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Abstract We develop a theory of multigraded (i.e., N’-graded) combinatorial Hopf
algebras modeled on the theory of graded combinatorial Hopf algebras developed
by Aguiar et al. (Compos. Math. 142:1-30, 2006). In particular we introduce the
notion of canonical k-odd and k-even subalgebras associated with any multigraded
combinatorial Hopf algebra, extending simultaneously the work of Aguiar et al. and
Ehrenborg. Among our results are specific categorical results for higher level qua-
sisymmetric functions, several basis change formulas, and a generalization of the
descents-to-peaks map.
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1 Introduction

Quasisymmetric functions appear throughout algebraic combinatorics, in contexts
that often seem unrelated. Within the framework of combinatorial Hopf algebras de-
veloped in [4], this can be explained in category-theoretic terms: The combinatorial
Hopf algebra QSym of quasisymmetric functions is a terminal object of the category
of combinatorial Hopf algebras. In this framework, a special role is claimed by the
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odd subalgebra of QSym, the algebra of peak functions, as the terminal object of the
category of odd combinatorial Hopf algebras.

In this paper, we work with a natural generalization of QSym. Specifically we focus
on OSym”, the multigraded (i.e., N'-graded) algebra of quasisymmetric functions of
level [, and show that in the corresponding category of multigraded combinatorial
Hopf algebras, an analogous universal property still holds (Theorem 3.1). Along the
way we obtain several more general results about the objects of this category, which
are natural multigraded analogs of results in [4].

Another goal of ours is to obtain a refinement of the notions of odd and even
subalgebras of [4] by developing “k-analogues” of the relevant constructions. We
attain this goal in Sects. 4 and 5. There we show that given a multigraded Hopf
algebra H = P, Hn and a character on H, for every k € (N U {oo})! we have
two canonically defined Hopf subalgebras O () and E¥(H). As expected our k-
analogues generalize the original notions: When / = 1 and k = oo, O¥(H) and £¥(H)
are precisely the odd and even subalgebras of [4]. Moreover in the [ =1 case our
construction refines what is known about QSym by providing a sequence of Hopf
subalgebras

0Sym = O°(QSym) 2 O*(@Sym) 2 O*(QSym) 2 --- 2 O (QSym)

with certain universal properties. This sequence includes the algebra of Billey—
Haiman shifted quasisymmetric functions (our O2(QSym)) and Stembridge’s peak
algebra (our O%°(QSym)). When [ > 1 and k = (o0, ..., 00), our Ok(QSym(l)) may
be regarded as a higher level analogue of the peak algebra.

This work stems from several related but distinct threads of earlier research. In
the following we summarize a few key points related to quasisymmetric functions,
Eulerian posets, and colored and multigraded Hopf algebras. For more details we
refer the reader to our bibliography.

Quasisymmetric functions were first defined explicitly by Gessel [20], who intro-
duced them as generating functions for weights of P-partitions and gave applications
to permutation enumeration. The Hopf algebra structure on QSym was studied in
detail by Malvenuto and Reutenauer [27]. The Hopf algebraic approach allows us
to interpret a multitude of constructions related to quasisymmetric functions in one
uniform manner. A particularly relevant construction in this flavor is Ehrenborg’s F-
homomorphism, which associates each graded poset P with a quasisymmetric func-
tion F(P) that encodes the flag f-vector of P. When P is restricted to the class
of Eulerian posets, the F(P) span a Hopf subalgebra of OSym. Viewed within the
combinatorial Hopf algebra framework of [4], this Hopf subalgebra is precisely the
odd subalgebra of QSym, which also happens to be Stembridge’s peak algebra [36].
We study multigraded analogues of these ideas in this paper. For example we define
a Hopf algebra of multigraded posets, and then consider a generalization of Ehren-
borg’s F-homomorphism from this Hopf algebra to QSym® (see Example 3.2). As
one would expect, the image of an Eulerian multigraded poset under this homomor-
phism always lies in the odd subalgebra 00229 (0Sym D) (cf. Example 3.3). This
in turn implies that the natural level / versions of the generalized Dehn—Sommerville
relations hold for multigraded Eulerian posets (see Example 4.17 and Remark 5.13).
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We actually develop the multigraded version of the story relating graded posets
and Hopf algebras even further. In a somewhat different context, Ehrenborg [18] in-
troduced a refinement of the notion of an Eulerian poset, called a k-Eulerian poset
(k € NU {o0}), and proposed that one could define canonical algebras corresponding
to k-Eulerian posets in a way that would generalize the notion of an odd subalgebra.!
We take this idea one step further by providing multigraded versions of the construc-
tions suggested by Ehrenborg. In particular our algebras O¥ () are in some sense
multigraded generalizations of the £ (A) mentioned in [18, §5].

The level I quasisymmetric functions QSym” considered in this paper were in-
troduced by Poirier [31] to handle enumeration problems involving colored permu-
tations (i.e., elements of wreath products Z; : G,). The term “level I” was coined
by Novelli and Thibon [29] and refers to the larger of the two algebras appearing
in Poirier’s work.? The terminology and basic Hopf algebraic properties of QSym”
that we build on, as well as two other examples of multigraded Hopf algebras that
we discuss—the higher level noncommutative symmetric functions and free quasi-
symmetric functions—are due to Novelli and Thibon [29, 30]. Our paper adds the
category-theoretic perspective and gives concrete results about new combinatorially
interesting bases, subalgebras, and maps within 0Sym?, as well as maps from other
Hopf algebras to QSym®.

We should mention that the smaller of Poirier’s two algebras, usually referred to
as the algebra of colored quasisymmetric functions, denoted here by QSym!l, has
been studied by many authors. Baumann and Hohlweg [6] proved that QSym!l is
a Hopf algebra and related it to the larger Hopf algebra QSym'”. Their work places
0Sym!"! within a general descent theory for wreath products and reveals the functorial
nature of many related colored constructions, notably the colored descent algebras
of Mantaci and Reutenauer [28]. In subsequent work, Bergeron and Hohlweg [§]
continued to explain and unify various colored constructions, and they proposed a
theory of colored combinatorial Hopf algebras analogous to the theory developed
in [4]; this theory is developed further in [23]. Some connections between our work
and the Bergeron—Hohlweg theory are discussed briefly in Sect. 3.3. One key point
that distinguishes our viewpoint is our emphasis on the N/-graded structure. It seems,
however, that many of the k-refinements that we consider here should translate into
analogous constructions within the framework suggested by Bergeron and Hohlweg.

One final topic that we consider in this paper is the notion of a k-analogue of the
classic descents-to-peaks map on quasisymmetric functions, which shows up natu-
rally in several different settings. When viewing QSym and the peak algebra as arising
from ordinary and enriched P-partitions, the descents-to-peaks map is Stembridge’s
6-map [36], which sends the P-partition weight enumerator of a labeled poset to
the enriched P-partition weight enumerator of the same poset. In the setting of non-
commutative symmetric functions, the dual of the descents-to-peaks map appears

1Actually Ehrenborg’s work takes place in the setting of Newtonian coalgebras, or infinitesimal Hopf
algebras [1], where instead of “odd subalgebra” one has the analogous notion of “Eulerian subalgebra,”
but it is easy to translate his idea into the language of combinatorial Hopf algebras.

2The reader may like to refer to [6, §6.2] for an analysis of the two different colored generalizations of
quasisymmetric functions in [31].
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in the work of Krob, Leclerc and Thibon [24] as the specialization at ¢ = —1 of
the A — (1 — g)A transform. Yet another interpretation of this map involving flag
enumeration in oriented matroids was given in [13]. We do not attempt to develop
level [ versions or k-analogues of these general frameworks which give rise to the
descents-to-peaks map (although see [23] for a related story on colored P-partitions).
Instead we employ the character-theoretic approach of [4] to define the appropriate k-
analogues @¥ : 0Sym® — QSym® and give explicit formulas to help compute these
maps.

The rest of this paper is organized as follows. In Sect. 2 we provide the necessary
background on /-partite numbers and vector compositions, and introduce several ex-
amples of multigraded Hopf algebras. In Sect. 3 we study the category of multigraded
combinatorial Hopf algebras and formulate the universal property of QSym®. We
also describe how to relate our constructions to earlier work. Section 4 contains our
basic results on k-odd and k-even Hopf subalgebras. In particular we show that a sub-
stantial part of the standard theory of combinatorial Hopf algebras developed in [4]
goes through for these k-analogues. Section 5 contains more explicit descriptions of
the k-odd and k-even Hopf subalgebras of QSym. We focus mostly on the k-odd
algebras, for which we describe various bases and compute Hilbert series. In Sect. 6
we define the k-analogue of the descents-to-peaks map and introduce k-analogues of
the basis of peak functions.

2 Background and examples of multigraded Hopf algebras

Throughout this paper, let N = {0, 1, 2, ... } denote the set of nonnegative integers and
P ={1, 2, ...} denote the set of positive integers. If m,n € N then [n] = {1,2,...,n},
and [n,m]={n,n+ 1,n+2,...,m}. In particular, [0] =@ and [n,m] =@ if n > m.
In this paper, we use the term multigraded to mean N'-graded, where [ is a fixed
positive integer. We call the elements of N [-partite numbers and treat them as col-
umn vectors. Thus 0 € N’ denotes the zero vector, and for each i € [0,]— 1], ¢; € N/
denotes the coordinate vector with a 1 in position i and 0 everywhere else. When
needed, we add vectors componentwise, and we sometimes use a partial order on
N given by i < j if each coordinate of i is less than or equal to the corresponding
coordinate of j. The /-partite number

is said to have weight |n| = ny + --- + n; and support supp(n) = {i € [0,] — 1] |
n; 75 0}.

This section provides the necessary background on [/-partite numbers and vector
compositions, and introduces several examples of multigraded Hopf algebras that
appear throughout the paper. These algebras are
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RO multigraded posets

ROk multigraded k-Eulerian posets

PO colored posets

FQSym?® free quasisymmetric functions of level

Sym) noncommutative symmetric functions of level /
0Sym®" quasisymmetric functions of level /

Sym® MacMahon’s multi-symmetric functions

Generally speaking, the Hopf algebras that we work with are N'-graded bialge-
bras H = @, Hn that are connected, meaning Hy is the one-dimensional vector
space spanned by the unit element; the counit is always defined to be the projec-
tion onto Hy. Such a bialgebra always has a recursively defined antipode (see, e.g.,
[17, Lemma 2.1]), so it automatically becomes a Hopf algebra.

Our discussion of vector compositions and the Hopf algebras 0Sym”, Sym”, and
FQSym(I) follows Novelli and Thibon [30], where most of the relevant definitions
and results can be found.

2.1 The Hopf algebra R

A finite poset P is said to be graded if it has a unique minimum element 0 and a
unique maximum element 1, and it is equipped with a rank function rk : P — N with
the property that if y covers x in P then rk(y) = rk(x) + 1.

Definition 2.1 A multigraded poset is a (finite) graded poset P together with a func-
tion rkp : P — N such that rkp(f)) =0 and if y covers x in P then rkp(y) =
rkp(x) + e; for some coordinate vector e; € N!. We call rkp the multirank function
of P and say that the multirank of P is l'kp(i).

Each interval [x, y] = {z € P | x < z < y} in a multigraded poset P is again a
multigraded poset with multirank function rkiy yj(z) =rkp(z) —rkp (x). Two multi-
graded posets P and Q are said to be isomorphic if there is an isomorphism of posets
¢ : P — Q suchthatrkg op =rkp.

Let R be the vector space with basis the set of isomorphism classes of multi-
graded posets. We get a multigrading R = PBren R,(,l) by taking Rf,l) to be the
linear span of all (isomorphism classes of) posets with multirank n.

Multiplication in R is defined to be the usual Cartesian product P x Q with
rkpyo(x,y) =rkp(x) +rkg(y) for (x,y) € P x Q. The coproduct is defined by

A(P) = Z [6,x]®[x,i].

O<x<1

The unit is the one-element poset. When [ = 1, the Hopf algebra R?) specializes to
Rota’s Hopf algebra (see, e.g., [4, Example 2.2]).
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2.2 The Hopf subalgebra R-k c R

Recall that a graded poset P is said to be Eulerian if whenever x <p y, the Mobius
function satisfies pu([x, y]) = (—1)*O) =K " Generalizing [18, Definition 4.1], we
make the following definition.

Definition 2.2 Let P be a multigraded poset and letk € (NU {oo})!. We say that P is
k-Eulerian if every interval of rank n <k is Eulerian.

For example, the multigraded poset

is (1, 1)-Eulerian but not (0, 2)-Eulerian.

Let Rk be the subspace of R spanned by all k-Eulerian posets. Using the fact
that the Mobius function is multiplicative, i.e., u(P x Q) = u(P) - u(Q), it is easy
to show that the Cartesian product of two k-Eulerian posets is a k-Eulerian poset. It
is also clear that every interval in a k-Eulerian poset is again k-Eulerian. Therefore
RO-K is a Hopf subalgebra of R,

2.3 The Hopf algebra P

Let A=P x [0,/ — 1] be the set of I-colored positive integers. If x = (i, j) € A then
we call |x| =i the absolute value of x and y (x) = j the color of x.

Definition 2.3 A finite subset P C A together with a partial order < p will be called
a colored poset if {|x| |x e P} ={1,2,...,|P|}.

Let PO denote the vector space of formal Q-linear combinations of colored posets.
If we define the multidegree of a colored poset P to be (no, ..., ni—1)T € N, where
n; is the number of occurrences of color i in the multiset {y (x) | x € P}, and de-
note by Pl(ll) the subspace of colored posets of multidegree n, then P) becomes a
multigraded vector space P = Dren Pg).

Given two colored posets P and Q, define a new colored poset P LI Q to be the
disjoint union of P and Q with the absolute values of Q shifted up by n = |P].
Thusasaset PUQ={(,j)€A|({, j)e Por(—n,j)e Q}, and the new partial
order satisfies (i, j) <pug (i’, j) if and only if (i, j) <p (', j)), or (i —n, j) <g
(i’ —n, j). For example,

(2,2) (2,0) (2,2) (4,0)
I H /\ = I ./\.

(1,0) (1,2) (3,0) (1,00 (3,2 (5,0)
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With this product P®) becomes a noncommutative multigraded algebra whose unit
element is the empty colored poset. When / = 1 we recover the construction discussed
in [16, §3.8].

