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Abstract We introduce quantized Chebyshev polynomials as deformations of gen-
eralized Chebyshev polynomials previously introduced by the author in the context
of acyclic coefficient-free cluster algebras. We prove that these quantized polynomi-
als arise in cluster algebras with principal coefficients associated to acyclic quivers
of infinite representation types and equioriented Dynkin quivers of type A. We also
study their interactions with bases and especially canonically positive bases in affine
cluster algebras.
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1 Introduction

Normalized Chebyshev polynomials are elementary well known objects which can
be defined as follows. For every n ≥ 1, the n-th normalized Chebyshev polynomial
of the first kind Fn is characterized by Fn(t + t−1) = tn + t−n and the n-th normal-
ized Chebyshev polynomial of the second kind Sn is characterized by Sn(t + t−1) =∑n

k=0 tn−2k . These polynomials made their first appearance in the context of cluster
algebras respectively in [23] and in [8].

Cluster algebras were introduced in the early 2000’s by Fomin and Zelevinsky
in [14]. Since then, they found applications in many areas of mathematics including
combinatorics, Lie theory, Poisson geometry and representation theory. In their most
simple incarnation, cluster algebras are commutative algebras over ZP where P is
some tropical semi-field. The generators, called cluster variables, are gathered into
sets of fixed finite cardinality called clusters. Monomials in variables belonging to
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a same cluster are called cluster monomials. The elements of a cluster algebra can
always be expressed as Laurent polynomials in cluster variables belonging to any
fixed cluster, this is referred to as the Laurent phenomenon [14]. An element in a
cluster algebra A is called positive if it can be expressed as a Laurent polynomial with
coefficients in Z≥0P in every cluster of A. A ZP-basis B in A is called canonically
positive, if positive elements in A coincide precisely with Z≥0P-linear combinations
of elements of B. It is not known if there is necessarily a canonically positive basis in a
given cluster algebra A. Nevertheless, if such a basis exists, its elements are uniquely
determined up to normalization by elements of P. Canonically positive bases were
investigated in particular cases in [5, 23].

The research of bases, and especially canonically positive bases, in cluster algebras
was one of the main motivation for their study. In the symmetric coefficient-free case,
that is, when P = {1}, Caldero and Keller proved that if the cluster algebra A is
simply-laced of finite type (ie if it has only finitely many cluster variables), then
cluster monomials form a Z-basis in A [7].

For rank 2 cluster algebras of affine and finite type, Sherman and Zelevinsky
managed to compute canonically positive bases with arbitrary coefficients [23]. In
particular, the authors proved that if A is a coefficient-free rank 2 cluster algebra
of affine type, the canonically positive basis of A is B(A) = {cluster monomials} �
{Fn(z)|n ≥ 1} where z is some well chosen particular positive element in A (see
Section 7 for details). Using coefficient-free cluster characters, Caldero and Zelevin-
sky managed to compute a slightly different basis for the coefficient-free clus-
ter algebra associated to the Kronecker quiver [8]. Namely, this basis is given
by {cluster monomials} � {Sn(z)|n ≥ 1}. The presence of normalized second kind
Chebyshev polynomials in this case comes from the study of coefficient-free clus-
ter characters associated to regular modules over the path algebra of the Kronecker
quiver.

Let Q = (Q0,Q1) be an acyclic quiver, that is, a quiver without oriented cycles
where Q0 is a finite set of vertices and Q1 a finite set of arrows. Let k = C be the
field of complex numbers. We denote by kQ the path algebra of Q, by kQ-mod the
category of finite dimensional left-kQ-modules and by CQ the cluster category of Q.

Let y be a Q0-tuple of elements of P. We denote by A(Q,y,x) the cluster algebra
with principal coefficients at the initial seed (Q,y,x) where x = (xi |i ∈ Q0) and
y = (yi |i ∈ Q0) is a minimal set of generators of the semifield P.

Inspired by works on cluster characters for the coefficient-free case [3, 6, 7, 19],
Fu and Keller introduced in [13] cluster characters with coefficients in order to realize
elements in the cluster algebra A(Q,y,x) from objects in the cluster category CQ. In
particular cluster variables in A(Q,y,x) are characters associated to indecomposable
rigid objects in the cluster category CQ. In this paper, we consider a more elementary
description of cluster characters with coefficients than the one proposed in [13]. We
will see in Section 2.2 that these two definitions coincide. The cluster character with
coefficients on CQ is a map

X
Q,y
? : Ob(CQ)−→Z[y][x±1]

whose detailed definition will be given in section 2. We denote by

X
Q
? : Ob(CQ)−→Z[x±1]
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the usual Caldero-Chapoton map introduced in [3, 7], which will also be referred to
as the cluster character without coefficients on CQ.

In [10] (see also [20] for a similar description in Dynkin type A), we introduced
a generalization of Chebyshev polynomials of the second kind arising in cluster al-
gebras associated to acyclic representation-infinite quivers. More precisely, if Q is
a quiver of infinite representation type, the coefficient-free cluster character X

Q
M of

an indecomposable regular module M can be expressed as a polynomial with inte-
gral coefficients evaluated at the characters of quasi-composition factors of M . The
polynomials appearing were called generalized Chebyshev polynomials.

In [5], Cerulli Irelli studied cluster algebras with coefficients associated to an affine
quiver of type Ã2,1. It turned out that if the coefficients are not specialized at 1, gen-
eralized Chebyshev polynomials do not appear anymore. The aim of this paper is to
introduce a certain deformation of generalized Chebyshev polynomials that allows to
recover the polynomiality property for cluster characters with coefficients evaluated
at indecomposable regular modules over the path algebra of a representation-infinite
quiver.

Whereas the final goal of this paper is to give an efficient tool for calculations in
cluster algebras, most of the results can be read independently of the theory of cluster
algebras.

Our main results are the following: Consider a family q = {qi |i ∈ Z} of indeter-
minates over Z and a family

{
xi,1|i ∈ Z

}
of indeterminates over Z[q]. We define by

induction a family
{
xi,n|i ∈ Z, n ≥ 1

}
Q(q)(xi,1|i ∈ Z)

by

xi,nxi+1,n = xi,n+1xi+1,n−1 +
n∏

k=1

qi+k (1.1)

with the convention that xi,0 = 1 for all i ∈ Z.
The first result of this paper is a polynomial closed expression for the xi,n :

Theorem 1 For any n ≥ 1 and any i ∈ Z, we have

xi,n = det

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

xi+n−1,1 1 (0)

qi+n−1
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) qi+1 xi,1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

In particular, xi,n is a polynomial in Z[qi+1, . . . , qi+n−1, xi,1, . . . , xi+n−1,1].

Note that the well-known Dodgson’s determinant evaluation rule turns out to be a
consequence of theorem 1 and equation (1.1) when all the q ′

is are specialized at 1.
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Identifying naturally the ring Z[qi+1, . . . , qi+n−1, xi,1, . . . , xi+n−1,1] with a sub-
ring of qi, . . . , qi+n−1, xi,1, . . . , xi+n−1,1, we denote by Pn the polynomial in 2n vari-
ables such that

xi,n = Pn(qi, . . . , qi+n−1, xi,1, . . . , xi+n−1,1)

and Pn is called the n-th quantized Chebyshev polynomial of infinite rank. Note that
the definition of Pn does not depend on i.

For any p ≥ 1, the abelian group pZ acts Z-linearly on Z[qi, xi,1|i ∈ Z] by
kp.qi = qi+kp and kp.xi = xi+kp for any k ∈ Z. We denote by

πp : Z[qi, xi,1|i ∈ Z]−→Z[qi, xi,1|i ∈ Z]/pZ

the canonical map. We set Pn,p to be the unique polynomial such that for every i ∈ Z

and n ≥ 1, we have

πp(xi,n) = Pn,p(πp(qi), . . . , πp(qi+p−1),πp(xi), . . . , πp(xi+p−1)).

The polynomial Pn,p is called the n-th quantized Chebyshev polynomial of rank p. If
we denote by k[p] the remainder of the euclidean division of an integer k by p, Pn,p

is the polynomial such that Pn,p(qi[p], . . . , qi+p−1[p], xi[p],1, . . . , xi+p−1[p],1) is the
determinant

det

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

xi+n−1[p],1 1 (0)

qi+n−1[p]
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) qi+1[p] xi[p],1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

In the sequel, we will use the following notation : if J is a set, a = {ai |i ∈ J } is a
family of indeterminates over Z and ν = {νi |i ∈ J } ⊂ Z has finite support, we write
aν =∏i∈J a

νi

i .
If Q is a representation-infinite quiver, any regular component R in the Auslander-

Reiten quiver �(kQ) of kQ-mod is of the form ZA∞/(p) for some p ≥ 0 [1,
Sect. VIII.4, Theorem 4.15]. We denote by Ri, i ∈ Z/pZ, the quasi-simple mod-
ules in R, ordered such that τRi 	 Ri−1 for all i ∈ Z/pZ. For i ∈ Z/pZ and n ≥ 1,
denote by R

(n)
i the unique indecomposable module such that there exists a sequence

of irreducible monomorphisms

Ri 	 R
(1)
i −→R

(2)
i −→ · · ·−→R

(n)
i .

