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Abstract We introduce quantized Chebyshev polynomials as deformations of gen-
eralized Chebyshev polynomials previously introduced by the author in the context
of acyclic coefficient-free cluster algebras. We prove that these quantized polynomi-
als arise in cluster algebras with principal coefficients associated to acyclic quivers
of infinite representation types and equioriented Dynkin quivers of type A. We also
study their interactions with bases and especially canonically positive bases in affine
cluster algebras.
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1 Introduction

Normalized Chebyshev polynomials are elementary well known objects which can
be defined as follows. For every n > 1, the n-th normalized Chebyshev polynomial
of the first kind F,, is characterized by F, (t + t’l) =t" 4+ t7" and the n-th normal-
ized Chebyshev polynomial of the second kind §,, is characterized by S,, (¢ + =
Y ieo =2k These polynomials made their first appearance in the context of cluster
algebras respectively in [23] and in [8].

Cluster algebras were introduced in the early 2000’s by Fomin and Zelevinsky
in [14]. Since then, they found applications in many areas of mathematics including
combinatorics, Lie theory, Poisson geometry and representation theory. In their most
simple incarnation, cluster algebras are commutative algebras over ZP where P is
some tropical semi-field. The generators, called cluster variables, are gathered into
sets of fixed finite cardinality called clusters. Monomials in variables belonging to
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a same cluster are called cluster monomials. The elements of a cluster algebra can
always be expressed as Laurent polynomials in cluster variables belonging to any
fixed cluster, this is referred to as the Laurent phenomenon [14]. An element in a
cluster algebra A is called positive if it can be expressed as a Laurent polynomial with
coefficients in Zx>oP in every cluster of A. A ZP-basis B in A is called canonically
positive, if positive elements in A coincide precisely with Zx(P-linear combinations
of elements of 3. It is not known if there is necessarily a canonically positive basis in a
given cluster algebra 4. Nevertheless, if such a basis exists, its elements are uniquely
determined up to normalization by elements of IP. Canonically positive bases were
investigated in particular cases in [5, 23].

The research of bases, and especially canonically positive bases, in cluster algebras
was one of the main motivation for their study. In the symmetric coefficient-free case,
that is, when P = {1}, Caldero and Keller proved that if the cluster algebra A is
simply-laced of finite type (ie if it has only finitely many cluster variables), then
cluster monomials form a Z-basis in A [7].

For rank 2 cluster algebras of affine and finite type, Sherman and Zelevinsky
managed to compute canonically positive bases with arbitrary coefficients [23]. In
particular, the authors proved that if A is a coefficient-free rank 2 cluster algebra
of affine type, the canonically positive basis of 4 is 5(.A) = {cluster monomials} LI
{F,(2)|n > 1} where z is some well chosen particular positive element in A (see
Section 7 for details). Using coefficient-free cluster characters, Caldero and Zelevin-
sky managed to compute a slightly different basis for the coefficient-free clus-
ter algebra associated to the Kronecker quiver [8]. Namely, this basis is given
by {cluster monomials} LI {S,(z)|n > 1}. The presence of normalized second kind
Chebyshev polynomials in this case comes from the study of coefficient-free clus-
ter characters associated to regular modules over the path algebra of the Kronecker
quiver.

Let O = (Qo, Q1) be an acyclic quiver, that is, a quiver without oriented cycles
where Qy is a finite set of vertices and Q; a finite set of arrows. Let k = C be the
field of complex numbers. We denote by kQ the path algebra of Q, by kQ-mod the
category of finite dimensional left-k O-modules and by Cg the cluster category of Q.

Let y be a Qp-tuple of elements of P. We denote by A(Q, y, x) the cluster algebra
with principal coefficients at the initial seed (Q,y, x) where x = (x;|i € Qo) and
y = (yili € Qp) is a minimal set of generators of the semifield P.

Inspired by works on cluster characters for the coefficient-free case [3, 6, 7, 19],
Fu and Keller introduced in [13] cluster characters with coefficients in order to realize
elements in the cluster algebra A(Q, y, x) from objects in the cluster category Cg. In
particular cluster variables in .A(Q, y, X) are characters associated to indecomposable
rigid objects in the cluster category Cg. In this paper, we consider a more elementary
description of cluster characters with coefficients than the one proposed in [13]. We
will see in Section 2.2 that these two definitions coincide. The cluster character with
coefficients on Cg is a map

X2Y:0b(Co)—> ZIyllx*!]
whose detailed definition will be given in section 2. We denote by

X2 :0b(Co)— ZIx*]
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the usual Caldero-Chapoton map introduced in [3, 7], which will also be referred to
as the cluster character without coefficients on Cg.

In [10] (see also [20] for a similar description in Dynkin type A), we introduced
a generalization of Chebyshev polynomials of the second kind arising in cluster al-
gebras associated to acyclic representation-infinite quivers. More precisely, if Q is
a quiver of infinite representation type, the coefficient-free cluster character XAQ,I of
an indecomposable regular module M can be expressed as a polynomial with inte-
gral coefficients evaluated at the characters of quasi-composition factors of M. The
polynomials appearing were called generalized Chebyshev polynomials.

In [5], Cerulli Irelli studied cluster algebras with coefficients associated to an affine
quiver of type AZJ . It turned out that if the coefficients are not specialized at 1, gen-
eralized Chebyshev polynomials do not appear anymore. The aim of this paper is to
introduce a certain deformation of generalized Chebyshev polynomials that allows to
recover the polynomiality property for cluster characters with coefficients evaluated
at indecomposable regular modules over the path algebra of a representation-infinite
quiver.

Whereas the final goal of this paper is to give an efficient tool for calculations in
cluster algebras, most of the results can be read independently of the theory of cluster
algebras.

Our main results are the following: Consider a family q = {g;|i € Z} of indeter-
minates over Z and a family {xi,l li € Z} of indeterminates over Z[q]. We define by
induction a family

{xinli € Z,n =1} Q(q)(xi1]i € Z)
by
n
XinXitln =Xint1Xip 11 + | [ itk (1.1)
k=1
with the convention that x; o =1 for all i € Z.

The first result of this paper is a polynomial closed expression for the x; ,, :

Theorem 1 Foranyn > 1 and any i € 7, we have

[ Xign—11 1 0)
qi+n—1 '
Xin =det
. . 1
L O gi+1 X1
In particular, x; n is a polynomial in Z[qi+1, - - -, Qitn—1,Xi 1 - > Xi4n—1.11-

Note that the well-known Dodgson’s determinant evaluation rule turns out to be a
consequence of theorem 1 and equation (1.1) when all the ¢/s are specialized at 1.
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Identifying naturally the ring Z[g;+1, ..., Gi4+n—1,Xi 1, - -, Xi4+n—1,1] With a sub-
ringofg;,...,qi4n—1,%i1,---,Xi+n—1,1, we denote by P, the polynomial in 2n vari-
ables such that

Xin = Pu(qis - s Qitn—1,%Xi1s s Xitn—1,1)

and P, is called the n-th quantized Chebyshev polynomial of infinite rank. Note that
the definition of P, does not depend on i.