To define the coproduct, first recall that a (lower) order ideal of a poset P is a sub-
set I C P suchthatif x € I and y <p x then y € I. Every order ideal I and its com-
plement P — I can be thought of as a subposet of P. The set of order ideals of P is de-
noted by Z(P). Now suppose that P is a colored poset and Q = {(i1, j1) ... (im, jm)}
is any subposet (not necessarily a colored poset). The standardization of Q is the
colored poset st(Q) obtained by relabeling (i, j-) by @i/, j-) for each (i, jr) € O,
where i}i} ...i,, is the standardization of i1i>...i,. In other words i{i}...i,, is the
unique permutation of [m] such that i, < i if and only if i, < i, for every r, s € [m].
Now we can define the coproduct of a colored poset P by

A(P) = Z st(I) @ st(P —I).

I€Z(P)

For example,

(2,0) (2,0) (1,0) (2,0)
A ./\ =0® + o ® I + o ® I
(1,2)  (3,0) (1,2)  (3,0) (1,2) (2,0) (1,0) (1,2)
(2,0)
T o o @ o F ® 0.
(1,2) (2,0) (1,0) (1,2)  (3,0)

With this coproduct P®) becomes a multigraded bialgebra.

Note that our definitions here differ slightly from the ones in [23]. However it is
still possible to see the connections. For instance the commutative Hopf algebra of
colored posets P studied in [23] can be thought of as P’ modulo isomorphism of
colored posets.

2.4 Vector compositions

We now give some definitions related to /-partite numbers and vector compositions
which will be used in the remaining examples.

If iy, ..., 1, are [-partite numbers of nonzero weight, then the / x m matrix I =
(i1, ...,1y) is called a vector composition of iy + --- + 1, of length £(I) = m and
weight |I| = |i1| + - - - + |i;|. The empty composition () is said to be the unique vector
composition of 0. Let Comp(n) denote the set of vector compositions of n. We often
write I F n to mean I € Comp(n). Conversely we will write X1 to denote the /-
partite number n obtained by summing the columns of I. An example of a vector
composition of a 4-partite number is

2.1)

L]

|
—_—0 O =
S o oN
W o O O
S o = O
O = O
o0 O D W
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This vector composition has length £(I) = 5, weight |I| = 13 and ©I= (3,2,0, 8)T.
Next we consider three different partial orders on Comp(n). Let I = (if, ...,i,) F
n and J F n. Write

| S )

if J is a refinement of I, meaning there are vector compositions Ji, ..., J, whose
concatenation is J = J - - - J;, and such that J; F iy for each k. If additionally, every
Ji has the property that every element in the support of a column is less than or equal
to every element in the support of every column further to the right, then we write

I<].

If instead we require elements in the support of each column to be strictly less than
elements in the support of columns to the right, then we write

I, J.

By construction, I 5, J = I<J = I < J. For example, inside

3
Comp 5
7
we have
I Ji Jo I Ji J2
2 1 g 1 1 1 00 2 1 < 1 1 1 0 0
0 5 % 00 0 2 3 0 5 %\ o0 0 2 3
3 4 30 0 0 4 3 4 $ 03 0 0 4
I Ji J2
2 1 20 10
0 5 <y 0 0 05
3 4 0 3 0 4

Notice that if I < J and if K is obtained by adding together any two adjacent columns
of some J;, then clearly I < K < J. The same is true of < and <. Therefore, each
interval of the poset Comp(n) relative to any of the partial orders <, <, and <, is
isomorphic to an interval in a poset of (ordinary) compositions ordered by refinement;
the isomorphism takes a vector composition (i, ..., i,) to the sequence of weights
(lit], - .-, [iu]). It is well-known that the poset of compositions under refinement is
a boolean lattice. Thus the Mobius function of every interval [I, J] in Comp(n) with
respect to any one of the three partial orders is given by wu([I, J]) = (—=1)¢D—¢W),

Novelli and Thibon [29] introduced a way to encode a vector composition I =
(i1, ...,1y) via two associated statistics, namely a set d(I) C [|I| — 1] and a word
c(I), where

d() = {ial, i+ izl ..., [ ] 4+ [im1l},
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and c(I) is formed by recording I; ; copies of the color i as one reads the entries of
the matrix I sequentially down every column, starting from the left-most column. We
will refer to ¢(I) as the coloring word of 1. For example, with I as in (2.1), we have
d(@) ={2,4,7,8} and c(I) = 0300333113333.

If w=w;---w, is a word in an ordered alphabet then the descent set of w is

Des(w) = {i en—1]|w; > wi+1}.
It is always true that Des(c(I)) € d(I). Conversely, given a positive integer n, a subset
S € [n — 1], and a color word w of length n (i.e., a word w = wiw; - -- w, in the
alphabet [0,/ — 1]) such that Des(w) C S, there is a unique vector composition I
such that d(I) = S and ¢(I) = w. Note that
IxJ ifandonlyif ¢(I)=c(J)and d(I) Sd().

In the following, most notably in Sect. 2.7, besides the notion of vector composi-
tions, we will need the analogous notion of a vector partition. For us a vector partition

will be a multiset A of [-partite numbers A = {A1, ..., A, }. Note for example that the
multiset cols(I) of the columns of a given vector composition I is in fact a vector
partition.

We conclude this subsection with two more definitions. If u = ujuy...u, €
[0,1— 1]" is a color word and n; is the number of occurrences of color i for each i €
[0, I — 1], then we define the multidegree of u to be

no
dega)=| : |. (2.2)

ni-1
We also associate a vector composition E,, to each such color word u:
E, = (eul» cee »eun)~

A vector composition that is either empty or whose columns consist of coordinate
vectors (i.e., standard basis vectors) will be called a coordinate vector composition.

2.5 The Hopf algebra FQSym”

This algebra is due to Novelli and Thibon [29, 30]. It can be thought of as a level /
generalization of the Malvenuto-Reutenauer Hopf algebra of permutations [27].

Let A=P x [0, — 1] be the alphabet of colored positive integers as in Sect. 2.3.
A typical word in this alphabet will be written as (J, u) where J = jj ... j, is a word
of positive integers and u = uj ... u, is a word of colors. For each n > 0 we will call
elements of the set &, x [0, — 1]" colored permutations of n. The empty colored
permutation of 0 is (@, @).

@ Springer



460 J Algebr Comb (2011) 34:451-506

If (o, u) is a colored permutation of n, then we define the noncommutative power
series Fs , € Q(A) by

FO,M = 2 (ja—l(l)jo.—l(z)...jo.—l(n), uo.—l(l)uo.—l(z)...l/lo.—l(n)),
JISj2= =
reDes(o) = jr <jr+1

2.3)
with the convention Fy g = 1. For example, Des(251463) = {2, 5} and

F251463,120101 = > (J3J1J6J4j2j5, 011120).

N1=h<j3<ja<js<Jje

This definition is equivalent to the one given in [30], though here it is stated in a
different way to emphasize the analogy with the upcoming defining equation (2.10)
for the quasi-ribbon functions Fy (cf. [3, (1.9)]).

Let FQSym(Z) denote the vector space spanned by the F; ,. We get a multigrading
FQSym® =@, .,y FQSym. by defining FQSymy to be the span of all F,, with
deg(#) = n (in the sense of (2.2)). Novelli and Thibon proved that FQSym(D is a
subalgebra of (Q(A), and moreover that the product of two basis elements F, ,F; ,
is given by shifted shuffling; i.e., to get the result, we simply shift the letters of T up
by the length of o, then shuffle o and t together, all the while keeping track of their
corresponding colors. For example,

F21,00F12,10 = F2134,0210 + F2314,0120 + F2341,0102 + F3241,1002 + F3214,1020

+ F3421,1002-

The coproduct on FQSym” is defined by breaking up o into a concatenation
of two (possibly empty) subwords, o = 7’ and taking the standardization of each
subword 7 and t’. For example,

A(F1423,0021) = 1 ® F1423,0021 + F1,0 ® F312,021 + F12,00 ® F12,21
+F132,0020 ® F1,1 + F1423,0021 ® 1.

We refer the reader to [30] for further details and precise definitions.
2.6 The Hopf algebra Sym'”

This algebra is again due to Novelli and Thibon [29, 30]. It is a level / version of the
Hopf algebra of noncommutative symmetric functions, Sym, introduced by Gelfand
etal. [19].

For each n € N/, define the complete homogeneous noncommutative symmetric
function S, € FQSym" by

Sn = Z F12.4.n,u’

deg(u)=n
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where Fy2. , , is defined as in (2.3). In particular So = 1. For each vector composition
I=i;...i,,let
St=s;,---8;,.
Note that ST has multidegree iy + - - - +1i,.
Let Sym be the subalgebra of FQSym'” generated by the Sy. Novelli and Thi-
bon in [30] proved the following:

Proposition 2.4 The complete functions Sp are algebraically independent, so the ST
form a linear basis for Sym(l). Moreover Sym(l) is a multigraded Hopf subalgebra
of FQSym ) with coproduct satisfying

ASa)= ) Si®S;.
n=i+j

We illustrate this with an example:
AN =108+ S/ 1\ ® S/ 1\, +S/2y®S/0
(7) ()70 770 TR TR0
+S0\®S2y+ S 1\ ®S 1\ +S2\ 1.
(D776 0 770 ()

The basis ST is the level [ analog of the basis ST defined in [19]. For us it will
be useful to consider a level / analog of a different basis from [19], the basis of
noncommutative power sum symmetric functions of the second kind. We introduce
these functions next.

Let ty,...,#—1 be commutative variables. For each [-partite number n = (no,
coon—)T let " =10+ 1"}", and for each vector composition I = iy, ..., in),
let T =1 ...¢n In analogy with [19, (26)], we define the level | noncommutative
power sum symmetric functions of the second kind @y implicitly by

> %t“:log(l—i— > S,,t“) (2.4)

neN\{0} neN/\{0}

and @ = 1. Here the logarithm is to be interpreted as a formal operation that satisfies
log(1+T)=T — T2/2+T3/3+- ... For each vector composition I = (i, ..., i5),
let

ol=a;...0

im °

The @' and S! are related by triangular matrices. To describe this relationship, we
adapt the notation from [19, §4.3]. For any vector composition I = (if, ..., i,), let
a(l) = ]_[;:’:l lix| and sp(I) = £(I)! w(I). Now suppose that L < J=J; - --J,,,, where
Jr F i for each k. Then define

A, D=[]edx) and spd, D =]]spAw.

k=1 k=1

The bases @I and S! are related as follows.
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Proposition 2.5 For every vector composition 1, we have

1_ ey-eay M
@ _Igj( 1) 70, I)S (2.5)
and
1
St= 7. 2.6
I;J sp(J, D 20

Consequently, the ® form a basis of Sym®.

Proof From (2.4) we compute
=X s
E(I) ’
from which (2.5) follows by multiplicativity of the ®I. By exponentiating (2.4), we

obtain
1
Sp= § ol
IFn P D

and then (2.6) follows by multiplicativity of the S'. g

We now gather some additional facts about the ®1.
Proposition 2.6 Every @y, is primitive; that is,
A(Pn)=103P,+Pn® 1. 2.7

Proof The proof is a straightforward extension of the proof of Proposition 3.10
in [19] and will be omitted. O

Proposition 2.7 The antipode s on Sym"” satisfies

s(@h) = (- T (2.8)
and
SI) _ Z (_1)6(1)5{ 2.9)
=

&
where 1 is the vector composition obtained by reading the columns of 1 in reverse
order.

Proof 1t follows from (2.7) that s(®y) = —®y. Since s is an anti-homomorphism

of algebras, (2.8) follows. Next, following the same argument leading up to (2.14)
in [27], we have
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s o{ge) ol

n>0 n>0 n#0

— exp (Z s(q)n)tn> =exp (Z —q).,,n) = (Z S,,tn> -1

n#0 n#0 n>0

which implies

s(Sp) = Z(—l)f“)s‘.

IEn

Again since s is an anti-homomorphism, (2.9) follows. g
2.7 The Hopf algebra Sym®

This algebra was introduced by MacMahon [26]; our presentation here is adapted
from Gessel [21].
Let X =Xu X'u---u X! be a set of independent colored commuta-

tive variables, with X! = {x](.i) | j € P} being the variables of color i. For n =
(no, ..., ni—1)T € N! define

x? = (x;O))"O .. (x;l—l))nm.

A formal power series in X of finite degree is called a multi-symmetric function if
the coefficients of the monomials x?‘xgz . -xﬁ{” and x)fll X;‘; e xj‘;" are equal when-
ever A, ..., A, are [-partite numbers and ji, ..., j, are distinct. The set of multi-

symmetric functions forms a multigraded algebra denoted by Sym® = DPren S ymg),

A
Jm
A1 + --- 4+ Ay, and the nth multigraded component Symg) consists of all multi-
symmetric functions of multidegree n.

We will give three bases for Sym? that extend well-known bases of symmetric
functions. These bases are indexed by vector partitions in the sense of Sect. 2.4, i.e.,
multisets of [-partite numbers A = {Aq, ..., Ap}.

First, the monomial function m), is defined to be the sum of all monomials

where the multidegree of a monomial Xjfll ---x." is defined to be the vector sum

A e X)Lm
j] jm
where ji, ..., j, are distinct. For example, using the shorthand x; = xl.(o), X; = xl.(l)

(@)

and x; = x;~, we have

m/q 3\ = inlf?,):c;lx;’;j and m(z)(3)<2> = Z xizfix?f?xlsz.
i ? itj 1733731 i<k and j¢{i,k}
Recall that for a color word u = uqus...u, € [0, — 17", we defined the multide-

gree of u to be the vector of multiplicities of colors appearing in u (see (2.2)). Now
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for each n € N! with weight n = |n|, we can define the complete function hy by

_ L ) )
hn = Z Z i X Xju -

u=uyuy..u,€[0,i—11" j1<jp<-<jn

deg(u)=n
For example, there are two color words u = 01 and u = 10 of multidegree ( 11), so
XiX; Xixj=2m 0\ -
(1) T 2 e =2y ) o)
The basis A is defined multiplicatively, by hy = hy, by, ---.
Lastly, we define the power sum function pyp by
oo
=3 N =m
j=1
and set py = pa, P, . Again the multi-symmetric functions p; form a basis

for Sym®.
We can define a coproduct in Sym by generalizing the coproduct of ordinary
symmetric functions:

Apn)=1Q@ pn+pn® 1.

Alternatively, the same coproduct can be defined by the usual method of introducing
a duplicate set of variables Y and letting A(f (X)) = f(X+Y).

2.8 The Hopf algebra QSym"

This algebra is due to Poirier [31]; our presentation is adapted from Novelli and
Thibon [29, 30].

