, which is applied entry-wise to A. If ¢ =2 and
n =3, then End(I},) is generated by the maps of the form (2) and by the map

ajl ap a3 ail ap  ap;s
a2 apn 0 |~ |an an 0],
a3 0 asz a3 0 az
3)
ayip ap a3 ait+1 ap+1 az+1
alp an» 1 = lap+1 an 1
a3 1 az; aiz+1 1 ass

Theorem 1.2 Graph I is not a core. Its core is a complete graph on q vertices.

Theorem 1.3 will be used to establish Theorem 1.1, though it is interesting on its
own.

Theorem 1.3 Let n > 2. The (distinct) eigenvalues of I, are precisely the values
g/ — 1, =1, and —g* — 1, where j = 31,151+ 1,....,n and k = [5],[51 +
1,...,n—1.

The characterization of Aut([;,), where the underlying field is allowed to be infi-
nite, is known as Hua’s fundamental theorem of the geometry of symmetric matrices.
It was proved in [16] for fields of characteristic not two and in [9, 30] for fields
of characteristic two. We also refer to the book [31], which contains the analogous
results on hermitian, rectangular, and alternate matrices as well. The fundamental the-
orem of the geometry of symmetric and hermitian matrices was recently generalized
in [17, 18, 21], where bijective endomorphisms of the corresponding (possibly infi-
nite) graphs were classified. For complex hermitian matrices [20] and real symmetric
matrices [23], it was shown that any endomorphism of the corresponding graph is
either an automorphism or it has only pairwise adjacent vertices in its image. For a
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graph obtained from 2 x 2 symmetric matrices over a field that has odd character-
istic and at least seven elements, endomorphisms that have at least two nonadjacent
vertices in their image were classified in [19]. A similar result for 2 x 2 hermitian ma-
trices over some division rings was obtained in the same paper. The graph on n x n
hermitian matrices over a finite field is a core for any n [26]. The proof relies on the
fact that this graph is distance-regular. In [12] it was shown that any non-bipartite
distance-regular graph with no triangles is a core.

The rest of this paper is organized as follows. In Sect. 2 we recall definitions and
auxiliary theorems that are used in the proofs of the main results. These are contained
in Sect. 3. In Sect. 4 several remarks on the main results are listed.

2 Preliminaries
We split the preliminaries in two subsections.
2.1 Finite fields and quadratic forms

Let IF, denote the finite field with g elements, where g = p¥ is a power of a prime
p,andletF,:={0,1,2,..., p — 1} be its prime subfield. Recall that F), = {x € I :
xP = x}. The trace map Tr: F; — F,, defined by Tr(x) :=x +x” +--- + xl’kfl, is
surjective (see e.g. [25, Theorem 2.23]), while

Tr(x) =0 x=y" —y 4)
for some y € IF, [25, Theorem 2.25]. Any F,-linear map ¢ : F, — [, is of the form

¢ (x) =Tr(yx) ()

for some y € I, [25, Theorem 2.24].

A quadratic form in n indeterminates over F, is a homogeneous polynomial
f eFylx1,...,x,] of degree two or the zero polynomial, that is, f(xy,...,x,) =
Zifj cijx;x;j for some c;; € IF,. We often denote the column vector (x1, ..., X)) T
by x. We also define f(x) := f(x1,...,x,). Two quadratic forms f, g € F,[x1,
..., Xxyn] are equivalent if there exists an invertible n x n matrix P with coeffi-
cients in F; such that the forms f(x) and g(Px) are the same. A quadratic form
F(X1, oo Xn) = Y1 <j<j<n CijXiXj is nondegenerate if it is not equivalent to a form
with few indeterminates, i.e., it is not equivalent to a form ) I<i<j<n dijxix;, where
dij =01if i > ip or j > iy for some iy < n. We use the symbol N(f(x) = b) to
denote the number of column vectors x € Fy such that f(x) = b. Clearly, if f and

g are two equivalent quadratic forms over I, in n indeterminates xi, ..., x,, then
N(f(x1,...,x,) =b) = N(g(x1,...,x,) = b). Moreover, if f is equivalent to a
quadratic form f, in r <n indeterminates x;,, ..., x;,, then N(f(x1,...,x,) =b) =
q"" - N(fr(xiys .- 05 Xi,) = D).