We say that R
(n)
i has quasi-socle Ri and quasi-length n. By convention R

(0)
i denotes

the zero module. The quotients R
(k)
i /R

(k−1)
i for k = 1, . . . , n are called the quasi-

composition factors of the module M . Every indecomposable module in R can be
written R

(n)
i for some i ∈ Z/pZ and n ≥ 1.

Our main result is that quantized Chebyshev polynomials appear naturally for
cluster characters with coefficients associated to regular modules.
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Theorem 2 Let Q be a quiver of infinite representation type, R be a regular compo-
nent in �(kQ) and let p ≥ 0 be such that R is of the form ZA∞/(p). We denote by
{Ri |i ∈ Z/pZ} the set of quasi-simple modules in R, ordered such that τRi 	 Ri−1
for all i ∈ Z/pZ. Then for every n ≥ 1 and i ∈ Z/pZ, we have

X
Q,y

R
(n)
i

= Pn(ydimRi , . . . , ydimRi+n−1 ,X
Q,y
Ri

, . . . ,X
Q,y
Ri+n−1

)

or equivalently

X
Q,y

R
(n)
i

= det

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

X
Q,y
Ri+n−1

1 (0)

ydimRi+n−1
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) ydimRi+1 X
Q,y
Ri

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Moreover, if p > 0, we have

X
Q,y

R
(n)
i

= Pn,p(ydimRi , . . . , ydimRi+p−1,X
Q,y
Ri

, . . . ,X
Q,y
Ri+p−1

).

We also prove that quantized Chebyshev polynomials arise in cluster algebras of

Dynkin type A. For any integer r ≥ 1, let A be the quiver of type
−→
A r , that is, of

Dynkin type Ar equipped with the following linear orientation:

0 1 2 · · · r − 1

Let A(A,x,y) be the cluster algebra with principal coefficients at the initial seed
(A,x,y) and XA,y be the cluster character with coefficients on CA.

For any i ∈ [0, r − 1], we denote by Si the simple kA-module associated to the
vertex i and for any n ∈ [1, r − i], we denote by S

(n)
i the indecomposable kA-module

with socle Si and length n. We prove:

Theorem 3 Let r ≥ 1 be an integer and A be the above quiver of type
−→
A r . Then, for

any i ∈ [0, r − 1] and n ∈ [1, r − i], we have

X
A,y

S
(n)
i

= Pn(yi, . . . , yi+n−1,X
A,y
Si

, . . . ,X
A,y
Si+n−1

)

or equivalently

X
A,y

S
(n)
i

= det

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

X
A,y
Si+n−1

1 (0)

yi+n−1
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) yi+1 X
A,y
Si

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.
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Note that this result was obtained independently by Yang and Zelevinsky by consid-
ering generalized minors [24].

The paper is organized as follows. In section 2, we give definitions and properties
of cluster characters with and without coefficients. In section 3, we study in detail
cluster characters with coefficients for equioriented Dynkin quivers of type A. The
study of Dynkin type A allows to define quantized Chebyshev polynomials in section
4 where Theorem 1 and Theorem 3 are proved. In section 5, we prove Theorem 2
and give some explicit computations in cluster algebras of type Ã2,1. In section 6,
we study algebraic properties of some particular quantized Chebyshev polynomi-
als, namely the quantized versions of normalized Chebyshev polynomials of the first
and second kinds. Finally, in section 7, we give examples and conjectures for these
polynomials to appear in bases, and especially canonically positive bases, in cluster
algebras of affine types.

2 Cluster characters

2.1 Definitions and basic properties

Let Q be an acyclic quiver. We denote by A(Q,x,y) the cluster algebra with princi-
pal coefficients at the initial seed (Q,x,y) where y = {yi |i ∈ Q0} is the initial coeffi-
cient Q0-tuple and where x = {xi |i ∈ Q0} is the initial cluster. We simply denote by
A(Q,x) the coefficient-free cluster algebra with initial seed (Q,x).

Let k = C be the field of complex numbers and kQ-mod be the category of finite
dimensional left-modules over the path algebra of Q. All along this paper, this cate-
gory will be identified with the category rep(Q) of finite dimensional representations
of Q over k. We denote by τkQ (or simply τ ) the Auslander-Reiten translation on
kQ-mod. Let D = Db(kQ) be the bounded derived category of Q with shift functor
denoted by [1]kQ (or simply [1]). We denote by CQ the cluster category of the quiver
Q, that is, the orbit category D/F of the auto-functor F = τ−1[1] in D. This is an
additive triangulated category [17], 2-Calabi-Yau whose indecomposable objects are
given by indecomposable kQ-modules and shifts of indecomposable projective kQ-
modules [2]. This category was independently introduced by Caldero, Chapoton and
Schiffler for the type A case [4].

For every i ∈ Q0, we denote by Si the simple kQ-module associated to the ver-
tex i, Pi its projective cover and Ii its injective hull. We denote by αi = dimSi

the dimension vector of Si . Since dim induces an isomorphism of abelian groups
K0(kQ)−→Z

Q0 , αi is identified with the i-th vector of the canonical basis of Z
Q0 .

As Q is acyclic, kQ is a finite dimensional hereditary algebra, we denote by
〈−,−〉 the Euler form on kQ-mod. It is given by

〈M,N〉 = dim HomkQ(M,N) − dim Ext1kQ(M,N)

for any kQ-modules M and N . Note that 〈−,−〉 is well-defined on the Grothendieck
group.

For any kQ-module M and any dimension vector e, we denote by

Gre(M) = {N ⊂ M|dimN = e}



J Algebr Comb (2010) 31: 501–532 507

the grassmannian of submodules of dimension e of M . This is a projective variety
and we denote by χ(Gre(M)) its Euler characteristic with respect to the simplicial
cohomology.

Roughly speaking, a cluster character evaluated at a kQ-module M is some nor-
malized generating series for Euler characteristics of grassmannians of submodules
of the module M . More precisely :

Definition 2.1 The cluster character with coefficients on kQ-mod is the map
Ob(CQ)−→Z[y][x±1] defined as follows :

a. If M is an indecomposable kQ-module, we set

X
Q,y
M =

∑

e∈N
Q0

χ(Gre(M))
∏

i∈Q0

x
−〈e,αi 〉−〈αi ,dimM−e〉
i y

ei

i ; (2.1)

b. if M 	 Pi[1] is the shift of an indecomposable projective module, we set

X
Q,y
M = xi;

c. for any two objects M,N in CQ, we set

X
Q,y
M X

Q,y
N = X

Q,y
M⊕N.

It follows from the definition that equation (2.1) holds for any kQ-module. Note that
cluster characters are invariant on isoclasses.

For any object M in CQ, we denote by X
Q
M the value of the Caldero-Chapoton

map at M . Equivalently, X
Q
M is the specialization of X

Q,y
M at yi = 1 for all i ∈ Q0.

We now prove a multiplication formula on almost split sequences for X
Q,y
? . This

is an analogue to [3, Proposition 3.10] for the Caldero-Chapoton map.

Proposition 2.2 Let Q be an acyclic quiver, N be an indecomposable non-projective
module. Then

X
Q,y
M X

Q,y
N = X

Q,y
B + ydimN

where B is the unique kQ-module such that there exists an almost split sequence

0−→M
i−→ B

p−→ N−→0.

Proof The proof is almost the same as in [3] for the coefficient-free case. We give it
for completeness. We write m = dimM and n = dimN . We thus have

X
Q,y
M X

Q,y
N = X

Q,y
M⊕N =

∑

e∈N
Q0

χ(Gre(M ⊕ N))
∏

i

x
−〈e,αi 〉−〈αi ,m+n−e〉
i y

ei

i .

Since the varieties Gre(M ⊕ N) and
⊔

f+g=e Grf(M) × Grg(N) are isomorphic, we
get

X
Q,y
M⊕N =

∑

f,g

χ(Grf(M))χ(Grg(N))
∏

i

x
−〈f+g,αi 〉−〈αi ,m+n−f−g〉
i y

fi+gi

i .
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We now consider the case where f = 0 and g = dimN . Since

Gr0(M) × GrdimN(N) = {(0,N)}
the corresponding Laurent monomial in X

Q,y
M⊕N is

∏

i

x
−〈n,αi 〉−〈αi ,m〉
i y

ni

i

but m = c(n) where c is the Coxeter transformation induced on K0(kQ) by the
Auslander-Reiten translation. Thus, 〈n, αi〉 = −〈αi,m〉 and then

∏

i

x
−〈n,αi 〉−〈αi ,m〉
i y

ni

i =
∏

i

y
ni

i = ydimN.