For any p > 1, the abelian group pZ acts Z-linearly on Zlg;, x; 1li € Z] by
kp.qi = qiqxp and kp.x; = x;1yp for any k € Z. We denote by

7y Zlgi, xi1li € Z)—> Zlg;, xi1li € Z)/ pZ

the canonical map. We set P, j, to be the unique polynomial such that for every i € Z
and n > 1, we have

np(xi,n) = Pn,p(ﬂp(qi)v cees ﬂp(qi+p71)y ”p(xi)v ceey ﬂp(xi+p71))'

The polynomial P, , is called the n-th quantized Chebyshev polynomial of rank p. If
we denote by k[ p] the remainder of the euclidean division of an integer k by p, P, p

is the polynomial such that P, ,(qi(p], - .. qi+p—1[p]> Xi[p],1» - - - » Xi+p—1[p],1) 1S the
determinant
[ Xipn—1ip11 1 © ]
di+n—1[p] ’
det
. 1
O qi+1{p] Xi[pl.1

In the sequel, we will use the following notation : if J is a set, a = {a;|i € J} isa
family of indeterminates over Z and v = {v;|i € J} C Z has finite support, we write
a’ =[lc,a".

If Q is arepresentation-infinite quiver, any regular component R in the Auslander-
Reiten quiver I'(kQ) of kQ-mod is of the form ZA./(p) for some p > 0 [,
Sect. VII.4, Theorem 4.15]. We denote by R;,i € Z/pZ, the quasi-simple mod-
ules in R, ordered such that tR; >~ R;_; foralli € Z/pZ.Fori € Z/pZ and n > 1,
denote by Ri(”) the unique indecomposable module such that there exists a sequence
of irreducible monomorphisms

Ri~R"—R®— ... R".

We say that Rl.(") has quasi-socle R; and quasi-length n. By convention Rl.(o) denotes
the zero module. The quotients Ri(k) / Ri(k_l) for k =1,...,n are called the quasi-
composition factors of the module M. Every indecomposable module in R can be

written Rl.(") for some i € Z/pZ and n > 1.
Our main result is that quantized Chebyshev polynomials appear naturally for
cluster characters with coefficients associated to regular modules.
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Theorem 2 Let Q be a quiver of infinite representation type, R be a regular compo-
nent in I'(kQ) and let p > 0 be such that R is of the form ZA/(p). We denote by
{Rili € Z] pZ} the set of quasi-simple modules in 'R, ordered such that TR; >~ R; 1
foralli € Z/pZ. Then for everyn > 1 and i € 7/ pZ, we have

XQy

dim R; dim R, _ 0y 0.y
0= PRy R X XY )

P P Rign—

or equivalently

IR © ]
ydimRH»nfl
XQ(,%—det
. . 1
dim R; Oy
L © ylimRir xR

Moreover, if p > 0, we have

Oy _ dim R; dim R; | 0.y 0.y
X (n) n,p Y yeees) i+p ,XRt_ ,...,XRHM).

We also prove that quantized Chebyshev polynomials arise in cluster algebras of

—
Dynkin type A. For any integer r > 1, let A be the quiver of type A ,, that is, of
Dynkin type A, equipped with the following linear orientation:

0 1 2 r—1

Let A(A,x,y) be the cluster algebra with principal coefficients at the initial seed
(A,x,y) and X A.Y be the cluster character with coefficients on C A.

For any i € [0, — 1], we denote by S; the simple k A-module associated to the
vertex i and for any n € [1, r —i], we denote by Si(n) the indecomposable k A-module
with socle §; and length n. We prove:

Theorem 3 Let r > 1 be an integer and A be the above quiver of type 1_%) . Then, for
anyi €[0,r — 1]andn € [1,r —i], we have

Ay
Sitn—1

A,
XS(,,)—P()’z,-~~,}’i+n—1»XSiy,--~,X )

or equivalently

_— _
Xstir 1 )
Yi+n—1
X:(,,y)—det
. 1
A,
L O Yi+l Xsl.y 1
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Note that this result was obtained independently by Yang and Zelevinsky by consid-
ering generalized minors [24].

The paper is organized as follows. In section 2, we give definitions and properties
of cluster characters with and without coefficients. In section 3, we study in detail
cluster characters with coefficients for equioriented Dynkin quivers of type A. The
study of Dynkin type A allows to define quantized Chebyshev polynomials in section
4 where Theorem 1 and Theorem 3 are proved. In section 5, we prove Theorem 2
and give some explicit computations in cluster algebras of type Az,l. In section 6,
we study algebraic properties of some particular quantized Chebyshev polynomi-
als, namely the quantized versions of normalized Chebyshev polynomials of the first
and second kinds. Finally, in section 7, we give examples and conjectures for these
polynomials to appear in bases, and especially canonically positive bases, in cluster
algebras of affine types.

2 Cluster characters
2.1 Definitions and basic properties

Let Q be an acyclic quiver. We denote by A(Q, X, y) the cluster algebra with princi-
pal coefficients at the initial seed (Q, X, y) where y = {y;|i € Qo} is the initial coeffi-
cient Qp-tuple and where x = {x;|i € Qp} is the initial cluster. We simply denote by
A(Q, x) the coefficient-free cluster algebra with initial seed (Q, x).

Let k = C be the field of complex numbers and k£ Q-mod be the category of finite
dimensional left-modules over the path algebra of Q. All along this paper, this cate-
gory will be identified with the category rep(Q) of finite dimensional representations
of Q over k. We denote by 1y (or simply 7) the Auslander-Reiten translation on
kQ-mod. Let D = D?(k Q) be the bounded derived category of Q with shift functor
denoted by [1]xo (or simply [1]). We denote by Cp the cluster category of the quiver
Q, that is, the orbit category D/F of the auto-functor F = t~![1] in D. This is an
additive triangulated category [17], 2-Calabi-Yau whose indecomposable objects are
given by indecomposable k Q-modules and shifts of indecomposable projective k Q-
modules [2]. This category was independently introduced by Caldero, Chapoton and
Schiffier for the type A case [4].

For every i € Qp, we denote by §; the simple kQ-module associated to the ver-
tex i, P; its projective cover and [; its injective hull. We denote by «; = dim S;
the dimension vector of §;. Since dim induces an isomorphism of abelian groups
Ko(kQ)—> 7,20 «; is identified with the i-th vector of the canonical basis of Z20.

As Q is acyclic, kQ is a finite dimensional hereditary algebra, we denote by
(—, —) the Euler form on kQ-mod. It is given by

(M, N) = dimHomy o (M, N) — dimExt , (M, N)
for any k Q-modules M and N. Note that (—, —) is well-defined on the Grothendieck
group.

For any kQ-module M and any dimension vector e, we denote by

Gre(M) ={N C M|dim N = e}
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the grassmannian of submodules of dimension e of M. This is a projective variety
and we denote by yx (Gre(M)) its Euler characteristic with respect to the simplicial
cohomology.

Roughly speaking, a cluster character evaluated at a k Q-module M is some nor-
malized generating series for Euler characteristics of grassmannians of submodules
of the module M. More precisely :

Definition 2.1 The cluster character with coefficients on kQ-mod is the map
Ob(Cp)— Z[yl[x*'] defined as follows :
a. If M is an indecomposable k Q-module, we set
, —(e,atj)—(a; . dim M —e) e;
XY= 3" x(Gre(My) [ x (el dimM=e) i, @2.1)
ecN2 i€Qo

b. if M =~ P;[1] is the shift of an indecomposable projective module, we set

M =X
c. for any two objects M, N in Cgp, we set

0.y 0y 0y
Xy~ Xy —XMeaN

It follows from the definition that equation (2.1) holds for any k£ Q-module. Note that
cluster characters are invariant on isoclasses.
For any object M in Cp, we denote by X the Value of the Caldero-Chapoton

map at M. Equivalently, X AQ,, is the specialization of x¢ o Yaty; =1foralli e Qy.

We now prove a multiplication formula on almost split sequences for X r_,Q’y . This
is an analogue to [3, Proposition 3.10] for the Caldero-Chapoton map.

