J Algebr Comb (2010) 31: 267-298
DOI 10.1007/s10801-009-0186-z

Branching rules in the ring of superclass functions
of unipotent upper-triangular matrices

Nathaniel Thiem

Received: 20 November 2008 / Accepted: 2 June 2009 / Published online: 25 June 2009
© Springer Science+Business Media, LLC 2009

Abstract It is becoming increasingly clear that the supercharacter theory of the fi-
nite group of unipotent upper-triangular matrices has a rich combinatorial structure
built on set-partitions that is analogous to the partition combinatorics of the classical
representation theory of the symmetric group. This paper begins by exploring a con-
nection to the ring of symmetric functions in non-commuting variables that mirrors
the symmetric group’s relationship with the ring of symmetric functions. It then also
investigates some of the representation theoretic structure constants arising from the
restriction, tensor products and superinduction of supercharacters in this context.

Keywords Supercharacters - Set-partitions - Noncommutative symmetric
functions - Finite unipotent groups

1 Introduction

The representation theory of the symmetric group S,,, with its connections to partition
and tableaux combinatorics, has become a fundamental model in combinatorial rep-
resentation theory. It has become clear in recent years that the representation theory of
the finite group of unipotent upper-triangular matrix groups U, (g) can lead to a sim-
ilarly rich combinatorial theory. While understanding the usual representation theory
of U,(q) is a wild problem, André [1-4] and Yan [22, 23] constructed a natural ap-
proximation to the representation theory that leads to a more computable theory. This
approximation (known as a super-representation theory) now relies on set-partition
combinatorics in the same way that the representation theory of the symmetric group
relies on partition combinatorics.
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A fundamental tool in symmetric group combinatorics is the ring of symmetric
functions, which encodes the character theory of all symmetric groups simultane-
ously in a way that polynomial multiplication in the ring of symmetric functions
becomes symmetric group induction from Young subgroups. This kind of a rela-
tionship has been extended to wreath products and type A finite groups of Lie type
(for descriptions see for example [15, 20]). One of the purposes of this paper is to
suggest an analogous relationship between the supercharacter theory of U,(g) and
the ring on symmetric functions in non-commuting variables NCSym. In particular,
Corollary 3.2 shows that there are a family of algebra isomorphisms from the ring
of supercharacters to NCSym, where we replace induction from subgroups with its
natural analogue superinduction from subgroups. Unfortunately, there does not yet
seem to be a canonical choice (ideally, such a choice would take the Hopf structure
of NCSym into account).

The other purpose of this paper is to use the combinatorics of set partitions to sup-
ply recursive algorithms for computing restrictions to a family of subgroups called
parabolic subgroups. It turns out that if £ < n, then there are many ways in which
Uk (q) sits inside U,(g) as a subgroup. In fact, for every subset A C {1,2,...,n}
with k elements, there is a distinct subgroup Uy of U, (g) isomorphic to Ui (g). The
restriction from U, (g) to U, depends on A, and Theorem 4.6 sorts out the combina-
torial differences for all possible subsets A. This result can then be easily extended to
give restriction rules for all parabolic subgroups. These computations require knowl-
edge of tensor product results that were previously done by André [1] for large primes
and by Yan [22] for arbitrary primes. For completeness, this paper supplies an al-
ternate proof that relates tensor products to restriction and a generalization of the
inflation functor (see Lemma 4.8).

By Frobenius reciprocity we then also obtain the coefficients of superinduction
from these subgroups. Corollary 4.14 concludes by observing that superinduced su-
percharacters from parabolic subgroups are essentially twisted super-permutation
characters (again using the generalization of the inflation map). These results give the
structure constants for the ring of superclass functions of the finite unipotent upper-
triangular groups. However, the underlying coefficient ring is Z[g '], unlike in the
case of the symmetric group where the ring is Z.