Now, since the sequence is almost split, for every e ∈ N
Q0 , the map

ζe :
{

Gre(B) −→ ⊔
f+g=e Grf(M) × Grg(N)

L 
→ (i−1(L),p(L))

is an algebraic homomorphism such that the fiber of a point (A,C) is empty if and
only if (A,C) = (0,N) and is an affine space otherwise. It thus follows that

X
Q,y
M X

Q,y
N = X

Q,y
B + ydimN

and the proposition is proved. �

2.2 Adding coefficients to cluster characters

We now prove that in order to compute cluster characters with coefficients associated
to a quiver Q, it suffices to compute cluster characters without coefficients for a
certain Q̂ obtained from the quiver Q. More precisely let Q = (Q0,Q1) be an acyclic
quiver, we denote by Q̂ = (Q̂0, Q̂1) the acyclic quiver with vertex set consisting of
two copies of Q0. The first copy is identified with Q0 and the second copy is denoted
by

Q′
0 = {σ(v)|v ∈ Q0}

where σ is a fixed bijection Q0−→Q′
0. For any v �= w ∈ Q̂0, if v,w ∈ Q0, the arrows

from v to w in Q̂1 are given by the arrows from v to w in Q1, otherwise there are
only arrows v−→σ(v) in Q̂1 where v runs over Q0. In particular, we can identify
Q1 with a subset of Q̂1. The quiver Q̂ is called the framed quiver associated Q. By
construction, the framed quiver of an acyclic quiver is itself acyclic. Note that framed
quivers are familiar objects in the context of quiver varieties (see e.g.[18]).

Given an acyclic quiver R = (R0,R1) we denote by B(R) the incidence matrix
of R. That is the skew-symmetric matrix (bij ) ∈ MR0(Z) whose entries are given by

bij = | {α : i−→ j ∈ R1} | − | {α : j−→ i ∈ R1} |
for any i, j ∈ R0.
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We thus have

B(Q̂) =
[
B(Q) I

−I 0

]

.

The category kQ-mod can be canonically identified with a subcategory of kQ̂-
mod. We denote by ι : kQ-mod−→kQ̂-mod the corresponding embedding, realiz-
ing kQ-mod as a full, exact, extension-closed subcategory of kQ̂-mod. Dimension
vectors induce bijections K0(kQ-mod) 	 Z

Q0 and K0(kQ̂-mod) 	 Z
Q̂0 . Identify-

ing Z
Q0 with Z

Q0 × {0} ⊂ Z
Q0 × Z

Q′
0 	 Z

Q̂0 we can identify K0(kQ-mod) with a
subgroup of K0(kQ̂-mod).

Let A(Q̂,u) be the coefficient-free cluster algebra with initial seed (Q̂,u) where
u = {ui |i ∈ Q̂0

}
. According to the Laurent phenomenon, it is a subring of the ring

Z[u±1] of Laurent polynomials in u. We denote by X
Q̂
? : Ob(CQ̂)−→Z[u±1] the

Caldero-Chapoton map on CQ̂. For any kQ̂-module M , the value of the Caldero-
Chapoton map at M is thus given by :

X
Q̂
M =

∑

e∈N
Q̂0

χ(Gre(M))
∏

i∈Q̂0

u
−〈e,αi 〉−〈αi ,dimM−e〉
i

where 〈−,−〉 denotes the Euler form on kQ̂-mod.
We consider the homomorphism of Z-algebras

π :
⎧
⎨

⎩

Z[u±1] −→ Z[y±1,x±1]
ui 
→ xi if i ∈ Q0,

uj 
→ yi if j = σ(i) ∈ Q′
0.

Lemma 2.3 For any kQ-module M , we have

X
Q,y
M = π

(
X

Q̂
ι(M)

)
.

Proof Let M be a kQ-module which we consider as a representation of Q. For any
i ∈ Q0, we denote by M(i) the corresponding k-vector space at vertex i and for any
α : i−→ j ∈ Q1, we denote by M(α) : M(i)−→M(j) the corresponding k-linear
map. Thus, ι(M) can be identified with the representation of Q̂ given by ι(M)(i) =
M(i) if i ∈ Q0, ι(M)(i) = 0 if i ∈ Q′

0 and ι(M)(α) = M(α) if α ∈ Q1, ι(M)(α) = 0
if α �∈ Q1. In particular, dim ι(M) = dimM . Moreover, Gre(ι(M)) = ∅ if e �∈ N

Q0

and ι induces an isomorphism Gre(M) 	 Gre(ι(M)) otherwise.
Note also that for any i ∈ Q′

0, j ∈ Q0, we have
〈
αi,αj

〉= 0,

〈
αj ,αi

〉=
{−1 if j = σ−1(i),

0 otherwise,

and for any i, j ∈ Q0, the form
〈
αi,αj

〉
is the same computed in kQ-mod and

kQ̂-mod.
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We thus have :

X
Q̂
M =

∑

e∈Q̂0

χ(Gre(ι(M)))
∏

i∈Q̂0

u
−〈e,αi 〉−〈αi ,dim ι(M)−e〉
i

=
∑

e∈N
Q0

χ(Gre(M))
∏

i∈Q0

u
−〈e,αi 〉−〈αi ,dimM−e〉
i

∏

i∈Q′
0

u
−〈e,αi 〉−〈αi ,dim ι(M)−e〉
i

=
∑

e∈N
Q0

χ(Gre(M))
∏

i∈Q0

u
−〈e,αi 〉−〈αi ,dimM−e〉
i

∏

i∈Q′
0

u
−〈e,αi 〉
i

=
∑

e∈N
Q0

χ(Gre(M))
∏

i∈Q0

u
−〈e,αi 〉−〈αi ,dimM−e〉
i

∏

i∈Q′
0

u
e
σ−1(i)

i

Applying π , we thus get

π(X
Q̂
M) =

∑

e∈N
Q0

χ(Gre(M))
∏

i∈Q0

x
−〈e,αi 〉−〈αi ,dimM−e〉
i

∏

i∈Q′
0

y
ei

i

= X
Q,y
M

and the lemma is proved. �

Remark 2.4 In [13], the authors gave a slightly different definition of the cluster
characters with coefficients than the one we use here. We now prove that the definition
we give in this paper is compatible with their definition.

Let Q be an acyclic quiver, Q̂ the corresponding framed quiver and Q̃ = Q̂op . Let
mod-kQ̃ be the category of finite dimensional right modules over kQ̃ considered in
[13]. This category is equivalent to the category kQ̂-mod of finite dimensional left-
modules over the path algebra of Q̂. It thus follows from [13] that the cluster category
CQ is equivalent to the category ⊥(�(kQ̂/kQ))/(kQ̂/kQ) where � denotes the shift
functor in CQ̂ and where ⊥(�(kQ̂/kQ)) denotes the full subcategory consisting of

objects M in CQ̂ such that Ext1CQ̂
(M,Pi) = 0 for any i ∈ Q′

0. Thus objects in CQ can

be identified with objects M in CQ̂ such that Ext1CQ̂
(M,Pi) = 0 for any i ∈ Q′

0 and

such that M �	 Pi for any i ∈ Q′
0.

Given an object M in CQ, the cluster character X′
M ∈ Z[y,x±1] associated to M by

Fu and Keller is defined as follows. Using the above equivalence of categories, M is

viewed as an object in ⊥(�(kQ̂/kQ))/(kQ̂/kQ) and the character X′
M is π(X

kQ̂
�M)

where X
kQ̂
? : Ob(CQ̂)−→Z[u±1] is the cluster character on CQ̂ associated by Palu to

the cluster-tilting object kQ̂ in CQ̂ (see [19] for details).
Fix thus an indecomposable object M in ⊥(�(kQ̂/kQ))/(kQ̂/kQ). If M is not a

projective kQ̂-module, then �M is a kQ̂-module and

0 = HomCQ̂
(Pi,�M) = HomkQ̂(Pi,�M) = dimM(i)
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for any i ∈ Q′
0 so that �M can be viewed as a representation of Q. In particular,

there is some kQ-module M0 such that �(M) = ι(M0). Thus, we get equalities

X′
M = π(X

kQ̂
�M) = π(X

Q̂
�M) = X

Q,y
ι(M0)

where the second equality follows from [19, Section 5] and the last equality follows
from Lemma 2.3. If M is a projective module Pj for some j ∈ Q0, then

X′
M = π(X

kQ̂
�Pj

) = π(uj ) = xj = X
Q,y
Pj [1].