Let X= X0 X' - 1 X!~ be commutative colored variables as before. A for-
mal power series in X of finite degree is called a quaszsymmetrlc function of level
[ if the coefficients of the monomials Xl X and x - xlj’:l are equal whenever
ji<---<jmandI=(y,...,i,)is a vector composmon The set of quasisymmetric
functions of level [ forms a multigraded vector space QSym® = DB QSymf,l) with
various natural bases indexed by vector compositions. The nth multigraded compo-
nent QSymn is the vector space of homogeneous quasisymmetric functlons of mul-
tidegree n, where once again we define the multidegree of a monomial x}! 1 ~x;;’,‘ as
the vector sum iy + - - - + i,

Here we will consider two bases. First is the quasisymmetric analog of the
monomial multi-symmetric functions m;. For a nonempty vector composition I =

(i1, ...,1m), define the level | monomial quasisymmetric function My by
— il Y im
MI - Z le ij
1< <jm
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and let My = 1. For example,

Zx,x 3 x] and M( 2) Z X; x,x 353 xkxk

(2 O) i<j 31 i<j<k
41
As in the level 1 case (see, e.g., [17, Lemma 3.3]), and as observed by Aval et al.
[5] in the level-2 case, multiplying two monomial functions MyMj can be described
in terms of quasi-shuffling. A guasi-shuffle of two vector compositions I and J is a
shuffling of the columns of I with the columns of J in which two columns may be
added together as they are shuffled past each other. An example should make this
clear:

Mias\Mony=Mpzainy+Mosiy+Mip2ziny+Mipa2ay+Mi213

(02) (50) (0250) (070) (0520) (052) (0502)

+M(33 1) +M(34) +M(31

+M +M
520 52 3) (2131> (214>

502 5020
+M +2M .
(562) " Goo2)

Thus QSym® is a quasi-shuffle algebra. General properties of such algebras are dis-
cussed in [22, 25].
The coproduct is given on the monomial basis by

A(My) =) My® Mk,
I=JK

the sum being over all ways of writing I as a concatenation of two (possibly empty)
vector compositions J and K. For example,

A(M(102)>=1®M(102)+M(

430 5 R B Rl () R Y R

+M ® 1.
4 30 43 2) (102)

0 430

This coproduct can be equivalently defined by the usual method of introducing a
duplicate set of variables Y and letting A(f (X)) = f(X +Y).

It is clear from the definitions that Sym” is a Hopf subalgebra of QSym”, and
that the monomial bases of these two algebras are related by

>

cols(I)=A

where cols(I) denotes the multiset of columns of 1.
Next we consider the basis of level I quasi-ribbon functions Fy, defined by

Fi= > 0 =N (2.10)

JISaS = IJ
red() = jr <jr+1

@ Springer



466 J Algebr Comb (2011) 34:451-506

where I is a nonempty vector composition of weight n, and u;---u, = ¢(I). For
example,

Frao\ = Z XixjXeke =M 20\ +M 00\ Moy + Mooy
(01) i<j<k<t (01) <001) (001) (0001)
10 - 10 010 010 0010
This basis specializes to Gessel’s fundamental basis [20] when [ = 1. Unlike the level
1 case, however, the product FyFjy is not always F-positive. For example,

FrionFro,=Fpo1o\tF/io\tF/ 10\ —F/ioo\ tF/io00\-
(00) (1) <100> (10) (01) <010> <001)
01 0 001 01 01 001 010

2.9 Duality between 0Sym™® and Sym?

As Novelli and Thibon observed [29, 30], the multigraded dual Hopf algebra of
Sym(l) may be identified with QSym” by making ST the dual basis of Mjy. More
precisely, for each n we have (QSymfll) )t = Sym,(f ), for any two vector compositions
I and J we have SI(MJ) =41y, and forany T, U € Sym(l) and G, H € QSym(l), we

have
TU(G)=) T(GNU(Gy) and T(GH)=) Ti(G)T2(H),

where A(G) =G ® Gy and A(T) =>_ T ® T» in Sweedler notation.
We can use this duality in several ways. As an example, if we let sg denote the
antipode on QSym®, then by taking the dual of (2.9), we get

soMp = (=D Y My 2.11)
AEDY

As before, <I_ is the vector composition obtained by reversing the order of the
columns of 1.

There is yet another interesting pair of dual bases for these two Hopf algebras.
Let us define Py to be the basis of QSym” that is dual to the power sum basis @ of
Sym" . Thus,

PY(Py) = d1y.
Then by (2.6) we get

1
Pr= Z o)) Mjy.

J<

Since the @, are primitive, the P; make up a shuffle basis for QSym”. It is well-
known that a shuffle algebra is freely generated by its Lyndon words; see, for exam-
ple, [32, Theorem 6.1]. We will come back to these ideas in Sect. 5.1.
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3 The category of multigraded combinatorial Hopf algebras

In this section we define the category of multigraded combinatorial Hopf algebras and
derive a universal property satisfied by QSym® similar to, and inspired by, [4, The-
orem 4.1]. This leads to a systematic way to investigate morphisms H — QSym®.
The closely related category of colored combinatorial Hopf algebras was described
by Bergeron and Hohlweg [8] and studied further in [23]. We discuss how to relate
our work to these earlier versions in the second half of this section.

We will work over the rationals @, but results in this section are valid over any
field.

3.1 Definitions

Let H = @@,,crv Hn be a multigraded connected Hopf algebra over Q. Let ¢ : H — Q
be a multiplicative invertible linear functional, or a character, on H (see Sect. 4.3 for
more on (convolution) invertible linear functionals). Then we say that the ordered pair
(H, ¢) (or simply H if ¢ is unambiguous from the context) is a multigraded combina-
torial Hopf algebra. Morphisms in the category of multigraded combinatorial Hopf
algebras are homomorphisms ¥ : H — H’ of N'-graded Hopf algebras for the multi-
graded combinatorial Hopf algebras (H, ¢) and (H', ¢’) such that 9 = ¢’ o W.

When / = 1 we recover the original construction of a combinatorial Hopf algebra
in [4].

Each of the algebras discussed in Sect. 2 can be naturally made into a multi-
graded combinatorial Hopf algebra by pairing it with a character. In the context
of this paper, the most important example is the Hopf algebra QSym” paired with
the universal character ¢g : 0Sym®P — Q, defined by setting each of the variables
xfo), x{l), e, xfl_l) to 1 and all other variables x}l), j # 1, to 0. Alternatively, {o
can be defined by

1 ifI=0)oreM=1,
Co(My) =¢o(F1) = ) 3.1
0 otherwise.

Clearly ¢g is a character since it is an evaluation map. The significance of this char-
acter will be discussed next.

3.2 Universality of the Hopf algebra QSym®

The pair (QSym®, o) is terminal in the category of multigraded combinatorial Hopf
algebras; this generalizes the [ = 1 case [4, Theorem 4.1]. More specifically we have

Theorem 3.1 For every multigraded combinatorial Hopf algebra (H, ¢), there exists
a unique morphism ¥ : (H,¢) — (QSym®, £o). Explicitly, if n € N and h € Hy
then

W)=y alh)My (32)

IFEn
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where if 1= (i1, ...,1i,) then {y is the composite map

AP—D multiplication
—_—

projection cer
H®P Hiy ® -+ @ Hi, —> Q%7 Q.

This theorem is actually just the k = 0 case of Theorem 4.13 (and also of Theo-
rem 4.22), so we will defer the proof until Sect. 4 and focus on examples for now.

Example 3.2 Recall that we introduced the Hopf algebra R of multigraded posets
in Sect. 2.1. Now we define ¢ : R — Q to be

{(P)=1 forevery multigraded poset P.

Clearly ¢ is a character, so (R, ¢) is a multigraded combinatorial Hopf algebra.
Theorem 3.1 then implies that we have a morphism F : R — QSym® such that
g o F =¢. As observed in [4, Example 4.4], the [ = 1 version of this morphism is
the F-homomorphism introduced by Ehrenborg [17].

By (3.2), for every multigraded poset P of rank n, we have

F(P)=_ f(P)My, (33)

IEn

where

firip...i, (P) = number of chains 0 =19 <; <--- <fy4;=11in P

such that rk(#; ;1) —rk(¢;) =i; for j=1,...,m.

Thus (f1(P) | I F n) is a refinement of the usual flag f-vector of a graded poset.

For example, if
(1,2)
(0,2)
P =
(0,1)
(0,0)

where the labels represent multiranks, then

FP)=M M 2M M M M
R ) I 051 I ) A (R L R )
RO T
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Another way to express (3.3), analogous to [34, (1)], is

F(P)= Z Xik(ll)*rk(lo)xgk(tz)*rk(tl) . 'X]l;k(lk)—l'k(lkfl)

O=to<ti <<ty <=1

where the sum is over all multichains in P from 0 to 1 in which 1 occurs exactly
once.

Example 3.3 Recall that we defined the Hopf subalgebra RK of R in Sect. 2.2.
Now we consider the restriction of the character ¢ from the above example to Rk,
For simplicity we also denote the restricted character by ¢, so

¢ ROk Q

is given by ¢(P) = 1 for every k-Eulerian poset P. Note that ¢ ~! is just the Mobius
function . Thus if P is k-Eulerian of multirank n <k (hence P is Eulerian), then
§_I(P) =u(P)= (=Dl = ¢ (P). We can therefore assert that

C(hy=¢""(h) foreveryhe @Rg)’k. (3.4)

n<k

If every entry of k is co (hence there are no restrictions on %), then (3.4) amounts
to saying that ¢ is an odd character, in the sense of [4]. Thus (3.4) suggests a way
to refine the definition of odd character. This is the motivation for our definition of a
k-odd character in Sect. 4.4.

Example 3.4 Recall that we defined the Hopf algebra P of colored posets in
Sect. 2.3. We will say that a colored poset P is naturally labeled if it has a linear
extension of the form (12---n, u). Define ¢ : PO — Q by

1 if P =@ or P is naturally labeled,
¢(pP)=

0 otherwise.

Clearly P and Q are naturally labeled if and only if P U Q is. Thus ¢ is a character,
and (P?, ¢) is a multigraded combinatorial Hopf algebra. Let I" : P — QSym®
be the unique morphism of multigraded combinatorial Hopf algebras satisfying {g o
I' = ¢. We will describe this map I" in a bit more detail shortly, but first we need
a new notation. Recall that colored permutations were defined at the beginning of
Sect. 2.5. If (o, u) is a colored permutation of n and Des(c) = {s1 <82 < --- < $p},
then set so = 0 and s, | = n, and define Des(o, u) to be the vector composition of
length p 4+ 1 whose ith column is the sum of columns s;_; 4 1 through s; in the
vector composition E, = (e, ..., e,,). For example,

001010 0
Ei2i01=|1 0 0 1 0 1 and Des(251463, 120101) = 1
01 0000 1

S =

0
1
0
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In short, Des(o, u) keeps track of the descent set of o along with the multiset of
colors appearing in each run of ascents.

Proposition 3.5 Let P be a colored poset, and let L(P) be the set of linear extensions

of P. We have
I'(P)= Z Z M. (3.5)
(o,u)eL(P)Des(o,u)JI<E,
Proof Foreachsubset I C P,letdeg(l) = (no,..., n1_1)T € N/ where n; is the num-

ber of elements in / with color i. By (3.2) we have

rp)= > ¢ (st \ 10))¢ (st(T \ 1) -+ £ (stCm \ 1))

Qj:l()gll glz,g"'gl;;z:P
- Mdeg(11\Ip).deg(I\11)......deg(n\I,y—1))

where the sum is over all chains of order ideals in P. By the definition of ¢ we only
need to sum over chains ¥ = Ip C --- C I, = P such that st(/; \ I;_1) is naturally
labeled for each i. For every such chain C, let [[; \ ;1] denote the word obtained
by reading the elements of [; \ I;_; in order of increasing absolute value, and let
7(C)=[I1 \ Ip]---[Im \ Im—1]. Thus 7 (C) is a linear extension of P, written as a
concatenation of subwords with no descents. This linear extension (and its decom-
position into subwords) contributes a term of the form My, Des(w(C)) < I J E,
to our expression for I'(P), where u = ¢(r(C)). Conversely, for any linear exten-
sion (o,u) € L(P) and any I = (i, ...,1i,) such that Des(o,u) < I < E,, we can
find a unique chain C={{y=0C 1) C---C I, = P} with n(C) = (o,u) and
deg(/; \ 1;_1) =ij for every j by letting I; be the first |i;| elements of (o, u), >\ I
be the next |i| elements of (o, u), and so forth. Il

Another way to get from P to QSym is through the Hopf algebra R’ of multi-
graded posets. If P is a colored poset, let J(P) as usual denote the poset (distributive
lattice) of order ideals of P ordered by inclusion. We make J(P) into a multigraded
poset by defining the multirank of an order ideal I € J(P) to be the multidegree of 1
as a colored poset (i.e., the vector of multiplicities of the colors appearing in 7). This
gives us a map

J: PO RO

which is easily shown to be a morphism of Hopf algebras using elementary properties
of order ideals. Notice that J(P) depends only on the colors of the elements of P
and not on their absolute values. When [ = 1 this is essentially the map considered in
[4, Example 2.4].

Example 3.6 Recall that we defined the Hopf algebra FQSym® in Sect. 2.5. Now
we define ¢ : FQSym(l) — Q by

1 if o is the identity permutation in &,, for some n,
;(F U,u) = .
0 otherwise.

@ Springer



J Algebr Comb (2011) 34:451-506 471

It is easy to see that ¢ is a character, so by Theorem 3.1, there is a unique morphism
of multigraded combinatorial Hopf algebras D : FQSym” — QSym® such that {go
D=¢.

Now using (3.2), we can see that

D(Foy) = > My = 3 X0 ) ) (3 6y

J1 J2 Jn
Des(o,u) I (eul ~~~~~ eun) J1Z2==jn
reDes(0) = jr<jr+1

As a special case of (3.6), if Des(u) C Des(o') then
D¥ou) = Fpes(o.u)- (3.7)
It also follows from (3.6) that for every n € N/,
D(Spn) = hq.
Thus Sym® is the commutative image of Sym” under D.
Novelli and Thibon [30] noted that each Fy arises as the commutati\(e image of
certain Fy; , under the abelianization map ab : Q(A) — Q[X], (j,i) — x}l). Compar-

ing (2.3) with (3.6), we see that the morphism D is in fact just the restriction of ab.
To summarize, the diagram

Sym” —— FQSym"? —— Q((A))

| | w

Sym® ——— 0Sym® —— QI[IX]]

is commutative (cf. [3, §1.3]).