The next lemma follows immediately from [25, Theorem 6.30 and Theorem 6.32].
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Lemma 2.1 Let f € Fy[xy, ..., x,] be a nondegenerate quadratic form and b € F.
If q is even, then the number N (f (x) = b) equals

n—1

q
if n is odd, whereas when n is even N (f(x) = b) equals
qn—l +v(b)q(}’l—2)/2 or qn—l _v(b)q(n—Z)/z.

Here the map v : ¥y — Zis defined by v(0) :=q — 1 and v(b) :=—1if b #0.

The two possibilities for even n correspond to two different types of quadratic form:
hyperbolic type if N(f(x) =b) = "'+ v(b)g™=2/% and elliptic type if N(f(x) =
b) =q" ' —v(b)g" /2 (see [25] for all the details). If n = 2, then an example of
an elliptic form is given by x12 + x1x0 + ax%, where Tr(a) = 1 [25, Theorem 6.32].
Therefore,

N(x12 + x1x2 + ax% = 0) =1 (6)

and (6) has only trivial solution x; = 0 = x5.

If g is odd, then the form f(xq,...,x,) = Zifj ¢ijx;xj can be written as f(x) =
x' Cx, where C is the n x n symmetric matrix whose (i, i)-entry is c¢;; and (i, j)-
entry is ¢;j/2. In odd characteristic we will rely on the determinant of a quadratic
form, which is defined by det(f) := det(C). All nondegenerate quadratic forms sat-
isfy det(f) # 0. Moreover, if two quadratic forms f, g € Fy[x, ..., x,] are equiva-
lent, then det( f) = det(g) det(P)? for some invertible P. In the sequel we are con-
cerned only whether a determinant of a given quadratic form is a square or not, so
equivalent forms have the ‘same’ determinant in this sense.

The next lemma is proved in [25, Theorem 6.26 and Theorem 6.27].

Lemma 2.2 Let f € Fylxy, ..., x,] be a nondegenerate quadratic form and b € F.
If q is odd, then

n—1 (=2)/2, (¢ _1\n/2 P
N Jgd"T +ulb)g n((=D)*"“det(f)) ifniseven,
N(fx)=b)= {qn—l 4 g D2 (D) D2pdet(£))  ifn is odd.

Here the map v : ¥y — Z is defined as in Lemma 2.1, while n : ¥y — Z is defined by
n(0) :=0, n(c) := 1 if ¢ is a nonzero square, and n(c) = —1 otherwise.

2.2 Graphs and symmetric matrices

From now on all graphs are finite, undirected, and without loops and multiple edges.
Given a graph I, we use x (I") to denote its chromatic number, that is, the small-
est integer m for which there exists a vertex m-coloring, i.e., amap C : V(I") —
{x1,x2, ..., x;} on the vertex set, which maps into a set of cardinality m and satisfies
C(v) # C(u) whenever {v, u} is an edge. The next simple lemma is well known (see
e.g. [22, Proposition 1.20] or [14, Corollary 1.8]). It just observes that a composition
of a graph homomorphism and a vertex coloring is still a vertex coloring.
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Lemma 2.3 If® : " — I’ is a graph homomorphism, then x (I') < x (I"').

In the proof of the main result we rely on Theorem 2.4 [15], which gives a lower
bound for the chromatic number in terms of the maximal eigenvalue A, and the
minimal eigenvalue Ay, of a graph.

Theorem 2.4 If I' has at least one edge, then x(I') > 1 + Amax

—Amin

Let (G, +) be a finite abelian group and suppose that a subset S C G\{0} satisfies
—S = S. The Cayley graph Cay(G, S) is the graph I" with the vertex set V(I") = G
and the edge set E(I") = {{g,h}: g —h € S}. Amap & : G — C\{0} is a character
if £(g + h) =&(g)&(h) for all g,h € G. A complex number A is an eigenvalue of
Cay(G, S) if and only if

