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Abstract We prove a g-analogue of the Carter—Payne theorem in the case where the
differences between the parts of the partitions are sufficiently large. We identify a
layer of the Jantzen filtration which contains the image of these Carter—Payne homo-
morphisms and we show how these homomorphisms compose.

Keywords Hecke algebras - Carter—Payne homomorphisms - Jantzen filtrations

1 Introduction

The Iwahori—Hecke algebras of the symmetric groups are interesting algebras with
a rich combinatorial representation theory. These algebras arise naturally in the rep-
resentation theory of the general linear groups and they are important because they
simultaneously extend and generalize the representation theory of the symmetric and
general linear groups.

The representation theory of the Hecke algebra J¢, closely parallels that of the
symmetric groups. For each partition A of # there is a Specht module S*. In the semi-
simple case the Specht modules give a complete set of pairwise non-isomorphic irre-
ducible #,-modules. When #,, is not semisimple it is an important problem to de-
termine the structure of the Specht modules. The purpose of this paper is to construct
explicit non-trivial homomorphisms between Specht modules in the non-semisimple
case. Using this construction, we are then able to connect the image of the homomor-
phism and the Jantzen filtration of the corresponding Specht module.
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The most striking result about homomorphisms between Specht modules of the
symmetric groups is the Carter—Payne Theorem [3], which was proved by building
on the famous paper of Carter and Lusztig [2]. A second proof of the Carter—Payne
Theorem has recently been given by Fayers and Martin [9].

In this paper we are concerned with the Carter—-Payne homomorphisms of the
Iwahori—Hecke algebra of the symmetric group. To state our main results, let F' be a
field of characteristic p > 0 and fix a non-zero element ¢ € F. Let e > 1 be minimal
such that 1 +¢ + --- + ¢~ = 0; set e = 0 if no such integer exists. Let #, be the
Hecke algebra of the symmetric group &,, over F, with parameter ¢, as defined in
Sect. 2.1. Recall that when ¢ = 1 then e = p and the Hecke algebra is canonically
isomorphic to the symmetric group algebra FG,,.

If p > 0 and k > O then define £, (k) to be the smallest positive integer such that
pt»® > k. Now suppose that y > 0 and A and y are partitions of n such that

Ait+y, i=a,
Hi=Ari—y, i=z
Ai, otherwise,

for some positive integers a < z. Let h =Xy — A; +z —a + y. Then A and p form
an (e, p)-Carter—Payne pair, with parameters (a, z, ), if e > 1 and either

() p=0,y <eand h=0 (mod e), or,
(b) p>0and /=0 (mod ep’»")), where y* = [ £].

The Carter—Payne Theorem for an Iwahori—Hecke algebra of the symmetric group
is the following result.

Theorem 1.1 (Carter and Payne [3] and Dixon [5]) Suppose that F is a field of
characteristic p > 0 and that ) and p form an (e, p)-Carter—Payne pair. Then
Homyg, (S*, S*) #0.

For the symmetric groups (that is, when g = 1) this theorem is a classical re-
sult of Carter and Payne [3]. The full g-analogue of this result for the Iwahori—
Hecke algebra #, was recently established in the unpublished thesis of Dixon [5].
Dixon’s proof follows the original arguments of Carter and Lusztig [2] and Carter
and Payne [3]. He works with the quantum hyperalgebra U of the general linear
group and his argument generalizes the proof of Carter and Payne for the classical
case.

The Carter—Payne homomorphisms are very useful and important maps. Unfor-
tunately little is known about them in general except that they exist. In this paper
we concentrate on separated Carter—Payne pairs, where an (e, p)-Carter—Payne pair
(A, u) with parameters (a, z, y) is separated if A, — X1 >y fora <r <z. We
begin by giving two new and very explicit descriptions of Carter—Payne homomor-
phisms 65, : §*— S* when A and u form a separated Carter—Payne pair. We then use
the new descriptions to prove the following two results, which were known previously
only for the symmetric group algebra when y =1 [8].
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Theorem 1.2 Suppose that A, u and o are partitions of n such that A and o form a
separated (e, p)-Carter—Payne pair with parameters (a, y, y) and that o and |1 form
a separated (e, p)-Carter—Payne pair with parameters (y,z,v), where a <y < z
and y > 0. Then A and |1 form a separated (e, p)-Carter—Payne pair with parameters
(Cl, Z, J/) and 9)090# = eku~

To state our next result let S* = JO(S#) D J1(§#*) D J2(S*) D - - - be the Jantzen
filtration of S* (see Sect. 2.6), and for 0 # h € Z define

pva[p(h)’ if e | h,

val, ,(h) =
e.p(h) 0, otherwise,

where val, is the usual p-adic valuation map (and we set valy(h) =0 when p =0).

Our second main result is the following.

Theorem 1.3 Suppose that p > 0 and that ) and w form a separated (e, p)-Carter—
Payne pair with parameters (a, z,y). Then

Im6, C J°(S%),
where § = vale y(Mg — Az +2—a+y) —val, p(y).

The key observation in our construction of the Carter—Payne homomorphisms,
which is due to Ellers and Murray [7], is that the Specht modules $* and S* both
appear as subquotients in the restriction of a Specht module SV of #,, . Starting
from this observation we are able to show that the Carter-Payne homomorphism
6, S* — S* is induced by an #,-module endomorphism of S¥ which is given by
right multiplication by a polynomial in the Jucys—Murphy elements L, 41, ..., L4y
of #,1,. Using this description of the Carter-Payne maps we are able to prove the
two theorems above. Furthermore, in the proofs of Theorem 2.7 and Theorem 2.8, we
describe these maps as explicit linear combinations of semistandard homomorphisms.
Thus we give a new proof of Theorem 1.1, when A and p are a separated pair, which
takes place entirely within the Hecke algebra. In Example 2.17, we briefly discuss
the problems that arise when A and . are not separated.

We now describe the contents of this paper in more detail. Section 2 sets up the
basic notation and machinery that is used throughout the paper. In Theorem 2.7 and
Theorem 2.8 we show that if (A, u) is a separated (e, p)-Carter—Payne pair then the
corresponding Carter—Payne homomorphism is given by right multiplication by a
polynomial in the Jucys—Murphy elements of #,, . We prove these results by writ-
ing the Carter—Payne homomorphism 6, as an explicit linear combination of semi-
standard homomorphisms. These results are proved modulo a result which describes
how the Jucys—Murphy elements act on the Specht modules (Proposition 2.5) and a
technical result which allows us to divide our maps by certain polynomial coefficients
when p > 0 (Lemma 3.23). Using these results we prove our two main theorems
about composing Carter—Payne homomorphisms and the connection between these
maps and the Jantzen filtration. Section 3 is the computational heart of the paper
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which proves the detailed technical results which describe the action of the Jucys—
Murphy elements on the Specht modules which are need to prove our main theorems.
The results in this section are likely to be of independent interest.

Notational index

< Bumping preorder

<,‘2’J Weak bumping preorder
> The dominance order

(k14 Gaussian integer

ATl Diagram of the partition A
Biu Oru =1/Bip Loy

Ci Vi — i

ce(k) Content of k in t
n+1” A composition of n + y

©s A homomorphism, ¢g : M* — S*
HE Generic Iwahori-Hecke algebra
Hn Hecke algebra specialized at ¢
FH>* A two-sided ideal of H,

Hom Homomorphisms

Homge,  Semistandard homomorphisms

v A partition of n 4 y

A, u,n  Partitions contained in v

m A Carter—Payne homomorphism

JiSH A layer of the Jantzen filtration of S*
Ly, L,  Jucys—Murphy elements

Liw  TT2 T2y sy — L)

Mgt Murphy basis of #,

mg Basis element of $*

my ZA(t):T my

M* A right #¢,-module

% Flqlq)

RStd(A) Set of A-tableaux of type (17)

o3 o1+---+ox

s,t,... Tableaux of type (1")

S,T,... Tableaux of arbitrary type

S* The Specht module

sx #(r,c)|S(r,c)=x,r €R, x € X}
G The symmetric group on n letters
G, The Young subgroup of &,

Std(A) Set of standard A-tableaux
Std,;(v) A subset of Std(v)
w(t) Element of 7g(X, 1) made from t

% The initial A-tableau
t; An almost initial tableau
T; A generator of ),
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i—1
T ll:i Ti
k—2 j—1
Tijw  IL= T Tl T
Ty A basis element of #, forw € G,

T(h, ) A-tableaux of type u
To(r, u) Semistandard A-tableaux of type u
7y (i, m) A subset of 7y (v, n+17)

Z Zlg,q~ "1, ¢ an indeterminate

2 Carter—Payne homomorphisms and Jucys—Murphy elements

In this section we define the Hecke algebra and the Specht modules and reduce the
proofs of our main results to some technical statements which are proved in Sect. 3.

2.1 The Hecke algebra

For each integer n > 0 let &, be the symmetric group of degree n. The symmet-
ric group G,, is generated by the simple transpositions sy, 52, ..., S,—1, Where s; =
(@,i+1)forl <i<n If we &, then s;, ---s;, is a reduced expression for w
if w=s;,---s;, and k is minimal with this property. In this case, the length of w
is L(w) =k.

Suppose that ¢ is an indeterminate over Z and let Z = Z[q, ¢~'] be the ring of
Laurent polynomials in g. The generic Iwahori—Hecke algebra of G, is the unital
associative Z-algebra Jff with generators 71, ..., T,,—1 which are subject to the re-
lations

(Ti —g)(T; +1) =0, TiTjnTj=Tj+1TjTj+1 and T;T; =T;T;,

where 1 <i <n,1 <j<n—1and|i — j| > 2. The Hecke algebra J{’f is free as an
Z-module with basis {T, | w € &, }, where T, =T;, --- T, and s;, - - - 5;, is areduced
expression for w; see, for example, [12, Chap. 1].

Now suppose that R is an arbitrary ring and that g is an invertible element of R.
Define #(qg) = J(’,;Z ®z R, where we consider R as a Z-algebra by letting g act
as multiplication by gg. We say that J{’f (gr) is obtained from anz by specialization
at ¢ = qr. By the remarks above, J(f (gr) is a unital associative R-algebra which is
free as an R-module with basis {T,, ® 1 | w € &,,}. Typically, we abuse notation and
write T, instead of T, ® 1, for w € G,,.

In this paper we are most interested in the algebra #f, = Jf,f (¢), where F is a
field of characteristic p >0 and 0 # ¢ € F. Define

e:min{f22|1+;+...+§ffl:0},
andsete=0if 1 +¢ +...+§f—1 # 0 for all f > 2. Then #, is (split) semisimple

if and only if e > n or e = 0; see, for example, [12, Corollary 3.24]. Henceforth, we
assume that 2 < e < n. In particular, #, is not semisimple.
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2.2 Tableaux combinatorics

A composition of n is a sequence A = (A1, A2, ...) of non-negative integers which
sum to n and A is a partition if A1 > Ap > ---. The diagram of a partition X is the
set [Al={(r,c) |1 <c <A, forr>1}. A A-tableau is amap S:[[A]]|— N such that
S(r, ¢) < S(r, '), whenever ¢ < ¢’. In the literature such tableaux are often said to be
row standard, however, we do not make this distinction because all of our tableaux
will be row standard. We identify a A-tableau with a labeling of the diagram of A
by N. This allows us to talk about the rows and columns of S. A A-tableau S is:

(a) Semistandard if the entries in S are strictly increasing down columns.
(b) Standard if S:[[A]l—{1,2,...,n} is a bijection and the entries in S are strictly
increasing down columns.

We orient our diagrams and tableaux according to the ‘English convention’ with the
row indices increasing from top to bottom and the column indices increasing form
left to right. A A-tableau has type = (w1, w2, ...) if it has u; entries equal to i, for
i > 1.If Sis a A-tableau let Shape(S) = A and if k > 0 let S be the subtableau of S
containing the numbers 1,2, ..., k.

