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Abstract In this paper we prove that there exists no minimum cubature formula of
degree 4k and 4k + 2 for Gaussian measure on R? supported by k + 1 circles for any
positive integer k, except for two formulas of degree 4.

Keywords Cubature formula - Euclidean design - Gaussian design - Laguerre
polynomial
1 Introduction

A pair (X, w) of a finite subset X C R" and a positive weight function w : X — R.¢
is called a cubature formula of degree ¢ for the Gaussian measure on R” if
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for any polynomial f(x) of degree at most ¢, where V, = fRn e~ IXI” dx. Let
Hom; (R") be the vector space of homogeneous polynomials of degree ! in n vari-
ables, and P, (R") = 3 /_o Hom;(R"), P} (R") = } _g /() Homy; (R"). It is known
that if (X, w) is such a cubature formula, then the following inequalities hold (see [4,
9-11], etc.):

dim(P, (R™)) if t = 2e,

2dim(P;R") -1 ift=2e+1(e=2k),0€X,
ift=2e+4+1(e=2k),0¢X,
orift=2e+1(e=2k+1).

|X| >
2dim(PF(R"))

Here, dim(P,(R")) = ("':‘1) and dim(P} (R")) = Zl[i/é] ("+§:§f_l). A cubature for-
mula (X, w) is called a minimum formula if the equality holds for X in the inequali-
ties given above. We note that the present definition of minimum seems to be different
from the classical way in numerical analysis and related areas, where the minimum
is often discussed only for cubature formula of degree 4k + 1 containing the origin
(see, e.g., [9, 10]). This is also called a Gaussian tight 7-design of R”.

A fundamental problem is the existence of Gaussian tight #-designs of R” sup-
ported by [%] + 1 concentric spheres. “[5—1] + 1” is the minimum in the sense that
if a Gaussian #-design exists, then the number of spheres over which the points are
distributed must be at least [%] + 1; see, e.g., [4, 8]. The case n =2 deserves a spe-
cial attention. The first and second authors [1] proved that if there exists a Gaussian
tight 4-design (X, w) on 2 concentric circles, then (X, w) is isomorphic to one of the
following designs:

(a) X = X;U{0}, X is a regular pentagon on the circle of radius r; = +/2, w(0) = %,
and w(x) = % for x € X;.
(b) X = XU X>, X1, and X, are regular triangles defined by

X1 = {(ri cos(i6), i sin(i0))|i =0,1,2},

T . T
X, = {(rz cos (i@ + §>,r2 sin <i9 + 5))

where@:%”, 71 =345, r2=\/3—\/§, w(x):%— 1£55 on X1, and

w(x):%—i—g on X».

i=0,1,2},

Cools and Schmid [7] considered the degree 4k + 1 case in general and showed that
there exists no Gaussian tight (4k + 1)-design supported by k + 1 concentric cir-
cles for any integer k with k > 2. In the case of k = 1, there exists a Gaussian tight
5-design (X, w) on 2 concentric circles, and it is isomorphic to the following design
(see, e.g., [4, 8]):

(¢c) X = X;U{0}, X is aregular hexagon on the circle of radius r| = +/2, w(0) = %,
and w(x) = 1—12 for x € X;.

Following the work of Cools and Schmid, the third and fourth authors [8] consid-
ered the degree 4k 4 3 case and proved that there exists no Gaussian tight #-design
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supported by k + 1 concentric circles for t =4k + 1 (k > 2) and t = 4k + 3
(k>1).
The purpose of the present paper is to solve the even-degree case.

Theorem 1 Let (X, w) be a Gaussian tight 2e-design of R? with e > 2. Suppose that
X is supported by [5] + 1 concentric circles. Then, e =2, and (X, w) is isomorphic
to one of the two Gaussian tight 4-designs (a), (b).

The proof of Theorem 1 is based on the property of Laguerre polynomials and
uses some elementary identities in combinatorics. It is simple and so will be under-
stood by many researchers. Also, the proof can be applied to the odd-degree case. By
summarizing the results known so far, we obtain the following classification result as
a corollary.

Corollary 1 Let (X, w) be a Gaussian tight t-design of R*> with t > 4. Then, X is
supported by [fT] + 1 concentric circles if and only if t =4, 5. In particular, if t = 4,
then (X, w) is isomorphic to one of the designs (a) and (b), and if t =5, then (X, w)
is isomorphic to the design (c).

For more information on cubature formula, we refer to [3, 11].

