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Abstract In this paper, we construct trees having only integer eigenvalues with arbi-
trarily large diameters. In fact, we prove that for every finite set S of positive integers
there exists a tree whose positive eigenvalues are exactly the elements of S. If the set
S is different from the set {1} then the constructed tree will have diameter 2|S|.
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1 Introduction

An integral tree is a tree for which the eigenvalues of its adjacency matrix are all
integers [9]. Many different classes of integral trees have been constructed in the past
decades [2-5, 10-12]. Most of these classes contain infinitely many integral trees,
but till now only examples of trees of bounded diameters were known. The largest
diameter of known integral trees was 10. In this paper, we construct integral trees of
arbitrarily large diameters. In fact, we prove the following much stronger theorem.

Theorem 1.1 For every finite set S of positive integers there exists a tree whose
positive eigenvalues are exactly the elements of S. If the set S is different from the set
{1} then the constructed tree will have diameter 2|S|.

Clearly, there is only one tree with set S of positive eigenvalues for S = {1}, the
tree on two vertices with spectrum {—1, 1} (and its diameter is 1).
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The structure of this paper is the following. In the next section, we will define a
class of trees recursively. All trees belonging to this class will turn out to be almost-
integral, i.e., all of their eigenvalues are square roots of integers. We will find integral
trees in this class of trees by special choice of parameters introduced later.

2 Construction of trees

Definition 2.1 For given positive integers ry, ..., ry we construct the trees T (ry),
Tr(r1,12), ..., Tx = T (r1, ..., rr) recursively as follows. We will consider the tree T;
as a bipartite graph with color classes A;_1, A;. The tree T1(r;) = (A, A1) consists
of the classes of size |Ag| =1, |A1| = r; (so it is a star on r; + 1 vertices). If the
tree T;(r1,...,ri) = (Aij—1, A;) isdefined then let T; 1 (71, ..., rit+1) = (A;, Aj+1) be
defined as follows. We connect each vertex of A; with r;1 new vertices of degree 1.
Then for the resulting tree the color class A; 1 will have size |A;11| = rit1|Ai| +
|A;_1], the color class A; does not change. (See Fig. 1.)

One should not confuse these trees with the balanced trees. These trees are very
far from being balanced.

Fig.1 LetA;; | =A;_1UB;

peemmitien _qrrqrr vy
degree 1 in B; A [ >/\ \< /\/ j
aa Y~ )

To analyze the trees Ty (rq, ..., rx) we will need the following definition.

Definition 2.2 Let us define the following sequence of expressions.

Qo() =1,

O1(x1) =x1

and

Qi(xt,..,x;)=x;0;-1(x1, ..., xj—1) + Qj-2(x1,...,xj-2)
for all 3 < j < k. We will also use the convention Q_; = 0. We will call these ex-
pression continuants. Sometimes if x = (x, ..., x;) is well-understood then we will
simply write Q; instead of Q;(x1, ..., x;).
Remark 2.3 The first few continuants are

02(x1, x2) =1+ x1x2, 03(x1, X2, X3) = X1 + X3 + X1X2X3,
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Qa(x1, x2,x3,x4) = 1 +x1x2 + X1X4 + X3X4 + X1 X2X3X4.

The expressions Q(x, ..., x;) often show up in the study of some Euclidean type
algorithms. For instance,

1 Or(x1,...,xK)

1 Ok 1 (X1, e Xkm1)
1

Xk +
Xk—1+
Xk—2 + I

b

X1

For more details on continuants, see [8].

Lemma 2.4 Let Ti.(ry, ..., rr) be the constructed tree with color classes (Ax_1, Ar).
Then |Ag—1| = Q—1(r1, ..., 1k—1) and |Ag| = Qi (ry, ..., 1k).

Proof This is a trivial induction. O
Lemma 2.5 [fr| > 2 then the diameter of Ty (r1, ..., ry) is 2k.

Proof Note that each vertex is at a distance of at most k£ from the only element vg
of the set Ag. Thus the diameter is at most 2k. On the other hand, if we go from vg
to two different leaves through two different elements of A; which are at a distance
k from vg (so these are the elements of A;\Ax—_5) then these two leaves must be 2k
distance units apart. g

Remark 2.6 Note that T;(1,r2,r3,...,rj) = Tj—1(r2 + 1,r3,...,r;). Hence all
constructed trees different from the tree on two vertices have a representation
Ti(r1, ..., ry) in which ry > 2.

The next lemma will be the main tool to determine the spectrum of the tree
Ty (r1, ..., ). Before we state it, we introduce the following notation.

Definition 2.7 Let Sp(G) denote the spectrum of the graph G. Let N(J;r denote the
number of positive eigenvalues of G and N (¢) denote the multiplicity of the eigen-
value 7.

Lemma 2.8 Let G = (A, B, E) be a bipartite graph with ) # 0 eigenvalue of mul-
tiplicity m. Let G' be obtained from G by joining each element of B with r new
vertices of degree 1, so that the obtained graph has |A| + (r + 1)|B| vertices. Then
+£/A2 +r are the eigenvalues of G' of multiplicity m. Furthermore, the rest of the
eigenvalues of the new graph are %./r with multiplicity |B| — Ng and 0 with multi-
plicity |A| + (r — 1)|B|, and there is no other eigenvalue.