h=) &) ™
seS

for some character £ (see e.g. [10, Lemma 9.2, p. 246] or [2, Sect. 1.4.8]). If G =
Sy (Fy) is the abelian group of all n x n symmetric matrices over a finite field and the
subset S € G consists of all matrices of rank one, then Cay(G, S) = I',. The graph I,
is regular of valency |S| = ¢" — 1, but it is not distance-regular unless n € {2, 3} and
q is even (see [3, pp. 285-286] and [4]). The diameter of I3, equals n if n or ¢ is odd,
whereas the diameter equals n + 1 if both n and g are even [31, Proposition 5.55]. We
also mention that the distance d(A, B) between two matrices A and B equals rk(A —
B) if g is odd. However, if ¢ is even, then d(A, B) =1k(A — B) + 1 if A — B is an
nonzero alternate matrix and d(A, B) = k(A — B) otherwise [31, Proposition 5.5].
Any rank-one symmetric matrix can be written as axx ' for some column vector x and
some scalar a. If g is even, then any scalar is a square, so we can assume that a = 1.
Let [ be a maximum clique in I, that is, some set of pairwise adjacent matrices,
which is of the largest possible size. Then

I={axx" + A:a €F,} (8)

for some nonzero column vector x and some A € S,(F,) [31, Proposition 5.8]. In
particular we see that the cardinality |/| equals g.

The next theorem is a special case of the fundamental theorem of the geometry
of symmetric matrices (see [9, 16, 30] or the book [31, Theorem 5.56]) for matrices
over a finite field.

Theorem 2.5 Suppose that n > 2. Elements of Aut(I},,) are precisely the maps of
the form (2), unless ¢ =2 and n = 3. In this special case Aut(I,) has an additional
generator given by the map (3).

3 Proofs

We first prove that the graph I, is either a core or it has a complete core. It was
observed by Godsil and Royle [12] that such a property is possessed by many graphs
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with high degree of transitivity on pairs of vertices at distance two. Although their
results cannot be applied directly to I}, the following lemma allows us to modify the
proof of [12, Theorem 4.1] suitably.

Lemma 3.1 Suppose that A, B € V(I3,) = S,(F,) are such that d(A, B) = 2. Let
[ be an arbitrary maximum clique in I, and let C € V(I ,)\l be adjacent to some

matrix in l. Then there exist a matrix D € | and an automorphism ¥ of I, such that
U(C)=Aand ¥ (D)= B.

Proof By (8), there exist a column vector X and a symmetric matrix Xo such that
I={axx"+Xp:a e IF,}. Since C is adjacent to some matrix in /, there exist scalars
ap, bg, where by # 0, and a column vector y such that C = agxx' + Xo + boyy ' .
The vectors x and y must be linearly independent, since C ¢ /. Hence, there ex-
ists an invertible matrix P with x as the first column and y as the second column.
Consequently, if E;; denotes the matrix with 1 as the (j, j)-entry and zeros else-
where, then [ = {aPE11PT + Xp:a € Fy} and C = P(apE11 + boE»)PT + Xo.
Since d(A, B) = 2, the difference A — B is a sum of two linearly independent
rank-one symmetric matrices. That is, there exist an invertible Q and nonzero
ajy and by such that A — B = Q(ayE1 + byE2)QT. It is now easy to see that
the matrix D := (ap — boay/by) PE11 PT + Xo and the automorphism ¥ (X) :=
(by/bo)(QP~1)(X — D)(QP~H)T + B have the required properties. O

In the proof of Lemma 3.2 we tacitly rely on the fact that any graph has a core,
which is always an induced graph and unique up to isomorphism [11, Lemma 6.2.2].

Lemma 3.2 Graph I, is either a core or it has a complete core.