The following notation will help us keep track of certain entries in our tableaux.

Notation Let S be a A-tableau and suppose that X and R are sets of positive integers.
Let

Sx =#{(r,c) € [\1 | S(r,¢) = x for some r € R and x € X}.

That is, S;f is the sum of the number of entries in row » of S which are equal to x, for
some r € R and some x € X. We further abbreviate this notation by setting S5 =

83”;‘3}), S; = Sif}} and so on.

Let 7 (X, ) be the set of A-tableau of type p and Zo(X, ) the set of semistan-
dard A-tableaux of type . Let Std(A) = Zo(X, (1™)) be the set of standard tableaux
and RStd(A) = 7 (%, (1")) the set of tableaux of type (1"). The initial i-tableau is
the standard A-tableau t* obtained by entering the numbers 1,2, ...,n in increasing
order, from left to right, and from top to bottom, along the rows of [[A]].

If s is a tableau and s(r, ¢) = k then define rowg (k) = r. For any subset I C
{1,2,...,n}, the entries in I are in row order in s if row (i) < rows(j) whenever
i < j € I.For example, t* is the unique A-tableau which has 1, 2, ..., n in row order.

There is an action of &, on RStd(A), from the right, given by defining sw to be the
A-tableau obtained from s by acting on the entries of s by w and then reordering the
entries in each row, for s € RStd(A) and w € &,,. If s € RStd()) define d(s) to be the
unique element of G,, of minimal length such that s = td (s); such an element exists,
for example, by [12, Proposition 3.3]. The permutation d(s) is the unique element of
S, such that s = t*d(s) and (i)d(s) < ( j)d(s) whenever i < j lie in the same row
of 5. Let G, = 6, x 6,, x --- be the Young subgroup of &, associated to A. That
is, &, is the row stabilizer of t*.
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2.3 Specht modules

In this subsection we recall the construction of Murphy’s cellular basis for #, and
his definition of the (dual) Specht modules. Note that in this paper all #,-modules
will be right #,-modules.

For each pair of tableaux s,t € Std(X), for A a partition of n, let mgt =
Ty(s)-1myTat), where

m) = Z Tw.

wes,,

Murphy showed that {mg¢ | s, t € Std(A), with A a partition of n} is a basis of #,,
[12, 13]. The basis {ms¢} is a cellular basis of #, with respect to the dominance
ordering >, where if A and p are partitions then p > A if

J J
Zui > Zki,

i=1 i=1

forall j > 1. Write 0 > A if > A and p # A. Let #™* be the subspace of #, with
basis {ms¢ | 5, t € Std(p) for some o > A}. Then #H>* is a 2-sided ideal of F,,.

Fix a partition A of n. The Specht module S is the J¢,-submodule of J,/J>*
generated by m; + #™*. For every tableau s € RStd(A) define ms = m; Ty +
FH>*. Then mg € S* and {my | t € Std(2)} is a basis of S} by, for example, [12,
Proposition 3.22]. This construction of the Specht module works over an arbitrary
ring. In particular, we have a Specht module Sf‘z for the generic Hecke algebra J(,IZ
and S;} = S% ®z F as J,-modules. Usually, we write St = Sf; unless we want to
highlight the base ring.

We emphasize, for the readers convenience, that throughout this paper we fol-
low [12] and work with the Specht modules that arise as the cell modules for the
Murphy basis [14]. These modules are dual to the classically defined Specht modules
considered in [4, 10]. Our results can be translated into the corresponding results for
the classical Specht modules by conjugating the partitions involved and taking duals;
see, for example, [11, Lemma 3.4].

Define the Jucys—Murphy elements Ly, ..., L, of J, by setting L; = 0 and
Lyt = q_lTk(l + LiTy) for 1 <k <n. Then Ly,..., L, generate a commutative
subalgebra of #,; see, for example, [12, Proposition 3.26]. The Jucys—Murphy ele-
ments Ly are important for us because they act on the Specht modules via triangular
matrices.

If R is any ring, a € R and k € Z then the Gaussian integer [k], is defined to be

k—l .
k], — [;Tl ifa#1,
k, ifa=1.

Let [0]!51 =1andfork >1,let [k]il = [k — I]L[k]a. We are most interested in these
scalars when R = Z and a = ¢, so for k € Z we set [k] = [k]; and for k > 0 we set
[k]' = [k],.
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2.4 Constructing Carter—Payne homomorphisms

Suppose that A is a partition of 7 and let M* = m; #, be the corresponding permu-
tation module—this module is isomorphic to the induced trivial representation of the
parabolic subalgebra corresponding to A. Then M* has basis {m; Tyw | t€ RStd(A)}
and there is a surjective homomorphism 7 : M Y given by m; (m; Ty)) = my,
for t € RStd()).

Now if p is a partition of n and t € Std(w), define A(t) to be the -tableau obtained
by replacing each entry in t by its row index in t*. If T is a u-tableau of type A define

mrt = Z ne.

teRStd(1)
A(H)=T

By definition mt € S*.

If T e Zo(, A) let o1 € Homyg, (M *.S") be the homomorphism determined by
¢1(m)) = mt. Then the maps {¢7 | T € To(, )} are linearly independent [4]. Let
Homge, (M”, S*) be the subspace of Homg, (M*, S*) spanned by {or | T € To(11, 1)}
Let Homg, (S*, S#) be the space of homomorphisms ¢ € Homy, (S*, S#) such that
Ty € Homge, (M*,S"). If ¢ € Homge, (S*, S*) we say that ¢ can be written as a sum
of semistandard homomorphisms.

To prove Theorem 1.1 for the separated (e, p)-Carter—Payne pair (A, ©) we use the
following result. This is purely a matter of notational convenience as the proof that we
give can be made to work without making use of this proposition. See Remark 2.12
for more details.

Proposition 2.1 Suppose that A and | are partitions of m such that A; = i, when-

ever 1 <i <a ori > z, for some integers a < 7. Define A = (Ag, Ag+1, ..., Az) and
ﬁz(ﬂasu’a+1""a/’l‘2) andletn:)‘a++)‘2=ﬁu++ﬁ‘l Then
Homge, (S*, S*) = Homgg, (S*, SP).

Proof This follows from (the proof of) [11, Theorem 3.2 and Lemma 3.4]; cf.
[6, Proposition 10.4]. O

Therefore, when constructing Carter—Payne homomorphisms it is enough to show
that Homyy, (8", S") # 0 for partitions A and 1 of n which form a separated (e, p)-
Carter—Payne pair with parameters a = 1, z =max{i > 0| A; # 0} and y > 0. For the
rest of Sect. 2.4 we fix such a pair. We define v to be the partition of n 4 y given by

ri+y, ifi=1,
v =
! Ai, otherwise.

There is a natural embedding #,, < #,1,,. Thus we can consider any #,,-

module as an #,,-module by restriction. We need the following well-known result—it
is an easy corollary of [12, Proposition 6.1].
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Lemma 2.2 As an #,,-module the Specht module S* has a filtration
S'=MyDM;D---DM; DO,

such that M;/M; 1\ = S%, for some partition t; of n, for 0 <i < k. Moreover S* =
Mo/My, S* = My, My has basis {m¢ | t € Std(v) and Shape(t,,) # A}, and My has
basis {m¢ | t € Std(v) and t, € Std(u)}.

Fix a Specht filtration of S”
S'=MyDM;D---DMDO,

with the properties described in Lemma 2.2. Then, following Ellers and Murray
[7, § 3], we have the following elementary but very useful observation.

Corollary 2.3 Let v be the partition of n + y defined above and suppose that
there exists a non-zero homomorphism 6 € Endg, (S”) such that My C ker(0) and
Im(0) € My. Then Homy, (S, S*) #0.

Set ¢c; =v; — i, for 1 <i < z. (Thus, ¢; is the content of the ith removable node
of v.) Now define

z—1

Y
LAM:HH n+j — [Cz

i=1j=1
Lemma 2.4 Suppose that1 <k <n+y andk #n. Then Ty Ly, = L, Tx.

Proof By Lemma 3.3, below, if k # n then Ty commutes with (L,+1 — c¢)---
(Lpyy —c),forany ce F. Il

Hence, right multiplication by Lj,, induces an #,-endomorphism of S”. The fol-
lowing definitions allow us to describe this map and (if necessary) to modify it so as
to produce an endomorphism 6, which satisfies the conditions of Corollary 2.3.

Let n be a partition of n. Write n C v if [n]] € [v]]; equivalently, n; < v;,fori > 1.
Ifn Cv,definen+ 17 =, ..., nx, 057k, 17), where k = max{i | n; > 0}. (In fact,
k = z unless n = u and v, = y.) Define t,‘; to be the standard v-tableau which agrees
with t7 where [5]] and [[v]] coincide, with the numbers n + 1,...,n + y entered in
row order in the remaining nodes of [v]]. A v-tableau t is almost initial if t =t,, for
some partition n of n.

Now suppose that 7 is a partition of n such that n C v. Define

7y (w.m) ={S € Ty(v,n+ 17) | Shape(S ;) = u}.

That is, 7, (i, n) is the set of semistandard v-tableaux of type n + 17 obtained by
adding nodes labeled z+1, ..., z+ y torow z of a semistandard p-tableaux of type 7.
Similarly, if n € v let Std,) (v) = {t € Std(v) | Shape(t,,) = n}.

The following elegant result will allow us to construct Carter—Payne homomor-
phisms. It will be proved with less elegance in the following sections. The integer
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Sﬁr’Z], which is the number of entries in row r of S contained in (r, z], is defined in
Sect. 2.2.

Proposition 2.5 Suppose that n C v is a partition of n. Then there exists an integer
C such thatin S

z—1 y—si_q
mt;L)»M =qC Z H([Sfﬁr’d]! 1_[ lcz —cr —j]>ms'
SeZy (u,m)r=1 j=0

Proof This is the special case of Proposition 3.18 below, obtained by setting k = y
and y = 1. O

Example 2.6 Suppose that L = (4,4,2) and u = (6,4). Then A and p form a (6, 0)-
Carter—Payne pair with parameters (a, z, y) = (1, 3, 2). Applying the definitions,

Ly = (L2 = [51)(L12 — [21)(L11 — [51)(L11 — [2]).

Identifying the tableau S with mg, direct computation (or Proposition 2.5) shows that

1]2[3[4[11[12 1[1]1[1]4]5] 1[1]1]1]2]2] 1[1]1]1]2]3]
sl6[7ls] Ly, = [2[2[2l] Ly, = q°[2][2] 2[203[3] — g~ '[2113] 2[2[2[3]
_s 1]1[1]1]3]3]
+q 7 [213][4] [22[212)
1[2]3[4[5]11] 1[1]1]1]1]4] 5 1[1]1]1]1]2] 5 1[1]1]1]1]3]
81708|12| Ly, = §§2|5| Ly, =—q ~[2][6] nglsl +qg[3][6] §§2|3|
1]2[3]4[5[11] 1[1]1]1]1]4] 1J1]1]1]1]2]
slzlslo] Ly, = [2202l2] Ly, = ¢ *([3][6] [2[2[213]
_ 1J1]1]1]1]1]3]
— g °[3][4][6] [2[2[2L2]
1[2]3[4][5]6] 1[1]1]1]1]1] 1[1]1]1]1]1]
7Sy Ly, = 220l Ly, =g [21[6][7] PIFIEIEI
1]2[3]4[5]6] 1[1[1]1]a]1] 6 1[1]1]1]1]1]
1701829l11l Ly, = 2[2 214l Ly, = —q~°[3][6][7] 2[2 2[3]
123{4}5}6|L lllil}llllL —63 4 6 1|1 { }1]1]
718|910 = [2]|2[2]|2 = 2|2(2]|2
He =22 e =q " [31141[6][7] 22

Using these calculations we invite the reader to check that right multiplication by
L,,, induces an J(’i%—module homomorphism $* — S§* when ¢ = exp(27i /6) € C
(so that e = 6).