2 Remarks on basic facts

Let (X, w) be a Gaussian tight ¢-design of R". Let {r1,r2,...,rp} = {llx| | x € X}.
We assume thatry >ry > --- >r, >0.Let §; = {x € R" | |x|| =r;} be the sphere of
radius 7; centered at the origin. We say that X is supported by p concentric spheres.
Let X; =XNS; fori =1,..., p. We note that a Gaussian tight ¢-design is a Eu-
clidean 7-design. We refer the readers to [2, 4, 5] about Euclidean (tight) #-designs.
The following proposition is known (see Proposition 1.7 in [2] and Proposition 2.4.4
in [4]).

Proposition 1 Let (X, w) be a Gaussian tight t-design of R". Suppose that X is
supported by p concentric spheres. Then the following hold.

(D p=[7]+1.
) Ift=20r3mod4,then0 ¢ X.
(3) (X, w) is a Euclidean tight t-design of R".

If t = 2e, then Lemma 1.10 in [2] implies that the weight function w is constant
on each X; for 1 <i < p.Fort =2e¢+ 1 (if e is even and 0 ¢ X, we need an extra
condition on X, such as p = [fT] + 1), Theorem 2.3.5 and Theorem 2.3.6 in [4] imply
that X is antipodal. Then Lemma 1.7 in [5] implies that the weight function w is
constant on each X; for 1 <i < p. Proposition 1 suggests that it is important to study
the case p = [%] + 1. Then, as we mentioned above, the weight function w is constant
on each X;.
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From now on let (X, w) denote a Gaussian tight 7-design supported by p = [f_t] +1
concentric spheres. Let k = [fT] and w(x) =w; forx € X; (1 <i <k+1). Then we
must have

vV k+1 ) 00 5
z ZlX,-|wir.2j = rHrn e dr, 0<2j <t
|Sn=1 ' 0
i=1
Therefore, w; is determined uniquely by rq, ..., rp.

3 Laguerre polynomials

Let (X, w) be a Gaussian tight 2e-design of R? supported by [5] + 1 concentric
circles. Let k = [%]. Then we have

. 1 : 2
> w(x) x> =7/ x| e 1% gy
|| ” /-Rz ei‘lede RZ || ”

xeX

1 . 2 © .

:ﬁ/ r2re" dr:/ y'e Vdy=j!
fO re=""dr Jo 0

for j=0,1,...,e. Let ;; = Y, cx, w(x) = |X;|w; and R; =rf fori =1,2,...,
k + 1. Then we obtain the following quadrature formula of degree e for the weight
function e~ on the interval [0, oo) with the Christoffel numbers Aq, ..., Agi1:

k+1

o0 .
/ y]efydy:Zk,-Ri/.
0 i=1
Hence, we have

k+1

Zx,»Rl.f:jz 1)
i=1

for j=0,1,...,e.

Let P;(x) be the orthogonal polynomial (Laguerre polynomial) of degree [ for the
weight function e~ on [0, 00). It is well known that Laguerre polynomials are given
by

!

i o\
Pl(x):Z(Z—i>( i)'C)

i=0

(see [6, 12], etc.). We have the following proposition.

Proposition 2 Definitions and notation are as given above. Let F(x) =
]_[i‘;rll (x — R;). Then the following hold.
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(1) Ife=2k+1, then F(x) = ci4+1Pr+1(x).

(2) If e =2k, then F(x) = cxq1Prr1(x) + e Pr(x).

Here, cp4+1 = (_1)k+1 (k+ 1)), and cy is a real number.

Proof There exist real numbers c, . .., cx+1 satisfying F(x) = k“ o ¢t Pi(x). Since
the coefficient of x**1 in Py 1 (x)is (— l)k+l (k41-1)! ,wehave ¢y = ( D k1)1,
Moreover, for any [ <e —k — 1, we have

00 k+1
o [T nwredy= [T BeIFe T dy= Y LB R FR) =0
0 0

i=1

Hence, co=ci=---=ce—t—1 =0. Thus,if e=2k + 1, thene — k — 1 =k, and we
obtain

F(x) = ckt1 Pr+1(x).
On the other hand, if e =2k, thene —k — 1 =k — 1, and we have

F(x) = ckq1 Prg1(x) + i Pr(x). 0

For more information on orthogonal polynomials, please refer to [6, 12], etc.

4 Proof of the main theorem

Throughout this section we use the same notations c¢;, r;, R;, t, w, w;, X, X;, A; as
in the previous sections. We assume that 7{ > --- > r41 and so Ry > -+ - > Ry 1.
Before giving the proof of Theorem 1, we state propositions.

Proposition 3 If Ri| # 0, then both ZkH (rvlle) - and Zk+] <r.1) are nonzero.

i—1
If Rey1 =0, then Y}_, ¢ ;i.séo.