Conversely, for any object M in kQ-mod, ι(M) is an object in kQ̂-mod such that

0 = HomkQ̂(Pi, ι(M)) = HomCQ̂
(Pi, ι(M)) for any i ∈ Q′

0

so that �−1ι(M) belongs to ⊥(�(kQ̂/kQ))/(kQ̂/kQ). Thus,

X
Q,y
M = π(X

Q̂
ι(M)) = π(X

kQ̂
ι(M)) = X′

�−1ι(M)

where the first equality follows from Lemma 2.3 and the second follows from
[19, Section 5]. Thus, cluster characters with coefficients we defined coincide with
those previously introduced by Fu and Keller. In particular, the cluster variables in
A(Q,x,y) are precisely the characters X

Q,y
M when M runs over the indecomposable

rigid objects in CQ [13].

3 Characters with coefficients in Dynkin type A

Let r ≥ 1 be an integer and A denote the quiver of type
−→
A r , that is, of Dynkin type

Ar equipped with the following orientation :

0 1 2 · · · r − 1.

For any i ∈ [0, r −1], n ∈ [1, r − i], we denote by S
(n)
i the unique (up to isomorphism)

indecomposable kA-module with socle Si and length n. By convention, for any i ∈
[0, r − 1], S

(0)
i denotes the zero module. For simplicity, we denote by i + r the vertex

σ(i) ∈ A′
0 for any i ∈ [0, r − 1].

The following lemma is analogous to [9, Lemma 4.2.1] :

Lemma 3.1 For any i ∈ [0, r − 2] and n ∈ [1, r − 1 − i], the following holds:

X
A,y

S
(n)
i

X
A,y

S
(n)
i+1

= X
A,y

S
(n+1)
i

X
A,y

S
(n−1)
i+1

+ ydimS
(n)
i+1 .

Proof For any i ∈ [0, r − 2] and n ∈ [1, r − 1 − i], there is an almost split sequence

0−→S
(n)
i −→S

(n+1)
i ⊕ S

(n−1)
i+1 −→S

(n)
i+1−→0.
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The lemma is thus a direct consequence of Proposition 2.2. �

We now prove a relation analogous to three terms recurrence relations in the con-
text of orthogonal polynomials. This relation will be essential in order to extract quan-
tized Chebyshev polynomials.

Lemma 3.2 For any i ∈ [0, r − 2] and n ∈ [1, r − 1 − i], we have

X
A,y

S
(n)
i

X
A,y
Si+n

= X
A,y

S
(n+1)
i

+ yi+nX
A,y

S
(n−1)
i

.

Proof Let i ∈ [0, r − 2] and n ∈ [1, r − 1 − i]. We consider the indecomposable kÂ-
modules ι(S

(n)
i ) and ι(Si+n) in the cluster category CÂ. We thus have isomorphisms

of vector spaces (see [2]) :

Ext1CÂ
(ι(Si+n), ι(S

(n)
i )) 	 Ext1

kÂ
(ι(Si+n), ι(S

(n)
i )) ⊕ Ext1

kÂ
(ι(S

(n)
i ), ι(Si+n))

	 Ext1kA(Si+n, S
(n)
i ) ⊕ Ext1kA(S

(n)
i , Si+n)

	 Ext1kA(Si+n, S
(n)
i )

	 HomkA(S
(n)
i , Si+n−1)

	 k

So we can apply Caldero-Keller’s one-dimensional multiplication formula for cluster
characters without coefficients [6] to ι(Si+n) and ι(S

(n)
i ) in CÂ. We get :

XÂ
ι(Si+n)X

Â

ι(S
(n)
i )

= XÂ

ι(S
(n+1)
i )

+ XÂ
B

where B = ker f̂ ⊕ coker f̂ [−1]Â for any 0 �= f̂ ∈ HomkÂ(ι(S
(n)
i ), τÂ(ι(Si+n−1)))

	 k.
We now have to compute HomkÂ(ι(S

(n)
i ), τÂ(ι(Si+n−1))). For this, we first com-

pute τÂ(ι(Si+n−1)) taking care of the fact that ι does not commute with the
Auslander-Reiten translation.

In order to fix notations, we draw Â as follows :

r r + 1 · · · 2r − 2 2r − 1

0 1 · · · r − 2 r − 1

We compute that a projective resolution of Si+n−1 is given by

Pi+n−1 ⊕ Pi+n+r
f−→ Pi+n−→Si+n−→0.
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Applying the Nakayama functor ν we get

Ii+n−1 ⊕ Ii+n+r
ν(f )−−→ Ii+n

where ν(f ) is surjective since Ii+n−1−→ Ii+n is onto. It follows from [16] that
τkÂ(ι(Si+n)) 	 kerν(f ) and thus kerν(f ) is the representation given by

0 · · · 0 0 k 0 · · · 0

0 · · · 0 k k k · · · k

i + n − 1

where the arrows are obviously zero or identity maps.
Since ι(S

(n)
i ) is the representation given by

0 · · · 0 0 · · · 0 0 · · · 0

0 · · · 0 k · · · k 0 · · · 0

i i + n − 1

we get that for any non-zero morphism f̂ , the kernel ker f̂ is given by

0 · · · 0 0 · · · 0 0 · · · 0

0 · · · 0 k · · · k 0 · · · 0

i i + n − 2

which is isomorphic to ι(S
(n−1)
i ) and coker f̂ is

0 · · · 0 k 0 · · · 0 · · · 0

0 · · · 0 k k · · · k · · · k

i + n
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which is isomorphic to the injective kÂ-module Ii+n+r . It thus follows that

B 	 ι(S
(n−1)
i ) ⊕ Pi+n+r [1]

and

XÂ
B = XÂ

ι(S
(n−1)
i )

ui+n+r .

Thus,

XÂ
ι(Si+n)X

Â

ι(S
(n)
i )

= XÂ

ι(S
(n+1)
i )

+ ui+n+rX
Â

ι(S
(n−1)
i )

.

Applying the homomorphism π of Lemma 2.3 to this identity, we get

X
A,y
Si+n

X
A,y

S
(n)
i

= X
A,y

S
(n+1)
i

+ yi+nX
A,y

S
(n−1)
i

and the lemma is proved. �

Lemma 3.3 Let A be a quiver of type
−→
A r with r even. Then the set

{
X

A,y
Si

|i ∈ [0, r − 1]
}

is algebraically independent over Z[y].

Proof Denote by B the incidence matrix of A. As r is even, B is of full rank and thus
there exists a Z-linear form ε on Z

Q0 such that ε(Bαi) < 0 for every i ∈ [0, r − 1]. It
thus follows from [7] that

Fn =
⎛

⎝
⊕

ε(ν)≤n

Z

∏

i∈Q0

x
νi

i

⎞

⎠∩ Z[XA
Si

|i ∈ [0, r − 1]]

defines a filtration on Z[XA
Si

|i ∈ [0, r − 1] and in the associated graded algebra, we
have

gr(XA
M) = gr

r−1∏

i=0

x
−〈Si ,M〉
i

for every kA-module M . We now consider the grading on Z[XA,y
Si

|i ∈ [0, r − 1]]
given the grading on Z[XA

Si
|i ∈ [0, r − 1]] and deg(yi) = 0 for every i ∈ Q0. We thus

have that

gr(XA,y
M ) = gr

r−1∏

i=0

x
−〈Si ,M〉
i

and thus, since (〈Si,M〉)i=0...r−1 �= (〈Si,N〉)i=0...r−1 if dimM �= dimN , it follows
that any finite set {XA,y

Mi
|i ∈ J } with dimMi �= dimMj is linearly independent over

Z[y].
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Now assume that there is a polynomial P(t) =∑ν∈N[0,r−1] aνt
ν0
0 · · · tνr−1

r−1 such that

P(X
A,y
S0

, . . . ,X
A,y
Sr−1

) = 0.

Since (X
A,y
S0

)ν0 · · · (XA,y
Sr−1

)νr−1 = X
A,y
⊕r−1

i=0 S
⊕νi
i

, and dim (
⊕r−1

i=0 S
⊕νi

i ) = ν, we get

a vanishing Z[y]-linear combination of X
A,y
Mν

where ν runs over a finite subset of

N
[0,r−1]. Since dimMν = ν, it follows from the above discussion that each of the aν

is zero and thus the set {XA,y
Si

|i ∈ [0, r −1]} is algebraically independent over Z[y]. �

4 Quantized Chebyshev polynomials

4.1 Quantized Chebyshev polynomials of infinite rank

Let q = {qi |i ∈ Z} be a family of indeterminates over Z and
{
xi,1|i ∈ Z

}
be a family

of indeterminates over Z[q]. We define by induction a family

{
xi,n|i ∈ Z, n ≥ 1

}
Q(q)(xi,1|i ∈ Z)

by

xi,nxi+1,n = xi,n+1xi+1,n−1 +
n∏

k=1

qi+k

with the convention that xi,0 = 1 for all i ∈ Z. For simplicity if I = [i, j ] ⊂ Z is an
interval, we write

xI = (xi,1, . . . , xj,1) and qI = (qi, . . . , qj ).