Using Proposition 2.5, we can now give a second proof of Theorem 1.1 from
the introduction for our pair (A, ). We treat the cases p = 0 and p > 0 separately

because the proof when p > 0 contains an additional subtlety.
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Theorem 2.7 Suppose that p = 0 and that ). and p form a separated (e, 0)-Carter—
Payne pair with parameters (a, z, y). Then

Homye, (S, S*) 0.

Proof By Proposition 2.1 it is enough to consider the case when a =1 and A, =0
when r > z. Since A and p form a Carter—Payne pair we have, by assumption, that
y < e and

M—A+z—1+y=c1—c;,=0(mode).

In particular, [c; — ¢1]; =0in F.

Suppose that t € Std(v) and let n = Shape(t ). Then in S we have m¢ = mg Tw,
for some w € &, x &,,. Therefore, by specializing ¢ = ¢ in Proposition 2.5 and using
Lemma 2.4, we have

z—1 V*Sgr'Z]*l
th)»p,ch Z n([sgr,l]]; 1_[ [CZ—Cr —j];)msTw,

SeTy (umr=1 j=0

for some C € Z. Recall that as an #,-module S¥ has a Specht filtration S¥ = My D
My D --- D M; D0 with $* = My/M; and S* = M; by Lemma 2.2. Moreover,
My is spanned by the ms, for s € Std(v) with Shape(s,) = u. Therefore, the last
displayed equation shows that m¢L,, € My for t € Std(v).

Next suppose that t € Std,;(v) and m¢ € M;. Then n # A by Lemma 2.2. Conse-
quently, if S € 7’ (i, n) then SEI’Z] <y and [c; — c1]; divides the coefficient of mg
inm¢Ly,. Thatis, m¢Ljy, = 0 since [c; —c1]; =01in F.

By the last two paragraphs, and Corollary 2.3, right multiplication by L, induces
an #,-module homomorphism from S* to S*. Suppose that t = t;. Then there ex-
ists a semistandard tableau S € 7, (i, A) with 8" =y for 1 <r < z. This is the
unique semistandard tableau S € 7’ (i, A) such that row r contains y entries equal
tor + 1, for 1 <r < z. The coefficient of mg in m Ly, is ;C([y]g)z—l # 0, so that
my Ly, # 0 as required.

We have now shown that right multiplication on S¥ by L;, induces a non-zero
map 6, : S* — S It remains to show that O € Homyy, (S*, S*). However, from
what we have proved it follows that

z—1 y—srid_1
! .
T[)LGMLICC Z n([sy,l]]'{ l—[ [c; — ¢ —]];)(ps.
SeTo(uh) r=1 j=0
Therefore, 65, € Homy, (S*, S*) as claimed. O

We now consider the case when p > 0. The argument is essentially the same as in
the case when p = 0. There is an additional technical difficulty, however, because in
general multiplication by L;,, induces the zero homomorphism from S* to S.
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Theorem 2.8 Suppose that p > 0 and that A and  form a separated (e, p)-Carter—
Payne pair with parameters (a, z,y). Then

Homyg, (S*, S*) # 0.

Proof As in Theorem 2.7, we may assume that a = 1 and A, = 0 for r > z. We first
consider the Specht module S for the generic Hecke algebra J(’,,Z_W defined over
Z=17lqg, q_l]. Suppose that t € Std(v) and set n = Shape(t,) so that m¢ = me Ty

for some w € &, x &,,. By Lemma 2.4 and Proposition 2.5 in S%; we have

-1 y—8{-1
mLy, = Z € H([sgr,z]]!q 1_[ [c; —cr — j]q>msTw.

STy (uy) =l j=0

If y < e then, as in the proof of Theorem 2.7, there exists a tableau S with coefficient
Cc[y]g_1 # 0 when we specialize at ¢ = ¢. Therefore, in this case we set ¢ = ¢
and argue exactly as in the proof of Theorem 2.7 to show that multiplication by L, ,
induces a non-zero homomorphism in Homge, (SA, S*) # 0. If y > e then we have to
work harder because the coefficients on the right hand side are almost always zero
when we specialize to H;;4, .

Suppose 1 <r < z. By Lemma 3.23 below, there exists an integer 8, with 0 <
Br <y such that for all integers § with 0 < § < y there exist polynomials f; s(g) and
gr.s(q) in Z, which depend only on c¢; — ¢,, such that g, s(¢) # 0 and

BT 'lee—er =iy _ fra(g)
BTy Mee—cr = 1y 8r0(@)

Hence, there is a well-defined Jt’nz -module homomorphism QAZM € Endy, (Sl’z) given
Gi(h) = ﬁuhLM, forall h € S%, where

z—1 y—pBr—1 vy z—1
mzﬂm@:ﬂ([ﬂr]g [1 [cz—cr—j]q) 1’[1‘[
j=0

r=1 =0r=1

8r, 6(‘])

Since A and p form an (e, p)-Carter—Payne pair, we have ¢; — c; = 0 (mod ep’zl’(y*)),
where y* = L%J. Consequently, by Lemma 3.23, 81 = y and fj s(¢) # 0 if and only
if § = B1. Therefore, arguing as in the proof of Theorem 2.7, we see that specializing
at ¢ = ¢ gives a #{,-module homomorphism 6, : S*— S such that

o= ( Cl_[fs(rl(C)ngra(é“))%
Se7y (1,1 r=1

Finally, to show that 6y, is non-zero we show that there exists a tableau S €
Ty (i, 1) such that s\"#l = B, for 1 <r < z. This is enough because for such a
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tableau S the paragraphs above show that mg appears in 6, (m) with coefficient
i;} ]_[33;0 gr.5(¢), and this is non-zero by construction.

In general, there are many tableaux S € 7 (14, 1) with s =g, forl <r <z.
To construct a family of tableaux with this property set 8, = y. For 1 <r <z we
construct a partition v and a semistandard v -tableaux S of type (A1, ..., Ar)
with the properties that (S(’))ﬁ =vr — P, forl <k <r,and

v D = — ()

To start, let S(!) be the unique semistandard (A1)-tableau of type (11). By induction
we may assume that we have constructed a semistandard v("”-tableau S as above.
Now define S+ to be any v 1 -tableau of type (A1, ..., A,+1) which is obtained
by adding A, | entries labeled r + 1 to S in such a way that v+ < yand v(rH)
Vr4+1 — Br+1. Such tableaux exist because of (1) since B,+1 <y < v,41. The tableau
S+ s semistandard because Ai —Aig1 =y, for 1 <i <r.Itis easy to check
that SU+D satisfies all of the properties that we assumed of S, so proceeding in
this way we can construct a semistandard v(@-tableaux of type A = (A, ..., ;). In
fact, V'@ = 11 by (f) because, by construction, (S(Z))§ =v, — B; = u  since ,BZ
Therefore, if we define S = SE*1 to be the tableau obtained by adding entries labeled
z+1,...,z+ y in row order to row z of S®@ then S e 'TOV(/,L, ) and sﬁ’*“ = B;, for
1 <r < z. Consequently, the coefficient of msg in 6, (th) is non-zero, so 6y, #0
as claimed. (|

If p>0let B,,(q) € Z[gq] be the polynomial defined during the proof of The-
orem 2.7 and if p =0 set B;,(q) = 1. In the proofs of Theorems 2.7 and 2.8, we
constructed Carter-Payne homomorphisms 6y, : S*— S*.Then By () # 0 and both
these homomorphisms are of the form

1
O (my) = mthw, for t € Std, (v). 2.1

Example 2.9 As in Example 2.6, suppose that A = (4,4,2) and u = (6,4). Then A
and p form an (e, p)-Carter—Payne pair with e =2 and p = 3. Dividing all of the
equations in Example 2.6 by [2] = 1 + ¢ we obtain a map 6, : S**? — §64 In
fact, the calculations in Example 2.6 show that 7, 6;, = ¢s where

o=
However, applying Lemmas 5 and 7 from [9, §2] it is possible to show that if e =
p =2 then
dimHomy,, (5(4’42)’ 5(6,4)) —1.

The partitions A and p do not form a (2, 2)-Carter—Payne pair, so the existence of
such a map is not predicted by the Carter—Payne theorem. Moreover, the calculations
in Example 2.6 show that this map is not induced by right multiplication by any mul-
tiple of L;,, because in order to make this map non-zero we need to divide by [2];,
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however,
1[a[i[1]1[4] 1 1[1[1]1]1]3]
2[2[2]5] — Ly, = 2[2[2]3] s
[3]3] (2] [4]5]
when we set { = —1. Consequently, right multiplication by L;, /[2]; does not induce

a homomorphism from S* to S* when e = p = 2 because, using the notation of
Lemma 2.2, the submodule M; of SV is not killed by Lj,,.

2.5 Composing homomorphisms

This section shows that we can compose certain Carter—Payne homomorphisms. This
gives a positive answer to a question asked of us by Henning Andersen.

Recall that Theorems 2.7 and 2.8 construct a non-zero homomorphism 6, :
§* — §° whenever A and o form a separated Carter—Payne pair with parameters
(a,y,y). Let u be another partition of n and suppose that a < y < z. Then it is easy
to see that A and p form a separated Carter—Payne pair with parameters (a, z, y) if
and only if o and p form a separated Carter—Payne pair with parameters (y, z, ).
Thus we have two homomorphisms 6;,, and 6,46, ,, which may be the zero map,
from S* to S*.

Theorem 2.10 Suppose that A, i and o are partitions of n such that ). and o form a
separated (e, p)-Carter—Payne pair with parameters (a, y, y) and that o and | form
a separated (e, p)-Carter—Payne pair with parameters (y,z,v), where a <y < z
andy > 0. Then 0y, = 05505 .

Proof Using Proposition 2.1, we may assume thata = 1 and z = max{i > 0| A; # 0}.
Let v be the partition of n + y given by

Ay, ifi=1,
v =
' Ais otherwise.

Then A, u, o0 Cv.
To prove the Theorem we consider the Specht module S%; for the generic Iwahori—
Hecke algebra Jt’,ﬁy. As in Lemma 2.2, we fix a Specht filtration

SL=MoDM;D---DM;D...OM; >0

of S% such that, as }(’nz-modules, S),‘Z = Mo/ My, S% = My and ST = M; /M4, for
some 1 </ < k. We may assume that {m | o ¥ Shape(t )} is a basis of M;y. For
1 <i <z, setc; =v; —i. Mirroring the definition of Lj, (see before Lemma 2.4),
set

y=1 vy =1y
LM:HH(L,H_]- —[cilq) and LJMZHH(Ln+j_[ci]q)-
i=1j=1 i=y j=1
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Then L), = Ly Ly, By (2.1) there exist polynomials 8;,,(q), Bo..(q) € Z[q] such
that

1
Qku(m{) = —th)L,ua

ﬂku(g)

for t € Std, (v). Via Proposition 2.1, we have analogous descriptions of the maps 6,
and 6, however, we do not (yet) have a description of these maps as #,-module
endomorphisms of S”. The next three claims allow us to describe these maps as
endomorphisms of S¥ and to connect them with 6;,,.

Claim 1 Suppose that n is a partition of n such that n C v and n > o . Then, in S%,

-1 y—sii_q
mt;Louzqcl Z H([sy,zl]; 1_[ [cz—c,—j]q)ms,

SeTy (u,n) r=y Jj=0
for some Cy € 7. Moreover, if S € 1)’ (, n) then S; = u,, for 1 <r < y.