To see the more general picture, we consider once again the setup from Sect. 3.4.
The map I" : PO — QSym® defined explicitly in (3.5) factors through FQSym"” via
the morphism I : P’ — FQSym” given by

rcey= Y Fou

(o,u)eL(P)

When (=1, " (P) is the free quasisymmetric generating function of P introduced
by Duchamp et al. [16, Definition 3.15]. Combining (3.6) and (3.5), we see that I =
Dorl.
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We can summarize the relationship between the various examples discussed so far
in the following commutative diagram:

PO PO
r
~ |
FQSym® RO
/f
Sym® 0Sym®

Sym
Note that I" # F o J because I"(P) depends on the absolute values of the elements
of P while J(P) does not.

3.3 The Bergeron—-Hohlweg theory of colored combinatorial Hopf algebras

We now briefly review the theory of m-colored combinatorial Hopf algebras [8]. Our
presentation follows [23]. Then we describe how to relate this theory to our work
here.

An [-colored combinatorial Hopf algebra is a pair (H, ¢) where H = @, . Hn
is a graded connected Hopf algebra and ¢ = (9@, oD, ... ¢=D) is an [-tuple of
characters go(i) "H—Q,i=0,1,...,]— 1. Morphisms in the category of /-colored
combinatorial Hopf algebras are maps ¥ : H — H’ such that 9@ o & = ¢ for
i=0,1,....1—1.

Remark 3.7 To see explicitly how the /-colored combinatorial Hopf algebras (H, ¢)
of [8] correspond to the /-colored combinatorial Hopf algebras (H, ¢) of [23], re-
call first that for [8], an /-colored combinatorial Hopf algebra is a pair (H, ¢) where
H =,y Hn and ¢ : H — Q[C;]. Here C; is the cyclic group generated by w, a
primitive /th root of unity. Elements of Q[C;] are polynomial expressions of the form
q0 + q1w —|—q2w2+ —i—q;,]wl_l where g; € Q for each i =0,1,...,/— 1. To
make these two definitions of /-colored combinatorial Hopf algebras compatible, the
multiplication in Q[C;] should be defined on the color components via:

o wi o ifi=j;
w'w! = '
0  otherwise

and extended linearly [23]. Then we can identify any particular map ¢ : H — Q[C/]
with an [-tuple ¢ = (9@, (... ¢U=D) by first defining the functions ¢; : H — Q
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such that for any & € H we have
o(h) = qo(h) + g1 (Ww + g2 (Mw? + - + gy (w'™ .
Then we simply set ¢ =g; fori =0, 1,...,1— 1. We will have

o) =0 Q) + oV w + @ MWw2 + - + D yw'™! forall h e H.

The terminal object in this category is the Hopf algebra QSym!" of I-colored quasi-
symmetric functions, first studied by Poirier [31]. The bases of QSym!! are typically
indexed by [I-colored compositions « = ((a1, uy), ..., (@, Uy)), Where (aq, ..., ay)
is an integer composition (vector of positive integers) and u ...u,, € [0,/ — 1]" is a
color vector. In the following we will write & F ;n when « is an /-colored composi-
tion of n. A natural basis for QSym!!! is the set of colored monomial quasisymmetric
functions Mo(ll), defined by

Mél) — Z (x;tlu))al (x;};z))az o (x](:m))am

U1u1) <tex* <lex (m > tm)

where <jex refers to the lexicographic order on P x [0,/ — 1].

Baumann and Hohlweg [6] proved that QSym!!! is a Hopf subalgebra of QSym®.
A different but isomorphic realization of QSym!! was introduced by Novelli and Thi-
bon [29]. To see that QSym[” - QSym(l), note that the monomial functions Mél) can
be written in the monomial basis My as follows (recall that e; denotes the ith coordi-
nate vector in N! and that the partial order < is defined in Sect. 2.4):

MY = > My (3.8)
Is (g Cupseens €y )
with o = (01, u1), ..., (&tm, up)). For example,
2 3
M(%),1),(1,0),(1,2),(3,0)) = Z (xi(ll)) (xi(QO))(xi(f))(xi(z?))
i1 <ip<iz<isg
2 3
+ > W) ED)ED) D)
i1 <ip<i3
:M<0103> +M<01 3)-
2000 200
0010 010

Details of the Hopf algebra structure of QSme] can be found in [8, 23, 29, 30].
The universal character y = (@, ..., D) of 0Sym!! is defined as a tuple

of evaluation characters: each ) takes the variable xl(i) to 1 and all other variables
to 0. Equivalently,

1 ifa=(0ora=(a,i)),

0 otherwise.

.
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In [23, Theorem 13] it is shown that for any colored combinatorial Hopf algebra
(H, @), there is a unique morphism ¥, : (H, ¢) — (QSym!"!, 1) of colored combina-
torial Hopf algebras given explicitly by

W)= ga(M, (3.9)
aEn
for any h € 'H,,, where for o = (@hay, ..., okay), @y 1S the composite map:
IXGR)) iecti U ®-.-Uk)
Ok PSR Hey ® - @ Hg, R AN Qe LN Q.

We will now see how QSym(l) fits into this picture. Let §(i), i=0,1,...,1—1
be the character on QSym® that takes x](i) to 1 and all other variables to 0. Let
c=@O, . .., "Dy so (QSym(l), ¢) becomes an [-colored combinatorial Hopf al-
gebra. Note that we are ignoring the multigrading on QSym® and thinking of it

as an ordinary graded Hopf algebra QSym(l) = @2020 QSymELI), where QSymg) =

I
B ujn OSymn -
Since ¥ @ defined above is just the restriction of ¢ to the subalgebra QSym[l], it
follows that (QSyml!, ) is a combinatorial Hopf subalgebra of (QSym?, 7).

Proposition 3.8 In the category of colored combinatorial Hopf algebras, the mor-
phism

(0Sym, ) — (0Sym®, ¢)

is the inclusion map.

Conversely, the result quoted above [23, Theorem 13] implies that there is a mor-
phism going in the other direction, (QSym®, ;Q) — (OSym!! ). We now describe
this map more explicitly. A vector composition I will be called monochromatic if it is
of the formI = (a1 -€,,, 02 -€y,, ..., 0y - €y, ) forsome uy, ..., u, €[0,/—1]. In this
case we define w(I) to be the colored composition w(I) = (o1, u1), ..., (¢, Um)).
The following can be proved by a straightforward application of (3.9).

Proposition 3.9 Let ¥, : OSym" — QSym[l] be the unique morphism of graded
Hopf algebras satisfying ) o . = §5) for alli. For every vector composition 1, we
have

Myq if Lis monochromatic,

Y. (My) =
‘ otherwise.

A consequence of Proposition 3.9 is that QSym[l] can be identified with QSym®
modulo the relations x”x’ for p # g and i = 1,2, ... This realization of QSym!"
was first given by Novelli and Thibon [29].

Lastly, one can view QSym!! as a multigraded combinatorial Hopf algebra by
pairing it with the character ¥ = ¢ @y M ... (=D Then Theorem 3.1 implies the
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existence of a morphism ¥ : 9Sym!!l — 0Sym® of multigraded combinatorial Hopf
algebras satisfying {g o ¥ = 1. It is clear from the definitions that

to(M)

=w(M(l))= 1 ifa=0ora= (a1, ut),..., 0y, un)), U1 <uz <-- <y,
« .
0 otherwise.

Therefore ¥ is the inclusion map. In other words, the following holds:

Proposition 3.10 In the category of multigraded combinatorial Hopf algebras, the
morphism

(0Sym!", ) — (0sym?, ¢g)

is the inclusion map.

4 Definitions and basic properties of k-odd and k-even Hopf algebras

In this section we develop the notions of k-odd and k-even subalgebras of multi-
graded combinatorial Hopf algebras. Our constructions and results directly general-
ize the definitions and basic properties of odd and even Hopf subalgebras developed
by Aguiar et al. [4].

4.1 Basic constructions

Let H = @, cny Ha be a multigraded connected Hopf algebra. For a linear functional
¢ :H— Q, let ¢, denote the restriction of ¢ to Hy. This is an element of degree n
of the (multi)graded dual H*. We also define @ to be the functional given by p(h) =
(—=DMlp(h) for h € Ha.

Let ¢, ¥ : H — Q be characters. The canonical Hopf subalgebra S(p, ¥) and its
orthogonal Hopf ideal Z (¢, ¥) are defined in [4, Sect. 5] for N-graded Hopf alge-
bras. Generalizing to the N -graded case, we define S(g, 1) to be the largest graded
subcoalgebra of H such that

VheS(p,¥), o) =vyh),

and Z(¢, ¥) to be the ideal of H* generated by ¢n — ¥, for each n € N,

We now define k-analogs of these.

Let ! be a positive integer, to be fixed for the rest of this section. It will be conve-
nient to work with the “extended” [-partite numbers (N U {oo})!, where the symbol
oo is understood to be larger than every natural number.

For k e (NU {oo})l, let Sk (¢, ¥) denote the largest graded subcoalgebra of H
with the property that

p(h) =y (h) forall h € Sk(¢. ¥) N D Ha. 4.1)

n<k
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(When forming direct sums it should be understood that our indices lie in N’.) Equa-
tion (4.1) defines Sk(¢, ¥) as the largest graded subcoalgebra of  whose graded
pieces up to degree k are all contained in ker (¢ — v). In other words, Sk(¢, ¥) is
the largest graded subcoalgebra of H whose intersection with €, -y Hn, the k-initial
graded piece of H, lies in the kernel of ¢ — . -

Note that this last statement is equivalent to asserting that the graded pieces up to
degree k of Sk(g, ¥) lie in @, . (ker gn — Ym). Thus, we can alternatively define
Sk (@, V) as the largest graded subcoalgebra of H with the property that

Vh e Sk(p, ¥), @n(h) =yYn(h) foralln<k. 4.2)

Next we let Z¥ (¢, ¥) denote the ideal of the graded dual H* generated by ¢y — ¥n
for each n < k. Each Z¥(¢, v) is generated by homogeneous elements and so is a
(multi)graded ideal of H*.

Recall that 0 € N/ denotes the zero vector. Let oo € (N U {oo})! denote the vector
whose entries are all co. For any k € (NU {oo])!,

So(@, ¥) D Sk(@, ¥) D Seole, ¥) =S(p, ¥)
and

%, ¥) C X, ¥) C T (g, ¥) =L (9, ¥).

The properties of S(¢, V) and Z (¢, ¥) stated in [4, Theorem 5.3], along with their
proofs, extend without difficulty to their k-analogs:

Theorem 4.1 Let H = D, .y Hn be a multigraded connected Hopf algebra and
let 9,y : H — Q be characters on H. Define Sk(¢, V) and I¥(¢, V) as above. For
k € (NU {oo})! the following properties hold:

@ Sk(p, ¥) = T, y)*.
(b) I¥(p, ¥) is a graded Hopf ideal of H*.
(c) Sk(p, ¥) is a graded Hopf subalgebra of 'H.

Here, T& (¢, )+ is the set {h € H : f(h) =0 for all f € T®(¢, ¥)}.

The proof of this result follows the main lines of the proof of [4, Theorem 5.3].
We include it here in order to demonstrate the general feel of the proofs of some of
the more straightforward extensions of the results of [4] to their k-analogs.

Proof We begin with part (a). Since T¥(p,¥) is a (multi)graded ideal of H*,
T%(p, ¥)* is a (multi)graded subcoalgebra of H. Let h = Y ient hi € TX(p, ¥)*,
where all but finitely many of the h; are zero and hence the sum is finite. Because
¢i — Vi € T8¢, ) for all i <k, we have i(h) = gi(hi) = Yi(hi) = Yi(h) for all
i < k. Then it follows from the definition of Sk(¢, V) (as the greatest subcoalgebra
of H satisfying (4.2)) that h € Sk (¢, ¥).

Next let C be a graded subcoalgebra of H such that for all i <K, ¢;j(h) = ¥i(h)
for all h =) ;. hi € C; here once again we assume that all but finitely many of
the terms Aj are zero. Since C is a coalgebra and Z¥(p, v) is the ideal generated by
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i — Y for i <Kk, it follows that f(C) =0 for all f € Zk(go, Yr). This shows that
Sk(@, ¥) C IX(¢p, ¥)* and concludes the proof of part (a).

To prove parts (b) and (c), we begin by noting that the product C - D of two graded
subcoalgebras of H is again a graded subcoalgebra. This makes Sk (¢, V) - Sk (¢, V)
a graded subcoalgebra of H. By the multiplicativity of ¢ and v we have

(o =¥)xy) = (@ = ¥)X)p(y) + ¥ (x) (9 =) (). 4.3)

Now if x, y € Sk(¢, ¥) such that xy € @, . Ha, we also have x, y € P, -, Ha and
so by (4.1), we have (¢ — ¥)(x) = (¢ — ¥)(y) = 0. Equation (4.3) then gives us
(¢ — ¥)(xy) =0. This proves that Sk(g, ¥) - Sk(¢, ¥) C Sk(g, ¥).

Finally we note that Ho = Q - 1 is a graded subcoalgebra of H and ¢(1) =
¥ (1) = 1 so we can conclude that Hy is included in Sk (¢, ¥). This proves part (c),
or in other words, that Sk(¢, ¥) is indeed a Hopf subalgebra of H. Together with
part (a), this implies that Ik(<p, ) is a coideal of H*, and thus we are also done with
part (b). O

Remark 4.2 A natural k-analog of part (d) of [4, Theorem 5.3] is also valid: More
specifically one can easily show that a homogeneous element & € H belongs to
Sk (@, ¥) if and only if

(id ® (¢n — Ym) ®id) 0 AP () =0
for all n € N/ such that n <k.

In the next proposition we list a few properties of Sk(¢, ¥) and the associated
ideals ZX (¢, ).

Proposition 4.3 Let H = @, .y Hn be a multigraded connected Hopf algebra and
let ,¢', ¥, ' be characters on H. The following holds for all k € (N U {oo})":

(a) There is an isomorphism of graded Hopf algebras
Si(p, ) =H* /TM(p, ¥).
(b) Suppose that
v lo=@) e or ey =97
Then
Sk(e, ¥) =Sk(¢',¥") and T(p,y) =T (¢, ¥").
(©) Sk(@, V) =Sk, 9) and T:(p, ) =TX(y, 9).

Proof Parts (a) and (b) are the k-analogs of Corollary 5.4 and Proposition 5.5 of [4],
respectively, and their proofs follow the proofs of those results in a straightforward
manner. Part (c) follows directly from the definitions. Il
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4.2 k-analogs of odd and even subalgebras

Theorem 4.1 justifies the following generalization of the definition of the odd sub-
algebra S_(H, ¢) = S@, ¢~ ") of a combinatorial Hopf algebra (M, ¢) [4, Defini-
tion 5.7]:

Definition 4.4 Given a multigraded combinatorial Hopf algebra (H, ¢) and k € (NU
{oo})!, we call Sk(@, ¢~ 1) the k-odd Hopf subalgebra of (H, ) and denote it by
OX(H, @), or simply by OX(H) when ¢ is obvious from context.