It follows directly from the definition that for every n, there exists a rational function
Pn such that

xi,n = Pn(q[i,i+n−1],x[i,i+n−1]).

Proposition 4.1 For every i ∈ Z and n ≥ 1, Pn is the polynomial given by

Pn(q[i,i+n−1],x[i,i+n−1]) = det

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

xi+n−1,1 1 (0)

qi+n−1
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) qi+1 xi,1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Proof Let i ∈ Z and n ≥ 1, fix an even integer r > i +n. Let A still denote the quiver
of section 3 and denote by X

A,y
? the associated cluster character with coefficients.
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Consider the homomorphism of Z-algebras :

φ :

⎧
⎪⎨

⎪⎩

Z[XA,y
Si

|i ∈ [0, r − 1]] −→ Z[q][x[i,i+n−1]]
yi 
→ qi for all i ∈ [0, r − 1]

X
A,y
Si


→ xi,1 for all i ∈ [0, r − 1]
By Lemma 3.3, φ is an isomorphism. By Lemma 3.1, for any j ∈ [i, i + n − 1] and
k < n − i we have

X
A,y

S
(k)
j

X
A,y

S
(k)
j+1

= X
A,y

S
(k+1)
j

X
A,y

S
(k−1)
j+1

+ ydimS
(k)
j+1

and ydimS
(k)
j+1 =∏k

l=1 yj+l . Since the xj,k for 1 ≤ k ≤ n are obtained by

xj,kxj+1,k = xj,k+1xj+1,k−1 +
k∏

l=1

qj+l

an immediate induction proves that

φ(X
A,y

S
(k)
j

) = xj,k

for any j ∈ [i, i + n − 1] and k < n − i. In particular, by Lemma 3.2 that

X
A,y

S
(n)
i

X
A,y
Si+n

= X
A,y

S
(n+1)
i

+ yi+nX
A,y

S
(n−1)
i

and thus applying φ we get

xi,nxi+n,1 = xi,n+1 + qi+nxi,n−1

and thus by induction

xi,n = det

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

xi+n−1,1 1 (0)

qi+n−1
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) qi+1 xi,1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

is a polynomial in Z[q[i,i+n−1],x[i,i+n−1]] and the proposition is proved. �

As an immediate corollary, quantized Chebyshev polynomials are characterized
by the following three-terms recurrence relation :

Corollary 4.2 For any n ≥ 2, the following equality holds :

Pn+1(q[i,i+n],x[i,i+n])

= xi+nPn(q[i,i+n−1],x[i,i+n−1]) − qi+nPn−1(q[i,i+n−2],x[i,i+n−2])
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Definition 4.3 For any n ≥ 1, Pn is called the n-th quantized Chebyshev polynomial
of infinite rank. By convention P0 = 1.

Example 4.4 The first quantized Chebyshev polynomials of infinite rank are :

P1(q0, t0) = t0
P2(q[0,1], t[0,1]) = t0t1 − q1

P3(q[0,2], t[0,2]) = t0t1t2 − q2t0 − q1t2
P4(q[0,3], t[0,3]) = t0t1t2t3 − q3t0t1 − q1t2t3 − q2t0t3 + q1q3

P5(q[0,4], t[0,4]) = t0t1t2t3t4 − q1t2t3t4 − q2t0t3t4 − q4t0t1t2
−q3t0t1t4 + q1q4t2 + q2q4t0 + q1q3t4

We now prove Theorem 3.

Corollary 4.5 Let r ≥ 1 be an integer and A be the quiver of type
−→
A r equipped with

the following orientation

0 1 2 · · · r − 1.

Then, for any i ∈ [0, r − 1] and n ∈ [1, r − i], we have

X
A,y

S
(n)
i

= Pn(yi, . . . , yi+n−1,X
A,y
Si

, . . . ,X
A,y
Si+n−1

)

or equivalently

X
A,y

S
(n)
i

= det

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

X
A,y
Si+n−1

1 (0)

yi+n−1
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) yi+1 X
A,y
Si

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Proof Consider the epimorphism of Z-algebras

π :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Z[qi, xi,1|i ∈ Z] → Z[yi,X
A,y
Si

|i ∈ [0, r − 1]]
xi,1 
→ XSi

for i ∈ [0, r − 1]
xi,1 
→ 1 for i �∈ [0, r − 1]
qi 
→ yi for i ∈ [0, r − 1]
qi 
→ 1 for i �∈ [0, r − 1]

By Lemma 3.2, for any i ∈ [0, r − 1] and n ∈ [1, r − 1 − i], we have

X
A,y

S
(n)
i

X
A,y
Si+n

= X
A,y

S
(n+1)
i

+ yi+nX
A,y

S
(n−1)
i

so that π(xi,n) = X
S

(n)
i

for any i ∈ [0, r −1] and n ∈ [1, r − i]. The result thus follows

from Proposition 4.1. �
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4.2 Quantized Chebyshev polynomials of finite ranks

Fix now an integer p ≥ 1 and consider the n-th quantized Chebyshev polynomial of
rank p Pn,p defined in the introduction.

Example 4.6 The first five quantized Chebyshev polynomials of rank 1 are

P1,1(q, t) = t

P2,1(q, t) = t2 − q

P3,1(q, t) = t3 − 2qt

P4,1(q, t) = t4 − 3qt2 + q2

P5,1(q, t) = t5 − 4qt3 + 3q2t

The first five quantized Chebyshev polynomials of rank 2 are

P1,2(q0, q1, t0, t1) = t0
P2,2(q0, q1, t0, t1) = t0t1 − q1

P3,2(q0, q1, t0, t1) = t2
0 t1 − q0t0 − q1t0

P4,2(q0, q1, t0, t1) = t2
0 t2

1 − q1t0t1 − q1t0t1 − q2t0t1 + q2
1

P5,2(q0, q1, t0, t1) = t3
0 t2

1 − 2q1t
2
0 t1 − 2q0t

2
0 t1 + q0q1t0 + q2

0 t0 + q2
1 t0

The first five quantized Chebyshev polynomials of rank 3 are

P1,3(q[0,2], t[0,2]) = t0
P2,3(q[0,2], t[0,2]) = t0t1 − q1

P3,3(q[0,2], t[0,2]) = t0t1t2 − q2t0 − q1t2

P4,3(q[0,2], t[0,2]) = t2
0 t1t2 − q1t0t2 − q0t0t1 − q2t

2
0 + q0q1

P5,3(q[0,2], t[0,2]) = t2
0 t2

1 t2 − 2q1t0t1t2 − q2t
2
0 t1 + q2

1 t2 − q0t0t
2
1 + q1q2t0 + q0q1t1

The first five quantized Chebyshev polynomials of rank 4 are

P1,4(q[0,3], t[0,3]) = t0
P2,4(q[0,3], t[0,3]) = t0t1 − q1

P3,4(q[0,3], t[0,3]) = t0t1t2 − q2t0 − q1t2
P4,4(q[0,3], t[0,3]) = t0t1t2t3 − q3t0t1 − q1t2t3 − q2t0t3 + q1q3

P5,4(q[0,3], t[0,3]) = t2
0 t1t2t3 − q1t0t2t3 − q2t

2
0 t3 − q0t0t1t2

−q3t
2
0 t1 + q0q1t2 + q0q2t0 + q1q3t0

The first five quantized Chebyshev polynomials of rank p ≥ 5 coincide with the
first five quantized Chebyshev polynomials of infinite rank.

Note that quantized Chebyshev polynomials are deformations of generalized
Chebyshev polynomials introduced in [10], more precisely we have the following
relation :
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Lemma 4.7 For any p ∈ Z>0 � {∞}, the n-th generalized Chebyshev polynomial of
rank p coincides with the n-th quantized Chebyshev polynomial of rank p where all
the qi ’s are specialized at 1.

Proof We recall the construction of generalized Chebyshev polynomials given in
[10]. Fix p ≥ 0 an integer and set

{
ai,1|i ∈ Z/pZ

}
a family of indeterminates over Z.

Then the n-th Chebyshev polynomial of rank p (resp. infinite rank) if p > 0 (resp.
p = 0) is the expression of ai,n in terms of

{
ai,1|i ∈ Z/pZ

}
where the ai,n for n ≥ 1

are defined inductively by

ai,nai+1,n = ai,n+1ai+1,n−1 + 1.