Proof of Claim I When y =1 this is precisely Proposition 2.5. We are assuming,
however, that y > 1. In this case, the formula for m L, follows by setting k = y in
Proposition 3.18 below (which includes Proposition 2.5 as a special case). Secondly,
observe that oWy (n+j)=y,for 1 <j<y,because n > o. Consequently, if S €
7y (m,n) then n, =S, =, for 1 <r <y. O

Claim 2 Suppose that 1 is a partition of n such that n C v. Then, in S% /M1,

y—1 y—siM-1
my Lo = q©? Z 1_[ ([sﬁr,y]]; 1—[ [ey —cr — j]q>ms (mod M;41),

Se7y (o.n) r=1 j=0
for some C, € Z. Moreover, if S € 1y (0, n) then S| = oy, for y <r < z.

Proof of Claim 2 First observe that, by Lemma 3.11 below, my L, 1s a linear com-
bination of terms mg where s, > t7. If rows(n + j) > y for some j with 1 < j <y
then mg € Mjy1, so we may assume that rowg(n + j) <y for 1 < j < y. Conse-
quently, if mg + S;4+1 appears with non-zero coefficient in mt;;L o for some S €
7y (u,m) then n, = S; = o, for y < r < z. Therefore, we may replace o with
(01, ...,0y) and deduce the claim from Proposition 2.5. Note that if S € 7 (o, 1)

and 1 <r <y then s = 8" gince S¢ =0, wheny <a <z. O
Claim 3 Suppose that n is a partition of n such that n C v. Then

z—1 y—sid-1
mth;\u = qC Z H([Sgnzl]; 1_[ [c; — ¢ — j]q)ms

SeTy (u,0,m) r=1 Jj=0
(mod [cy — ¢;15%),

where C € Z and 1 (v, 0,1n) ={S € T (i, n) | S, =0forl1<r<y}.
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Proof of Claim 3 Proposition 2.5 shows that my Ly, is a linear combination of
terms msg, for S € 7 (u, n) and, moreover, if S € 7 (u, o, n) then the coefficient
of mg is exactly as above. On the other hand, if S € 7 (u,n) \ 7y (i, o, n) then

s* <y so, by Proposition 2.5 again, the coefficient of msg in myy Ly is divisible
by [cy — c]. This proves the claim. g

Armed with these three claims we now return to the proof of Theorem 2.10. Com-
bining Claims 1-3 shows that if t € Std(v) then, modulo [cy, — cZ]Sg, m¢Ly, =
m¢Ljs Ly, is equal to a linear combination of terms mg where S € TO" (w,o,n)
where the coefficient of mg is equal to the product of the coefficients coming
from multiplication by Lj, (Claim 2) and multiplication by L., (Claim 1). (Fur-
thermore, C = Cy + C3.) The coefficients in Claim 1 determine the polynomi-
als By, (g), via Lemma 3.23. Similarly, the coefficients in Claim 2 determine the
polynomials B, (g) and those in Claim 3 determine B;,(g). By Lemma 3.23 the
polynomial B, (q)Bsu(g) divides all of the coefficients of the terms appearing in
my Ly according to Proposition 2.5. Therefore, in the proof of Theorem 2.8 we
can take B, (q) = Brs(q)Bsu(q). Note that, as in the proof of Theorem 2.8, the
terms in [cy — cZ]S"Z in Claim 3 do not contribute to the image of 6,, because

c; —cy =0 (mod epel’(y*)). Therefore, 6;,, = 05505, as required. O

Remark 2.11 As shown in Lemma 3.23, the polynomials B;,(q) € F[g] are not
necessarily uniquely determined. The proof of Theorem 2.10 really shows that
we can choose these polynomials so that, under the assumptions of the theorem,
B (@) = Brs (q)Bsy(q). Without this choice of B-polynomials, all we can say is
that 6, = u8,.+0,,, for some non-zero scalar u € F.

Remark 2.12 The proofs of all of the main theorems so far all begin by using Propo-
sition 2.5 to reduce to the case where a = 1 and z = max{r > O|A, # 0} is the length
of L. As we now explain, it is straightforward to prove these results without making
this reduction. To do this let A and u be an (e, p)-Carter—Payne pair with parameters
(a, z, y) and define v to be the partition of n + y given by

rAi+y, ifi=a,
v =
! Ai, otherwise.

Then, as in Corollary 2.2, the Specht module S¥ has a Specht filtration, as an #¢,-
module,

S'=MyDM;D---DM DO,
such that M; /M, = §% for some partition t; of n, for 0 < i < k. Moreover, there
exist integers 0 </ < m < k such that M;/M;;| = S* and My, /My = SH. With-
out loss of generality we can assume that M, is the submodule of S¥ with basis

{m¢ | t € Std,;(v) where A ¥ n} and similarly for M; ;. As before, set ¢c; = v; — 1, for
a <i <z, and now define

=1Ly

L= [T T(Lns) = Leid).

i=a j=1
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Suppose that 1 is a partition of n such that n C v and A ¥ n. Then the argument used
to prove Claim 2 in the proof of Theorem 2.10 show that in M;/M,,41 we have

-1 y=8;""-1
myLis=¢° Y. 1‘[([85’*”]; I1 [cy—cr—j]q)ms(mode+1),

SETy (o,n) 1=a j=0

for some C € Z. We can now repeat the arguments of Theorem 2.7 and Theorem 2.8
to show that right multiplication by L, on M;/M,4, induces a non-zero ;-
module homomorphism from S* to S*. Moreover, because the coefficients in the
last displayed equation are exactly the same of those appearing in the proof of The-
orem 2.7, it is clear that this construction leads to the same Carter—Payne homomor-
phism as before.

2.6 Jantzen filtrations

In this section we connect the Jantzen filtrations and the Carter—Payne homomor-
phisms constructed in Sect. 2.4. If p = 0 our result says that the image is contained in
the radical of S, which is automatically true, so this result is most interesting when
F is a field of positive characteristic. The key to the proof is the observation that if
g = ¢ then we can write Ly, in two different ways using the element L/ M defined
below.

The Hecke algebra #, is defined over the field F with parameter ¢. Let g be an
indeterminate over F' and let @ = F[q]4) be the localization of F'[q] at the maximal
ideal generated by g. Then @ is a discrete valuation ring with maximal ideal 7 = g0,
the polynomials in F[g] with zero constant term. For 0 # f € O define val (f) =k
where k is maximal such that f € k. Let K =F (g) be the field of fractions of .
We consider F as an @-module by letting g act on F as multiplication by ¢.

Let Jf,? be the Hecke algebra of G, over @ with (invertible) parameter g + ¢.
Then H#, = #O ®¢ F and #X = #? ®¢ K is (split) semisimple. Thus (K, @, F)
is a modular system, with parameter g + ¢, for the algebras (J(,IK , J(,? , Hy).

The algebra #C is cellular with cell modules the Specht modules SY, for u a
partition of n. We have that Sllé = Sg ®@ K is irreducible and S* = Sﬁ = Sg ®o F
is the J¢,-module defined in Sect. 2.1. As Jf,? is cellular, the Specht module Sg
comes equipped with a bilinear form (, )¢, = (, ),. For each positive integer i
define

Ji(Sg) = {x € Sg | {(x, y)u en! forall y € Sg}.
Finally, define J/(S#) = (J/(Sly) + 7 J ' (Sk)) /7 J' (Sk), for i € Z. Then
st=J%(s*) 27 (s") 2

is the Jantzen filtration of S* relative to the modular system (K, O, F).

Suppose that A and p form a separated (e, p)-Carter—Payne pair with parameters
(a,z,y). By Remark 2.12 we can assume that a = 1, z = max{i | »; # 0} and we
define v to be the partition of n + y obtained by adding y nodes to the first row of A.
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As a slight variation on the definition of L, in Sect. 2.2 set

z—1y—1 z
L;»M = H 1_[ (L"+j - [Ci]) : H(Ln+y - [Ci])'
i=1j=1 i=2

In fact, Lﬁw and L;,, are almost the same since ¢| = c¢; (mod e) because (A, i) is a
Carter—Payne pair. In the proof of Theorem 1.3 one of the key observations is that we
can lift these two expressions for L, , to two closely related elements in HO.

The advantage of this second expression for the element L, is that it contains the
factor [ [{_,(Lu+y — [ci]). Using Lemma 3.11 below this implies the following fact,
which we leave as an exercise for the reader.

Lemma 2.13 Suppose that t € Std(v) and that row¢(n + y) > 1. Then th;M =0.

As a consequence, if M is the submodule of S¥ which appears in the filtration of
SV described in Lemma 2.2, then Mlew =0.

The Specht module Sy, also carries an analogous inner product { , ),. The inner
products (, ), and {, ), are determined by the multiplication in #, and #,,,
respectively; see, for example, [12, (2.8)]. These inner products are associative in the
sense that (x4, y), = (x, yh*),forall x, y, € S("g and h € }f,ﬁw where * is the unique
anti-isomorphism of Jflﬂ_y such that 7% = T, -1 for all w € 8,4, . In particular, if
1 <k <n+ythen (xLg,y)y = {x, yLg)y, so that (xL;,, y)» = {x, yL;,)v, for all
X,y, € S(‘g. Proofs of all of these facts can be found in [12, Chap. 2].

Since t;, = t” we have the following.

Lemma 2.14 Consider Sg as an Hy,-submodule of Sy, as in Lemma 2.2. Then
(x, )y =(x,y)u, forallx,yeSk.

Recall that we defined the map wval, , just before the statement of Theorem 1.3
in the introduction and that (2.1) defines a polynomial 8, (q) € F[g] whenever A
and u form a Carter—Payne pair.

We can now prove Theorem 1.3 from the introduction.

Proof of Theorem 1.3 We have to show that the image of 6y, is contained in J S(sHy,
where § = val, (g — A; +2 — a +y) — vale, ,(y). To do this we work in 7, .
Let L?M and Lﬂ be the elements of ](’,? which are obtained from L;, and Lj\ W
respectively, by replacing g with g +¢. Using the simple identity [c1]g+¢ = [czlg+¢ +

q“lc1 — czlg+¢, we see that
=1y
o 10 - U
LY, =TT T(Ensj = leilgue) = LS = a%ler = elgc L

i=1j=1
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-1
where L;L’g =[IC 1 1(Ln+/ leilg+c) - ]_[7;:1 (Ln+j — [e1lg+¢)- Therefore,

when we specialize at q 0,
Liyy=LY, ®0 =L ®1=L;,

in #, since c¢; = c¢; (mod e). So multiplication by Lj, and L;LM induce the same
#,-homomorphism $* — S, which may be zero, by the argument of Theorem 2.7.

In the proof of Theorem 2.8, the homomorphism 6;, was defined to be the
specialization of the map m¢ — mth?ﬂ at g = 0, for t € Std) (v). Set
h=xs—XA;+z—a+y =c1—cg,sothat§ = val, ,(h). By assumption, if | = £,,(y*)
then 4 = 0 (mod ep!). If we write h = h'ep’, for some h’ € Z, then

!
1 —eclgre = [Wep'] = er'] 40 (1] eyt =117 1] gyt

Hence, valy ([hly+¢) > p! = val, p(h) =36.
Recall that Lg? = L/(g + [c1 — cz]qHL;:g. Suppose that t € Stdy (v). By
Lemma 2.14, if x belongs t0 S@ then

(th)(?M, X)M = (thg?P«’ )C)U = (th;\a, )C)U — qcz [h]q_H- <I71tL312, .X)V
= —q““lhlgslmeL}S. %),

where the last equality follows because (m¢L’®,
ma 2.13.