Proof Assume that Ry11 # 0. If &k is odd, then since r; Rf‘_l = rl.Zk_1 > rl.z_]il_l =

Fitl RF=1 we have

l+1 ’

% (—1)i—! ( 1 | ) . ( 1 1 ) 0
— _ — <0.
i }’in71 r1R1f71 I’2R]2<71 rkR,/fl l’k+1R]]§;;

If k is even, then

k+1

Z(—Ui—l_ 1 +< 1 N 1 )
rl‘Rl{(_l rlR]f_l V2R§_1 }’3R§_1

izl
1 1
tot (e >0,
e Ry ren R
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k+1( 1)’ 1
ri i
as above. O

which implies D ;" - # 0. The other assertions follow by the same argument

Proposition 4 (i) If t = 4k + 2, then

k+D! [(k+1
Z RllRlz"'Rlx=¥ )
k+1—s)! S

1<l <-<ly<k+1

() Ift =4k and 0 € X, then

k+1 . i
+
]_[<x—R)_x§ (-1 J(k+1)'< )(1+1)!‘

i=1 =0

Moreover, for s =1,2, ...k,
> R R, R (k+1)'( k ) !
Lt e Rlg = Nr—s)k—et
1<l <ly<--<lg<k k—s/k—=s+ D!

(i) If t =4k and 0 ¢ X, then

k+1 k1 k14 k
L k41 0\ (=1)k+1+ix k O\ (=1)ixi
H(X_Rl)_(kﬂ)!;:():(“l—1)4 §0:< >—

i=1 ’

Moreover, fors =1,2,...,k+1,

Z RiRy, - Ry,

1<l <<l <k+1

B k+1 1 k\ (=DF!
_(k+1)!< s )(k-l—l—s)!+Ck(s—1>(k+1—s)!'

Proof (i) Proposition 2(1) implies that cg41 Pr+1(x) = ]_[k'H(x — R)) and ¢441 =
(=D &k + D). Comgarmg the coefficients at xT1=5, we obtain the result.
(i) Let F(x) = 1 (x — R;). By the assumption 0 € X, we have F (x)

X ]_[l-=1 (x — R)). Proposmon 2(2) implies F (x) = cx+1Px+1 + ck Px. Since F(0) =
and P;(0) = 1 for any /, we must have cx41 + cx = 0. This implies

F(x) = i1 (Pry1 (x) = Pr(x)).

By definition we have

k+1 . k .
k4+1 1\ (—x)/ k O\ (—x)/
Pip1(x) = P(x) =) ( ) — 3" ( ) :
s k+1—j) j! s k—j) J!
k N k x/
B _XJX_;:(_ : (]) G+l
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Since cx41 = (—1)**1(k 4 1)!, we obtain the former assertion. Comparing the coef-
ficients at the terms of both sides of this equality, we obtain the latter assertion.

(iii) Let F(x) = [T5F] (x — Ry). Proposition 2(2) implies F(x) = cxr1Pit1 +
¢k Pr. The result then follows by the same arguments as in the proof of (ii). O

We often use the following notation in the proof of the main theorem:

K+ D!+ 5 (1) (k+1 =) 1<t <cocts=icst Ry, -+ Ry,

1 ls#i
t=4k+2ort =4k, 0¢ X,
(k+1)'+ZI; 11( DSk+1—s)!Y 1<y <iy<-<is<k Ry, Ry, - Ry,
1oy #i
t=4k, 0 e X.

i =

We are now ready to show Theorem 1.

Proof of Theorem I The proof consists of three steps.

Caset=4k+2(e=2k+1)
In this case, X does not contain 0. Hence, Ry > Ry > --- > Ry > Ry4+1 > 0.
Equations (1) for j =1,...,k+ 1 imply

=D 'A;
= -1 1 . ()
Ri[[,=i(Ri— R)[[)Z 1 (Ri — R
On the other hand, Theorem 3.1.7(2) in [4] gives
Mo wi n R TIS (R - R HfiLl(Rl —R) )
)\.] w1 ri R{H’l ;;;(Rl R )I—[k+1 Rl)

1 z+1

fori =2,3,...,k+ 1. (Note that there is a typo in the formula of Theorem 3.1.7(2)
in [4]: Since 0 € X, p — 1 in the formula must be replaced by p.)
Since A1 # 0, (2) implies A; # 0. Hence, (2) and (3) imply

. rle
(—1) ‘T;Al = A, “)

V,‘i

forany 1 <i <k+ 1. Then by taking the sum of both sides of (4) overi =1, ..., k+1

we obtain

k+1

11 1
rleAlz( )

k k+1
=k+DUh+DI+Y (D' k+1-91>" > Ry R,
s=1 i=1 1=l <<lg<k+1

1y sols#i
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k
=G+ DE+DI+Y D h+1=)k+1-5) Y Ry-Ri.

s=1 1<l <--<ly<k+1
(5)
Then Proposition 4(i) and (5) imply
k+1 i—1
k (=D
rRTA|
T

=+ Dk+ D!