The paper is organized as follows. Section 2 introduces some set-partition combi-
natorics, describes the parabolic subgroups that will replace Young subgroups in our
theory, reviews the supercharacter theory of pattern groups (as defined in [10]), and
recalls the ring of symmetric functions in non-commuting variables NCSym. We pro-
ceed in Section 3 by describing the family of isomorphisms between NCSym and the
ring of supercharacters. Section 4 uses the fact that supercharacters of U, (¢) decom-
pose into tensor products of simpler characters to supply algorithms for computing
restrictions and superinductions of supercharacters. These results generalize restric-
tion results in [20], and make use of a new generalization of the inflation functor to
supercharacters of pattern groups.

This paper builds on [16] and [19] by giving restriction and superinduction for-
mulas for larger families of groups. These formulas are computable, and have been
implemented in Python as part of an honors thesis at the University of Colorado [14].
Other recent work in this area worth mentioning includes extensions by André and
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his collaborators to supercharacter theories of other types [5] and over other rings
[6], explorations of all supercharacter theories for a given group by Hendrickson in
his thesis [13], and an intriguing unexplored connection to L-packets in the work of
Drinfeld and Boyarchenko [9].

2 Preliminaries

This section reviews the combinatorics needed for the main results, gives a brief
introduction to the supercharacter theory of pattern groups, and recalls the ring of
symmetric functions in non-commuting variables.

2.1 IF,-labeled set-partitions
For A C{l1,2,...,n},let
S4 = {set-partitions of A},

and

S= U Sn, where Sn = 8{1’2“”’"}.

n>0

Anarci ~ jof K € S4 is apair (i, j) € A x A such that
i<y,
(2) i and j are in the same part of K,
(3) if k is in the same partasi andi <k < j, then k = j.

Thus, if we order each part in increasing order, then the arcs are pairs of adjacent
elements in each part. For example,

{1,5,7)U{2,3) U {4} U{6,8,9} € So

has arcs 1 ~5,5~7,2~3,6 ~8, and 8 ~9. We can also represent the set
partition K as a diagram consisting of |K | vertices with an edge connecting vertex i
to vertex j if i —~ j is an arc of K; for example,

(1,5,77U{2,31U{4)U{6,8,9) <« m
The arc set A(K) of K € Sy is
A(K) = {arcs of K}.

A crossing of K € S4 is a pair of arcs (i ~k, j ~1) € A(K) x A(K) such that
i < j <k <I.The crossing set C(K) of K is

C(K) = {crossings of K}.

For example, if K ={1,5,7}U{2,3}U {4} U {6, 8, 9}, then K has one crossing (5 ~
7,6 ~ 8), as is easily observed in the above diagrammatic representation of K.
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An [, -labeled set-partition of A is a pair (A, 1), where A is a set-partition of A
and 7y : A(L) —> ]qu is a labeling of the arcs by nonzero elements of IF,. By conven-

tion, if 7;.(i ~ j) = a, then we write the arc as i ~~ j. Thus, we can typically suppress
the labeling function in the notation. Let

Sa(g) = {IF,-labeled set-partitions of A},

and
S@)=|JSu@).  where Si(q)=3Sn.2..m(q).
n>0

Note that if 5,,(q) = |5, (¢)|, then the generating function

elg—Dx_y

xn
E sp(@)— =e -1
n!

n>0

is a g-analogue of the usual exponential generating function of the Bell numbers
(where g = 2 gives the usual generating function [18]).
Suppose A € B C{1,2,...,n}. Then there is a function

() F,-labeled N F,-labeled
B- set-partitions of A set-partitions of B
A~ (Mg
where (1) p is the unique I, -labeled set-partition of B with arc set .A(A) and labeling

function ;. We will use the convention that (1), = (A)(1,2,... »}. For example, if A =
{25 3’ 57 7}, a, be ]FX, and

a p
)u:./m,
2 3 5 17
then
a b a b

M235671=2 ¢ ¢ o e e and (M7= o o ® e,
1 2 3 5 6 17 1 2 3 4 5 6 17
Because the relative position of A C {1, 2, ..., n} is critical, we will sometimes in-
dicate the elements of A€ in the diagrams of S4(q) by replacing e by o. For example,
if A=1{2,3,5,7} and

a b
A= C/m s
then to indicate what numbers are in A, we write
a b
A=o0 e O o
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2.2 Pattern groups