If y < e then B,,(q + ¢) =1 and the proof is complete. If y > e it remains to
account for dividing by B3, (g + ¢) in the definition of 6, . Observe that if x € Sg
then x is a linear combination of terms mg with s € Std, (v). If s € Std,,(v) then
rows(n+j) =z,for1 < j <y.Therefore,msL,4; =[c;— j+1]lms by Lemma3.11
below, for example, so that

g Xy = (mt,xL/fZ)u =0 by Lem-

(thXg, ) (mt, xL”0>

z—1y—1

=[1114%c:—ci—ilgse- ]"[ql[cz—cl—nqﬂ (m. x)y.

i=2 j=0

Let /B;LM (g + ¢) be the coefficient of (m¢, x) in the last equation. Recall from the
proof of Theorem 2.8 that the polynomial B, (g + ¢) is a product of z — 1 factors
corresponding to the row index i = 1,2, ..., z— 1 above. Noting that ¢c; = ¢, (mod e),
we have that

valy ([V]q-‘r{ ﬂ)tﬂ (g + C)) > valy (ﬁku(q + C))
by taking X = 0 in Corollary 3.22. This completes the proof. (|

It would be interesting to know how tight the bound obtained in Theorem 1.3
is. That is, to determine the maximal 8’ such that the image of 0, 1s contained in

JY (5.
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If y < e then B, (q) = 1. Hence, as a special case of the Theorem we obtain the
following.

Corollary 2.15 Suppose that p > 0, y < e and that A and u form an (e, p)-Carter—
Payne pair with parameters (a, z, y) such that », — A1 >y, whenever a <r < z.
Then Im6;,, C J*(S*), where 8 = valy p(hg — Az +2—a+y).

When ¢ = 1 and y = 1 this result has already been proved by Ellers and Murray [8,
Theorem 7.1] without assuming that A, — A,4+1 > y, for a <r < z. The proof of
Theorem 1.3 was inspired by the argument of Ellers and Murray.

We note that when ¢ = 1 we can replace the modular system (K, @, F) used above
with (Q(p), Zp), Z/ pZ) and the valuation map val; with the usual p-adic valuation
map val,. With these choices, we obtain the ‘natural’ Jantzen filtration of S* and the
argument above shows that we can take § = val,(c1 —¢; + ¥).

2.7 The (e, p)-Carter—Payne theorem

The techniques used in this paper to prove Theorems 2.7 and 2.8 can be used to prove
the existence of homomorphisms between other pairs of Specht modules. As we now
sketch, it is likely that a complete proof of Theorem 1.1 could be given using these
ideas.

Fix a pair of partitions A and p of n which form a Carter—Payne pair with parame-
ters (a, z, ). As in the last section we may assume that @ = 1 and that z is the length
of L. Let v be the partition of n + y given by

)"r + V, r = 15
Vr = .
Ars otherwise.

Write v = (vf‘,vgz, ...,vfs) where vj > vy > -+ > v, >0, and set B; =) ;_, bk
for 1 <i <s. Then the nodes that can be removed from [[v]] to leave the diagram of a
partition are at the ends of the rows By, Ba, ..., B;. Set ¢, = v, — B, for 1 <r <y,
so that ¢, is the content of the rth removable node of v:

C1
C2
[[U]] = Cc3
Cs
Now define
s—1 vy
Ly,= H H(Ln+j —[er]).
r=1j=1

Arguing as in the proof of Theorem 2.7 or Theorem 2.8 it is possible to show that
right multiplication by L, induces a #,-homomorphism S* — SH. However, it is
not clear that this homomorphism is non-zero.
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If A and pu form an (e, p)-Carter—Payne pair with parameters (a, z, y) where y = 1
then using Corollary 3.17 below, or by following Ellers and Murray [7], it is possible
to show that right multiplication by L, induces a non-zero #,-homomorphism from
S* to SH.

Conjecture 2.16 Suppose that y < e. Then right multiplication by L, induces a
non-zero #,-homomorphism from $* to S*.

By the argument used to prove Theorem 1.3, if this conjecture is true then the
image of this homomorphism is contained in J 5(SH™), where § = vale p(ha — Az +
z—a+y).

We end with two examples. The calculations in both of these examples use the
Garnir relations for the Murphy basis (see [12, Sect. 3.2]). This is the only place in
this paper where the Garnir relations play a role.

Example 2.17 Suppose that A = (4,4, 3,2), that u = (6,4, 3) and that e = 7. If we
take t =t; and Ly, = (L15s — [S])(L15s — [2DL15(L14 — [S])(L14 — [2]) L 14 then
direct computation shows that

1]11]1]2]2] 1[1]1]1]2]2]
mLy, =q">(q° — q — 1)[2][21[4] 1 —g 202102041 e
1[1]1]1]2]3] 1][1]1]1]2]3]
— ¢ RIRIMIBEEY  +q C12112014] 330
1516/ 516]
1[1]1]1]2]4] 1]1]1]1]2]4]
+q RIRIAIEEAD - ¢ CR21210314] Bk
1516/ 1516/
1[1]1]1]3]3] 1[1[1]1]3[4]
+ ¢ [21121[41(5] ' — ¢ 121121141151 33'
1[1]1]1]4]4]
+ ¢ 21121131141[5] 2p!

Further, if t = t; for some v 7 n then m¢L;,, has a factor of [7]. Thus if e =7 (and
p is arbitrary) there exists a non-zero homomorphism @ : S* — S*.

Note that the coefficient of the first tableau is not a product of Gaussian poly-
nomials multiplied by a power of g. This indicates that the polynomial coefficients
appearing in a general version of Proposition 2.5 may be difficult to describe.

Example 2.18 Finally let us consider the case that A = (4,3,3) and u = (7,3). If
we take t=1t}, and L;, = (L1o — [6])(Ly — [6])(Lg — [6]) then direct computation
shows that

1]2]2]3]

—
—

1]2]2]2]
3

W=

w
w

mLy, = —qrﬁ[z]mj1 + qs[zjé

N

4

[
[un
[un
[un

1[2[3]3]

35 + 211213030
4

1[3[3]3]

— 1215

~o
~
NS
~
~
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Ift= t; for some n # A then m¢Lj, has a factor of [6]. Soif e =2 and p =3 then
(after dividing by [2]), there is a non-zero homomorphism between S* and S*, as
predicted by the Carter—Payne theorem. However, we have shown that if e = 3 and p
is arbitrary then there is a non-zero homomorphism. These maps are not Carter—Payne
homomorphisms except when p = 2, although they are described by Parker [15].

It is interesting to note that in [9] the authors show the existence of such a homo-
morphism in the case when e = p = 3; that is, when #,, = F3S .

3 Jucys—Murphy elements acting on almost initial tableaux

In this section we complete the proof of our main results in Sects. 2.4-2.6 by proving
some very precise formulas which describe how the Jucys—Murphy elements act on
certain elements of the Specht modules. The results in this section are valid for an

arbitrary Hecke algebra #,1, = #Hr 4, defined over an ring F with invertible para-

meter g. Nonetheless, throughout we work with the generic Hecke algebra J(’,ﬁy as
we prefer to think of [k] = [k]; as a polynomial in g. The results in this section are
independent of the results in Sects. 2.4-2.6.

Throughout this section we fix integers n,y > 0 and an arbitrary partition v
of n+y. (In this section the only result which requires the assumption that
Vi —Viy1 >y, for 1 <i <z, is Proposition 3.18.) Let z = max{r | v, > 0}. Recall
that {T,, | w € Sy, } is a basis of 7, .

3.1 Semistandard basis elements

We now fix notation that will be used extensively for the rest of the paper. Suppose
that i and j are integers such that 1 <i < j <n + y. Define

j—1
Lij= l_[ T;
I=i
and for i < k < j define

k—2 j—1
Tow=[]n-T]n
1=k

I=i
Our convention will always be to read products from left to right, so that
Tij=TiTit1---Tji-y and T j\x=TiTip1-- - Tr—2Ti---Tj—1.
In particular, T;; = 1, T; = T; i1, Tiv1,j = Ti j\i+1 and T; ;1 = T; j\ ;. The empty

product will be taken to be the identity. Recall that for 1 <k <n 4 y we defined the
Jucys—Murphy element Ly. Similarly, we set L} =1 and

Ly=q¢"*Ti_y--T1Tix, for2<k<n.
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The reader can check that LZ = (q — 1)Li + 1. Consequently, the elements Lj and
L;, are almost interchangeable.

Let SY be the Jt’ﬁ_y -module corresponding to the partition v, so that S¥ has basis
{m¢ | te Std(v)}. If s € RStd(v) and 1 < k < n then the content of k in s is ¢ (k) =
c—r,ifs(r,c) =k.

Lemma 3.1 Suppose that 1 <i <n+ y — 1 and that s € RStd(v). Then

Mg (ii+1)s i lies abovei +1in s,
msT; = 3 gms, i and i+ 1 lie in the same row of s,

qmsiv1) + (@ — Dmg, otherwise.

Note that if s is standard then the tableau s(i, i + 1) is also standard unless i and
i + 1 are in the same column.

Proof The result holds for the row-standard basis, {m, Ty ) | § € RStd(v)}, of the
permutation module MY = m‘,,}(n{y by [12, Corollary 3.4]. As m is just the image
of m, Ty(s) under the natural projection map M" — SV the result follows. 0

Lemma 3.2 Suppose that 1 <k <n. Then

me L =[co(k)|mey  and mpL) = g ®

myv.
Proof The first identity follows from [12, Theorem 3.32]. The second identity follows
from the first using the fact that L), = (¢ — 1)Ly + 1. g

Lemma 3.3 Supposethat 1 <i <i'’<n+y—1land1<j,j <n+7y.Then

(a) Lij/:Lj/Lj

®) TiL;=L;Tiifi#j,j—1
(© TiLi=LinT—L;,
(d) TiLiqy=L;  +LT;

e Ti(Li+Lit1)=(L;+ Li+DT;
() TiLiLiyi=LiLinT;

(@ TiiLy=LiT;; + Zi:i-ﬁ-l LT inx-

Proof All but the last identity are given in [12, Proposition 3.26 and Exercise 3.6].
Part (g) is readily proved by induction on i’ —i. g

Suppose that « is a partition and that 8 is a composition of an integer m and let S
be an «-tableau of type 8. Recall from Sect. 2.4 that

ma= 3 ms
seRStd(e)
B(s)=S

By definition mg € S*. We need a different description of msg.
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Define S to be the unique row-standard tableau of type 1" such that B(S) =
and the numbers in each row of t# appear in row order in S. Then d(S) is the unique
element of minimal length in the double coset G,d(S)& g by [12, Proposition 4.4],

and by [12, (4.6)]
ms =mg Z Tw,

wEDs

where Ds is the set of all w € &g such that if i < j lie in the same row of Sw then
(H)w < (j)w. In fact, by [12, Proposition 4.4] again, Dg = D, N &g where the com-
position o is given by &, = d(S) ™' &4d(8) N Gp and D, = {d(s)|s € RStd(0)} is
the set of distinguished (or minimal length) right coset representatives of S, in &,,.
Write 8 = (B1, ..., Bp). Then Gg = Gg, x --- x &g, and every element w of &g
can be written uniquely as a product of commuting permutations w = wq - - - wp
where, abusing notation slightly, w; € &g, for 1 <i < b. Let Ds(i) = Ds N Gy,
for 1 <i <b. Define Ds = Dg(l) - -- Ds(b), where Dg(i) =) y Tw. Then we
have

weDg (i
ns =mSDS=mtqu(S)D3. (3.1)

Example 3.4 Suppose thata = (7,2), B=(4,3,2) and S= € RStd(, ).
Then S = and

mg =mw@T79Te 8TsTu(1 + T3 + 13T + T312T1)(1 + T + TeT5).
The following technical result is needed later to prove Corollary 3.12.