Proposition 2.2 Let Q be an acyclic quiver, N be an indecomposable non-projective
module. Then

XQyXQy XQy —i—yd""N
where B is the unique k Q-module such that there exists an almost split sequence
0—ML5BAEN—0.

Proof The proof is almost the same as in [3] for the coefficient-free case. We give it
for completeness. We write m = dim M and n = dim N. We thus have

XQ yXQ Y XA?[%N — Z X (Gre(M foy N)) l_lxi—@»ai)_(aiqm‘i‘n—e) ylez .
ecN20 i

Since the varieties Gre(M @ N) and | |; e Grg(M) x Grg(N) are isomorphic, we
get

—(t i) is —f— g
XAQ/IéN = Z X (Gre(M)) x (Grg(N)) l—[ (f+g.0;) (o, m+n g>yif +8i
f.g
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We now consider the case where f =0 and g = dim N. Since
Gro(M) x Graimn (N) ={(0, N)}

the corresponding Laurent monomial in X AQ/IeB N 18
—(n,e;)—{a;,m) _n;
[1x Yi
i

but m = c(n) where c is the Coxeter transformation induced on Ko(kQ) by the
Auslander-Reiten translation. Thus, (n, «;) = — (@;, m) and then

Hxi (n,0)— Hy _ dlmN'

i
Now, since the sequence is almost split, for every e € N0, the map

- {Gre(B) — Uf+g:erf(M) x Grg(N)
¢ L — (L), pL)

is an algebraic homomorphism such that the fiber of a point (A, C) is empty if and
only if (A, C) = (0, N) and is an affine space otherwise. It thus follows that

XQ yXQ 'y XQ Y +ydnmN
and the proposition is proved. U

2.2 Adding coefficients to cluster characters

We now prove that in order to compute cluster characters with coefficients associated
to a quiver Q, it suffices to compute cluster characters without coefficients for a
certain Q obtained from the quiver Q. More precisely let O = (Qq, Q1) be an acyclic
quiver, we denote by @ = (@o, Q 1) the acyclic quiver with vertex set consisting of
two copies of Q. The first copy is identified with Q¢ and the second copy is denoted
by

Q) = {o()|v € Qo}

where o is a fixed bijection Qg—> Q6. Foranyv # w € @0, if v, w € Qo, the arrows
from v to w in Q | are given by the arrows from v to w in Q1, otherwise there are
only arrows v—> o(v) in Q1 where v runs over Q. In particular, we can identify
Q1 with a subset of Q1 The quiver Q is called the framed quiver associated Q. By
construction, the framed quiver of an acyclic quiver is itself acyclic. Note that framed
quivers are familiar objects in the context of quiver varieties (see e.g.[18]).
Given an acyclic quiver R = (Rg, R1) we denote by B(R) the incidence matrix
of R. That is the skew-symmetric matrix (b;;) € Mg,(Z) whose entries are given by

bij={a:i— jeRi}|—{a:j—i€Ri}|

for any i, j € Ryp.
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‘We thus have
B(Q)= [Bfg) (I)} :

The category k Q-mod can be canonically identified with a subcategory of k@-
mod. We denote by ¢ : kQ-mod— k@ mod the corresponding embedding, realiz-
ing kQ-mod as a full, exact, extension-closed subcategory of kQ mod. Dimension
vectors induce bijections Ko(kQ-mod) ~ Z20 and Ko(kQ mod) =~ ZQU Identify-
ing Z20 with 720 X {0} c 290 x 7.9 ~ ZQO we can identify Ko(kQ-mod) with a
subgroup of Ko(kQ mod).

Let A(Q u) be the coefficient-free cluster algebra with initial seed (Q u) where
u = {u;li € Qo}. According to the Laurent phenomenon, it is a subring of the ring

Z[u*!] of Laurent polynomials in u. We denote by X r,Q : Ob(C@)—> Z[u*!] the

Caldero-Chapoton map on C o- For any k@-module M, the value of the Caldero-
Chapoton map at M is thus given by :

XAQ/l: Z X(Gre(M)) l_[ —(e,a;)—(a; ,dim M —e)

eeNCo ieQo

where (—, —) denotes the Euler form on k@ -mod.
We consider the homomorphism of Z-algebras

Z[uzl:l] N Z[y:l:l’le:l]
T U = Xx; if i € Qyp,
uj =y if j=0(i) € Q.

Lemma 2.3 For any k Q-module M, we have

Q.y 0
X% =x (XL(M))

Proof Let M be a k Q-module which we consider as a representation of Q. For any
i € Qp, we denote by M (i) the corresponding k-vector space at vertex i and for any
o:i—> j € 01, we denote by M(«) : M(i)—> M (j) the corresponding k-linear
map. Thus, ((M) can be identified with the representation of Q given by «(M)(i) =
M) ifi e Qo, t(M)(i) =0ifi € Q; and «(M) () = M(a) if @ € Q1, (M) () =0
if & Q1. In particular, dim (M) = dim M. Moreover, Gre(1(M)) = @ if e ¢ N0
and ¢ induces an isomorphism Gre(M) >~ Gre(:(M)) otherwise.

Note also that for any i € Q, j € Qo, we have (¢, ;) =0,

| -rifj=010),
(“1"’“)_{0 otherwise,

and for any i, j € Qo, the form (a;,a;) is the same computed in kQ-mod and
k Q-mod.
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‘We thus have :

X§i = 3 x(Gredy) [ uy o) lerdimn e

eeQO IEQO
= Z % (Gre(M)) 1_[ u;(e,m)f(ai,dimee) 1_[ u:(e,a,»)%a,»,dimz(M)fe)
ecNQ0 i€Qo icQ)
= Y x(Gre(M)y) [ uy @)~ odimM=e) T (et
ecN20 i€Qo ic)
€ _1,:
= Z X(Gfe(M)) 1_[ —(e,a;)—(e; , dim M —e) 1_[ uid Ly
eENQO i€eQo i€Q6

Applying 7, we thus get

7(X2) = 3 x(Gre(my) [ x (e leodimb=e) T e

ecNQo i€Qo i€Q

= x2
and the lemma is proved. g

Remark 2.4 In [13], the authors gave a slightly different definition of the cluster
characters with coefficients than the one we use here. We now prove that the definition
we give in this paper is compatible with their definition.

Let Q be an acyclic quiver, Q the corresponding framed quiver and Q QOp .Let
mod-k Q be the category of finite dimensional right modules over kO considered in
[13]. This category is equivalent to the category kQ—mod of finite dimensional left-
modules over the path algebra of Q It thus follows from [13] that the cluster category
Cg is equivalent to the category J-(E (k Q /kQ))/(k Q /k Q) where ¥ denotes the shift
functor in C5 0 and where l(E(k 0/kQ)) denotes the full subcategory consisting of

objects M in CQ such that EXtCQ (M, P;) =0 for any i € Q. Thus objects in Co can
be identified with objects M in CQ such that Exté@ (M, P;) =0 forany i € Q6 and

such that M % P; for any i € Q.
Given an object M in Cy, the cluster character X }V[ ey, xil] associated to M by
Fu and Keller is defined as follows. Using the above equivalence of categories, M is

viewed as an object in L(E(k’Q\/kQ))/(kQ\/kQ) and the character X/, is n(X )
where X I;Q :0b(C @)—) Z[u*!] is the cluster character on C 0 associated by Palu to
the cluster-tilting object kQ in C 0 (see [19] for details).