Proof Since G and G’ are both bipartite graphs, we only need to deal with the non-

negative eigenvalues. Let 0 < u # /7 be an eigenvalue of the graph G’ of multi-
plicity m. We prove that /2 — r is an eigenvalue of G of multiplicity m. (Note
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that it means that 0 < u < /7 cannot occur since the eigenvalues of a graph are real
numbers.)
Let x be an eigenvector belonging to p. We will construct an eigenvector x’ be-

longing to /% — r in the graph G. Let v; € B and its new neighbors w1, ..., w;,.
Then

x(v;) = px(wi1) = ux(wip) = - - - = ux(wir).
Since u # 0 we have x(w;1) = --- = x(w;,). Moreover, for each v; € Band u; € A
we have

px(v) =Y x(ug) + rx(wi)

Vi ~Uk

and

ux(uj) = Z x(vp).

uj~v
Since x (v;) = ux(w;1) we can rewrite these equations as
2
(* = rxwi) =Y x(w)
Vi~ UL
and

pa(up) =Y ux(wn).

u;j~v;

In the second equation, we can divide by u since it is not 0. Hence it follows that

\/Mz_r-(\/,uz—r-x(wil)) = Z x(uk)

Vi ~Ug
and
\/E~X(uj)= Z (\/Em(wn))-

uj~v;

Thus the vector x’ which is equal to /u? — r - x (w;1) on the vertices of B and x(uj)

on the elements of A is an eigenvector of the graph G with eigenvalue /2 —r.
Clearly, this vector is not 0, otherwise x should have been 0. It also implies that if the
vectors x|, ..., x;, are independent eigenvectors belonging to w then the constructed
eigenvectors x’;, ..., x’, are also independent. Note that this construction can be

reversed if /% — r # 0, implying that for u # /7 the multiplicity of i in G’ is the

same as the multiplicity of /2 — r in G.
We can easily determine the multiplicity of the eigenvalues 0 and /7 as follows:

eG)+rBl=eG)= > pP= Y (A2+r)+Ne(Vr)r

u>0,1eSp(G’) 1>0,AeSp(G)

=e(G) + N&r + Ng/ (Vr)r.
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Hence Ng/(s/7) = |B| — N, g . Finally, the multiplicity of O as an eigenvalue of G’ can
be determined as follows:

Ng'(0) = |A| + (r + 1)|B| — 2N,
=|Al+(+ DIB| = 2Ng —2Ng (V) = 1Al + (r + 1)|B| - 2|B|. O

Theorem 2.9 The set of different eigenvalues of the tree Ty (r1,72, ..., k) is the set

{£Vrk, £k + re—1. 2/rk + -1+ re—a .., e+ -+ 1,0}

Furthermore, the multiplicity of O is

Or(riy....ri) — Qr—1(r1, .-, Tk—1)

and the multiplicities of the eigenvalues x./ry + 11 +---+rj are

Qj-10r1,..,rj—1) — Qj2(r1, ..., rj-2),

where Q;’s are the continuants.

Proof We will use the short notation Q; for Q;(ry,...,r;). We prove by induc-
tion on k. The statement is true for k = 1. Assume that the statement is true for
n =k — 1. We need to prove it for n = k. By the induction hypothesis, the tree
Ti—1(r1, ..., rk—1) has spectrum

{Evro 2y +ra o £+ 41,0}

Furthermore, the multiplicities of the eigenvalues &=,/rx—1 +---+7r; are Q1 —
Qj—2. Now let us apply Lemma 2.8 with G = Ty_1(r1, ..., 7x—1) and r = ry. Then
G' =Ti(ry,..., ) has spectrum

{:I:\/r_, :I:\/rk —l—rk_l,:I:\/rk—i—rk_l +rp—2, . BT ,0}.

Furthermore, the multiplicities of the eigenvalues +./rx +r—1+---+7r; are
Qj-1— Qjfor j <k — 1. The multiplicity of /ry is

Ok—1 — ((Qk—2 — Qk=3) + (Qr—3 — Qk—a) + -+ (Qo — O—1)) = Qi1 — Qk—2.
Finally, the multiplicity of O is

(rk = 1) Qk—1 + Qk—2 = Ok — Qk—1. O
Remark 2.10 Note that if r; > 2 then the tree Ty (ry,...,rr) has 2k + 1 different
eigenvalues and diameter 2k. Since the number of different eigenvalues is at least the

diameter plus one for any graph [7], these trees have the largest possible diameter
among graphs having restricted number of different eigenvalues.
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Theorem 1.1 For every set S of positive integers there exists a tree whose positive
eigenvalues are exactly the elements of S. If the set S is different from the set {1} then
the constructed tree will have diameter 2|S|.

Proof LetS ={ny,ny,...,ns)} whereny < ny <--- <n|g. Then apply the previous
theorem with
_ 2 _ 22 _ 2 2
FIS| = N7, T|S|—1 =15 =AY, ..., 1 =R — Nig|_].

If the set is different from {1} then | > 2, and in this case the diameter of the tree is
2|S| by Lemma 2.5. O

Example I Let S ={1,2,4,5}thenrs =1,r3 =3,r; =12,r; =9. The resulting tree
has 781 vertices and the spectrum is

{_5 _48 _2100 _1227 0109 1227 2100 48 5}
Here the exponents are the multiplicities of the eigenvalues.

Example 2 Let S ={1,2,3,4,5,6} thenrg=1,r5s =3, ra=5,r3=7,r=9,r =
11. The resulting tree has 27007 vertices and the spectrum is

{:|:6 4510 4489 43611 | 52944 | (8021 03655}'
The diameter of this tree is 12.

Remark 2.11 Recently Andries E. Brouwer (private communication) found a very
elegant (and very short!) proof that T(n,% — ”%—1 , ”1%—1 — n%_z, cee, n% — n% n%) are
integral trees. It is really worth reading this proof. This proof is outlined on Brouwer’s
homepage [1] or a bit more detailed version of this proof can be found in [6].

Acknowledgement I am very very grateful to Andrds Gécs and Andries E. Brouwer for numerous
remarks and suggestions.
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