Proof Denote any subgraph of I, that is a core of I, by I'’. For any graph ho-
momorphism @ : I, — I'’, denote the composition @) o by @’. Then,
@' : I, - I'' is a graph homomorphism that fixes the vertex set V (I"'). Suppose
that I’ # I, i.e., V(I'') C V(I},). Since I, is connected, there exist X € V(I'')
and A € V(I;,)\V(I"’), which are adjacent in I},. Hence, B := @’(A) is adjacent to
®'(X) = X. Moreover, ®'(A) = @'(B) and A # B, since A ¢ V(I'') = &' (V(I)).
Hence, d(A, B) = 2. Let [ be an arbitrary maximum clique of [}, which is con-
tained in I"’. Suppose that I’ contains two vertices at distance two. Since I'’ is
connected, there exist a matrix C € V(I'")\/ that is adjacent to some matrix from /.
By Lemma 3.1, there exist a matrix D €/ and an automorphism ¥ of I, such that
¥ (C)= A and ¥ (D) = B. Consequently, ®' (¥ (C)) = &' (¥ (D)), so the restriction
of composition @' oW to V(I'') is an element of End(I"")\ Aut(I"’). As I'' is a core,
we get a contradiction. Hence, all vertices in I"’ are adjacent. g

The following lemma is the main step toward the proofs of Theorem 1.1 and The-
orem 1.3. Amap ¢ : 5, (Fy) — FF, is called additive if $ (A + B) = ¢ (A) + ¢ (B) for
all A, B € S, (IF,).

Lemma 3.3 Let g be a power of a prime p and suppose that n > 2 is an integer. If
A is the set of rank-one matrices in S,(IF,) that are annihilated by an additive map
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¢:8,Fy) — Fp, then

n n 1 n l
1A € {q"—l, T 4,4 —1+q"—r/2<1——), q——l—q"—’/2<1— —)} )
)4 P P P P

where 2 <r < n is an even integer. Moreover, any value in the set (9) is attained by
some A.

Proof Since ¢ is additive, there exist additive maps ¢;; : F;, — F, such that
o ([a;j]) = Zliifjin ¢ij(aij). Maps ¢;; are in fact linear over the subfield IF),, so
by (5) there exist scalars ¢;; € F such that ¢;; (a;;) = Tr(c;ja;;). Since the trace map
is additive as well, we see that

¢=Troy, where Y ([a;))=> cijaij. (10)
i<j

If all ¢;; are zero, then ¢ =0, and |A| = ¢" — 1 equals the number of all rank-
one matrices in S, (F,;). Assume now that some ¢;; is nonzero. Then, there exists
r € {1, 2, ..., n} such that the quadratic form

f =) cijxix; (11)
i<j
is equivalent to some quadratic form f, in r indeterminates x;,, ..., x; , which is
nondegenerate if regarded as a quadratic form in F, [x;,, ..., x;, ]. Recall that
N(f@x1,....x))=b)=¢""" - N(fr(xi),...,x;,) =Db) (12)

for any b.
To proceed, consider the map x — x” — x on [F,. It is p-to-1, since in a field of
characteristic p the equivalence

xP—x=y—y << @—-y=x-y < x—-yeF,

holds. Hence, the map x > x” — x attains ¢g/p distinct values d, ..., d,/p, where
one of them, say d,, is zero. From (4) it follows that

Trx) =0 < xe{di,....dyp} (13)

for all x € IF,. To end the proof we separate two cases.
Case 1. Let g be even. Then for each i € {1, ..., q/p} define

A ={xxT:y(xx") =d;}. (14)
Set A; contains matrices of rank one if i # g/ p, and in addition A; contains the zero

matrix if i = g/p. Moreover, in a finite field of characteristic p = 2 any rank-one
symmetric matrix is of the form xx . Hence, we can infer from (10) and (13) that the
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Table 1
r is odd
|Ail, i#q/p q"!
144/, \(0}] "' -1
r is even, f; is of hyperbolic type
14l i #q/p g —g" 12
—_1-r
14q/p\O}] " +@-Dg" -1
r is even, f; is of elliptic type
p
|Ail. i#4/p "' +g" 172
_ —1-%
144/,\(0}] "' —(q-1g" T2 -1

matrices in the sets A; are precisely those matrices of rank < 1 that are annihilated
by ¢. Since the characteristic equals 2, we also see that

X| =Xy & X]XlT = XZX;’

s0 |A;| = N(f(x) =d;). We can now use (12) and Lemma 2.1 to obtain the data in
Table 1. By definition (14), A; N A; =@ fori # j, so

q/p—1

1A= 1A+ 144/, MO} = (a/p — DIAI] + 144, \{O}]

i=1

n n 1 n 1
c {q——l,q——1+q”_r/2<l——),q——l—q”_’/2<1——)}.
P p p) P P

Clearly, all values can be attained for a suitable f, i.e., for suitable scalars ¢;;.