Fix thus an indecomposable object Aﬁ[\in Lz« Q/kQ))/(k Q/kQ). If M isnota
projective k Q-module, then ¥ M is a k Q-module and

0 =Home, (P;, ©M) = Homy 5(P;, ©M) = dim M (i)
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for any i € Q) so that ¥ M can be viewed as a representation of Q. In particular,
there is some k Q-module M such that X (M) = ((My). Thus, we get equalities

179} ,
Xy =n(Xy5)=nx8,)=x27

where the second equality follows from [19, Section 5] and the last equality follows
from Lemma 2.3. If M is a projective module P; for some j € Qy, then

kA ’
Xy =m(GG) =mw) = = X3,

Conversely, for any object M in kQ-mod, t(M) is an object in k@—mod such that

0= Hom, 5(P;, 1(M)) = Hom¢ (P;, L(M)) for any i € o
so that £~'¢(M) belongs to L (S (kQ/kQ))/(kQ/kQ). Thus,

oy _ 0 .\ _ kO | _ v
Xpy" =1 (X ) =7 (X 30) = X 51,01

where the first equality follows from Lemma 2.3 and the second follows from
[19, Section 5]. Thus, cluster characters with coefficients we defined coincide with
those previously introduced by Fu and Keller. In particular, the cluster variables in
A(Q, x,y) are precisely the characters X AQ,[’y when M runs over the indecomposable
rigid objects in Cg [13].

3 Characters with coefficients in Dynkin type A
Let r > 1 be an integer and A denote the quiver of type K,, that is, of Dynkin type
A, equipped with the following orientation :

0 1 2 r—1.

Foranyi € [0, —1],n € [1,r —i], we denote by Si(") the unique (up to isomorphism)
indecomposable k A-module with socle S; and length n. By convention, for any i €
[0,r —1], Sl.(o) denotes the zero module. For simplicity, we denote by i + r the vertex
o(i) e Ay forany i € [0,r —1].

The following lemma is analogous to [9, Lemma 4.2.1] :

Lemma 3.1 Foranyi €[0,r —2]andn € [1,r — 1 —i], the following holds:

Ay LA, A, A, im s
xAY x4y _ x4y x ny71>+yd""s'+1-
+1

s s, = Ko X
Proof Forany i € [0,r —2]and n € [1,r — 1 —i], there is an almost split sequence
(n) (n+1) (n—1) (n)

0— 85— 5" @S — 5 —0.
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The lemma is thus a direct consequence of Proposition 2.2. U

We now prove a relation analogous to three terms recurrence relations in the con-
text of orthogonal polynomials. This relation will be essential in order to extract quan-
tized Chebyshev polynomials.

Lemma 3.2 Foranyi €[0,r —2]andn € [1,r — 1 —i], we have

Ay Ay

X Sl,('” Sitn

Ay Ay
= XS(n+1) + )’i+nXS(n7|)-
i i

Proof Leti €[0,r —2] and n € [1,r — 1 —i]. We consider the indecomposable kA-
modules L(Si(")) and ¢(S;4,) in the cluster category C;. We thus have isomorphisms
of vector spaces (see [2]) :

Extl(1(Sin), 1(S{™)) = BXt} 2(0(Sp4n), 1(S™)) @ Exty 12 (S"), (i)
~ Ext} 4 (Si4n, S™) @ Ext} 4 (S, Sitn)
~ Ext} , (Si4n, S™)
~ Homy A (S, Si4n—1)
~k
So we can apply Caldero-Keller’s one-dimensional multiplication formula for cluster
characters without coefficients [6] to ¢(S;+,) and L(Sl,(”)) in C3. We get :

A A _ yA A
XL(SH,,)X[(S’_(H)) - XL(SI_(n+l)) + XB

where B = kerf &) cokerf[—l]g for any 0 # f S Hoka(L(Si(”)), T3(t(Sitn-1)))
~k.

We now have to compute Hom,, ;(L(Si(”)), 72(t(Si4n—1))). For this, we first com-
pute 77(¢(Si+,—1)) taking care of the fact that « does not commute with the
Auslander-Reiten translation.

In order to fix notations, we draw A as follows :

r r+1 2r =2 2r—1
0 1 r—2 <—r-—1

We compute that a projective resolution of S;4,_1 is given by
/
Pitn—1@® Pitntr = Pign—> Sign—>0.
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Applying the Nakayama functor v we get

v(f)
livn—1® livn+r — litn

where v(f) is surjective since I;y,—1—> li4, is onto. It follows from [16] that
T2 (t(Si4n)) = kerv(f) and thus ker v(f) is the representation given by

0 0 0 k 0 0
0 <=— - =—20 k k <=—k =— - =— &k
i+n—1
where the arrows are obviously zero or identity maps.
Since L(Sl.(")) is the representation given by
0 0 0 0
0 =— <~ 0 <— k = k 0 <— ~— 0
i i+n—1
we get that for any non-zero morphism f , the kernel ker f is given by
0 ~— ++ ~<— 0 ~— fk ~ --- k 0~ -+ =<0
i i+n—2
which is isomorphic to L(Sl.(”_l)) and cokerf is
0 0 k 0 0 0
0~ '+ =~ 00~k ~—— k ~— o ~—— |~ - ~— [k
i+n
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which is isomorphic to the injective k A-module Ii yn+r. It thus follows that
~ (n—1)
B—L(S,' ) ® Pitntr[1]

and

A A
Xp= X[(S(

in—l))ui+n+r'
Thus,

X§Si+,,)X§SI_(:z)) = X::\(\Sl_(nH)) + ui+11+VX§Sl.(tl—l))'
Applying the homomorphism 7 of Lemma 2.3 to this identity, we get

A, A, A, A,
VX = Xsm);l) + y,~+,,XS(,ly,1)
i i

XSi+n s
1

and the lemma is proved. O

Lemma 3.3 Let A be a quiver of type K, with r even. Then the set
[x§7ier0.r—n}
is algebraically independent over Z[y].

Proof Denote by B the incidence matrix of A. As r is even, B is of full rank and thus
there exists a Z-linear form € on Z20 such that € (Ba;) < 0 for every i € [0, r — 1]. Tt
thus follows from [7] that

Fo=| @ z ]« | nzixgli ef0.r — 111

e(v)<n i€Qo

defines a filtration on Z[X §‘i |i € [0,7 — 1] and in the associated graded algebra, we
have

r—1

—(Si,
gr(Xf,I) =grl_[xi (8. M)
i=0
for every kA-module M. We now consider the grading on Z[Xg‘i’yh' e [0,r — 1]]

given the grading on Z[X?i li € [0, — 1]] and deg(y;) = 0 for every i € Qg. We thus
have that

r—1
A, —{Si,
gr(XMY) — grl—[xi (S;,M)
i=0
and thus, since ((S;, M))i=0..r—1 # ({(Si, N))i—o..r—1 if dim M # dim N, it follows

that any finite set {X f,l'l_yli € J} with dim M; # dim M is linearly independent over
Zlyl.
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Now assume that there is a polynomial P(t) = ZvEN[O,rfl] avtg" e tf’_]l such that
Ay Ay _
P(Xso ""’XSr_l)_O'

. A, A, A, . -1 BV
Since (Xsoy)”" e (XS,,yl)Vr_l =Xy o, » and dim (69;:0 S; "y = v, we get

DS
- . .. A .
a vanishing Z[y]-linear combination of X ny where v runs over a finite subset of

NIO-r=11 Since dim M,, = v, it follows from the above discussion that each of the a,,
is zero and thus the set { X ?’_’y|i € [0, r — 1]} is algebraically independent over Z[y]. [J

4 Quantized Chebyshev polynomials
4.1 Quantized Chebyshev polynomials of infinite rank

Let q = {g;|i € Z} be a family of indeterminates over Z and {xi, 1li € Z} be a family
of indeterminates over Z[q]. We define by induction a family

{xinli €Z,n =1} Q(q)(xi 1]i € Z)

by
n

XinXi+1,n = Xin+1Xi+1,n—1 + l_[ qi-+k
k=1

with the convention that x; o = 1 for all i € Z. For simplicity if I =[i, j] C Z is an
interval, we write

X7 = (Xi1,....xj,1) and q;=(qi,....q;).