Similarly we can make the following definition (cf. [4, Definition 5.7]):

Definition 4.5 Given a multigraded combinatorial Hopf algebra (H, ¢) and k €
(NU {oo})l, we call Sk(g, ¢) the k-even Hopf subalgebra of (H, ¢) and denote it
by EX(H, ¢), or simply by E¥(H) when ¢ is obvious from context.

We introduce a special notation for the associated ideals:

Definition 4.6 Given a multigraded combinatorial Hopf algebra (H, ¢) and k €
(N U {oo})!, we call Z(@, ¢~ ") the k-odd Hopf ideal of (H,¢) and denote it by
TOX(H, @), or simply by ZOX(H) when ¢ is obvious from context. Similarly, we
call Z¥(@, @) the k-even ideal of (H, ¢) and denote it by ZEX(H, ¢), or simply by
ZEX(H) when ¢ is obvious from context.

For future reference, we collect together a few basic properties of k-odd and k-
even subalgebras in the next proposition:

Proposition 4.7 Let (H, ¢) be a multigraded combinatorial Hopf algebra.

(@) OX(H) and EX(H) are multigraded Hopf subalgebras of H, for each k €
(NU {oo).

(b) ZOX(H) and TEX(H) are multigraded Hopf ideals of H*, for each k €
(NU {oo}).

(c) There are isomorphisms of multigraded Hopf algebras

O*H) ZH*JIOX(H) and EN(H) = H*JTEX(H)

for each k € N.
(d) Let k € (NU {oo})\. OK(H) is the largest subcoalgebra of H with the property
that

o~ )y = (=DMon)

for every h € OX(H) of degree n < k. Similarly EX(H) is the largest subcoalge-
bra of 'H with the property that

p(h) = (—=DMgn)

for every h € OX(H) of degree n <k.
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Proof Parts (a), (b) and (c) are simple specializations of earlier results. Part (d) fol-
lows from (4.2), which allows us to describe O¥ () as the largest subcoalgebra of H
with the property that

(goil)n(h) = (_l)lil(pn(l’l) foralln <k

for every h € O¥(H) of degree i, and E¥(H) as the largest subcoalgebra of H with
the property that

on(h) = (=1)Mgy(h) foralln <k
for every h € OX(H) of degree i. 0O

4.3 Invertible linear functionals

Let H be a multigraded connected Hopf algebra over Q. Recall that the convolution
product of two linear functionals ¢, ¥ : H — Q is given by

H>HQIH—->QRQ—>Q

where the arrows are, respectively, Ay, ¢ ® ¥ and mg. In the following, we choose
simplicity and write convolution by concatenation; in other words, we denote the
convolution of ¢ and ¥ simply by ¢. Moreover, we simply say invertible when we
mean convolution invertible.

We know that the set X(H) of characters of an arbitrary Hopf algebra H is a
group under the convolution product, where the unit element is given by the counit
€3¢ of H and the inverse of a given element ¢ of X(H) is ¢! = ¢ o s3. Here s3; is
the antipode of 7. It is easy to see that ¢ (p o s3y) = (@ 0 S )Y = €.

In this paper, invertible linear functionals play an important role. Therefore we
now focus on the notion of invertibility and collect together some facts about invert-
ible linear functionals on a combinatorial Hopf algebra. Here is a basic characteriza-
tion of invertibility, which is noted in [2]:

Lemma 4.8 Let ¢ : H — Q be a linear functional. Then ¢ is invertible if and only if
(1) #0.

Because of this lemma, we will make the reasonable assumption that all of our
linear functionals satisfy ¢(1) # 0. In fact, all the linear functionals we will be con-
sidering will satisfy ¢ (1) = 1.

Here are two more simple observations about invertible linear functionals.

Lemma 4.9 Let ¢ and p be invertible linear functionals on H. Assume that
e()=p(1)=1.Let k> 0. If pn = pn for all n <K, then (¢~ )y = (p~n for all
n <Kk.

Proof We prove this by induction on n. For the base case we have (¢~ 1)g =
(,0_1)0 = €. Let n be such that 0 < n < k. Then by induction we have

(0 a== D" @@ Nasi== D Al pi=("")p

0£i<n 0£i<n Il
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Lemma 4.10 Let ¢ be an invertible linear functional on 'H such that (1) = 1. Then
—1 _ _ 1
v =¢ .

Proof 1t is easy to verify that (@~ ')g = (F)o = €. For n > 0, by induction we have

@ == @@ Naui=— > @l )y

0#£i<n 0#i<n
==Y @@ Npi= )= ("),
0£i<n O

4.4 k-odd linear functionals

We next recall the definition of an odd character from [4]: A character ¢ of an
N-graded Hopf algebra H is odd if ¢ = ¢~!. Here the bar denotes the involution
¢ — @ on the characters of H defined by ¢(h) = (—1)"¢(h) for h € H,,. Recall also
that at the beginning of this section, we introduced the analogous involution for the
multigraded case: @(h) = (—1)/™@(h) for h € Hy.

In order to define the k-analogs of odd characters, we once again focus on invert-
ibility first. We begin with the following:

Definition 4.11 A (convolution) invertible linear functional ¢ is called k-odd if
(@)n = (¢~ ")n forall n < k.

Note that for / = 1, k is simply a natural number k, and an odd character in the
sense of [4] is k-odd for all k € N. Thus the following is a most natural notion to
introduce:

Definition 4.12 A (convolution) invertible linear functional ¢ on H is called odd if
it is k-odd for all k € N/ (equivalently, for all k € (N U {oo})").

In the rest of this section, we will use the notation O for Ok(QSym(l)), the k-
odd subalgebra Sk (g, ({Q)_l) of QSym(l). Similarly we will use the notation £ K for
EX(QSymD), the k-even subalgebra S(Zg, ¢g) of OSym®.

Here is the main result of this subsection:

Theorem 4.13 Let H be a multigraded Hopf algebra H and let k € (N U {oo})’.

(1) If o : H — Q is a k-odd linear functional on 'H, then there exists a unique mor-
phism W : H — 0Sym"" of N!-graded coalgebras such that lgoW¥W =¢. The
image of ¥ lies in OK.

(2) Explicitly, ifn € N and h € Hy, then

W)= ¢'(h)Mi, (44)
IEn
where if 1 = (i1, ..., 1) E n then (pl is the composite map:

Alm=1) y®m projection @m multiplication

Hi, @ Hi, ® -+ - @ Hj, —> QO™
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(3) If ¢ is a character then ¥ is a homomorphism of multigraded (combinatorial)
Hopf algebras. In other words, (OX, L) is the terminal object of the category of
multigraded (combinatorial) Hopf algebras with k-odd characters.

Remark 4.14 For k =0, OK is equal to QSym(l), and the above theorem reduces to
Theorem 3.1.

Proof For a linear functional ¢ : H — @, Theorem 4.1 of [4] provides us with a
unique graded coalgebra map ¥ between H and QSym'? satisfying g oW =g pro-
vided [ = 1. Here we are interested in general /. Moreover, the statement we are
making applies to a certain class of linear functionals on N/-graded connected Hopf
algebras, the k-odd ones. In this case, our theorem asserts that the image of the rel-
evant morphism lies in O¥. Below we follow the construction in the proof of Theo-
rem 4.1 of [4] carefully and modify as necessary to make sure that we get what we
want.

We first construct a map @ : Sym® — H*. Recall from Sect. 2.6 that Sym® is
freely generated as an algebra by {S, | n € N'}. We let @ be the algebra homomor-
phism that maps Sy, to ¢p, the restriction of ¢ to Hy. Clearly ¢y is in (Hp)* = (H*)n,
so @ preserves the N/-grading.

We next set ¥ = @* be the dual map from H into Sym(l)* = 0Sym® . In particular
these two maps ought to satisfy

D(Sp)(h) =(SpoW)(h) orequivalently, ((pn(h) =Sho lI/)(h).

Then ¥ is a graded coalgebra map.
Now since as an element of QSym(l)* = Sym<l), the nth graded piece of g is Sp,
we have

tooV¥|n, = §Q|stml(11) oV|H, =Sno¥|x, =DP(Sh) = ¢n,

and therefore {9 o ¥ = ¢. This shows that ¥ : H — QSym(l) is a morphism of com-
binatorial coalgebras.

Next for any vector composition I = (iy, ...,i,) F n define ¢! to be the compo-
sition:

multiplication
_—

H—H®" - Hi, @ Hi, ® --- @ H;,, — Q2" Q

where the unlabeled arrows stand for A~ the tensor product of the canonical
projections onto the appropriate homogeneous components, and ¢®", respectively.
Since ST=S;, --- S;, , we can see that @ (ST) = ¢!, and so ¥ is given by

W)= ¢'(hyM,
IFn

where i € Hy. Uniqueness of ¥ follows from the uniqueness of @ by duality.
Finally we need to show that the image of ¥ lies in O¥. Now, if ¢ is k-odd, then
by definition, we have (¢)n = (go_l)n for all n < k. But then, since Sk (@, <p‘1) is the
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largest subcoalgebra of 'H satisfying
VheSk(@.¢7"), @nlh)=(p ") (h) foralln<Kk,
(cf. (4.2)), we can easily see that
Sk(@ (7' =M.
But since we have OF = Sy (Co, (;Q)_l), our statement reduces to:

¥ (Sk(@. (@) C Sk(to, €)™

This will follow readily from a modification of Proposition 5.6(a) of [4] (also see
[4, Proposition 5.8(e)]):

Lemma 4.15 Let ¢ and r be linear functionals on the multigraded coalgebra 'H, and
let ¢ and ' be linear functionals on the multigraded coalgebra H'. Let W : H — H’
be a morphism of multigraded coalgebras with ¢ = ¢' o W and ¥ = ' o W. Then
W (Sk(p, ¥)) C Sk(¢', ¥') for each k € N.

Modulo the proof of this proposition (which can be obtained by a simple modifi-
cation of the relevant arguments in [4]), we are done with the proof of part (a).

Part (b) follows from the observation that {g o ¥ = ¢ now implies that ¥ is in
fact a morphism of multigraded combinatorial Hopf algebras. The argument follows
the same route as that in the proof of Theorem 4.1 in [4]. In particular we consider
the two commutative diagrams:

m m
H®2 ——= H — osym® and  1®2 —— (QSyMD)®2 —— QSym®

Q Q

where the unlabeled arrows represent ¥ and ¥®?, respectively, and m stands for
the multiplication in the appropriate space. The fact that all the arrows in both di-
agrams are graded coalgebra maps, together with the universal property of QSym
as a combinatorial coalgebra which has already been established, implies that the
two diagrams can be glued together to obtain ¥ o m = m o ¥®2. From this we can
conclude that ¥ indeed is a morphism of (combinatorial Hopf) algebras.

Note that the above implies that ¥ is multiplicative if ¢ is. This gives us the
following formula which is not obvious from basic definitions: Given hy € Hy,, h2 €
Hn,, (and so h1hy € Hn,+n,), We have

W(hhy) = Y ¢ (hihy)My

Ii:n1+n2
= Y "My Y " (h) My, =W (h)W (hy).
I Fny I Enp O
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Remark 4.16 A k-analog of part (b) of Proposition 5.6 from [4] can also be proved,
but we will not need it in this paper.

Example 4.17 Recall that we defined the Hopf algebra R)-K of k-Eulerian posets
in Sect. 2.2 and described a suitable character ¢ on it in Example 3.3; also see (3.3).
Now we can see from (3.4) that this ¢ is indeed a k-odd character. Thus if P is k-
Eulerian, then F(P) € OX. This in turn implies that the flag numbers fj(P) must
satisfy certain linear relations. To understand what these relations are, first notice that

SYFP)) = fi(P)

for every vector composition I and every multigraded poset P of multirank n = X1.
Therefore, given scalars a1 € Q, I F n, we have

ZaISI eI(’)k(QSym(l)) = ZaIfI(P) =0
IEn IEn

for all P such that F(P) e O.

The ideal ZO*¥(QSym®) is described explicitly in Sect. 5; see in particular Theo-
rems 5.1, 5.11 and 5.19 and Corollary 5.12. We continue with this example in Re-
mark 5.13 where we explicitly describe the linear equations the flag numbers f1(P)
must satisfy. More specifically we show there that the natural k-analogues of the
generalized Dehn—Sommerville equations hold for all k-Eulerian posets.

Here is a characterization of k-odd characters in terms of the k-odd subalgebra of
a multigraded combinatorial Hopf algebra which follows easily from definitions:

Proposition 4.18 Ler (H, ¢) be a multigraded combinatorial Hopf algebra. Then ¢
is k-odd if and only if O*(H) =H.

One can also relate k-odd characters on a combinatorial Hopf algebra to k-odd
subalgebras of the dual Hopf algebra:

Proposition 4.19 Let H be a multigraded connected Hopf algebra with a character
¢ :H— Qand let n: H* — Q be any character on the dual Hopf algebra H*. If ¢
is k-odd, then for n <K, the homogeneous component gy belongs to OX(H*, n).

Proof This is a straightforward k-analog of Proposition 5.9 of [4], and the proof
follows similarly. Also see Remark 4.2. d

We will study a most fundamental example of k-odd functionals in Sect. 6.
4.5 k-even linear functionals
We will now briefly ponder the question of what we can say about the k-analogs of

even characters. Recall from [4] that a character ¢ of a graded Hopf algebra H is even
if ¢ = ¢. Therefore, we will define k-even functionals as follows:
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Definition 4.20 A (convolution) invertible linear functional ¢ is called k-even if
(@)n = (¢)n forall n <Kk.

Note that when [ = 1, k is simply a natural number &, and an even character in the
sense of [4] is k-even for all k € N. Thus the following is a most natural notion to
introduce:

Definition 4.21 A (convolution) invertible linear functional ¢ on H is called even if
it is k-even for all k € N/ (equivalently for all k € (N U {oo})}).

Recall that we use the notation EX for £%(QSym), the k-even subalgebra
Sk (Lo, £g) of OSym. With these definitions one can prove the following result anal-
ogous to Theorem 4.13:

Theorem 4.22 Let H be a multigraded Hopf algebra H and let k € (N U {oo})’.

(1) If ¢ : H — Q is a k-even linear functional on 'H, then there exists a unique
morphism ¥ : H — QSym"" of N!-graded coalgebras such that lgoW¥W =¢.The
image of ¥ lies in EX.