Case 2. Now let g be odd. Set

b [ (DD de(f) ifris odd,
| if r is even,

and pick an arbitrary non-square ¢ € ;. From (12) and Lemma 2.2 we obtain the
data in Table 2. Denote the (nonzero) column vectors that satisfy f(x) = b, by

X1y eoos Xy =X 000y, —Xgr,
the (nonzero) column vectors that satisfy f(y) = b,c by

ylﬂ-~~ﬂyﬁ7_y1v"'v_yﬂ7

and some maximal selection of pairwise linear independent column vectors that sat-
isfy f(z) =0by

Z1,...,Zy. (15)
Note that

a=N(f(x)=b,)/2, (16)
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Table 2
r is odd
N(fx) =by) g g T
N(f(x) =brc) g g T
N(f(x)=0) q"!
r is even, (—l)r/2 det( f;) is a square
N(fx) =by) gl —g" 1
N(f () =bre) gl —g" 2
N(f(x0 =0) "4 g—1g" 2
r is even, (—l)r/2 det( f;) is not a square
N(f®0 =by) " q" 12
N(f(x) =byc) "1 4g 12
N(fx)=0) " (g -1g" 7z
B=N(fy) =bc)/2, (17)
y=(N(f@=0)-1)/(g—1). (18)

In fact, to compute y, that is, to achieve pairwise linear independence, we need to
exclude the zero column vector and consider only one multiple of any z.
Now, fori € {1,...,q/p — 1} define

A,-,Xzz{(a','brfl)-xjx;.r cjel{l,. L al},
Ai,y ::{(dibr_lc_l)~yjy;-r . jE{l,...,ﬂ}},
Api={a-zjz] : je{l,....y}, 0#ael,}.

All matrices in the sets A; x, 4y, Az are of rank one. Moreover, from the definitions
of the vectors X, y;, z; and from (10), (11), and (13), it follows that any such matrix
is annihilated by ¢. We claim that these are in fact the only rank-one matrices that
are annihilated by ¢. Namely, let ¢ (aww ") = 0 for some nonzero a and w. Then
¥ (aww ) equals d; for some i. If Y (aww ) =d,/, =0, then

0=y (ww')=f(w),

so w is a multiple of some column vector in (15), that is, aww! € A,. Assume now
that ¥ (aww ') = d; # 0. Since ¢ is odd, precisely half of the elements of F,\{0}

are squares. Moreover, IF;, = {0, tlz, e t(2q71)/21 ctlz, e ct(zqfl)/z} for suitable ¢;, so

one of the two scalars b,.a/d; and cbra/d; is a square, i.e., there exists ap with a% €
{bra/d;,cb,a/d;}. Consequently,

2

flagw) =¥ (agww’) = “‘f" € {br, bre},

which yields

aww' € |d;ib; " (aow)(aow) T, dib; ¢ (agw)(aow) T} S Ajx U Ay,
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To continue observe that

[Aix| =a, (19)
[Aiyl =8, (20)
[Azl = (g — Dy. (21)

We now prove that the sets A;x, Ajy, Az (i =1,...,9/p — 1) are all dis-
joint. In fact, Y|4, , = d;, W|A,-,y =d;, and Y|4, =0, so we need only check that
A;jx N A;y =1. Assume otherwise, i.e., (dibr_l) X,X;— = (d[br_lc_l) -yky,—('— for some
j and k. Then (d,'br’l) ~a12 = (dl-br’]c’l) . a% for some nonzero a; and a, by the con-
struction of x jx}—. However, this is not possible, since ¢ is non-square, so we get
a contradiction.

We are now able to end the proof. We can use (19)-(21), (16)—-(18), and Table 2 to
deduce that

q/p—1 q/p—1

A=Y 1Aixl+ D 1Ayl + 14 =(g/p = D@+ B) + (g — Dy

i=1 i=1

n n 1 n 1
c {q— 1L —1+q"—r/2<1— —),"——1—q"—’/2<1— —)}
P p p) P P

Clearly, all values can be attained for a suitable f. U
We now prove Theorem 1.3 and Theorem 1.1.