It follows directly from the definition that for every n, there exists a rational function
P, such that

Xin = Po(Qpj jyn—17s X[ii4n—1])-

Proposition 4.1 For everyi € Z and n > 1, P, is the polynomial given by

[ Xign—11 1 ©)
Gitn—1 -
Pn(q[i,i-q-n—l]ax[i,i+nfl]) =det
1
L O qgiv1  Xi1

Proof Leti € Z and n > 1, fix an even integer » > i 4+ n. Let A still denote the quiver
of section 3 and denote by X ;\ ¥ the associated cluster character with coefficients.
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Consider the homomorphism of Z-algebras :

ZIX§ i € [0, — 1] — ZIqI[Xji i+n-11]
¢ Yi &> qi foralli € [0,r — 1]

X?i’y = X foralli € [0,r — 1]

By Lemma 3.3, ¢ is an isomorphism. By Lemma 3.1, for any j € [i,i +n — 1] and
k <n —i we have

Ay A, A, A, dim 5%
x2yxe Y = x4y x2Y pyimoin

(k) (k) (k+1) (k—1)
Si7 St Sj Si1
dy ™S T8y Since the x g for 1 <k < btained b
an y J = l_[l:l yj+l' mce (] X],k or = =< n are obtaine y

k

XjkXj+1,k =Xjk+1Xj+1,k—1F qu‘+1
=1

an immediate induction proves that
A,
¢(XS(£;) =Xjk
j

forany j €[i,i +n — 1] and kK <n —i. In particular, by Lemma 3.2 that

Ay A,
X y y

_ vAYy ) A
Si(n) Sian — XSi(nJrl) + Yitn X

¥y
S.(nfl)
and thus applying ¢ we get

XinXi4n,1 = Xin+1 + Ggi+nXin—1

and thus by induction

[ Xign-11 1 0) ]
qi+n—1
Xin =det
1
L O gi+1  Xil
is a polynomial in Z[qy; ; 1,17, X[i,i+n—11] and the proposition is proved. |

As an immediate corollary, quantized Chebyshev polynomials are characterized
by the following three-terms recurrence relation :

Corollary 4.2 For any n > 2, the following equality holds :

Pn+1(‘1[i,i+njvx[i,i+n])

= Xitn Pn(qi in—17 Xlii+n—11) = Gi+n Pn—1(q(; j4n—2)> Xli,i+n—21)
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Definition 4.3 For any n > 1, P, is called the n-th quantized Chebyshev polynomial
of infinite rank. By convention Py = 1.

Example 4.4 The first quantized Chebyshev polynomials of infinite rank are :

P1(qo, 10) =|t0
Par(qpo,17: to.11) =|tot1 — q1
P3(q0.21> t0.21) =|tot1t2 — q2t0 — q112
Pa(qpo 31- 0.31) =|fof1283 — gatots — q1tat3 — q2fof3 + 9193
Ps(qo 41, t[0,41) =|l0T1121314 — q1121384 — g2l0t314 — qaloti 12
—q3lot1la + q19412 + q2g94t0 1 q193%4

We now prove Theorem 3.

Corollary 4.5 Letr > 1 be an integer and A be the quiver of type K, equipped with
the following orientation

0 1 2 r—1.

Then, for any i € [0,r — 1] and n € [1,r —i], we have

A, A, A,
XS(;,); == Pn(yl, ""yi‘l’n*]?XSl.ya ceey Xsifnfl)
or equivalently
- Ay _
X5i+n71 1 ()
Yi+n—1
XA.(’Hy) = det
1
A,
L (O) Yi+1 XSl.y i
Proof Consider the epimorphism of Z-algebras
. Ay, .
Zlgi, xi1li € Z1 = Zlyi, X5 li €0, r =111
xi1 = Xs; fori e [0,r — 1]
T xi1 > 1 fori g[0,r —1]
qi = Yi fori €[0,r — 1]
gi—1 fori &[0,r —1]

By Lemma 3.2, forany i € [0, — 1] and n € [1,r — 1 — i], we have

Ay y Ay
Sl_(”) Sitn

A

X
5

_ .y ) Ay
=X n+1) +yt+nXS(n—1)
i

so that w(x; ,) = ngn) forany i € [0,r — 1] and n € [1, r —i]. The result thus follows
from Proposition 4. 1. O
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4.2 Quantized Chebyshev polynomials of finite ranks

Fix now an integer p > 1 and consider the n-th quantized Chebyshev polynomial of
rank p Py , defined in the introduction.

Example 4.6 The first five quantized Chebyshev polynomials of rank 1 are

Pii(g,t) =]t

Pyi(g. )=t —¢
P31(q.1) =|r° — 24t

Py i(q, 1) =[t* = 3q1* + ¢*
Ps.1(q.t) =t —4qr> +3¢%t

The first five quantized Chebyshev polynomials of rank 2 are

P12(qo, g1, 10, 11) =

Io

P>2(q0,q1,1,1) =

fof1 — q1

P32(q0,q1,1,1) =

1511 — qoto — g1t

P42(qo,q1, 10, 11) =

tétf — q1tot1 — q1tot1 — gqatot1 + q12

Ps2(q0,q1,10,1) =

to1 — 2q115t — 2q0t3t + qoqito + g3to + gito

The first five quantized Chebyshev polynomials of rank 3 are

P1,3(qj0,21- to,2) =

1o

P2 3(qp0.215 0.21) =

fof1 — q1

Iol1t — q2lp — q112

Py 3(qp0 21, t0,2)) =

191112 — qiloty — qoloty — g2ty + qoq1

[

[
P3,3(qp0,2)- to,21) =

[

[

Ps 3(d0.01> t0.21) =

101t = 2qitot1ta — qaigt + gita — qoloti + q1g210 + qoqity

The first five quantized Chebyshev polynomials of rank 4 are

Py 4(qpo.37, [0.31) =

1o

P2.4(qpo 31, to,3) =

fol1 — q1

P3 4(qp0.37- t0.31) =

fot1tr — q2to — q112

Py 4(qpo.37, [0.31) =

lot1tat3 — q3toty — q12t3 — qatot3 + 4143

Ps 4(qq0,3)- t[0,31) =

1511213 — qiiohats — qaigts — qolotit

—613t§f1 + qoq112 + q0q92%0 + q193t0

The first five quantized Chebyshev polynomials of rank p > 5 coincide with the
first five quantized Chebyshev polynomials of infinite rank.

Note that quantized Chebyshev polynomials are deformations of generalized
Chebyshev polynomials introduced in [10], more precisely we have the following

relation :
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Lemma 4.7 For any p € Z~q U {00}, the n-th generalized Chebyshev polynomial of
rank p coincides with the n-th quantized Chebyshev polynomial of rank p where all
the g;’s are specialized at 1.

Proof We recall the construction of generalized Chebyshev polynomials given in
[10]. Fix p > 0 an integer and set {a,-,l li € Z/pZ} a family of indeterminates over Z.
Then the n-th Chebyshev polynomial of rank p (resp. infinite rank) if p > 0 (resp.
p = 0) is the expression of a; , in terms of {a,’,l li € Z/pZ} where the a; , forn > 1
are defined inductively by

i nGi+1,n = Qi n+14i+1,n—1 + 1.