(2) Explicitly, ifn € N and h € Hy then

W)=Y ¢'(hym, (4.5)
IFEn
where if 1= (i1, ...,i,) E n then ¢! is the composite map:

multiplication

Alm=1 projection
HE™

®m
Hi, ® Hi, ® - -- ® Hi,, 4 Qo™ Q.

(3) If ¢ is a character then W is a homomorphism of multigraded (combinatorial)
Hopf algebras. In other words, (E¥, L) is the terminal object of the category of
multigraded (combinatorial) Hopf algebras with K-even characters.

The proof is similar to that of Theorem 4.13 and will be skipped.

Remark 4.23 Fork =0, &¥ is equal to QSym(l), and the above theorem reduces to
Theorem 3.1.

Here is a characterization of k-even characters in terms of the k-even subalgebra of
a multigraded combinatorial Hopf algebra which follows easily from the definitions.

Proposition 4.24 Let (H, ¢) be a multigraded combinatorial Hopf algebra. ¢ is k-
even if and only if EX(H) =H.

One can also relate k-even characters on a combinatorial Hopf algebra to k-even
subalgebras of the dual Hopf algebra:
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Proposition 4.25 Let H be a multigraded connected Hopf algebra with a character
¢ :H— Qand let n: H* — Q be any character on the dual Hopf algebra H*. If ¢
is k-even, then for n <k, the homogeneous component gy belongs to EX(H*, n).

Proof This is a straightforward k-analog of Proposition 5.9 of [4], and the proof
follows similarly. Also see Remark 4.2. O

5 The k-odd and k-even Hopf subalgebras of QSym®

Throughout this section, fix / > 0 and k = (ko, ..., k-)Te®NU {oo})l, and let {g
denote the universal character on QSym® as defined in Sect. 3.1. In this section we
give two bases for the k-odd Hopf algebra

ok = 0%(esym", ¢o)
and compute its Hilbert series. We also describe explicitly the ideal

TOK = IOk(QSym(l), {Q).

At the end of the section, we discuss very briefly the k-even Hopf algebra

ek = Sk(QSym(l), CQ)~

5.1 The k-odd Hopf subalgebra of QSym®

Recall that the level / noncommutative power sum symmetric functions @I of Sym®
were introduced in Sect. 2.6, and in Sect. 2.9 we defined the functions P; which form
the dual basis in QSym®.

Theorem 5.1 The canonical k-odd Hopf ideal TO* € Sym" is given by
TOK = (Cbn |0 <n<Kkand|n| even).
On the dual side, the canonical k-odd Hopf algebra O* C QSym® is given by

O* =span| Pg,. i, | iy <k = [ir| odd}. (5.1

Proof Recall that ZOX = Ik(g‘_g, ;él) is the ideal generated by (C_Q)n — ({él)n such
that n < k. Let n € N’ and assume n < k. Since as an element of 0Sym®* = Sym?,
the nth graded piece of ¢g is Sy, we get ({g), = (—=1)s, and (;él)n =5s(Sph), so
by (2.6) and (2.9),

- 1y o[ EDM =D 2=
(ce)a=(g )“_I;l[ sp  sp(l) }D = L spD) ¢ 652

£(I)#[n|(mod 2)
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The condition ¢(I) # |n| (mod 2) holds if and only if I has an odd number of
columns of even weight. If I = (i, ..., i) is such a vector composition, then some
column i, has even weight, and moreover i, < k. Therefore ol = Dj, - Dy, is
in the ideal generated by those @; such that i < k and [i] is even. Consequently
(C_Q)n — ({él)n is also in this ideal, and therefore ZO¥ is a subset of this ideal.

To prove the reverse inclusion, first note that every /-partite number of weight 2 is
of the form ¢; +e; for some 7, j € [0,/ — 1]. By (5.2) we have

¢ei+e.i = ((g_Q))eH-ej - (é‘él)eﬁ-ej'

Now suppose that n € N/ has even weight and |n| > 2. By (5.2),

2 - 1 2
—&n=(¢0)., — (¢ — P (5.3)
= (62~ (G0 1; sp(D
I#n
£(I)zn|(mod 2)
As we already observed, if a vector composition I = (if, ..., i,) appears in the pre-

vious sum, then one of its columns, say i,, has even weight, and moreover |i,| < [n|.
By induction @;, is in the ideal ((¢g); — (;él)i li<i,), so @Lis also in this ideal.
In light of (5.3), we conclude that @, € {({g); — (;él)i |[i<n)C TOk provided
n <k. O

Example 5.2 With [ =3 we have

4
0
IO<3>=<¢4,¢4,¢3,¢3,452,452,q§1>
()6 )0 ) 6
2 0 3 1 2 0 1
and
4
0
o\3
4\ (4\ [3\ [3\ [2\ [2\ (1
=span q Pg,. i, |1 & 01,101.{0}.10].{0].,10].{|O
2) \o/) \3/) \1/) \2) \o/ i

Example 5.3 If =1 and k € N then
TOK = (@3, @4, ..., Dois2))

and

Ok = span{ P, iy lir ¢ {2.4,...,21k/2]} for every r}.

,,,,,

In the limit case, ZO™ is generated by the set of all even-degree power sums
D), Py, . .., and the odd subalgebra of QSym is spanned by the quasisymmetric func-
tions P; where I ranges over all (ordinary) compositions with only odd parts.

Remark 5.4 Aguiar et al. [4, Proposition 6.5] showed that the odd subalgebra of

OSym is Stembridge’s peak Hopf algebra [36], which is the image of the descents-
to-peaks homomorphism ® : QSym — QSym of Stembridge [36]. On the dual side,
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it is implicit in the work of Krob et al. [24] (as explained in [12]; see also and [33,
Proposition 7.6]) that the noncommutative power sums @3, @4, ... € Sym of even
degree generate the kernel of the dual map @* : Sym — Sym. This kernel, being
orthogonal to the peak Hopf algebra, coincides with the canonical ideal ZO*. Thus
the special case of Theorem 5.1 in which / = 1 and k = oo follows from these results.
However, our proof of Theorem 5.1 is self-contained and in particular does not use
any properties of the peak algebra or the descents-to-peaks map.

We now discuss some corollaries of Theorem 5.1. First an immediate conse-
quence.

Corollary 5.5 If all coordinates of k are even, then TO* = TO¥t¢ for each i €
[0,1—1].

Example 5.6 Given any [ we have
0" = 0% = gSym"
for every coordinate vector ¢; € N'. If / = 1 then
O=0'20*=0320*=0°2...20%.

For the next result, first observe that since @I and Py are dual bases (Sect. 2.9) and
the @, are primitive (Proposition 2.6), multiplying two P-basis elements Py - Py is
given by shuffling the columns of I with the columns of J. For example,

P(ab)'P<ef)=P<abef)+P<aehf)+P<aefb)+P(eahg>
cd gh cdgh cgdh cghd fedh

+Peafb +Pefab .
gchd ghcd

Thus from (5.1) it is clear that O¥ is a shuffle algebra in the sense of [32].

Now let us endow the set of nonzero [-partite numbers N’ \ {0} with an arbitrary
linear order. A vector composition (thought of as a word in the alphabet N! \ {0})
that is lexicographically smaller than all of its nontrivial cyclic permutations is called
a Lyndon vector composition. For a subset A € N/ \ {0}, let £(A) denote the set of
Lyndon vector compositions in A. For example, if we order the 2-partite numbers
lexicographically by (?) <lex (g) <lex '+ <lex ((1)) <lex (11) <lex -, then the Lyn-
don vector compositions of weight 3 are (2), (é), (12), (3), (? 3), ((1) ]1), (? 5), ((2) (1)),

((1) (1) é), and (? (1) é) It is well-known that a shuffle algebra is freely generated by its

Lyndon words. We refer to [32] for further details.
In this context the following is now obvious:

Corollary 5.7 As an algebra OX is the polynomial algebra

O*=Q[P1TeL({neN\ {0} |n <k = In] 0dd})].
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In the case / = 1 and k = oo, this follows from results of Schocker [33, §7].

A further consequence of Theorem 5.1 is the following description of the multi-
symmetric part O¥ N Sym® of O, extending results of Malvenuto and Reutenauer
[27, Corollary 2.2] (the [ = 1, k = 0 case) and Schocker [33, §7] (the [ =1, k=00
case). Recall that we introduced the Hopf algebra Sym” of MacMahon’s multi-
symmetric functions in Sect. 2.7.

Corollary 5.8 The multi-symmetric part of O¥ is freely generated as an algebra by a
subset of the l-partite power sum symmetric functions pp = Ziil x‘;. More explicitly
we have '

Ok ﬂSym(Z) = Q[pn In<k = |n| odd].

Consequently, OF is free as a module over O% N Sym?.

Proof Let A be an [-partition in the sense of Sect. 2.4. For each nonzero i € N, let
mj be the multiplicity of i in A. Using the shuffling interpretation of multiplication of
the Pp that we mentioned just before Corollary 5.7, we deduce that

n= [] B"=5" Y A (5.4)

ieN'— (0} cols(T)=A

where z) = HieNl—{O} mj! |i|™ and cols(I) denotes the multiset of columns of I. It
follows from Theorem 5.1 that if every element of A belongs to the set

A={neN\{0}|n<k = [n|odd},

then py € O¥ N Sym®. This shows that O¥ N Sym® D Q[pn | n € A]. Conversely,

given Zx a,px € ok n Sym(l) where each a; is a scalar, Theorem 5.1 together

with (5.4) ensure that a) vanishes if the elements of A do not all belong to A.
Finally, since A € L(A) and p; = |}T|Pi for every nonzero i € N/, we have a free

generating set {pj |i € A} for okn Sym(l) contained in a free generating set {ﬁP] |
I € £(A)} for 0Sym™® 1t follows that O is a free module over O¥ N QSym ", O

Example 5.9 With [ =2 we have

(3) 0 1 2 0 2 3
@ _ !
o nsm=a[mimer {(5).(1)-(3) (2)-()- ()}
Example 5.10 If =1 and k € N then

0¥t N Sym=Q[p; i eN\{0,2,4,...,2k}].

5.2 The Euler character and generators for ZO¥

In this subsection we give another description of ZO¥ in terms of the Euler character
X on QSym(l), defined as in [4] by

X=EQ§Q.
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For any [-partite number n € N, we have

=) _(~Dlilsind, (5.5)

j<n

When [ = 1 these are essentially the y, of [14] and [18]. Billera and Liu proved that
only the even Euler forms x>, x4, ... are needed to generate the ideal (1, x2, X3, - . .)-
This is generalized in the following result.

Theorem 5.11 We have

IOk:(Xn|0<n§k)=(Xn|0<ﬂ§k,|n|even>.

Proof From the definition of x, we get ;_‘Q — {él =(x — e)g'él. Equating homoge-
neous components gives

(EQ)n - (Cél) (KQ CQ Z(X —€)j fg Z(X)

i<n i<n

for each n # 0. (Note that here we use the fact that the restriction of any character, and
so in particular x, to the zeroth graded piece is equal to €.) Thus ({g)i — ({él)i €

(xn | 0 <n <Kk) for each i <k, and hence ZO¥ C (xn | 0 < n < k). The opposite
inclusion, hence equality, is a consequence of

=== (lo—5")¢ni=) ((Za);— (¢5");)¢QDn-i

i<n i<n

for n # 0, which is derived from the identity y — e = (EQ — ;él ) o.

Now we give a dimension argument to see that only the y, where |n| is
even are needed to generate the ideal ZOX. Given vector compositions Iy, ..., L,
and [-partite numbers np, ..., n,_; with n; <k and |n;| even for all i, let J =
(I, ny,L,ny,...,n,_1,1,) and define 79 = STy, S2yy, - xn,_, S, which is
an element of (xn | 0 < n <Kk, [n| even). By (5.5), TJ has leading term 259 followed
by a linear combination of ST where I is strictly larger than J relative to <. This
shows that the 77 are upper triangular in the ST relative to <, and hence they are
linearly independent. The possible indices J (after removing columns that are zero or
empty) are exactly the vector compositions in which every column i such that i <k
has even weight. From Theorem 5.1 we know that the number of such compositions
is equal to dimg ZOK. O

The next result simply describes the elements STy, ST € ZO* more explicitly.

Corollary 5.12 Let (iy, ..., 1,) be a vector composition, and let r € {1, ..., m} be
such that i, < K. We have
Z(_1)|j|S(il-,---air—lsjsir_jsirJrl ,,,,, in) o IOk, (5.6)
j<iy

where columns of zero weight are omitted.

@ Springer



490 J Algebr Comb (2011) 34:451-506

Remark 5.13 (Example 4.17 continued) Recall that we studied the Hopf algebra
R -k of k-Eulerian posets in Sect. 2.2 and in Example 3.3. Now we derive the linear
equations announced in Example 4.17. We deduce, from (5.6), that if (iy, ...,i,) F n
and i, is a column such that i, <Kk, then for every k-Eulerian poset P of multirank n
we have

Z(—l)mf(i,,...,i,_l,j,i,—j,i,+1 ..... i (P)=0 5.7
=iy
where columns of zero weight are omitted. When / =1 and k = oo, the relations of
the form (5.7) are precisely the generalized Dehn—Sommerville relations discovered
by Bayer and Billera [7]; see also [4, Example 5.10]. Furthermore Ehrenborg proved

that for all k € N, the linear combinations of these relations give all possible linear
relations satisfied by k-Eulerian posets [18].

With the help of Theorem 5.11 we can provide the following interpretations of the
algebras O% when [ =1.

Proposition 5.14 When [ =1, we have
ok = span{]—'(P) | P is a k-Eulerian poset}

for every k € N.

Proof Ehrenborg proved that the ideal (x1, ..., xx) is orthogonal to the vector space
spanned by the F(P) where P is k-Eulerian poset [ 18, Theorem 4.2]. Since this ideal
is orthogonal to O, the result follows. g

Remark 5.15 For arbitrary / and k € (N U {oo))!, we already observed in Exam-
ple 4.17 that F(P) e O for every k-Eulerian poset P. It should be possible to gen-
eralize Ehrenborg’s constructions in the / =1 case (i.e., [18, Lemma 4.3]) to prove
that the span of the F(P), where P is k-Eulerian, is all of Ok, but we will not pursue
this point here.

Lastly, observe that when / = 1, we have
TIO* = (x2) = (28@ — s-D),

It is known from the work of Bergeron et al. [9, Theorem 5.7] that this ideal is or-
thogonal to the Hopf subalgebra of QSym spanned by Billey and Haiman’s shifted
quasisymmetric functions [11, 15]. Thus we have the following:

Proposition 5.16 When [ = 1, the 2-odd subalgebra O* of QSym"") = QSym is the
Hopf algebra spanned by the shifted quasisymmetric functions.