Proof of Theorem 1.3 Suppose that A is an arbitrary eigenvalue and & : S, (IF,) —
C\{0} is a character that satisfies (7), that is,

r=) &M, (22)

MeS
where S C S, (IF,) is the subset of all rank-one matrices. Since
E(A) =&(pA)=£(0)=1
for any A, there exists a map ¢ : S, (F;) — F, such that

E(A) = 2Ti¢(A)/p

The equality £(A+ B) = £(A)&(B) implies that ¢ (A+ B) = ¢ (A) + ¢ (B). Hence, ¢
is additive, that is, linear over IF ,. In particular, the following two implications hold:

PA)=0 = &A)=1, (23)
p—1

PAAD = Y ExA)=) Ol 24)
x€F,\{0}) j=1
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Now, let A:={M €S : ¢(M) =0}. Since

p—1 p—1
ZeZnij/p — ZeZm'j/p —1=0—1=—1,
j=1 j=0

we can use (22), (23), (24), and the fact that |S| = ¢” — 1 to deduce that

=) EMY+ Y E(M)

MeA MeS\A
(81 =14p- (=D
IFp\ {0}

1 q" —1
=lAl {1+ ——) — .
p—1 p—1

The proof is complete by Lemma 3.3. g

=|A]-1+

Proof of Theorem 1.1 By Theorem 2.4, x(I}) > 1 + —A/\L::n By Theorem 1.3,
Amax = ¢" — 1 and Apin = —q”_l — 1. Since n > 3 by the assumption, it follows
that x (I',) > ¢g. Let I"’ be a core of I}, and let @ : I}, — I’ be any graph homo-
morphism. Then, we deduce that x (I'') > g by Lemma 2.3, which means that I’ has
more than ¢g vertices. By (8), the maximum clique in [, contains precisely g vertices,
so the core I’ is not complete. It now follows from Lemma 3.2 that I, = I'’ is a core.

The addendum to Theorem 1.1 is now a corollary of Theorem 2.5. g
We need two more lemmas to prove Theorem 1.2.

Lemma 3.4 If g is odd and ¢ € B, is any fixed non-square, then the set

2:={[42]:a.beF,} SSF,y)

consists of q* pairwise nonadjacent matrices.

Proof Obviously, there are g2 matrices in §2. To prove that they are pairwise nonad-

jacent, assume that tk(A| — Ap) < 1, where A| = [Zi Cball] and A, = [Z; 32]. Then,

(a1 — a)(cay — car) = (by — b)*. If aj # ay, then

(a=s)
c= ,
ay—ap

a contradiction. Hence, a1 = a; and consequently b1 = b, thatis, A1 = A». O

Recall that the trace map Tr: F, — I, is surjective. If g is even, then any element in
[, is a square, so there exists an nonzero ¢ € IF; such that Tr(1 /c2) =1.
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Lemma 3.5 If q is even and c € F satisfies Tr(1/ c?) =1, then the set

Q= {[Zaf_’cb] ta,beFy} S S (Fy

consists of q* pairwise nonadjacent matrices.

Proof There are ¢* matrices in £2. To prove that they are pairwise nonadjacent, as-

sume that tk(A; — Az) < 1, where A = [Zi alilcbl] and A, = [Z; aziZCbz]' Then,

(a1 —ap)(a1 — ar + cby — cby) = (b1 — bz)z. In a field of characteristic two we
deduce that

xg + Xgxp + (l/cz)x}% =0, (25)

where x, :=aj — ap and xp := c(b1 — b2). By (6), (25) has the unique solution x, =
0 =xp. Hence, A; = Aj. O

Proof of Theorem 1.2. Let M € 5,(IF;) be of rank one, and let £2 be as in Lemma 3.4
if g is odd and as in Lemma 3.5 if ¢ is even. We claim that the family {xM + £ :
x € Fy} is a partition of Sp(F,). In fact, if (xM + £2) N (yM + £2) is nonempty,
then xM + A} = yM + A, for some Ay, A> € §2. This is possible only if x =y,
since tk(A — Az) # 1. Hence, the sets x M + £2; x € IF, are pairwise disjoint. Since
12| = ¢, it follows that