Lemma 3.5 Let a,b,c and g are integers with | <a <c <b <m and g €
{1,...,m}\{a,...,b}andlet B = (1“*1,b —a+1, l’”’b), a composition of m. Sup-
pose « is a partition of m and that t is a row-standard a-tableau such that a, ..., b
are in row order in t, row¢(c — 1) < row¢(c) and i’ = row((g) < i = row(c). Let
s=1(c,g), T=B®) and S = B(s). Then

c+l

ms (Z Tc,j) Dr(a) = ¢°[S] |ms,
j=c

where | = S{ and s = S‘(li,’i).

Proof We prove the lemma using some standard properties of the distinguished coset

representatives of Coxeter groups. To exploit these results it is convenient to introduce

some new notation which is only needed for the proof of this result.

If o is a composition of m let J, = {1 <i <m | rowy (i) =row (i + 1)}. Then
G4 is generated by {(i,i + 1) | i € J,} and the map o — J, defines a bijection
between the set of compositions of m and the subsets of I1,, ={1,2,...,m — 1}. If
J=J,CI,,setmy=myz,S; =6,,Dy=D, and Dy =D,.1If J C K CTII,, set
Df =D; NG&g. Then Df is a complete set of coset representatives for Gy in Sk
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and, moreover, the following two properties hold:

(D1) Suppose that J € K € A C I1,,. Then D? = DfDI"é.
(D2) Supposethat J, K, L €I, withJ € K and |[k—I| > 1 forallk € K and!/ € L.

K _ nKUL
ThenDJ =Dy

Property (D1) is well-known and easy to prove: see, for example, [1, Lemma 2.1].
The second statement (D2) is trivial because the assumptions imply that Ggyr =
G[( X GL and6]UL=61 XGL.

Let A={a,a+1,...,b—1}andlet E ={e € A |row¢(e) =row¢(e + 1)}. Then
Dr(a) = Dr = D4. Similarly, let

E'={e € A|rowg(e) =rowg(e + 1)}
={ec E|row(e) ¢ (i".i)}U{e+1]e€ E and row(e) € [i’, i)} \ {c}.

Then Dg(a) = Ds = Dg‘,. To prove the lemma we consider various subsets of A
which depend on E and E’. Let

C={ec ENE'|row(e)=i} and C'={ec ENE'|row(e)=i}
and let L, L’ C A be the subsets of A such that

E=Cu{ciuL and E' =C'u{cd}ulL’ (disjoint unions),

where ¢’ € A is maximal such that row¢(¢’) = i’. Note that ¢’ < ¢ and S‘(‘i, H=c— c.

In particular, ¢ = ¢ if and only if s = S{;, ;) =0.
Armed with these definitions we can now prove the lemma. We have

c+l
cu
" (Z TC,j> Dr(a) =mgTy D¢ {C}Dé = méTC’,cDgLJL Dg\

j=c
=mgTe D¢uy s
where the last two equalities follow by (D2) and (D1), respectively. Let d =
(', + 1)---(c — 1,¢) so that Ty . = Ty. Then Scyp = d 'Seypd and d €
Deropy N DELIJL so that meyp Ty = Tymceyr. (In fact, DA’UL’ = dDéUL by
[1, Lemma 2.4], however, this is not enough for our purposes because, in general,
Dé’uL/ #* TdDéuL.) Now, mgT,, = q‘f(“’)mé for all w € Gcryp, S0 mg = hmeyy
for some h € Jf,;? . Consequently, continuing the last displayed equation,

c+l
ms (Z T., ,-) Dr(a) = hmerop TaDéy, = hTameur Déy,

j=c

=hTymy = qe(d)hmA = qad)hmc/uy Dé,UL/.
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Observe that £(d) =c — ¢’ = S?l./ H=5 Therefore, using (D1) and (D2) again,

c+l

: E A _ C'U(e) A

" (Z Tc,f) Dr(a) = q*mgDeryp, Dy = g’ mg Do “Ipg,
j=¢

=4[] Jmg D
where the last equality follows because mgT,, = qz(w)ms for all w € Gcryyey by
Lemma 3.1. We have already observed that Dg = Dé,, so an application of (3.1) now

completes the proof. g

Example 3.6 Suppose thata =4, b =9, ¢ = 8 and that g =3. Then

1[3]4][5] 1[4[5]8] 1[3[4[4] 1[4]4]4]
t =12[6]7] = s=[2[6]7] , T =[2[4[4] and S =244
(819] [319] 414] 1314]

Abusing notation and identifying ms with s and S with mg, we have

4]4[4]
4[4]
4]

3

2 (1 + Ty Dr() = 213)

[coro]=!
[o[a]~

|ww>-A

where Dt(4) = ZweDT Ty. By definition, D7(4) = Dt is the set of minimal length
coset representatives of G457 X Sy6.7) X Syg,9) in Sy, 9).

For any composition o = (01,02, ...) letoy =01 +--- + ok, for k > 0.

Lemma 3.7 Suppose that n C v is a partition of n and set € = (vi —n1,v2—12,...),
a composition of y. Then

z—1&—1

My =me H l_[ I, kn+ ik

i=0 k=0

Proof For0 < j < y,lett(j) be the v-tableau such that the entriesn+j+1,...,n+
y appear in the same position that they appear in t; and the entries 1,2,....n+ j
are in row order. Consider t(y — 1). Suppose that n + y appears (at the end of)
row r in t;. Then my,—1) = mp Ty -+ Tyqy—1 = mp Ty; gy by Lemma 3.1. The
general case now follows by downwards induction on j using essentially the same
observations. g

Similarly, it is straightforward to check the following lemma.

Lemma 3.8 Suppose t € RStd(v) and let n = Shape(t,,). Then
my=my T Ty
for a unique permutation w € G, x 6,,.
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We are now ready to start proving the main results of this section. Recall that if
n C v is a partition of n then the almost initial tableau t; was defined in Sect. 2.4. If

1 <r < z then define ¢ = n, —r.

Lemma 3.9 Suppose that t = t‘,’] is an almost initial tableau such that row¢(n+1) # z
and let j > 1 be maximal such that r =rowi(n + j) < z. Fori > 1 set & =v; —n;
and if 1 < g <n then let c(g) = ¢, where row(g) =m. Then

n
miLnyj=[ccn+ Nlmc+q"" D g Omygarp.
g=v,—j+I

Proof Using in turn, Lemma 3.7, Lemma 3.3(g) and Lemma 3.2, we find

r—1 Erfi_l
mLntj = (mtu 1_[ l_[ Tfr—;k,nJrgrik) Ln+;

i=0 k=0

Sr*l r*lgr—i_l
=mp Ty, ntjLnyj ( ]_[ Tvr—k,n+./—k> (]_[ ]—[ Tv,~i—k,n+é,.,«—k)

k=1 i=1 k=0

n+j &—1
=my (Lv, T5, n+j + Z L;Tir,n+j\x> (1_[ TU,k,nJrjk)
k=1

x=v,+1

r—1&-i—1
x (1_[ 1_[ Tvrik,n+$rik>

i=1 k=0

n+j &—1
= [ci(n+ ) ]me+me Z 4" I T, g ( l_[ TUr—k,nJrj—k)

x=v,+1 k=1

r—1&_;—1
x (1_[ I1 Tvr_ik,n+$rik)'

i=1 k=0

Now fix x with v, + 1 <x <n + j. To complete the proof, we show that

Sr—l r—lérfifl
g (x)mtv 15, ntj\x ( 1_[ Tvrk)nJrjk) <1_[ H Tiri_kv”"l‘gr—i_k)

k=1 i=1 k=0

— qsriqu(Xij)mt(x—j,n-‘rj)-

Note that x lies in the same position of t” that x — j lies in t. Let rowy (x) = m.
Therefore
mpT5, ntj\x = M (x—1,x-2,...5,) Lx.n+j

c(x—j)—ce (x
=g Om 1 xa ) Toynt

= gt @y
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wheret =t"(x—1,x—2,...,9,)(n+j,n+j—1,...,V,). Using induction on &,
where 1 < ¢ <&, it follows that

e—1 e—1
my (l—[ Ti,-—k,n+j—k> =my (l—[ qu,—k,n+j—k\x—k>-

k=1 k=1

Applying a second inductive argument, we find

& —1 r—1&—-i—1
mt’(l_[ Tu,k,n+jk\xk> (l_[ H Tg“._k,”Jrgr_i_k) =Mi(x—jn+j)-

k=1 i=1 k=0

The result follows. g

Suppose 1 <u <v <n and that 7 € G,,. Let D(u, v, ) be the set of tu-
ples p = (po, p1,.--,Pe) such that u — 1 = pg < p1 < p2 < --- < pe = v and
(p1)w > (p2)m > -+ > (pe)m. For each p € D(u, v, ) let p be the permutation

(p,pi—1,...,po+D(p2,p2—1,....,p1 +1)---(pe, pe — 1, ..., pe—1 +1). Let
£(p) =€ —1and

e—1
b) =Y #{jlpi<j<pit1and (Hm > (piy)7}.
i=0
Lemma 3.10 Suppose | <u <v <n andthatmw € G,,. Then

TyoTr = Z qb(p) (q — l)e(p)Tfm'
peD(u,v,m)

Proof We use induction on v — u, the case u = v being trivial. Assume v —u > 1 and
that the lemma holds for v — u — 1. By induction,

TyTy = Z qh(p)(q - l)e(p)Tqu)n'
peDu+1,v,m)

If p=(po, p1,-.., pe) € D(u+ 1, v, ) then

Ty (wm < (po)7,
T, TIV,
qTy, +(@q— DT, @mr > (p)x,

where p' = (u — 1, p1,..., pe) and p” = (u — 1, pg, p1,--., pe). The result fol-
lows. g

3.2 Bumping tableaux
In this section we prove a series of ‘bumping lemmas’ which culminate in the proof
of Proposition 3.18. This result contains Proposition 2.5 as a special case, so it com-

pletes the proof of Theorem 2.7. Throughout this section, v is an arbitrary partition
ofn+y.
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Suppose that t € RStd(v). Suppose that 1 < j <n + y and that row¢(j) =r. Say
that s is obtained from t by bumping j down t if there exists € > 1 and integers
r=ro<ri<---<re<zand j>d| >--->d > 1 such that row¢(d;) = r; for
I<i<eands=t(j,dy,...,de). If 5is such a tableau, write 5 < t. Define £¢(s) =
€ — 1 and

e—1
bi=c] —e+ Y #jlri <row(j) <rit1and j>dis1}
i=0

e—1
N Z >diy1
¢, —€+ Slririe)
i=0

The notation 5;71" +

.y was introduced in Sect. 2.2.
is z+1)

Lemma 3.11 Suppose t € RStd(v) is such that n = Shape(t,,) # u and the en-
tries n + 1,n + 2,....,n + y are in row order. Choose j maximal such that
r=row¢(n + j) < z. Then

mi(Luyj —ler) = Y q"lg - D" Oms.