It thus follows from the definition that, specializing all the qi ’s at 1, the n-th general-
ized Chebyshev polynomial of rank p (resp. infinite rank) is the specialization of the
n-th quantized Chebyshev polynomial of rank p (resp. infinite rank). �

It is proved in [10] that for every n ≥ 1, the n-th generalized Chebyshev poly-
nomial of rank 1 is the usual n-th normalized Chebyshev polynomial of the second
kind. It thus follows from Lemma 4.7 that the n-th quantized Chebyshev polynomial
of rank 1 specialized at qi = 1 for every i ∈ Z is the n-th normalized Chebyshev
polynomial of the second kind. This case being of particular interest in the sequel, we
set the following definition :

Definition 4.8 The n-th quantized Chebyshev polynomial of rank 1 is called the n-th
quantized Chebyshev polynomial of the second kind.

5 Quantized Chebyshev polynomials and characters for regular modules

As we already saw in Theorem 3, quantized Chebyshev polynomials appear in char-
acter formulas with coefficients associated to indecomposable modules over the path
algebra of an equioriented quiver of Dynkin type A. In this section, we prove that
these polynomials also arise in character formulas with coefficients for indecompos-
able regular modules over the path algebra of an acyclic quiver of infinite representa-
tion type.

Let Q be an acyclic quiver of infinite representation type, denote by R a regular
component in the Auslander-Reiten quiver �(kQ) of kQ-mod. Let p ≥ 0 such that
R is is of the form ZA∞/(p). If Q is affine, then p ≥ 1 and R is called a tube [22,
Section 3.6]. If p = 1, R is called homogeneous and if p > 1, R is called exceptional.
If Q is wild, then p = 0 [21].

We denote by {Ri, i ∈ Z/pZ} the set of quasi-simple modules in R ordered such
that τRi 	 Ri−1 for every i ∈ Z/pZ. For any i ∈ Z/pZ and n ≥ 1, we denote by R

(n)
i

the unique indecomposable kQ-module with quasi-length n and quasi-socle Ri . By
convention, R

(0)
i denotes the zero module for every i ∈ Z/pZ. With these notations,

for any n ≥ 1 and any i ∈ Z/pZ, there is an almost split exact sequence

0−→R
(n)
i −→R

(n+1)
i ⊕ R

(n−1)
i+1 −→R

(n)
i+1−→0. (5.1)
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Fig. 1 Local configuration in a
regular component of �(kQ)

Locally, a regular component can be depicted as in Figure 1.
We are now able to prove Theorem 2.

Theorem 5.1 Let Q be a quiver of infinite representation type, X
Q,y
? be the cluster

character with coefficients on kQ-mod. Let R be a regular component in �(kQ) of
the form ZA∞/(p) for some p ≥ 0. Let {Ri |i ∈ Z/pZ} denote the quasi-simples of
R ordered such that τRi 	 Ri−1 for every i ∈ Z/pZ. Then, for every i ∈ Z/pZ and
any n ≥ 1, we have;

X
Q,y

R
(n)
i

= Pn(ydimRi , . . . , ydimRi+n−1 ,X
Q,y
Ri

, . . . ,X
Q,y
Ri+n−1

).

Moreover, if p ≥ 1, then

X
Q,y

R
(n)
i

= Pn,p(ydimRi , . . . , ydimRi+p−1,X
Q,y
Ri

, . . . ,X
Q,y
Ri+p−1

).

Proof We consider the Z-families q = {qi |i ∈ Z} and
{
xi,1|i ∈ Z

}
. Define φ to be the

homomorphism of Z-algebras

φ :
⎧
⎨

⎩

Z[qi |i ∈ Z][xi,1|i ∈ Z] −→ Z[y][x±1]
qi −→ ydimRi

xi,1 −→ X
Q,y
Ri

where the indices on the right hand side are taken in Z/pZ. We claim that φ(xi,n) =
X

Q,y

R
(n)
i

for every i and n ≥ 0. If n = 0,1, the result holds by definition of φ. Now, as-

sume that n ≥ 1, it follows from the almost split exact sequence (5.1) and Proposition
2.2 that for any i ∈ Z/pZ we have

X
Q,y

R
(n)
i

X
Q,y

R
(n)
i+1

= X
Q,y

R
(n+1)
i

X
Q,y

R
(n−1)
i+1

+ ydimR
(n)
i+1
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so that applying φ we get

φ(xi,n+1) = X
Q,y

R
(n+1)
i

for every i ∈ Z. This proves the claim. Thus for every i ∈ Z/pZ and every n ≥ 1, we
have

X
Q,y

R
(n)
i

= φ(xi,n)

= φ(Pn(qi, . . . , qi+p−1, xi,1, . . . , xi+n−1))

= Pn(ydimRi , . . . ,ydimRi+n−1 ,X
Q,y
Ri

, . . . ,X
Q,y
Ri+n−1

)

which proves the first assertion. For the second one, assume that p ≥ 1, then XRi+p
=

XRi
and dimRi+p = dimRi for every i ∈ Z. It thus follows from the definition of

Pn,p that

X
Q,y

R
(n)
i

= Pn,p(ydimRi , . . . ,ydimRi+p−1,X
Q,y
Ri

, . . . ,X
Q,y
Ri+p−1

)

and the theorem is proved. �

By expanding with respect to the first column in the determinantal expression of
Pn, we prove the following immediate corollary :

Corollary 5.2 With notations of Theorem 5.1 we have

X
Q,y

R
(n)
i

X
Q,y
Ri+n

= X
Q,y

R
(n+1)
i

+ ydimRi+nX
Q,y

R
(n−1)
i

.

for any n ≥ 1 and i ∈ Z/pZ.

Example 5.3 We consider the following quiver of type Ã2,1 :

Cluster algebras with coefficients associated to this quiver are extensively studied in
[5]. This example actually motivated the introduction of quantized Chebyshev poly-
nomials.

Q is an affine quiver. All but one regular components of �(kQ) are homogeneous
tubes, we denote by T0 the unique exceptional tube in �(kQ). The quasi-simple mod-
ules in T0 are
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and

A direct computation shows that

w(y) = X
Q,y
R0

= x1 + y2x3

x2
and z(y) = X

Q,y
R1

= x1x2 + y3 + y1y2y3x3

x1x3
,

w = X
Q
R0

= x1 + x3

x2
and z = X

Q
R1

= x1x2 + 1 + x3

x1x3
.

For any λ ∈ P
1(k) \ {0}, we denote by Mλ the unique quasi-simple module in Tλ.

It is given by

if λ �= ∞ and

A direct check proves that X
Q,y
Mλ

and X
Q
Mλ

do not depend on the choice of λ ∈ P
1(k) \

{0}. We set

u(y) = X
Q,y
Mλ

= x2
1x2 + y3x1 + y2y3x3 + y1y2y3x2x

2
3

x1x2x3
,

u = X
Q
Mλ

= x2
1x2 + x1 + x3 + x2x

2
3

x1x2x3

for any λ ∈ P
1(k) \ {0}.

A direct computation proves that

X
Q,y

R
(2)
0

= x2
1x2 + y3x1 + y2x1x2x3 + y2y3x3 + y1y2y3x2x

2
3

x1x2x3

and we easily check that

X
Q,y

R
(2)
0

= X
Q,y
R0

X
Q,y
R1

− y1y3

= P2,2(ydimR0,ydimR1 ,X
Q,y
R0

,X
Q,y
R1

)
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= P2,2(y2, y1y3,w(y), z(y)).

Similarly, a direct computation of the cluster character proves that

X
Q,y

R
(3)
0

= 1

x1x
2
2x3

(
x3

1x2 + y2x
2
1x2x3 + y3x

2
1 + 2y2y3x1x3+

+ y1y2y3x1x2x
2
3 + y2

2y3x
2
3 + y1y

2
2y3x2x

3
3

)

and one verifies that

X
Q,y

R
(3)
0

= X
Q,y
R1

(X
Q,y
R0

)2 + y1y3X
Q,y
R0

+ y2X
Q,y
R0

= X
Q,y
R1

(X
Q,y
R0

)2 + ydimR1X
Q,y
R0

+ ydimR2X
Q,y
R0

= P3,2(ydimR0,ydimR1,X
Q,y
R0

,X
Q,y
R1

)

= P3,2(y2, y1y3,w(y), z(y)).