It thus follows from the definition that, specializing all the g;’s at 1, the n-th general-
ized Chebyshev polynomial of rank p (resp. infinite rank) is the specialization of the
n-th quantized Chebyshev polynomial of rank p (resp. infinite rank). O

It is proved in [10] that for every n > 1, the n-th generalized Chebyshev poly-
nomial of rank 1 is the usual n-th normalized Chebyshev polynomial of the second
kind. It thus follows from Lemma 4.7 that the n-th quantized Chebyshev polynomial
of rank 1 specialized at ¢; = 1 for every i € Z is the n-th normalized Chebyshev
polynomial of the second kind. This case being of particular interest in the sequel, we
set the following definition :

Definition 4.8 The n-th quantized Chebyshev polynomial of rank 1 is called the n-th
quantized Chebyshev polynomial of the second kind.

5 Quantized Chebyshev polynomials and characters for regular modules

As we already saw in Theorem 3, quantized Chebyshev polynomials appear in char-
acter formulas with coefficients associated to indecomposable modules over the path
algebra of an equioriented quiver of Dynkin type A. In this section, we prove that
these polynomials also arise in character formulas with coefficients for indecompos-
able regular modules over the path algebra of an acyclic quiver of infinite representa-
tion type.

Let Q be an acyclic quiver of infinite representation type, denote by R a regular
component in the Auslander-Reiten quiver I'(kQ) of kQ-mod. Let p > 0 such that
R is is of the form ZA../(p). If Q is affine, then p > 1 and R is called a tube [22,
Section 3.6]. If p = 1, R is called homogeneous and if p > 1, R is called exceptional.
If Q is wild, then p =0 [21].

We denote by {R;, i € Z/pZ} the set of quasi-simple modules in R ordered such
that TR; >~ R;_ foreveryi € Z/pZ.Forany i € Z/pZ and n > 1, we denote by Ri(")
the unique indecomposable k Q-module with quasi-length n and quasi-socle R;. By
convention, Rl.(o) denotes the zero module for every i € Z/pZ. With these notations,
forany n > 1 and any i € Z/pZ, there is an almost split exact sequence

0— R"— R" V@ R" " — R, — 0. (.1)
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Fig. 1 Local configuration in a
regular component of I'(kQ)

Locally, a regular component can be depicted as in Figure 1.
We are now able to prove Theorem 2.

Theorem 5.1 Let Q be a quiver of infinite representation type, X f,Q Y be the cluster
character with coefficients on k Q-mod. Let R be a regular component in I'(kQ) of
the form ZAs/(p) for some p > 0. Let {R;|i € Z/pZ} denote the quasi-simples of
R ordered such that TR; >~ R;_1 for every i € 7]/ pZ. Then, for every i € Z/ pZ and
any n > 1, we have;

0.y . dim R; dim Riyn—1 0.y 0.y
x2Y = p,yimki |y X2V X§ ),

Moreover, if p > 1, then

oy _ dim R; dim R; | 0.y 0.y
XR,-(")_P"»P(-Y ERERER) e ,XRi ""’XR,-+p—1)'

Proof We consider the Z-families q = {¢;|i € Z} and {x; i € Z}. Define ¢ to be the
homomorphism of Z-algebras

Zlgili € Z1[xi1li € Z] —> ZIyllx*']
¢ . CIi N y(‘llm Ri
Xi] —> Xl%y
where the indices on the right hand side are taken in Z/pZ. We claim that ¢ (x; ,) =
X ;2(’3; for every i and n > 0. If n = 0, 1, the result holds by definition of ¢. Now, as-

sume that n > 1, it follows from the almost split exact sequence (5.1) and Proposition
2.2 that for any i € Z/pZ we have

; (n)
, , , , dim R;
XCYx%Y = xOY xCY |y ydimRi
(n) (n) (n+1) (n—1)
Ri Ri+l Ri Ri+l
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so that applying ¢ we get
& (Xint1) = R(n+1)

for every i € Z. This proves the claim. Thus for every i € Z/pZ and every n > 1, we
have

X3 =i

=¢(Pu(qis -\ Gitp—1,Xils - -s Xitn—1))

_ dim R; dimR; -1 v@¥ Q.y

=P,y s,y  Xg, ,...,XRHFI)
which proves the first assertion. For the second one, assume that p > 1, then Xg,, , =
Xpg; and dim R; ;. , = dim R; for every i € Z. It thus follows from the definition of

Py , that

Qy _ dim R; dimR; 4, oy Q.y
X R T P p(y REEES 4 L X ""’XRi+p—1)
and the theorem is proved. O

By expanding with respect to the first column in the determinantal expression of
P,,, we prove the following immediate corollary :

Corollary 5.2 With notations of Theorem 5.1 we have

0y yv0y _ Oy dimR; ., v Q.y
X <n>XR,-+n _XR.("“) +y i ,IXR(,, I
1

foranyn>1andi e€Z/pZ.

Example 5.3 We consider the following quiver of type Ag,l :
2

/N

Q: l——3

Cluster algebras with coefficients associated to this quiver are extensively studied in
[5]. This example actually motivated the introduction of quantized Chebyshev poly-
nomials.

Q is an affine quiver. All but one regular components of I"(kQ) are homogeneous
tubes, we denote by 7 the unique exceptional tube in I" (k Q). The quasi-simple mod-

ules in 7 are
k
/N
0—=0

1R

RO SQ :
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and

Ry : k———k

A direct computation shows that

, X1+ y2x3 ; X1x2 + ¥3 + y1y2¥3X3
wy) =Xg'=""""andz(y) = X" = :
X2 X1X3
1
wox@ SNV g, ye _Fmtlbn
0 1 X1x3

For any A € P! (k) \ {0}, we denote by M, the unique quasi-simple module in 7;.

It is given by
k
/ \
f———— &

M)\:
if L £ 0o and
k
N
My - f——— &

A direct check proves that X I%y and X ﬁk do not depend on the choice of 1 € P! (k) \
{0}. We set

xQy _ x12X2 + y3x1 + y2y3x3 + y1y2y3X2x32
My, X1X2X3

u(y) =

’

xlzxz +x1+x3+ x2x32

0
= X =
) M X]X2X3
for any A € P! (k) \ {0}.
A direct computation proves that

2 2
¥ @y _ X% + Y3X1 + y2X1X2X3 + Y2y3X3 + Y1Y2Y3X2X3
Ry X1X2X3

and we easily check that
Xf{% = X,%;YX,%Y — V13
0
— P2’2(ydlm RO, ydlm Ry , Xlgosy’ Xgle)
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= P22(y2, y1y3, w(y), 2(¥)).

Similarly, a direct computation of the cluster character proves that

3 2 2
&= <x1 X2 + yax1x2x3 + y3x7 + 2y2y3x1x3+
Ry X1X5X3

+ Y1y2y3x1x2X5 + ¥3¥3x3 + yly%wazxg)
and one verifies that
Xl = X O v XY + X
— Xgl,y(xl%y)z +ydimR1XIg(;y +ydimR2XIg(;y
_ P3,2(ydim R07 ydim Ry 7 X}%y’ Xz%y)

= P32(y2, y1y3, w(y), 2(y)).