5<nJrjt
Proof Following Lemma 3.8, let & be the permutation such that m¢ = my T . Since
w € &, we have that m(L,; = myy Ly jTr. We apply Lemma 3.9, keeping the
notation of that lemma, except that we set V =v, — j+1.For V < g <n,leto, =
Shape(t(g,n + j) ). Then

mt(LrH—j - [Cr]) = nmyy (Ln—ﬁ—j - [Cr])Tn

n
= qu—l Z qc(g)mt(g,n-i-j)Tn
g=V

n
— qérfl Z qc(g)mgg TV,ng

g=V
n
— 461 c(g) b, — 1V, T
=¢"""'Y ¢q Y P -D"Pmy T,
g=V peD(V,g.m)

by Lemma 3.10. Now notice that there is a bijection

{s1s<uijt) < {(g.P) |V <g<nandpeD(V,g, )
given as follows. For each pair (g, p) as above, letd = (dy, ..., dc) where d; = (p;)m
for 1 <i <€ and d¢ = (g)7. By construction, n + j > d; > --- >d. andif 1 <i <

J < e then (p;)m > (p;)m and so row(i) > row¢(j). Thus s =t(n + j,d1,...,de)
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is formed by bumping n + j down t. Under this correspondence, since pr € S, in
order to see that

M, Tpn =Mt jdy.....do)

it is enough to observe that the permutations d (t;g)fm and (n+ j,di,...,d.) agree.
It remains to check that

qér qu(g) h(P)(q )l(p) - qbf (g — ])lt(S),

which again follows from the definitions. g

Now suppose that T is a v-tableau of arbitrary type which contains an entry equal
to k in row r. We generalize the notion of bumping by saying that a tableau U is
obtained from T by bumping k from row r if there exist an integer € > 1 and integers
r=rg<ri<---<rce<zandk>d; >--->d.suchthatforl <i <e,rowr; of T
contains an entry equal to d; and U is obtained by repeatedly exchanging k in row r;
with d; 1 inrow r; 4. If U is obtained from T in this way, write U <, , T. We suppress
r if T contains only one entry equal to k. Define £1(U) =€ — 1, fTU = ]—[MU)[U |
and

'7 >dl+1 >di+1
by =c. + Z +UG )

This agrees with the previous definition of b#’ when T is a tableau of type (1"17).

Define a v-tableau T to be basic if it is a semistandard tableau of type n + 17 for
some partition n of n such that  C v and the entries z+1,z+2, ..., z+ y are in row
order. Note that for 1 < j <y, the position of z 4 j in T is the same as the position
ofn+jinT.

Corollary 3.12 Suppose that T is a basic tableau of type n + 1V such that n # 1. Let
J be maximal such that r = rowt(z + j) < z. Then

mt (Lugj —le) = > 4" (g — DT fmy.

U<n+]T

Proof Let t =T = t,, so that mr = m¢Dt by (3.1). Keeping the notation of
Lemma 3.11 we have

WZT(L,,H_j — [Cr]) = mt( n+j — [Cr])DT

> q"lg— 1" mDr.

5<p4jt

Now apply Lemma 3.5 and the definitions. g

Lemma 3.13 Suppose that T is a basic tableau of type n + 1V such that z + j lies in
row z and that ¢ € Z.. Then m1(Ly4j — [c]) =q°[c; —c —y + jlmT.
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Proof It follows from Lemma 3.2 and the proof of Lemma 3.11 that mt(L,; —
eh =(cz =y +jl=lcDmr =g lc: —c—y + jlmT. O

Before generalizing the previous results to bumping tableaux we take a break and
prove the following useful Gaussian integer identity.

Lemma 3.14 Suppose that v >r > 0 and that Cy, Uy € Z, for 1 <x <v. Then

v x—1 v v v
> (]_[qu[Cy])[Ux]( I1 [cy+Uy]>+ [T ¢”1c1= ] 1€y + Uyl

x=r+1 \y=1 y=x+1 y=r+1 y=r+1

Proof The integer r does not play an essential role so we can, and do, assume that
r = 0. We claim that for 1 <m < v we have

v x—1 v
Z (l_[ qU’v[Cy]>[Ux]< l_[ [Cy + Uyl ) + l_[qU»

x=m \y=1 y=x+1
m—1 v
=[14%1c0- []ic, + v,
y=1 y=m

The lemma follows directly from the claim. To prove the claim, we use downwards
induction on m. If m = v then the equation gives

(]‘[q“ )[U ]+1"[q”‘[c 1= (qu"[c ])[C +U,].

y=1 y=1

Now suppose 1 <m < v and the claim holds for m + 1. Then

i(ﬁql]«"[@])[ux]( [T 16+ 0, >+1-[q

x=m \y=1 y=x+1

v

Hq >[C}>[Um]( I1 [Cy+U}>+1"[q - T 16+ 0y
V=

=m+1 y=m+1
m—1 v
=[14%1c1- []ic, +uy1.
y=1 y=m

This completes the proof of the claim and hence the lemma. g

Suppose that T is a v-tableau of arbitrary type which contains an entry equal to
k in row r. We say that a tableau U is obtained by weakly bumping k from row r
into row z if there exist an integer € > 1 and integers r =rgp <r; <--- <re =z and
di,d>,...,dc such that for 1 <i < ¢, we have k > d; and row r; of T contains an

@ Springer



448 J Algebr Comb (2010) 32: 417457

entry equal to d;, and U is obtained by repeatedly exchanging k in row r; with d;41 in
row ri41. We write U <} T. Once again, we suppress r if T contains only one entry
equal to k.

Remark 3.15 The differences between bumping & from row r and weakly bumping k&
from row r into row z are that, when U <kwr T,wedonotinsistthatd; > dp > - -+ > d,

but we do require that r = z.

If U <}, T then the integers d;, r; above are not necessarily unique. Nonetheless,

there is a unique sequence aLTJ = (ar+1, ..., 0az); namely, if r <i <z, define
Js if U/ =T/ — 1 for some Js
ai = Lot 3.2)
aj+1, otherwise.

(In other words, U is obtained from T by moving an entry labeled k£ from row r to
row z, then an entry labeled a, from row z to row z — 1 and so on, until an entry
labeled a1 is moved from row » 4 1 into row r.) For r <i <z — 1, define

. a; .
[cz—ci—y-i-]—i-Ui’“], if a; = aj+1,
U/ aY . .
gr (i) = U, ifa; <ajyyori=r,
qL'z—L'i_y+j [Ui“"“], ifa; > ajy1.

>al+1

SetgY =g¥(r)---g¥(z—Dandifr <x <y <zleth(x,y)=>71_

Lemma 3.16 Suppose T is a basic tableau of type n + 1V such that n # . Let j be
maximal such that r = rowt(z + j) < z. Then

b U
Loy 1) = gCreittey qu<rz)g mo.
m-r i [c
u<¥ . T

7+]

Proof We use induction on z — r combined with Corollary 3.12. If r = z — 1 then the
result follows from Corollary 3.12. Now suppose that 7 < z — 1 and that Lemma 3.16
holds forr <7’ <z.Let Lnyj= f_l (Lu+j —[ci]). Then by Corollary 3.12 and in-
duction, it is clear that m1L, 4 ; is a linear combination of terms my where U < o+ T.

For the remainder of this proof fix a tableau U such that U <7, ; T and leta = a¥
be the sequence defined in (3.2) above. Set a,4; = oo and let v > r + 1 be minimal
such that a,, < ay41. Define integers r =rg <r; <rp <--- <rg =10 to be the points
at which a,, > a, 4+1,for 1 <o <s. Then

ar0+1=...:arl >ar]+1:...:ar2>...>ars_l+l:...:ars’
and a,, < a, 4. Finally,let R=RY = {r, | 1 <o <s}.

Suppose that r + 1 < x < wv. Then rc_; < x < re for some € = €(x), where
1 < e <s. Define integers r(,7|,...,r, and di, ..., d. by setting dy = ar4, for
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l<o <e,and r), =rq, for 0 <o < ¢, and put r, = x. Now define V(x) to be
the tableau obtained from U by repeatedly exchanging n+ j in row r, with dy41
in row ., »+1- Then the set of tableaux {V | U <Y .V <,y T} is precisely the set
(V) |r+1<x<v}.

For this paragraph fix x with r 41 < x < v. For convenience we set Cx = c; — ¢y —
y+jand U, = Ufc”' . Recall that C;] =y — X, thatis, C;Z =cyforr+1<x<zand
cg =c; —y + j. Then, by Corollary 3.12, the coefficient of my ) in m7(Ly; —[c])
is

n—+l

x—1 e—1
V(x) _ \VZ n X _ |
" (g = DT HO =g D =D TT ¢% - [THu, 0
y=r+1 o=1
Y¢R

If x # z then, by induction, the coefficient of my in myy) ]_[f;; (Lyyj—[ci]) is

z—1
goetrrem ey TT ¥,
T=x+1
Finally, by Lemma 3.13,
x—1
my H Lyyj —lcil) =gttt TT 1CyImu.
i=r+1 y=r+1

As already noted, {V | U <n+l V <y T} ={V(x) | 1 <x < v}. Assume now
that v #z; the case v = z is similar but contains some technical differences
which we leave to the reader. Collecting the terms above, the coefficient of
qc,H+~-+c7—y+j+b6(r,z)mu in miL

n+j is
v x—1 e(x)—1 x—1
Y @—DNud JT ¢ [T 1.1 H gt [] ey
x=r+1 y=r+1 o=1 T=x+1 y=r+1
y¢R
z—1 v x—1 e(x)—1
= 11 g#(y)-{ Yo wd ] e¥ien- I (@€ =1y,
y=v+1 x=r+1 y=r+1 o=l1
Y¢R

11 g#’(r)},

T=x+1

where the last equation follows by rearranging the terms using the identity
(g —D[C1=¢¢ —1,forany C € Z.For 1 <x < set

x—1 e(x)—1

) =WUd [T %161 I (@@ = D,1- [ et
y=r+1 o=1 y=x+1
yER
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To complete the proof of the lemma we need to show that Y V_. . h(x) =
[1Y_, g¥(x). Hence, it is enough to establish the following claim and then set € = 1:

Claim Suppose that 1 <e <s. Then

v Te—1 v
Yo hw =[] q%1cy0- H (¢ =D, 1 [ &
x=re_1+1 y=r+1 T=re_1+1
y¢R

We prove the claim by downwards induction on €. If € = s then €(x) = s, for
x=rg_1+1,...,rg=v,50

v v

Yo k= ) (U H g%1Cy]- ﬂ Cro — 1)Uy, 1- ﬂ gr ().

x=rg_1+1 x=rg_1+1 y=r+1 T=x+1
y¢R

Consulting the definitions reveals that for r + 1 <y < v we have
[Uy], if y=v,

d=14¢%1,], ifv#£yeRr,
[Cy +Uyl, ify¢R.

Therefore,
v Fe—1 v—1
> hw =10 [] q¥Ic,I- H Crv—l{ [T 4¥ic
X:V.;_1+l y= =r+1 y:rs_l-',-l
YER
v—1 x—1 v—1
+ > ] e™ica-1ua- H[cy+uy]}
x=rs_1+1 y=r;_1+1 y=x+1
Fe—1 v—1
- [T a%icn- H G —1). T 16 +ui
y=r+1 i=r¢_1+1
Y¢R

by Lemma 3.14. This proves the claim when € = s. The proof of the claim when
€ < s follows easily by induction using a similar argument, so we leave the details to
the reader. 0

Corollary 3.17 Suppose that T is a basic tableau and that j € [1, y] is an integer
such that either j =y or rowt(z 4+ j + 1) = z. Let r =rowt(n + j) and fix y with
l<y<r.Ifr =zthen

z—1

mTH n+j — [Cl = LH— +L711_[[CZ_CI Y+ jlmT.
i=y
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If r <z then
e
] — . T
mTl_[ n+j — [Cz =q bty yl_[[cz_ci_y“l‘f] Z qbu(r,z)g_LerU.
i U<:’:’+JT

Proof This is an immediate consequence of Proposition 3.16 and Lemma 3.13. [

The next result will complete the proof of Theorem 2.7. Although we could prove
this result for a slightly more general class of partitions, we assume that v; —v; 1 >y,
for 1 <i < z, because this assumption significantly simplifies the notation that we
need.

Suppose t = t; is an almost initial tableau. Choose k with 1 <k < y and let n(")
be the partition of n given by

>n+y—k
K

k _ ) ni+t 1<i<gz,

! v —k, i=z.

Write U <k— tif Ue To(v, n+17) and Shape(U ;) = n® and the numbers z + 1, z +
2,...,z4+ y in U are in row order.