In homogeneous tubes, we can also compute the cluster character

X
Q,y

M
(2)
λ

= 1

x2
1x2

2x2
3

(
x4

1x2
2 + 2y3x

3
1x2 + y2

3x2
1 + 2y2y3x

2
1x2x3 + 2y2y

2
3x3x1

+ y2
2y2

3x2
3 + y1y2y3x

2
1x2

2x2
3

+ 2y1y
2
2y2

3x2x
3
3 + 2y1y2y

2
3x1x2x

2
3 + y2

1y2
2y2

3x2
2x4

3

)

= (X
Q,y
Mλ

)2 − ydimMλ

= (X
Q,y
Mλ

)2 − yδ

= P2,1(yδ,X
Q,y
Mλ

)

illustrating Theorem 5.1.

6 Quantized Chebyshev polynomials of the first and second kinds

Normalized Chebyshev polynomials of the first kind initially appeared in the context
of cluster algebras in [23]. They were introduced in order to study canonically posi-
tive bases in rank two cluster algebras. These polynomials are defined by three terms
recurrence relations. Let x be an indeterminate over Z, then Fn is the polynomial in
one variable defined by

F0(x) = 1, F1(x) = x, F2(x) = x2 − 2 and

Fn+1(x) = Fn(x)F1(x) − Fn−1(x), for n ≥ 2.
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It is easy to check that these polynomials are characterized by

Fn(x + x−1) = xn + x−n

for every n ≥ 1.
Normalized Chebyshev polynomials of the second kind appeared in [8] in order

to study bases in the cluster algebra associated to the Kronecker quiver. These poly-
nomials are defined be the following three terms recurrence relation. Let x be an
indeterminate over Z, then Sn is the polynomial in one variable defined by

S0(x) = 1, S1(x) = x, S2(x) = x2 − 1 and

Sn+1(x) = Sn(x)S1(x) − Sn−1(x), for n ≥ 2.

It is easy to check that these polynomials are characterized by

Sn(x + x−1) =
n∑

k=0

xn−2k

for every n ≥ 1.
In particular, it appears that normalized Chebyshev polynomials of the first and

second kind satisfy the same recurrence relations but second terms differ. We now
prove that there is a similar phenomenon for quantized Chebyshev polynomials. We
define the quantized Chebyshev polynomials of the first kind as follows. Let ν be an
indeterminate over Z, q = ν2 and x be an indeterminate over Z[q].

Definition 6.1 The n-th quantized Chebyshev polynomial of the first kind is the poly-
nomial F

q
n (x) ∈ Z[q][x] defined by

F
q

0 (x) = 1, F
q

1 (x) = x, F
q

2 (x) = x2 − 2q and

F
q

n+1(x) = F
q
n (x)F

q

1 (x) − qF
q

n−1(x) for n ≥ 2.

Example 6.2 The first five quantized Chebyshev polynomials of the first kind are
given by

F
q

1 (x) = x

F
q

2 (x) = x2 − 2q

F
q

3 (x) = x3 − 3qx

F
q

4 (x) = x4 − 4qx2 + 2q2

F
q

5 (x) = x5 − 5qx3 + 5q2x

From now on, we will denote by S
q
n (x) = Pn,1(q, x) the n-th quantized Chebyshev

polynomial of the second kind introduced in definition 4.8. It follows from Corollary
4.2 that these polynomials are characterized by

S
q

0 (x) = 1, S
q

1 (x) = x, S
q

2 (x) = x2 − q and
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S
q

n+1(x) = S
q
n (x)S

q

1 (x) − qS
q

n−1(x) for n ≥ 2.

Thus, as in the non-quantized case, first kind and second kind quantized Chebyshev
polynomials satisfy the same induction relations but second terms differ.

As in the non-quantized case, we now give algebraic characterizations of quantized
Chebyshev polynomials of first and second kinds.

Lemma 6.3 Let t be an indeterminate over Z[q], then for any n ≥ 1, we have

(1)

F
q
n (ν(t + t−1)) = νn(tn + t−n),

(2)

S
q
n (ν(t + t−1)) = νn

n∑

k=0

tn−2k.

Proof We first prove the property for quantized Chebyshev polynomials of the first
kind. We prove it by induction on n. The property holds for n = 1. We have :

F
q

n+1(νt + νt−1) = F
q
n (νt + νt−1)F

q

1 (νt + νt−1) − qF
q

n−1(νt + νt−1)

= (νntn + νnt−n)(νt + νt−1) − ν2(νn−1tn−1 + νn−1t1−n)

= νn+1tn+1 + νn+1t−(n+1).

Now for quantized Chebyshev polynomials of the second kind we have :

S
q

n+1(νt + νt−1) = S
q
n (νt + νt−1)S

q

1 (νt + νt−1) − qS
q

n−1(νt + νt−1)

= νn

(
n∑

k=0

tn−2k

)

(νt + νt−1) − ν2νn−1

(
n−1∑

k=0

tn−1−2k

)

= νn

(
n∑

k=0

tn−2k

)

(νt + νt−1) − νn

(
n−1∑

k=0

tn−2k

)

= νn+1

(
n+1∑

k=0

tn+1−2k

)

.
�

As a corollary, we obtain :

Corollary 6.4 For any n ≥ 0, we have

S
q
n (x) =

n∑

k=0

qkF
q

n−2k

with the convention that Fi(x) = 0 if i < 0.
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Proof We have

Sn(ν(t + t−1)) = νn

(
n∑

k=0

tn−2k

)

If n is even, we have

νn

(
n∑

k=0

tn−2k

)

= νn

⎛

⎝1 +
n/2−1∑

k=0

tn−2k + t2k−n

⎞

⎠

= νn +
n/2−1∑

k=0

ν2k(νn−2ktn−2k + νn−2kt2k−n)

= νn +
n/2−1∑

k=0

ν2k(νn−2ktn−2k + νn−2kt2k−n)

= νn +
n/2−1∑

k=0

qkFn−2k(ν(t + t−1))

=
n∑

k=0

qkFn−2k(ν(t + t−1))

where the last equality follows from the convention that Fi = 0 for i < 0.
If n is odd, we denote by [n/2] the integral floor of n/2. Then,

νn

(
n∑

k=0

tn−2k

)

= νn

[n/2]∑

k=0

tn−2k + t2k−n

=
[n/2]∑

k=0

ν2k(νn−2ktn−2k + νn−2kt2k−n)

=
[n/2]∑

k=0

ν2k(νn−2ktn−2k + νn−2kt2k−n)

=
[n/2]∑

k=0

qkFn−2k(ν(t + t−1))

=
n∑

k=0

qkFn−2k(ν(t + t−1))

where the last equality follows from the convention that Fi = 0 for i < 0. This proves
the corollary. �
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Corollary 6.5 For any n ≥ 0, we have

F
q
n (x) = S

q
n (x) − qS

q

n−2(x).

7 Chebyshev polynomials and bases in affine cluster algebras

In this section, we study possible interactions between Chebyshev polynomials and
bases in affine cluster algebras. We first study the case of the Kronecker quiver relying
on [8, 23]. Then, we study the case of a quiver of type Ã2,1 studied in particular in
[5]. Finally we give conjectures for the general affine case.

7.1 The Kronecker quiver

We consider the Kronecker quiver :

K : 1 2

We denote by A(K,x,y) the cluster algebra with principal coefficients at the initial
seed (K,x,y) where y = {y1, y2} and x = {x1, x2}. We simply denote by A(K) the
coefficient-free cluster algebra with initial seed (K,x).

K is an affine quiver and the regular components of �(kK) form a P
1(k)-family

of homogeneous tubes. The minimal imaginary root of K is δ = α1 + α2. For any
λ ∈ P

1(k), we denote by Tλ the tube corresponding to the parameter λ, by Mλ the
unique quasi-simple module in Tλ and for any n ≥ 1, by M

(n)
λ the indecomposable

module in Tλ with quasi-socle Mλ and quasi-length n. It follows from [8] (see also
[11]) that X

Q
Mλ

and X
Q,y
Mλ

do not depend on the choice of the parameter λ ∈ P
1(k) and

we denote by

u(y) = X
Q,y
Mλ

= x2
1 + y1y2x

2
2 + y2

x1x2

u = X
Q
Mλ

= x2
1 + x2

2 + 1

x1x2

these values.
The following theorems give bases in the coefficient-free cluster algebra A(K).

Theorem 7.1 [8] The set

C(K) = {cluster monomials} � {Sn(u)|n ≥ 1}
is a Z-basis in A(K).

Theorem 7.2 [23] The set

B(K) = {cluster monomials} � {Fn(u)|n ≥ 1}
is a canonically positive Z-basis in A(K).
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In [23, Theorem 6.3], the authors defined a canonically positive basis in the cluster
algebra with universal coefficients associated to the Kronecker quiver by lifting the
canonically positive basis in the coefficient-free cluster algebra A(K,x). It is not
clear at first whereas this lifting still gives rise to quantized Chebyshev polynomials.
We prove that up to a normalization by coefficients, this is still the case for principal
coefficients.