U (xM+.Q)‘ = Z IxM + 2| =q|2| = ¢ = |S2(F,),

xelf, xelfy,

so {xM + £2 : x e F,} is truly a partition of S»(IF,), which means that the map C :
S2(Fy) — Iy, given by Clxpy 12 = x, is well defined. Moreover, it is a g-coloring of
I, since the two endpoints of any edge in I cannot be contained in the same set
xM + £2. Consequently, if N € S>(IF,) is of rank one, then the map @ (A) =C(A)N
is an element of End(/%)\ Aut(I%»), so I is not a core. From Lemma 3.2 we infer
that its core is a complete graph, that is, a maximum clique with g vertices. g

4 Concluding remarks

Remark 4.1 In matrix theory, a preserver problem demands a classification of all
maps on some matrix space that leave certain subset, relation, or function invariant.
In this mathematical area endomorphisms of I, are known as the adjacency pre-
servers. They have an important role, since their classification can be used to classify
several other preservers. In fact, if we want to classify additive preservers of cer-
tain relation, subset etc., one of the basic techniques is to first show that these maps
preserve the adjacency; this procedure is nicely described in [29, Sect. 2] (see also
e.g. [27, Sect. 5]). For some recent surveys on preserver problems and papers with
general introduction to this subject, see e.g. [13, 24, 28].
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Remark 4.2 Ttis not difficult to see that the graph I> does not contain an independent
set with more than ¢ vertices (this follows also directly from [5, remark to Corol-
lary 2.3]). Hence, the set £2 from Lemma 3.4/Lemma 3.5 is a maximum independent
setin I3.

Remark 4.3 Directly from the proof of Theorem 1.2 it follows that x (I>) =g¢.

Remark 4.4 The coloring C, and consequently the map @(A) = C(A)N, from the
proof of Theorem 1.2, is additive. Namely, if B € xM + §2 and B, € yM + §2, then
B1+ By e (x +y)M + £2, since 2 is closed under addition. Hence, C(B + By) =
C(B1) +C(By). Since @ € End([%), it follows that @ is a rank-one preserver, that is,
®(A) #0 forany A € S»(F,) of rank one.

Remark 4.5 Theorem 1.3 implies that the graph I, has n 4 2 distinct eigenvalues if n
is even and n + 1 distinct eigenvalues if n is odd. Any connected graph with diameter
d has at least d + 1 distinct eigenvalues [1, Corollary 2.7]. In our case d =n if n
or g is odd, whereas d =n + 1 if n and g are both even. So the number of distinct
eigenvalues is minimal unless n is even and g is odd.

Remark 4.6 Corresponding results to Theorem 1.3 for graphs that are constructed
from alternate/rectangular matrices were obtained in [7] and [6]. These graphs,
as well as the graphs obtained from hermitian matrices, are distance-regular [3,
Sect. 9.5]. Hence, their eigenvalues can be computed from their intersection arrays
(see [3, pp. 128-129] or [1, Proposition 21.2]).

Remark 4.7 1If q is even, then a recursive procedure to compute the eigenvalues given
by Theorem 1.3 can be deduced from [8, 32]. More precisely, in these two papers the
association scheme of symmetric matrices Sym(n, ¢) and the association scheme of
quadratic forms Qua(n, g) are studied. In [8], recursive formulas for entries of the
first eigenmatrix of Qua(n, ¢) are obtained if ¢ is even. For example, Table A1 in [8]
represents the first eigenmatrix of Qua(2, ¢):

g2 —1 q(g*=1) q(g—1)?*

1 2 2
p_ 1 -1 4(42—1) —q(ézl—l)

- T

1 qz 1 fq(gH) fq(czrl)

Since Sym(2, g) is formally dual to Qua(2, ¢g) [32], it follows that its first eigenmatrix
equals

1 ¢*—1v @-D@E*-1 gq-1

_ 3p—1__ 1 —1 1—6] q—l
O=q¢'P = 1 qg—1 1—gq -1
1 —g-1 qg+1 -1

The second column of Q represents the eigenvalues of I>. Clearly, Theorem 1.3 gives
us the same values. For background on association schemes see e.g. [3, Chap. 2].
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