In homogeneous tubes, we can also compute the cluster character

1 3
Xﬁ’é = m(xi‘x% +2y3x7x2 + y3x] + 2y2y3xix0x3 + 2y2¥33x1
17273

+ V3¥3X3 + Y1y2)3X X5 X3

+2y1y3y3x2x3 + 291 y2y3x10007 + yiy3 yixdxg)
_ (XAQAy)Z _ ydim M,
_ (Xg;y)z _ yB
= P1(y’, X,%;\y)

illustrating Theorem 5.1.

6 Quantized Chebyshev polynomials of the first and second kinds

Normalized Chebyshev polynomials of the first kind initially appeared in the context
of cluster algebras in [23]. They were introduced in order to study canonically posi-
tive bases in rank two cluster algebras. These polynomials are defined by three terms
recurrence relations. Let x be an indeterminate over Z, then F), is the polynomial in
one variable defined by

Fo(x)=1, Fi(x)=x, Fy(x)=x>—2and

Fup1(x) = F(x)F1(x) — F—1(x), forn>2.
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It is easy to check that these polynomials are characterized by
Fox+x H=x"+x"

for every n > 1.

Normalized Chebyshev polynomials of the second kind appeared in [8] in order
to study bases in the cluster algebra associated to the Kronecker quiver. These poly-
nomials are defined be the following three terms recurrence relation. Let x be an
indeterminate over Z, then §,, is the polynomial in one variable defined by

Sox)=1, S;(x)=x, Sr(x)=x>—1and

Spt1(x) = 8, (x)S1(x) — Sy—1(x), forn > 2.

It is easy to check that these polynomials are characterized by

n
S (x +x_1) = Zx"_zk
k=0

for every n > 1.

In particular, it appears that normalized Chebyshev polynomials of the first and
second kind satisfy the same recurrence relations but second terms differ. We now
prove that there is a similar phenomenon for quantized Chebyshev polynomials. We
define the quantized Chebyshev polynomials of the first kind as follows. Let v be an
indeterminate over Z, ¢ = v and x be an indeterminate over Z[q].

Definition 6.1 The n-th quantized Chebyshev polynomial of the first kind is the poly-
nomial F)} (x) € Z[g][x] defined by

Fg(x)zl, F]q(x):x, qu(x):xz—2qand
Fl  (x)=Fl(x)F](x)—qF!_ (x) forn>2.

Example 6.2 The first five quantized Chebyshev polynomials of the first kind are
given by

qu (x)=|x
Fi(x) =[x* —2¢q

Ff (x) =[x> —3¢gx

Fl(x) =[x* —4gx* + 247
Fd(x) =[x = 5¢x% + 5¢°x

From now on, we will denote by S (x) = Py.1(q, x) the n-th quantized Chebyshev
polynomial of the second kind introduced in definition 4.8. It follows from Corollary
4.2 that these polynomials are characterized by

Sg(x)z 1, Sf(x) =x, Sg(x) =x2 —q and
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ST (x) = S7(x)S] (x) —gSI_, (x) forn >2.

Thus, as in the non-quantized case, first kind and second kind quantized Chebyshev
polynomials satisfy the same induction relations but second terms differ.

As in the non-quantized case, we now give algebraic characterizations of quantized
Chebyshev polynomials of first and second kinds.

Lemma 6.3 Let t be an indeterminate over Z|[q], then for any n > 1, we have
ey

Fl @ +17h) =v"(" +17),
2

n
St +1y ="y 2k
k=0

Proof We first prove the property for quantized Chebyshev polynomials of the first
kind. We prove it by induction on n. The property holds for n = 1. We have :

Flo v = Bl v Yt + o™ —g Bl vr 407

=(Untn+l)nl‘_n)(vl‘+vl‘_l)—v2(vn_ll‘n_1+vn_ll‘l_n)

— 1)n+1tn+1 + vn+1t—(n+1)'

Now for quantized Chebyshev polynomials of the second kind we have :

SZ+1(W + vt_l) = ST (vt + vt_l)Sf(vt + vt_l) — qSZ_l(vt + vt_l)

n n—1
— (Z tn—2k> (vt + l)t_l) _ 1)21)"_1 <Z tn—l—2k>
k=0

k=0

n n—1
=" (Z t”‘”‘)(vt +urh =" (Z t"_2k>
k=0 k=0
n+1
— Vn-H (Z tn+1—2k> .
k=0

As a corollary, we obtain :

Corollary 6.4 For any n > 0, we have
n
ST =Y q“Fl_
k=0
with the convention that F;(x) =0 ifi <O0.
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Proof We have

S, (v(t +17 ) =" (Z z”z")

k=0

If n is even, we have

n
N <Z tn—Zk) =1+ Z tn—2k +t2k—n
k=0

="+ "%1 U2k(l)n_2kl‘n_2k + Un—2kt2k—n)
k=0
nj2—1
="+ Z v2k (vn72ktn72k + 1)ankt2k7n)
k=0
n/2—1

="+ Y ¢ Fano(t+17")
k=0

=Y ¢"Funw+171)

k=0

where the last equality follows from the convention that F; =0 fori < 0.

If n is odd, we denote by [n/2] the integral floor of n/2. Then,

n [n/2]
N (Z tn—2k> — Z z‘n—Zk + t2k—n
k=0 k=0
[n/2]

— Z 1)21<(vn—2ktn—2k + vn—2kt2k—n)
k=0

[n/2]

— Z v2k(‘)n72ktn72k + Vn72kt2k7n)
k=0
[n/2]

=Y ¢ P +17Y)

k=0

=Y " Fua(t+17Y)

k=0

where the last equality follows from the convention that F; = 0 for i < 0. This proves

the corollary.
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Corollary 6.5 For any n > 0, we have

Fix)=S81(x)—gS!_,(x).

7 Chebyshev polynomials and bases in affine cluster algebras

In this section, we study possible interactions between Chebyshev polynomials and
bases in affine cluster algebras. We first study the case of the Kronecker quiver relying
on [8, 23]. Then, we study the case of a quiver of type Ay ; studied in particular in
[5]. Finally we give conjectures for the general affine case.

7.1 The Kronecker quiver

We consider the Kronecker quiver :
K: 1 —=2

We denote by A(K, X, y) the cluster algebra with principal coefficients at the initial
seed (K, x,y) where y = {y1, 2} and x = {x1, xo}. We simply denote by A(K) the
coefficient-free cluster algebra with initial seed (K, X).

K is an affine quiver and the regular components of I'(kK) form a P! (k)-family
of homogeneous tubes. The minimal imaginary root of K is § = o] + «5. For any
A € P(k), we denote by 7; the tube corresponding to the parameter A, by M; the

unique quasi-simple module in 7, and for any n > 1, by M/{") the indecomposable
module in 7, with quasi-socle M, and quasi-length n. It follows from [8] (see also

[11]) that X 5}\ and X AQ/IAY do not depend on the choice of the parameter A € P! (k) and
we denote by

2 2
vy XT T iy2xy +y2
uy) =Xyt ="t ——2"—

X1X2

0 x12+x%+1
u:XM ==
. X1x2

these values.
The following theorems give bases in the coefficient-free cluster algebra A(K).

Theorem 7.1 [8] The set

C(K) = {cluster monomials} U {S, (u)|n > 1}
is a Z-basis in A(K).
Theorem 7.2 [23] The set

B(K) = {cluster monomials} U {F,(u)|n > 1}

is a canonically positive Z-basis in A(K).

@ Springer
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In [23, Theorem 6.3], the authors defined a canonically positive basis in the cluster
algebra with universal coefficients associated to the Kronecker quiver by lifting the
canonically positive basis in the coefficient-free cluster algebra A(K, x). It is not
clear at first whereas this lifting still gives rise to quantized Chebyshev polynomials.
We prove that up to a normalization by coefficients, this is still the case for principal
coefficients.