For rank two cluster algebras, the description of coefficients used in [23] is the
one introduced in [14, Remark 2.5] which we will briefly recall here. Let A(K,x,y)

be the cluster algebra with principal coefficients at the initial seed (K,x,y) and P =
Trop (y). Then, P can be described as the free abelian group generated by {qi |i ∈ Z}�
{r0, r1} with respect to the relations

rm−1rm+1 = qm−1qm+1r
2
m (7.1)

where coefficients in terms of y can be recovered from {ri, qi |i ∈ Z} (see [15, Remark
2.7]). In particular, we have the following equalities

r1 = y2, r2 = 1, q1 = 1 and q2 = y1. (7.2)

We now consider the completion P̂ = Q⊗Z P obtained by adjoining to P the roots
of all degrees from all the elements of P. We denote by Â(K,x,y) the ZP̂-algebra
obtained from Â(K,x,y) by extension of scalars. An element in Â(K,x,y) is called
positive if it can be written as a Laurent polynomial with coefficients in Z>0P̂ in any
cluster of Â(K,x,y). A ZP̂-basis B of Â(K,x,y) is called canonically positive if
positive elements in Â(K,x,y) are exactly Z>0P̂-linear combinations of elements
of B. Such a basis is unique up to normalization by elements of P̂.

Theorem 7.3 The set

By(K) = {cluster monomials} �
{
F

yδ

n (u(y))|n ≥ 1
}

is a canonically positive ZP̂-basis in Â(K,x, y).

Proof Let A(K,x) be the coefficient-free cluster algebra with initial seed (K,x)

where x = {x1, x2

}
. We denote by xi, i ∈ Z the cluster variables in the coefficient-

free cluster algebra A(K,x) given by xi−1xi+1 = x2
i + 1 for any i ∈ Z.

Set

u = x2
1 + x2

2 + 1

x1x2
.

By Theorem 7.2, the canonically positive Z-basis of A(K,x) is given by

B(K) = {cluster monomials} � {Fn(u)|n ≥ 1} .

Sherman and Zelevinsky proved in [23] that there exists a ZP̂-linear isomorphism

ψ :
⎧
⎨

⎩

A(K,x) ⊗ ZP̂ −→ Â(K,x,y)

xm 
→
(

qm

rm

) 1
2
xm
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In particular, as ψ is an isomorphism of ZP̂-algebras, ψ(B(K)) is a canonically pos-
itive ZP̂-basis in Â(K,x,y). We now prove that, up to normalization by elements

of P̂, ψ(B(K)) and By(K) = {cluster monomials} � {F yδ

n (u(y))|n ≥ 1} coincide. For

this, it suffices to prove that for any n ≥ 1, ψ(Fn(u)) ∈ P̂F
yδ

n (u(y)). More precisely,
we prove by induction that for any n ≥ 1, we have

ψ(Fn(u)) = y− nδ
2 F

yδ

n (u(y)).

We recall that

u = x0x3 − x1x2

where x0 = x2
1+1
x2

and x3 = x2
2+1
x1

. Expressing r0, r3, q0, q3 in terms of y1, y2 using
identities (7.1) and (7.2), a direct computation leads to

ψ(u) = ψ(x0)ψ(x3) − ψ(x1)ψ(x2)

= 1

x1x2

⎛

⎝
x2

1

y
δ
2

+ y
δ
2 x2

2 + y
− 1

2
2

y
− 1

2
1

⎞

⎠

= y− δ
2
x2

1 + y1y2x
2
2 + y2

x1x2

= y− δ
2 u(y)

Fix now some integer n ≥ 1, we know that

Fn+1(u) = Fn(u)F1(u) − Fn−1(u)

so

ψ(Fn+1(u)) = ψ(Fn(u))ψ(F1(u)) − ψ(Fn−1(u))

= y− nδ
2 F

yδ

n (u(y))y− δ
2 F

yδ

1 (u(y)) − y− (n−1)
2 δF

yδ

n−1(u(y))

= y− n+1
2 δF

yδ

n (u(y))F
yδ

1 (u(y)) − y− (n−1)
2 δF

yδ

n−1(u(y))

= y− n+1
2 δ
(
F

yδ

n (u(y))F
yδ

1 (u(y)) − yδF
yδ

n−1(u(y))
)

= y− n+1
2 δ
(
F

yδ

n+1(u(y))
)

where the last equality follows from Definition 6.1. Since P̂ contains the roots of all

degrees of elements of P, y− n+1
2 δ = y

− n+1
2

1 y
− n+1

2
2 belongs to P̂. For every n ≥ 1,

we have F
yδ

n (u(y)) ∈ Pψ(Fn(u)) and thus up to a normalization by elements of
P̂, ψ(B(K)) coincides with By(K) and By(K) is a canonically positive basis of
Â(K,x,y). �
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Using Corollary 6.4, we get an analogous with coefficients of Theorem 7.1 :

Theorem 7.4 The set

C y(K) = {cluster monomials} �
{
S

yδ

n (u(y))|n ≥ 1
}

is a ZP̂-basis in Â(K,x, y).

7.2 Quiver of type Ã2,1

We now consider the quiver of type Ã2,1 from Example 5.3:

We denote by A(Q,x,y) the cluster algebra with principal coefficients at the initial
seed (Q,x,y) where y = {y1, y2, y3} and x = {x1, x2, x3}. We denote by A(Q,x) the
coefficient-free cluster algebra with initial seed (Q,x). Keeping notations of Example
5.3, in the coefficient-free settings we have :

Theorem 7.5 [11] The set

C(Q) = {cluster monomials} �
{
Sn(u)zk, Sn(u)wk|n ≥ 1, k ≥ 0

}

is a Z-basis in A(Q,x).

Remark 7.6 Actually, the basis defined in [11] is given by

S(Q) = {cluster monomials} �
{
unzk, unwk|n ≥ 1, k ≥ 0

}
.

Since for every n ≥ 1, Sn(u) is a monic polynomial in u of degree n, Theorem 7.5
follows directly from the above statement.

With coefficients, Cerulli proved the following theorem :

Theorem 7.7 [5] The set

By(Q) = {cluster monomials} �
{
F

yδ

n (u(y))w(y)k,F yδ

n (u(y))z(y)k|n ≥ 1, k ≥ 0
}

is a canonically positive ZP-basis in A(Q,x, y).

It then follows directly from Corollary 6.4 that :
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Corollary 7.8 The set

C y(Q) = {cluster monomials} �
{
S

yδ

n (u(y))z(y)k, Syδ

n (u(y))w(y)k|n ≥ 1, k ≥ 0
}

is a ZP-basis in A(Q,x,y).

7.3 Conjectures for the general affine case

Let Q be an affine quiver. Let λ be the parameter of an homogeneous tube in �(kQ),
we know that X

Q,y
Mλ

does not depend on the chosen parameter λ (see e.g. [12]) and

we denote by z = X
Q,y
Mλ

this common value. We denote by E R the set of rigid regular
modules in kQ-mod. Generalizing results of [11] for the coefficient-free case, we
conjecture that a ZP-basis in the cluster algebra A(Q,x,y) with principal coefficients
at the initial seed (Q,x,y) can be described as follows :

Conjecture 7.9 Let Q be an affine quiver, then

C y(Q) = {cluster monomials} �
{
S

yδ

n (z)X
Q,y
R |n ≥ 1,R ∈ E R

}

is a ZP-basis in A(Q,x, y).

According to the previous examples, we also give a conjecture for a canonically
positive basis in an affine cluster algebra :

Conjecture 7.10 Let Q be an affine quiver, then

By(Q) = {cluster monomials} �
{
F

yδ

n (z)X
Q,y
R |n ≥ 1,R ∈ E R

}

is a canonically positive ZP-basis in A(Q,x, y).

In the above examples, the general idea is thus that quantized Chebyshev poly-
nomials of the second kind are related to representation theoretic properties whereas
quantized Chebyshev polynomials of the first kind are related to positivity properties.
More precisely, if A(Q,y,x) is a cluster algebra associated to an affine quiver Q,
quantized Chebyshev polynomials of the second kind arise naturally from the study
of A(Q,y,x) through the representation theory of Q. Using methods proposed in [7,
9, 11, 12], it thus seems likely to prove that C y(Q) is a ZP-basis in A(Q,x,y). Then,
using Corollary 6.4, one can express quantized Chebyshev polynomials of the second
kind as positive ZP-linear combinations of quantized Chebyshev polynomials of the
first kind. Thus, if Conjecture 7.9 is proved, it is straightforward to prove that By(Q)

is a ZP-basis. The remaining part would thus be to prove that By(Q) is a canonically
positive ZP-basis.
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