Remark 5.17 Noting that the peak Hopf algebra is dual to Sym/(x2, x4, ...) and

that the Hopf algebra of shifted quasisymmetric functions is dual to Sym/(x2),
Bergeron et al. long ago suggested [10] that the “intermediate” Hopf algebras
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Sym/{x2, x4, ..., x2k), where k = 1,2, ..., might be of interest. As we have now
shown, these Hopf algebras are precisely the graded duals of our canonically defined
(2k)-odd subalgebras of QSym.

We will revisit shifted quasisymmetric functions briefly in Sect. 6.
5.3 The n-basis for O¥

We now describe a basis for O which directly generalizes the 5-basis studied by
Aguiar et al. [4, §6] and is closely related to Ehrenborg’s encoding of the flag
f-vector of a k-Eulerian poset via certain noncommutative polynomials.

Let I be a vector composition. Define

I

By Mobius inversion we get

1 4
_ [OEN4E))
My = W E (=D ny-
J<I

Let (T1) denote the basis for Sym® that is dual to (n1), so Ty = d13. By
duality, the two equations above become

s'=20%"7; (5.8)
1<
and
1 (-t S
r'=>"(-1 TR (5.9)
1<

Formula (5.9) makes it clear that the basis (7'T) is multiplicative, in the sense that

T(il ----- in) :T‘il Ti

m

where 7; = T\

Next we determine the relationship between the bases (TI) and (q)l). Let E,
denote the nth Euler number, as defined by tan(r) + sec(r) =, 5—’!%” (see, e.g.,
[35, p. 149]).

Proposition 5.18 Ler n € N and 1 be a vector composition of n. Then

S | L
= om L " p 510
" =1, 1 £(Iy) (L) (=L,....2Ly) ( )

m
Vr,L(1,) is odd
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and

3 DO Egqyy  Eeay

Pi= .
om (@ e@y)!

NEL,... 21, - (5.11)
I=I; Iy
Vi (L) is odd
Proof 1t follows from (5.8) that
S T S oY
n>0 {nf
1+ St —1+2Z<ZTH ) _w
n>0 m>1 \n>0 n>

where ¢ is a new commutative variable. By (2.4),

@ 1+ Zn>0 Tn _ -1 n
Zlnl 1g<—2n>0n >_2tanh (Zm) (5.12)

n>0
where tanh™!(T) = > m=0 2m+1 T?"+1 Thus, for any vector composition I =
(ila "'5im)9
I
2 _ Z o v
7 (I) C(J1) - €(Jm)

J:J]"'Jm
vr,J, Ei, and €(J,) is odd

which is equivalent to (5.10) by duality.
The formal inverse of the series tanh ™ (7)) is tanh(7T) = > omso(=D" (fni'f’ﬁl), X
72"+1 By (5.12),

(_1)(Z(J)71)/2 Euy)

Tn= Z ¢
@
IEn:(J) is odd 2 Sp(J)

Thus, for I = (iy, ..., 1iy),
(—=1)D—m)/2

E E
TI — Z 7 LJy) . L(Jm) (513)
J=J;-J 2D sp(J1) sp(Jm)
Vr.J, i and £(J,) is odd
which is equivalent to (5.11) by duality. 0

The canonical k-odd ideal and k-odd Hopf algebra can be expressed in terms of
the n-basis in a manner similar to Theorem 5.1.

Theorem 5.19 The canonical k-odd Hopf ideal ZOX € Sym" is given by
TOK = (Tn |0 <n<Kkand |n| even).
On the dual side, the canonical K-odd Hopf algebra O¥ € QSym® is given by

Ok = Span{ﬁ(i.,...,im) li, <k = |i/| odd}.
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Proof Suppose that n has even weight and n < k. If I F n and £(I) is odd, then I
must have a column of even weight, hence ®! € ZO¥ by Theorem 5.1. This implies
Tn € ZO¥ in view of (5.13). Thus (Yn |0 <n <k and |n| even) C (®, |0 <n <
k and |n| even). But these two ideals clearly have the same dimension as N'-graded
vector spaces, hence they are equal. The second equation follows immediately by
duality. g

Note that specializing Theorem 5.19 to / = 1 and k = oo gives [4, Proposition 6.5].

Remark 5.20 We now explain the connection between the n-basis and one of Ehren-
borg’s constructions [18]. Recall that the ab-index of a graded poset P is a certain
polynomial ¥ (P) in two noncommutative variables a and b that encodes the flag
f-vector of P. There is a well-defined linear map t : Q(a, b) — QSym that takes
the ab-index of a poset to the F-quasisymmetric function of that same poset; i.e.,
T(¥(P)) = F(P). Ehrenborg showed [18, Theorem 2.1] that the linear span of the
polynomials ¥ (P) as P ranges over the (2k 4+ 1)-Eulerian posets is the subring
Q(c, e, e2k+1), where c =a + b and e = a — b. To describe a linear basis for this
subring, we introduce the notation (X, y)I, where x,y € Q(a,b) and I = (iy, ..., ;)
is a composition, defined by

1

(X’Y)I =x1"! 'Y'Xiz_ -Y-..y.xl'm_l.

For instance (x,y)®*12 = x2yx3y?x, and (x,y)™ = x"~1. The set {(e,c)'} is a

basis for Q(c, e?, e?**1) if we let I range over all compositions whose parts are in
the set N — {0, 2,4, ..., 2k}. One can show that 7 ((e, b)l) = M, and hence

1
t((e,0)') = 7

Using this equation and Theorem 5.19, we can recover our earlier observation, Propo-
sition 5.14, that O is the linear span of F (P) as P ranges over all k-Eulerian posets.

5.4 Hilbert series of O¥
We next determine the Hilbert series of the N/-grading of O¥.

Proposition 5.21 Let k = (ko, ..., ki—1)T € (NU {oo})!. We have

2 dim((0"),)"

neN!
-1
B [Tl =13
- k:—b:

—1 1 b 2[5+ ]+2

[T—o( = —TIiZ (1+fz)+2be{01lnl ot (L=t 2 )
|b| even

Lk le+2
where if n = (ng,...,ni—T e N then ™ = ]_[f %) l"’ Here the term t, is

taken to be 0 when k; = oo
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Proof Let f be the multivariate generating function for /-partite numbers n of even
weight such that n < k; by (5.1) these are precisely the [-partite numbers that are
forbidden from appearing as columns in the Vector compositions I used to index the
basis elements Py of OK. Thus, letting g = ]_[ . z be the generating function for
all [-partite numbers, we get

1
E dim((O¥) )" = — —
= lm(( )n)t 1— (g _ f)

To determine f, for each subset S of [0,/ — 1] of even size we enumerate [-partite
numbers n = (ny, ..., n;)T <Kk such that n; is odd if and only if i € S. This leads to
the formula

Z (1_[ L(kih/2J 2]+1) (1_[ LkiZ/ZJ ti2j>

SC[l \ieS i¢S j=0
|S| even

Z Ht 2L‘ ’j+2)‘

=1, .25
H—O(l_t )be()lu_o
|b| even
Substituting this into 1/(1 — (g — f)) gives the desired result. O

Example 5.22 Let us consider a few specializations of Proposition 5.21:

(1) The Hilbert series of OF when /=1 and k € NU {00} is

00 1 t2
. k —
Y dim((0),)i" = 1 —7_ 2 _ k242

which reduces to the generating function for the Fibonacci numbers when k = co.
(2) When/=2and k= (5) € N2, we have

-1
(3 am((ol?) )

(m)eNz ( )

_ =D -y - (400 +y) + 0 -2 252
- (I —xH)(1—y?)

xy(1 — x4y (1 = 2L 12
a (1—x2)(1 —y?)

(3) Forany [>1and S € [0,1— 1], let ks = (k1, ..., k)T € {0, oo}’ be defined by
ki = oo if i € § and k; = 0 otherwise. Then
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Z dim((O%s) )

neN/

Hf;(l)(l _tiz) )
1251 =) = TIZ0( + 1) + S Tigs (1 — 1) + [Tigs (1 +1)]

Setting every #; equal to the same variable ¢ yields the Hilbert series of (OKs
graded by weight. This series, which depends only on / and r = |S], is denoted
by

fir@ =" dim((O©0) )yl

neN/

Here are examples of f; ,(¢) for small values of / and r:

fia@®) =141+ 4203 43 450 + 80 + 1317 + 2165 +341° + .|
o1 (t) =142t + 612 4 208> + 641* 4+ 206> + 662° + 21287 + - -,
foo(t) =142t + 4> + 1263 + 326* + 8617 423208 + 62417 + -+
f33(0) =143t + 92 + 3763 + 1416* + 5341° 4 2035:° + 774017 + - -,

Note that f;;(¢) is the weight enumerator of vector compositions whose columns
have odd weight.

5.5 The k-even subalgebra of QSym”
We briefly investigate the k-even Hopf algebra £ and its orthogonal ideal Z¢&.
Theorem 5.23 The canonical k-even Hopf ideal T < Sym” is given by
ZE* =(Sa |0 <n <k and |n| odd).
On the dual side, the canonical k-even Hopf algebra EX € 0Sym" is given by
ek = span{ M, i, |ir <k = [i,| even}.

Proof The ideal ZEXK = T7¥ (g_Q, o) is generated by elements of the form

- In| —28,  |n| odd,
§Qn_(§Q)n=(_1) Sp— Sn= .
0 otherwise

where n < k. Hence the first result follows. Equivalently we can write this as IEk =
span{Sit--~in | i, <k = |i,| odd}. Since the My are dual to the ST, the second result
now follows. O

Note that specializing Theorem 5.23 to / = 1 and k = oo gives [4, Proposition 6.3].
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6 A k-analogue of the descents-to-peaks map

The canonical odd character vg = Eél ¢ o was studied in [4], where it was shown that
the unique morphism of Hopf algebras ® : QSym — QSym such that {g o ® =vg
is the descents-to-peaks map investigated by Stembridge [36]. Our main goal in this
section is to refine the notion of the canonical odd character to a k-odd linear func-
tional and to give explicit formulas to compute this character. We also give formulas
for the corresponding induced map ¥ : 9Sym® — QSym in the case where [ is
arbitrary and k = oo, and in the case / = 1 and k is arbitrary. In the former case, the
images of the Fy under ® give rise to a basis of level [ peak functions.

6.1 The k-odd functional v
Fork € (NU {oo})!, let ¢ 5 be the linear functional on QSym(l) defined by

(E )n n=<Kk,
(c8),=1"° . 6.1)
(¢o)n otherwise.

To obtain a k-analog of vg, we replace Eél with {5 o 8¢ and define the linear func-
tional v'é on QSym” by

vlé = ({5 o SQ){Q.

According to Theorem 4.13, there exists a unique morphism of multigraded coalge-
bras

ek QSym(l) — QSym(l)

such that {g o Ok = vlé. Moreover, @k(QSym(l)) C OK. This map is the natural k-
analog of the descents-to-peaks map.
Note that vlé is not necessarily a character. For example when [ = 1 we have

VD (MoyM3) =27 0= 0D M@ (M).

Hence X is not necessarily an algebra homomorphism. However, if k € {0, oo}/ then

clearly 4“5 is a character, and hence so is vlé. In particular v°Q° is a character and so

O is a morphism of Hopf algebras.

Proposition 6.1 The linear functional vlé is k-odd for all k € (N U {oo})".

Proof 1Tt is clear that ulé(l) =1,s0 v'é is invertible. Therefore we only need to show
that (%)n = ((vlé)’] )n Whenever n < k.

Since ;_‘Q is a character, ¢ 5 is multiplicative “up to rank k,” meaning that ¢ 5(ab) =
¢§5(@)¢§(b) forall a, b € H such that ab € @, Hn. Thus the usual formula for the
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inverse of a character applies up to rank k; that is, (55)_1 (h) = CE(SQUZ)) whenever
h € @<k Hn. It follows that

(v8)a = ((¢8)'¢0)y = v

for all n < k. Consequently, (g)n = (Vg)n for all n < k. Moreover, since vlé is

multiplicative up to rank k, we have ((vlé)*l)n = ((vlé) 089)n = (Vg 08Q)n =

(Uél)n for all n < k. Since vg is odd, (vé])n = (vg)n for all n, so we can conclude

that (vlé)n = (VQ)n = (vél)n = ((v'é)_l)n whenever n < k. O
Theorem 6.2 Let 1= (i, ..., i) be a vector composition. We have
1 ifI=(),
. 2 (=Dt i1, | is odd and T <K,
vo(Mp) = o . L . (6.2)
2. (=)tD if 1| = i | is odd, 1 —i,, <k and 21 £k,
0 otherwise,
and
I ifI=0)
2 if1=(E,i) where E is a coordinate vector composition,
iis a column vector, and one of the following holds:
(H XI<k
v (F) =

(2) |E| is odd and X E <k
(3) |[E| is even, |i| > 1, and X E + e <Kk, where e is the unique

coordinate vector such that (e, i —e) > i

0 otherwise.

(6.3)

.....

v (M1) = £ (so(Miy....i 1)) + £&(s0(Miiy.....i))) (6.4)

using (3.1). Applying the antipode formula (2.11) and the defining equation (6.1)
for ;5 immediately yields (6.2).

Now we prove (6.3). The case I = () is trivial, so we assume that I is not empty.
Suppose that there exists 7 # m such that |i,| > 1. Then

VR =) vEMy = Y Y vEMy.g,).

J=1 s€lm]—{r}J, =i,
JS ZiY
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For each s € [m] — {r} choose an arbitrary J; > iy and consider the sum

Z v (M, ..y,,)- (6.5)

Jr =iy

We wish to show that this sum is zero. Let j be the last column of J,,,. There are two
cases:

e Suppose that |j| is odd and XI < k. By (6.2), the sum (6.5) is
>y =i 2(= DI I+ Swhich simplifies to the form 2+ Yy _; (—1)%r. This
last sum equals zero by inclusion-exclusion and the fact that the poset of vector
compositions of i, ordered by < is a Boolean lattice.

e Suppose that |I| — |j| is odd, ¥I — j <k, and X1 f k. By (6.2), the sum (6.5)
simplifies to the form £2- 3 )y _; (— 1)U which again must equal zero.

If we are not in either of these two cases, then by (6.2) every term in the sum (6.5) is
zero. (Note that j and X1 remain constant in the sum (6.5).) It follows that vlé(FI) =0
unless all the columns of I, except possibly the last one, are coordinate vectors.