For rank two cluster algebras, the description of coefficients used in [23] is the
one introduced in [14, Remark 2.5] which we will briefly recall here. Let A(K, X, y)
be the cluster algebra with principal coefficients at the initial seed (K, x,y) and P =
Trop (y). Then, IP can be described as the free abelian group generated by {g;|i € Z}u
{ro, r1} with respect to the relations

P 1Tm41 = Gn—1Gm+ 17, (7.1)
where coefficients in terms of y can be recovered from {r;, g;|i € Z} (see [15, Remark
2.7]). In particular, we have the following equalities

ri=yzr2=1,q1=1and g» =y. (7.2)

We now consider the completion P= Q ®z P obtained by adjoining to [P the roots
of all degrees from all the elements of P. We denote by A(K , x, Y) the ZP- -algebra
obtained from .A(K X, y) by extension of scalars. An element in .A(K X, y) is called
positive if it can be written as a Laurent polynomial with coefficients in Z>OIF’ in any
cluster of A(K, x, y). A ZP-basis B of A(K,x, y) is called canonically positive if
positive elements in A(K ,X,y) are exactly Z>o@-linear combinations of elements
of BB. Such a basis is unique up to normalization by elements of P.

Theorem 7.3 The set

B’ (K) = {cluster monomials} L {F,{(S w@)|n > 1}

is a canonically positive ZP-basis in A(K ,X,Y).

Proof Let A(K,Xx) be the coefficient-free cluster algebra with initial seed (K, X)
where X = {g > 52}. We denote by x;,i € Z the cluster variables in the coefficient-

free cluster algebra A(K, X) givenby x; _;x; | = 11.2 + 1 foranyi € Z.
Set

_xj+ag+l
B X1Xp .
By Theorem 7.2, the canonically positive Z-basis of A(K, x) is given by
B(K) = {cluster monomials} Ll { F,, (u)|n > 1}.

Sherman and Zelevinsky proved in [23] that there exists a ZP-linear isomorphism

AK,x) @ ZP — A(K,x,y)
. 1
1ﬂ . x, <q_m)sz

m
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In particular, as ¢ is an isomorphism of ZP- -algebras, 1 (B(K)) is a canonically pos-
itive ZP-basis in .A(K X, y). We now prove that, up to normalization by elements

of IF’, Y (B(K)) and BY(K) = {cluster monomials} LI {Fny (u(y))|n > 1} coincide. For

N 8
this, it suffices to prove that for any n > 1, ¥ (F,,(u)) € PF) (u(y)). More precisely,
we prove by induction that for any n > 1, we have

U (Fa) =y~ 2 FY (u(y)).
‘We recall that

U=XgX3 —X1X)

3, qo, q3 in terms of yq, y» using

2 1 2
where x, = {;er and x; = 2
identities (7.1) and (7.2), a dlrect computatlon leads to

V() =¥ (xg)¥(x3) =¥ (xD¥(x,)

1

X
5 1
X1X2 y2 -2

2 2
—3 X + y1y2x5 +y2
X1X2

=Yy
8
=y Zu(y)
Fix now some integer n > 1, we know that
Fui1(w) = Fy(w) F1(u) — F—1(u)
SO
Y (Fpp1 @) =¥ (Fn )y (F1(w) — ¥ (Fy—1(u))
-y y° ——5 ¥
=y zF; (u(y)y" F (u(y)) — F_ (u(y))
=y TR N FY @) —y T Y (y)

y 5 (B o R ) -y L )

n+15

v (Y w)

where the last equality follows from Definition 6.1. Since PP contains the roots of all

n _n+l __ntl
degrees of elements of P, y_%l‘s =y ° W 2 belongs to [P. For every n > 1,

8
we have FY (u(y)) € Py (F,(u)) and thus up to a normalization by elements of
P, Y (B(K)) coincides with BY(K) and BY(K) is a canonically positive basis of
A(K,X,y). O
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Using Corollary 6.4, we get an analogous with coefficients of Theorem 7.1 :
Theorem 7.4 The set
Y (K) = {cluster monomials} LI {S,JfS u@)|n>1 }
is a 7P-basis in A(K,x,y).
7.2 Quiver of type Az,l

We now consider the quiver of type Az,l from Example 5.3:

2

/N

Q: l——3.
We denote by A(Q, x,y) the cluster algebra with principal coefficients at the initial
seed (Q, x,y) where y = {y1, y2, y3} and x = {x1, x2, x3}. We denote by A(Q, x) the
coefficient-free cluster algebra with initial seed (Q, x). Keeping notations of Example
5.3, in the coefficient-free settings we have :
Theorem 7.5 [11] The set
C(Q) = {cluster monomials} U {Sn (u)zk, A\ (u)wk|n >1,k> O}
is a Z-basis in A(Q, x).
Remark 7.6 Actually, the basis defined in [11] is given by

S(Q) = {cluster monomials} LI {u"zk, uwkin > 1,k > O} .

Since for every n > 1, S, (u) is a monic polynomial in # of degree n, Theorem 7.5
follows directly from the above statement.

With coefficients, Cerulli proved the following theorem :
Theorem 7.7 [5] The set
B(Q) = {cluster monomials} U {F,{‘S woNwe), Y @)z n =1,k > o}
is a canonically positive ZP-basis in A(Q, x,y).
It then follows directly from Corollary 6.4 that :
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Corollary 7.8 The set

C*(Q) = {cluster monomials} L {s{s @)z, 8 @) w)n > 1,k > o}
is a ZP-basis in A(Q, X, y).
7.3 Conjectures for the general affine case

Let Q be an affine quiver. Let A be the parameter of an homogeneous tube in I' (k Q),
we know that X AQ/IAy does not depend on the chosen parameter A (see e.g. [12]) and

we denote by z = X /%Ay this common value. We denote by Er the set of rigid regular
modules in kQ-mod. Generalizing results of [11] for the coefficient-free case, we
conjecture that a ZP-basis in the cluster algebra A(Q, X, y) with principal coefficients
at the initial seed (Q, x, y) can be described as follows :

Conjecture 7.9 Let Q be an affine quiver, then
8
CY(Q) = {cluster monomials} L {Sz (z)X,g’ym >1,Re ER}
is a ZP-basis in A(Q, x,y).

According to the previous examples, we also give a conjecture for a canonically
positive basis in an affine cluster algebra :

Conjecture 7.10 Let Q be an affine quiver, then
)

B (Q) = {cluster monomials} LI lF,{ (Z)Xlg’yln >1,Re 573]
is a canonically positive ZP-basis in A(Q,x,y).

In the above examples, the general idea is thus that quantized Chebyshev poly-
nomials of the second kind are related to representation theoretic properties whereas
quantized Chebyshev polynomials of the first kind are related to positivity properties.
More precisely, if A(Q,y,X) is a cluster algebra associated to an affine quiver Q,
quantized Chebyshev polynomials of the second kind arise naturally from the study
of A(Q,y, x) through the representation theory of Q. Using methods proposed in [7,
9, 11, 12], it thus seems likely to prove that CY(Q) is a ZP-basis in A(Q, x,y). Then,
using Corollary 6.4, one can express quantized Chebyshev polynomials of the second
kind as positive ZP-linear combinations of quantized Chebyshev polynomials of the
first kind. Thus, if Conjecture 7.9 is proved, it is straightforward to prove that 5Y(Q)
is a ZP-basis. The remaining part would thus be to prove that BY(Q) is a canonically
positive ZP-basis.
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