Forn € Z>1, let U, (q) be the group of n x n unipotent upper-triangular matrices with
entries in . Given a poset P of {1, 2, ..., n}, the pattern group Up(q) is

Up(q) ={u € Uy(q) | uij # 0 implies i < j in P}.
Remark 1If T, (g) is the group of n x n diagonal matrices with entries in ]F; , then the
set of pattern subgroups of U, (g) can be characterized as the set of subgroups fixed
by the conjugation action of 7;,(¢) on U,(g). In particular, this observation implies

pattern groups are indeed groups. More directly, note that closure in Up(gq) follows
from the transitivity of the poset P.

Consider the injective map

St VL2,

K — Pk

{ Posets of }

where i < j in Pk if and only if i < j and both i and j are in the same part of K.

A pattern subgroup Up (q) is a parabolic subgroup of U, (q) if there exists K € S,
such that P = Pg. Note that if K = K1 U K> U --- U K is the decomposition of K
into parts, then

Upy (q) = Uik, (@) X Uk, (q) X - -+ x Uk, ().

Thus, the parabolic subgroups of Up(g) are reminiscent of the Young subgroups of
the symmetric groups S, or parabolic subgroups of the general linear groups GL,(q).
In fact, we will follow this analogy into the supercharacter theory of U, (q). To sim-
plify notation, we will typically write

Uk (q) = Upy (q), for K € S,.

Remarks

(a) These subgroups are not generally block diagonal. For example,

1 0 % 0 =%
01 0 % O
U7’{1,3,5)U{2.4} = 0 0 1 0 *||xelF;¢s=Us(g) xUzg).
00 0 10
00 0 0 1

(b) Parabolic subgroups do not include all possible copies of pattern subgroups iso-
morphic to a direct product of Ui (g)’s. For example,

1 0 x =x
01 0 =% N
U2/4\3_ 00 1 «|[¥€F[=Us@)xVa(g)
/ 0 0 0 1

is not a parabolic subgroup of U4(q).
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2.3 A supercharacter theory for pattern groups

Given a group G, a supercharacter theory is an approximation to the usual character
theory. To be more precise, a supercharacter theory consists of a set of superclasses
K and a set of supercharacters X, such that

(a) the set KC is a partition of G such that each part is a union of conjugacy classes,

(b) the set A’ is a set of characters such that each irreducible character appears as the
constituent of exactly one supercharacter,

(c) the supercharacters are constant on superclasses,

(@ IK]=1X],

(e) the identity element 1 of G is in its own superclass, and the trivial character 1 of
G is a supercharacter.

This general notion of a supercharacter theory was introduced by Diaconis and Isaacs

[10] to generalize work of André and Yan on the character theory of U, (q).

Remark The definition includes a reasonable amount of redundancy, as explored in
[10, 13].

Diaconis and Isaacs extended the construction of André of a supercharacter theory
for U,(q) to a larger family of groups called algebra groups. We will review the
construction for pattern groups (a subset of the set of algebra groups). Let P be a
posetof {1,2,...,n} and let

np(q) =Up(q) — 1,

which is an F-algebra (for u € Up(q), the matrix u — 1 is the matrix u with the ones
on the diagonal replaced by zeroes).

Fix a nontrivial homomorphism ¢ : ]F;; — C*. The pattern group Up(g) acts on
the left and right on both np(g) and the dual space np(q)*, and the two-sided orbits
lead to the sets K and X" by the following rules. The superclasses are given by

Up(@)\np(q)/Up(q) <— K
Up(@)XUp(q) — 1+Up(@)XUp(q),

and the supercharacters are given by

Up(@)\np(q)*/Up(q) <— X

Up@iUp(g) > x* = — POl >

= ¥ ou.
|Up(9)AUp(q)|

neUp(@)rUp(q)

The corresponding Up (q)-modules are given by
V* = C-spanfv, | i € Up(g)2),
with action

guu =0((gm)(1 — g))vgu,  for g € Up(q) and u € Up(q)A.
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Examples The group U, (q) was the original motivation for studying supercharacter
theories. The following results are due to André, Yan, and Arias-Castro—Diaconis—
Stanley. The number of superclasses is

IKI=1X]=Sa (9],

where, for example,

1 ifi=j
S e T . e ]
";Q) = ou and  (up)ij =1 @ ~Jj), ifi~jeA),
W 0, otherwise.