1

k k+1
+> (=1 (k+1—s)!(k+1—s)(k+1)!< s )m

s=1
k

k
=(k+ Dk+ D+ k+ Dk + DY (=1° (s)
s=1

k
=+ Dk+D (=1 (];) =0.
s=0

Since A1 # 0, we must have

This is a contradiction by Proposition 3.

Caset =4k (e=2k)and 0 e X
Let Rx+1 =0. Then (1) implies

k
D MR = (6)
i=1

for 1 <j<e(=2k).

If k=1, then ARy =1 and klR% =2 imply Ry =2, A = %, Ay = % Hence,
w(x) = % and w(0) = % In this case, X\{0} is a spherical tight 4-design and a
regular pentagon. This gives the Gaussian tight 4-design given in Corollary 1(1).

Next we assume that k > 2. Using (6) for j =2, 3,...,k+ 1, we obtain

N (—1)i~1A;
i = .
RATTZHR — RO TTE oy (R — R1)
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fori =1,2,...,k. On the other hand, Theorem 3.1.4(2) in [4] implies

r R TSRy — RO TTEL 1 (Ri — R
R TSR — ROTT iy (R — R))

i =

fori =2,..., k. Then a similar argument given before implies that fori =1, 2, .. .k,
Rk

(D 22y = (7
riR;

Then, taking the sum of both sides of (7) overi = 1,2, ..., k, we obtain

_k(k+1)‘+2( 1)(k—s+1)'Z > RyR,-R,

=1 =iy <<ls=<k

Iy s #i
k—1
=k(k+1)!+Z(—1)S(k—s+l)!(k—s) Z Ry Ry, ---R. (8)
s=1 1<l <-<ls<k
Then Proposition 4(ii) and (8) imply
A Rk ! (D™
171 Z R
k—1
ke DU+ YD = s+ DIk — kD )
= o \k=s)k=—s+ 1!

k—1

=k(k+ DY (=1’ (k . 1).
s=0

Since k > 2, then k(k + 1)! ¥ 20 (—1)* (*7!) = 0. Since A # 0, this implies

This is a contradiction by Proposition 3.
Caset =4k (e=2k)and 0 ¢ X

If k =1, then (X, w) is a Gaussian tight 4- design of R%. Hence, X and X, are
regular triangles. Theorem 3.1.5(2) in [4] implies 7 —' = (%)3. This, together with
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S ARi=1and Y7 AR? =2, implies Ry =3+ /5, Ro=3 -5, =1 -

% =3w;,and Ay = % + % = 3w». This is the example given in Corollary 1(2).
Next we assume that £ > 2. Using (1) for j = 1,2, ...,k + 1, we obtain

(—D'A; o
RiTTiZ (R — RIS (R — Ry)

fori =1,2,...,k+ 1. On the other hand, Theorem 3.1.5(2) in [4] implies

i =

R R = R)TTE L (R = R)

= —— it
riRi Hlj=l2(R./ —Ri) Hj:}Jrl(Ri - Rj)

Al. (10)

(Note that there is a typo in the formula of Theorem 3.1.5(2) in [4]: p — 1 in the
formula must be replaced by p, since 0 ¢ X in this case.)
Then (9) and (10) imply

k—

"R
(! R; A1=Al-

r 1

fori =1,2,...,k+ 1. Then, taking the sum over i = 1,2, ...,k + 1, we obtain

k+]( 1), 1
k—1
"Ry AL Z R

k
=k+Dk+D1+Y (D' k+1=-9)k+1-5) Y RyRy- R
s=1 1<li<--<ly<k+1

(11)
Then Proposition 4(iii) and (11) imply
k+1 1
k-1 =D~
r R A Z Rk 1

k
=+ DE+DIH Y D R+ 1=k +1-5)
s=1

><<(k+1)'(k+l>—1 +c( k )—(_1)k+1 )
s Jari—o " MNs—1)wkr1—s

= (k+ Dk +1 )'+Z( DSk +1 _s)(kﬂ)‘(“l)

s=1

k
oy (Dk+1 —s)(sfl)<—1>"“

s=1
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k k k—1 k 1
s k s -
=k+Dk+1)! E (-1 <S>+(—1) kcy E =D < s )

s=0 s=0

k—1
k—1
= (= D*key Z(—l)f( | )

s=0

Since k > 2 and A # 0, we have

k+1

This is a contradiction by Proposition 3, which completes the proof of the main the-
orem. U
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