Proposition 3.18 Assume that v;i — viy1 >y, for 1 <i < z, and that t = t; is an
almost initial tableau. Suppose that 1 <k <y andthat1 <y <row¢(n+y —k+1).
Then

- k—u -1
) (CENEEED (n Ty . n)mu,
i=yj=l (FPLERI j=0
where
Z
= Yok + RN gt ),
i=y
. k'
Proof For the duration of the proof we set £}, = [];_, [ 11 (Ln+y—j+1 — [ci]), for

1 <k’ <k. Then we have to compute th;(. First note that if T is the basic tableau
obtained by replacing each entry x with 1 <x <n in t by its row index in t and
eachenry n +1 <x <n+y withx —n + z then m¢ =mt by 3.1). lf k=1 or
row¢(n +y — k 4 1) = z then the result follows from Corollary 3.17. So suppose that
1 <k <y and that row¢(n + y — k + 1) =r < z. By induction on k£ we can assume
that the Proposition holds for m¢L, whenever 1 <k’ < k.

Repeated applications of Corollary 3.17 show that m¢L) = mtL;_is a linear com-

. . k . .
bination of terms my, where U <— t. That each tableau U is semistandard follows
. . k
because v; — vj4+1 >y for all i. We now fix U with U <— t and compute the coeffi-
cient of my in mtL}.
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Suppose that V is a basic tableau such that U <;’+y_k gV b t. By Corol-

lary 3.17, the coefficient of my in my ]_[f;; (Luty—k+1 — [ci]) 1s

r—1
gert e e UM W T (e, — 6 —k 4+ 11
i=y

By induction, the coefficient of my in mtﬁl’(_l is

-1 kv
gc*=h H([Vf"”]! H [c; —ci — j]).
i=y

j=0
Now observe that
cky=ctk—1)4ci+-+c, —cr + =K _p 41

Therefore, the coefficient of q"(k)mu in mtﬁ}c is

r—1
(n.n+y—kl | ;7
Yo oav OV Jle: — e —k+ 11
veTy(v,n+17) i=y
U<,‘:’+y7k+1V<k;lt
1 k—v&e g
x ]‘[([vﬁ”ﬂ]! [ tec—ci— j]).
i=y j=0
. .. . k—1
Consulting the definitions, if V € 7y(v, n 4+ 1¥) and U <X+y—k+1 V <— t then
VG _ ufel, l<i<r—1l orr+1<i<zandr+b; #i,
' Uf”Z]—l, i=r,orr+1<i<zandb; =i,

whenever 1 <i < z. This allows us to rewrite the last equation in terms of U. Before

we do this, however, we change the indexing set for the sum to something that is more

manageable.
Suppose that U <

nw+y—k+1
ae = (@r41,---,az) as in (3.2). Let A = {a = (ay41,-..,a;) | i < a; <z for
r <i <z}. Then ay € A for each tableau V in the sum above. Conversely, if a € A
and a does not correspond to one of the tableau above then there exists an i, with
r <i <z—1, such that a; # a; 1 and U?m = 0. Therefore, h(i) =0, where we
define

V. Then V is completely determined by a sequence

[C; + UM U, i i # ar = arg,
[Ci+UPNUI, if i =a; <agg, orifi=r,
[U?"“][U,@ZJ]’ ifi #a; <ait1,
gOU T i #a > i,

OES
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where C; = c; —c¢; —k + 1, for r <i < z. Recall that b3(U,V) =) i_, ?“'“ =
ihyletad gtk Therefore, by comparing the definitions of gy(i) and

h (i), and observing that Vfi’l) < Ul(i‘l) — 1, the coefficient of ¢“®my in m L] given
above becomes

r—1 z—1 . 'kiufil]iz 2l (@j41.2]
H[ci]-l‘[<[UE’*Z]—1]' I1 [cz—ci—j]>-21_[q“i h ().
i=y i=y

j=0 acAi=r

where we adopt the convention that [—1]' = 1. By definition, U(l 2] =0,forl <i<r,

and C; + UE' A~ — (k- Uf’ 1), for 1 <i < z. Therefore, to complete the
proof we need to show that

21 (aj41.7] 2l (i.z] i 2]
ST o = [0 e + v,
acAi=r i=r

This will follow once we have established the following claim by setting x = r and,
for definiteness, a =r.

Claim Let A, ={(a,ax41,...,a;) |i <a;i <zforx+1<i <z} wherer <x <
z—1landx <a <z. Then

21 (@j 41,21 -l (i.7] i 2]
> [T o = TTIue0c + )
acA, ,i=x i=x

To prove the claim, we use downwards inductionon x. If x =z —1thenb=z— 1 or
b=z.Ifa=z—1orx=r then

) Hq“ 0 = [+ VU,

acA, i=x

and if a = z and x # r then
a2
S T g =[ee + U ][]
acA,  i=x

Since U?_| = UEZ_’ZI], the claim holds for x = z — 1. So suppose r + 1 < x <z — 1 and

the claim holds for x + 1.

—1 iz Ay 1.2 ~! dj1-%
Z Zl_[quga,ﬂwl (i) = i c]U’(‘XH 1 3 (1) Z Zl—[ qUI(. 14 a(i)

acA, ,i=x ay=x+1 acAy x4 i=x+1
- b4
(ax+l’Z]
_ 1—[ U(z z] C + U(l z] Z CIU" ﬂ(x)
i=x+1 ayy1=x+1
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by induction. If @ = x or x =r then

Z

: Ax+1-2 ayi.2
Z qU_(x + ]h'tlj(x): Z qUi +1 ][Uiaﬂ]

axp1=x+1 ayy1=x+1

= [ug-].

U(ax+112]

Ifa#xand x #r then ), =14 h{(x) is equal to

(xz (Z ¢Srq ulh )‘C]Jrquf C, +Ua Z qu‘ 2 Ui )

i=x+1 i=a+1
[ c + v,

This completes the proof of both the claim and the proposition. g

As Proposition 2.5 is a special case of Proposition 3.18, this completes the proof
of Theorem 2.7 and, in fact, all of our main results when F is a field of characteristic
Zero.

3.3 Gaussian integer division

In this section we prove Lemma 3.23 which we used in Sect. 2 to define the polyno-
mials B, (q) in (2.1). Therefore, the results in this subsection complete the proof of
our main results when F is a field of positive characteristic. Accordingly, we assume
that F is a field of characteristic p > 0, that e > 1 and that ¢ is a primitive eth root of
unity in F.
Let K = F(q), where g is an indeterminate over F'. For/ € Z, set [l]; = =l c k.

Set [O]q =1eK andforl > 1 set [l]q =[l- ]q[l]q. Forl € Z \ {0}, deﬁne vp(l) to
be the largest integer v > 0 such that p¥ divides / (in Z) and set

0, ifetl,

Ve p(l
erd= 1+ vp( ), otherwise.

Lemma 3.19 Suppose that r > 1 and that (a1, a3, ...,a,) and (b1, by, ..., b;) are
two r-tuples of non-zero integers such that v, ,(a;) > ve p(bj), for 1 < j <r. Then
there exist polynomials f(q), g(q) € Flq,q~ "] such that g(¢) # 0 and

[Ti=ilajle _ f@
[Tizilbjly  g@

Proof 1t is sufficient to show that if a,b € Z \ {0} and v, p(a) > v p(b) then
[al,/[b]; can be written in this form. Since [/]; = —ql[—l]q, we may assume
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that a,b > 0. If v, ,(b) = 0 then [a],/[b], itself is of the correct form. So take
a = xep®, b= yep! where ptx,yandk>1. Then

[Cl]q _ 1+q+...+qtl—l _ 1+q€l’[+...+q(xl)k_[—l)ep1
[b]q_1+q++qb_l_ 1—|—qe[’l_|_...+q(y—l)epl

Since ¢ is an eth root of unity and p { y, the value of the denominator of the right
hand term at ¢ is non-zero. g

Lemma 3.20 Suppose that K,y,m > 0. For any integer | define I’ by writing | =
*m+ 1 where 0 <l' <m. Let C = —K. For 0 < X <y, let My be the multiset
{,2,....,X,K,K+1,...,K+y —X—1} and let N(X) be the number of elements
of My which are divisible by m. Then

max{0, [X=S7), X' < (y +K),

m

max{0, I_V_TC/J}, X' >y +K).

N(X) = i

Proof By definition, N (X) is equal to the number of elements of {K, K +1,..., K+
y — X’ — 1} which are divisible by m. It is then straightforward to check that

N(X)= maX{O, ’VL/_X/—‘ }

m
Noting that (y — C’) = (y + K)’, the result follows. d
Lemma 3.21 Suppose K > 0 and y > e. For 0 < X <y, let Mx be the multiset
My ={1,2,.... X, K, K+1,....,K+y—-X—1}.

Fori >0, set N(X); =#{x € Myx | ve p(x) > i}. Let s be maximal such that y > ep®
and A minimal such that Aep® > K and set B =y — Aep® + K, so that

fM,g={1,2,...,)/—Aeps—i—K,K,K—i—1,...,Aeps—1}.
Then)<B<yandif 0 <X <y then N(B);i < N(X);,foralli > 0.

Proof That 0 < 8 <y is clear from the definitions. To prove the second claim i > 0.
For any integer / > 0 define I’ by [ = [*ep’ + 1’ where 0 <!’ < ep’. By Lemma 3.20,
to show that N(8); < N(X); whenever 0 < X < y it is sufficient to prove that 8’ >
(y + K)'. In fact, our choice of B gives B’ = (y + K)'. O

Corollary 3.22 Suppose that y > 0 and C < 0. For 0 < X <y, let Mx denote the
multiset Mx ={1,2,...,X,C,C—1,...,C—y+ X+ 1}. Fori >0 let

N(X); =#{x € My | ve,p(x) > i}.

Then there exists an integer B with 0 < 8 <y such that N(B); < N(X); whenever
0<X<yandi=>0.
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Proof If y < e then set B = y. Otherwise set K = —C. Then for all i, N(X); is
the number of elements x € {1,2,..., X, K, K +1,..., K +y — X — 1} such that
Ve, p(x) = i. Hence, the result follows from Lemma 3.21. O

Lemma 3.23 Suppose that y > 0 and that C < 0. Write y = y*e + y’ where
0 <y’ < e. Then there exists an integer B, with 0 < 8 < y, and polynomials
fx(@). gx(q) € Flq,q "] such that gx(¢) # 0 and

X1, TT 20 ' 1C—jly  fx(q)
BY, T2 e—j1, sx@)’

whenever 0 < X < y. Moreover, if C =0 mod ep»Y") then g =y and fx(¢) #0 if
andonlyif X =y.

Proof Using the notation of Corollary 3.22, there exists an integer 8 with0 < <y
such that N(B8); < N(X); for all i > 0. Therefore it is possible to reorder the elements
in the multisets My = {x1, x2, ..., %y} and Mg = {by1, b, ..., b, } in such a way that
Ve,p(Xj) = Ve p(bj), for 1 < j <y.Hence, by Lemma 3.19, there exists an integer 3
with the required properties. Note that Corollary 3.22 does not determine 8 uniquely.

Now suppose that C = 0 mod ep®»’"). Note that ep*?") > 3. By Lemma 3.21,
we may take B = y. Now, suppose X # . Reorder My and Mg as above so that
Ve,p(Xj) = Ve p(bj) for 1 < j < y. Assume that x; = C. By Lemma 3.19

o1l 1€l /3 (@)
[T_i[bj1  [bileg (@

for some fy(q), gx(q) € Flq,q~"'1 with g4 (¢) # 0. Since 1 < by <y, we have
Ve,p(b1) < v, p(C). Consider [Cl,/[b1],. If e { b1 then the evaluation of [C]; at
¢ is zero. Otherwise, write —C = xepX, by = yep' where p1x,y so that k > [.
Then

[Cly, —q € 1+ g 4 g =Depty
[b1]4 1+ + - +qU-Dep!

Since p | xp*~!, the numerator of the last term evaluated at ¢ is zero. O
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