For the rest of the proof we can therefore assume that I = (E, i) where E is a
sequence of coordinate vectors and i =i, is a column vector. For a nonempty vector
composition J let last(J) denote the last column of J. We have

ve(F) =Y vEMEn) =Y Y vEMEr). (6.6)
J>i r=1 J>i
[last(J)|=r

Note thatif J, J' > i and |last(J)| = | last(J’)| then last(J) = last(J’). Thus, in the last
expression in (6.6), once r is fixed the inner sum can be written as

> vEMEyy)

Jzi-v

where v is some column vector of weight . This sum is of the same general form
as (6.5), and by the same argument as before we can conclude that it vanishes unless
i —v|=0or 1. Now (6.6) becomes

v (M) if [if =1,
vlé(FI) = v'é(M(E,i))+vlé(M(E,e‘i,e)) if i| > 1, and e is the coordinate (6.7)
vector such that (e,i —e) > i.

Using (6.4), (2.11), (6.1), we compute

2 if ¥I <k and [i] is odd, or
v'é(M(E,i)) = if X1 ﬁ k, XE <Kk, and |E| is odd,

0 otherwise,
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2 if ¥I <k and [i] is even, or
VS (ME ei-e) = if 21 £k, ZE +e <k, and [E| is even,

0 otherwise.

Substituting these formulas back into (6.7) yields (6.3). Il

In the following two subsections we will apply Theorem 6.2 to explicitly compute
©¥ in two special cases. As preparation, we now supply general formulas for the
maps QSym® — OSym® induced by arbitrary linear functionals.

Proposition 6.3 Let ¢ : 0Sym"") — Q be a linear functional and let ¥ : QSym® —
0Sym" be the unique morphism of multigraded coalgebras such that {g o ¥ =¢.
Let 1 be a vector composition. We have

¥ (My) = Z ¢(My,) -+ ¢ (My, )M (31, 51,) (6.8)
=11,

where the sum is over all ways of writing 1 as a concatenation of vector compositions.
Let (o,u) = (01...04, U1 ...Uy) be any colored permutation such that Des(o, u) =1
and Des(u) C Des(o). Then

O=T| T
U=V U;m

(6.9)
where the sum is over all ways of writing o and u as concatenations of an equal
number of subwords such that each subword w; of ¢ has the same length as the
corresponding subword v; of u.

Proof Equation (6.8) follows directly from (3.2). By (3.7) we have ¥ (Fy) =
¥ (D(Fy,,)). Since D is a morphism of coalgebras,

A(Fp) = A(D(Fo,u)) =D® D(A(Fo,u))

= Z D(Fsi(ry),v) @ DFsi(my),vn) = Z Fpes(st(ry),v1) @ FDes(st(r),v2)-

o= O=T T2
U=v1vy uU=viv2
Using this coproduct formula we again apply (3.2) to get (6.9). g

6.2 The specialization k = oo

Let O = 0%°(QSym®). We will call this the peak algebra of level I. Let © = ©°.

This map is the multigraded version of Stembridge’s descents-to-peaks map. We will

give formulas for ® (My) and ® (F1). We will also introduce a basis of peak functions

for O and describe its relationship to the n-basis which was defined in Sect. 5.3.
Once again we will need some preliminaries about vector compositions.
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If I is a vector composition whose last column has odd weight, then there is a
unique factorization I =1 - - -I,,, into a concatenation of vector compositions such
that the last column of each I; has odd weight and all other columns have even
weight. For such an I, we define

odd(I) = (X1y, ..., ZL,).
Every column of odd(I) has odd weight. For example,

01 21 00 2 0 4 0 2

odd| 3 1 1 0 2 0 O)J|=1|3 2 2 O

0 01 0 0 3 1 01 3 1
Now let I be an arbitrary vector composition. There is a unique factorization
I=1I;---1I, into a concatenation of vector compositions such that I, is a (possibly
empty) sequence of coordinate vectors, and each I, j # m, has the form I; = (E, v),

where E is a (possibly empty) sequence of coordinate vectors and |v| # 1. Define
A(D) by

A = (214, ..., TL,)

For example,
01 21 00O013 10 31 0 4 1
Alfr o102 0 0 0 0 0 O0})]=12 2 0200
00100310201 1 0 3 3 1
We will call A(I) the peak vector composition of 1 for the following reason. Recall
that the peak set of a permutation o = (o1, ...,0,) € G, is the set
Peak(o) = {i el2,n—1]|oi_1 <o; > cr,-+1}.
If (o, u) is a colored permutation then
d(A(Des(o, u))) = Peak(o).
Accordingly, we define the peak set of any vector composition I to be
P =d(AD).
In essence, P(I) keeps track of where the columns of weight at least 2 occur in 1.

Proposition 6.4 For any vector composition I we have

1 ifI=(),
OMy) = (—I)Z(I)H“nodd([) if the last column of I has odd weight, (6.10)

0 otherwise,
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and if u = ¢(I) is the coloring word of 1, then

O(F) = > 260y (6.11)
JSE,
(

p(HSdNUE@)+1)

Proof Letting vg = v°Q°, we obtain the following specializations to k = oo of the
formulas in Theorem 6.2:

1 ifI=(),
vo(My) = {2 (=1)!D+Iif the last column of I has odd weight,  (6.12)
0 otherwise,
and
1 ifI=(),

2 if I=(E,v), where E is a (possibly empty) sequence
vo(Fp) = (6.13)
of coordinate vectors and v is any column vector,
f di d v is any col

0 otherwise.

Let last(J) denote the last column of any vector composition J. By (6.8) and then
(6.12), we have

I=I; Ly

= Z (=DM AL s r 31,

I:Il "'Im
Vi |last(I;)] is odd

In the last sum, every I; ends in a column of odd weight if and only if X1; is the sum
of columns in odd(I). Thus (6.10) follows.

Turning to the proof of (6.11), let (o, u) € G, x [0,] — 1]" be a colored permu-
tation such that Des(u) € Des(o) and Des(o, u) = 1. By (6.9) and then (6.13) we
have

O ) = > 2" M(deg(v)).....deg(vm)-

O=T|- Ty

U=DV] Uy
Des(st(r;),vi)=(ex,...,ex,%)
Here the sum is over all ways of writing 0 =71 ---7,, and u = vy --- v, as con-
catenations of an equal number of subwords such that for every i, the subwords 7;
and v; have the same length, and the vector composition Des(st(s;), v;) is a (possi-
bly empty) sequence of coordinate vectors followed by some column vector. Since
Des(st(sr;), v;) has this form if and only if Peak(rr;) = @ (the colors are irrelevant),
a given factorization o = my - - - 7, appears in the sum if and only if there is a break
immediately before or after every position where a peak occurs in o. In other words,
if @ = (£(my), ..., £L(my,)) is the sequence (composition) of lengths of the m;, then
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in order for the factorization o = 7y - - - 7, to appear in the sum it is necessary and
sufficient that Peak(o) C d(«) U (d(c) + 1).

Since £(m;) = £(v;) = | deg(v;)| for each i, based on our characterization of what
length sequences (£(r1), ..., €(py)) can occur in the sum, we can write

O(F) =Y 2'Vmy
J

where the sum is over all vector compositions J for which there exists a factorization
U =v1...0y such that (1): J = (deg(vy), ..., deg(v,)), and (2): Peak(o) Cd(J) U
(d(J) 4+ 1). Condition (1) is equivalent to J < E,, and in Condition (2) one can
replace Peak(o) with P(I). Hence the formula we obtained for ® (Fy) agrees with
(6.11). O

An immediate consequence of (6.11) is that & (F1) depends only on the peak set
of I and the coloring word of I. Imitating the [ = 1 case, we will define multigraded
analogues of peak functions as the images of the Fy under . In the following, by a
peak subset of [n] we mean asubset S C {2,...,n—1}suchthatie S =— i—1¢ S,
i.e., S is the peak set of some permutation of [n].

Definition 6.5 Let u be a coloring word of length n and let S be a peak subset of [r].
The peak quasisymmetric function of level | (or peak function) indexed by S and u is
defined by

05 = > 26D pyy. (6.14)
J<E,
ScddHudd)+1)

Here d(J) + 1 stands for the set {s + 1 | s e d(J)}.

Observe that, by (6.11), if I is any vector composition then

O (F1) = 0p),c)-

If [ =1 then the peak functions are precisely the K 4 of Stembridge [36]. These form
a basis of the peak subalgebra of QSym. However, when [ > 1 the peak functions are
not linearly independent. For example, when [ =2 we have

021,010 = 6,010 — 0,001 + 0(2),001-
Note also that, unlike the / = 1 case, the higher level peak functions are not always

F-positive. For example, when / =2 we have

09,010 =2F 2\ —2F 20\ +2F/1 1\ +4F 11\ —2F/110)-
() 7G) T 6D o) T (o)

Our next goal is to describe a subset of peak functions that form a basis for O. We
will also describe how this basis relates to the n-basis. Before we proceed we will
need some additional definitions and a lemma. Let u € [0,/ — 1]" be a color word.
Given an odd vector composition I (meaning every column of I has odd weight), we
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define I to be the vector composition with the same coloring word as I, obtained by
replacing each column of I by a new vector composition of equal weight whose last
column has weight 1 and all other columns have weight 2. For example,

2 0 3 3 200 210
I=]0 0 2 = I=]0 0 0 0 1 1
1 10 01 1 00O

Next, let u be a color word of length n and let S be a peak subset of [n]. We define
Is ., to be the unique vector composition satisfying the following three properties:
(1) every column of Ig , has weight 1 or 2; (2) the coloring word of Is , is u; and
(3) Ps,,) = S. Note that the last column of Is, must have weight 1, so it makes
sense to talk about odd(Is ,). For example, when [ =3, if S ={2,6,8} and u =
002200011 then

IS,u =

(=l )

00 2 1
0 0 0 1
1 100

(=N

2 0 3
and odd(Is,)={0 0 2
1 1 0

The pair (S, u) will be called admissible if c(odd(Is,,)) = u. The previous example is
of an admissible pair. When [ = 1 the correspondence I <> P(]) is a bijection between
odd compositions and peak subsets of {1, ..., | 7|}, as observed by Schocker [33]. This
observation generalizes to vector compositions; the proof of the following lemma is
similar to that of Proposition 3.1 in [33] and will be omitted.

Lemma 6.6 Letu €[0,1— 11" be a color word. The map 1 — (p(i), u) is a bijection
from the set OComp(u) to the set of admissible pairs with second coordinate equal
to u. The inverse of this map is given by (S, u) — odd(Is ;).

Here is our main result on peak functions:

Theorem 6.7 The peak functions Os,,, indexed by admissible pairs (S, u) form a
basis for the higher level peak algebra O. Moreover, we can explicitly describe the
relationship between the 0s ,, and the ny as follows: If 1 is an odd vector composition
and u = c(I), then

m= Yy (=165, (6.15)
scp)
and if (S, u) is any admissible pair then

Osu = Z(—l)mnodd(lr_u)- (6.16)
res

Proof As shown in Theorem 5.19, the ny such that I is an odd vector composition

form a basis for O. It therefore suffices to prove (6.15), which is equivalent to (6.16)
by Mobius inversion.
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To prove (6.15), we apply the definition of s, (see (6.14)) to get

Z (_l)lsleS,Eu — Z 2€(J)MJ Z (—l)lSl.

scpd) JLE, scpMHNE@DUET)+1))

Now PN @D UAD + 1) =0 <= dDH U@ + D S[n—1]\Pd) <
dJ) < [n— 1]\ ((p(I) —1Hu p(I)) = d(). The last equality is essentially (8) of
[33]. Thus the inner sum is 1 if d(J) € d(I) and 0 otherwise. Since both J < E, and
I < E,, the condition d(J) € d(I) is equivalent to J < 1, as required. O

Remark 6.8 When [ = 1, our n-basis for O is, up to sign, dual to the I"-basis intro-
duced by Schocker [33, (9)].

6.3 The specialization [ = 1

In this case, QSym(l) = QSym, and for each k € N, we have a k-odd linear functional

g) on the Hopf algebra of (ordinary) quasisymmetric functions QSym. Therefore

we get an induced morphism of coalgebras ®® : QSym — QSym whose image is
contained in the k-odd Hopf subalgebra O%(QSym). We will apply Theorem 6.2 to
give a formula for ©®®.

Proposition 6.9 Let k > 0 be an odd integer and I be a composition of n. We have
O® =&+ and

eV (F) = Z 26 p, .

JE
p(HSA(HU@A)+1)
A(D)SA() U+ DU--Ud(T)+E)

Proof Equation (6.3) becomes
v (Fp) =vE TV (Fp)

1 ifI=(),
=12 ifI:(j)orI:(li,j)orsomeie{l,...,k}andjz1,

0 otherwise.

Let ¢ = (01,...,0,) be a permutation with descent composition Des(c) =
Des(o, 11...1) = I. Then by (6.9),

OO (F) =) 2" Mty ....emm)

where the sum is over all ways of writing o = 1 -- -, as a concatenation of sub-
words 7; such that for every i, Des(st(rr;)) has for form (j) or (1, j) for some
iefl,...,k} and j > 1. The composition Des(st(sr;)) has this form if and only if
m; begins with at most k descents followed by only ascents; in particular 7; has
no peaks, so a break occurs in the factorization ¢ = my - - - T, immediately before
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or after every peak. Thus in order for a factorization o = mj - - - 7, to appear in the
sum it is necessary and sufficient that the composition J = (£(ry), ..., £(7,)) satisfy
Des(o) Cd(J)U W)+ 1)U---U(d(J)+k) and Peak(c) Cd(J)UM(J)+1). 0

We can also write the expression in Proposition 6.9 using operations on vec-
tor compositions rather than sets, in the following way. For any composition I =
(i1, ..., im), let I** be the composition obtained by replacing every component i,
with (1) if i, <k, and with (i¥,i, — k) if i, > k. Write I* for I*!. Then we can
rewrite the expression in Proposition 6.9 as

oWFEn= Y 2Vm,.

JER
AT
IﬂJ*k

Consider the case k = 2. It was already observed in Proposition 5.16 that O? is the
Hopf algebra spanned by all shifted quasisymmetric functions (sqs-functions). Going
a bit further, let us remark that the map ©? takes each fundamental basis element
F7 to an sqs-function. Let I = (i1, ..., i) be a composition with i1 > 1, and let 6
be the sqs-function as defined in [11, Definition 3.1]. It is shown in [11, Theorem 3.6]
that the 67 are precisely the functions defined by Billey and Haiman in [15, (3.2)]. It
follows from Proposition 6.9 that

O? (F;)=6;.

Furthermore, clearly @(2)(F(]»il_lviqusim)) = @(2)(F1), SO @(2)(F1) is an sqs-
function for every composition J.
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