The corresponding supercharacter formula for A, u € S, (q) is

ifi <j<k,i~keAQ)
impliesi ~ j, j ~k ¢ A(u),
0, otherwise,

I ¢ (0~ DT ~ D)

Ay oy — G~keAGoli<j<k<h]
X W)= geany 4

2.1
where 7,(i ~1) =0if i ~1 ¢ A(u) (see [11] for the corresponding formula for
arbitrary pattern groups).

Remark We abuse notation slightly by identifying A € P, (¢) with the element A € n

given by
AMu—1)= Z au;j.

ijeA()
Note that the degree of each character is

= J] 7" 2.2)
i~leAL)

It follows directly from the formula that the supercharacters factor nicely
xr = l—[ X 50,
i~le AR
It also follows from (2.1) and (2.2) that x* is linear if and only if
i ~ke AQ) implies k=i-+1.

The set of crossings C(X) measures how close the supercharacter x* is to being
irreducible. In fact,

xx*)y =q'“Wlsy . 2.3)

where (-, -) is the usual inner product on characters.
For parabolics subgroups Uk (q) of U,(q),

IKI =X = 1Sk 1 @OIS k1 (@] - - - 1Sk, 1 (@],

where K =K UK, U---UKy €8,.
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Remark If instead of considering U, (g)-orbits on n,(g) and n,(g)*, we consider
orbits of the full Borel subgroup B,(q) = T,(q)U,(g) on these spaces, then the
corresponding supercharacter theory no longer depends on the finite field g. Thus,
the combinatorics reduces to considering set-partitions rather than I, -labeled set-
partitions. In general, if (X, X') is any supercharacter theory of a finite group G,
and H C Aut(G), then there exists a (potentially) new supercharacter theory of G
with superclasses given by H-orbits in K [10]. In this case, T, (g) acts on S,(g) by
th, )=, toty),where A € S,(q), t € Ty(g) and tot) (i ~ j) =47 —~ j)tj_l,
fori ~je AQM).

Supercharacters satisfy a variety of nice properties, as described in [10]. The above
construction satisfies

(a) The product of two supercharacters is a Zxo-linear combination of supercharac-
ters.

(b) The restriction of a supercharacter from one pattern group to a pattern subgroup
is a Z>p-linear combination of supercharacters.

Howeyver, it is not true that the usual induction functor on class functions of finite
groups sends a supercharacter to a Zxo-linear combination of supercharacters. In
fact, an induced supercharacter is generally no longer even a superclass function.

Diaconis and Isaacs therefore define a superinduction map on supercharacters that
is adjoint to restriction with respect to the usual inner product on class functions;
it turns out that this function averages over superclasses in the same way induction
averages over conjugacy classes. In particular, if H C G are pattern groups (or more
generally algebra groups), then superinduction is the function

.| Superclass functions Superclass functions
SInd.{ of H }—>{ of G }

x + SInd%(x),

where

SIndf; (x)(g) = Y. x(U+x@g-Dy, forgeG.

x,yeG
x(g—D)y+leH

|Gl H]|

Unfortunately, while SInd sends superclass functions to superclass functions, it sends
supercharacters to Zxo[1/g]-linear combinations of supercharacters (where g comes
from the underlying finite field). In fact, the image is not even generally a character.
See also [16] for a further exploration of the relationship between superinduction and
induction.
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2.4 The ring of symmetric functions in non-commutative variables

Fix a set X = {X1, X2, ...} of countably many non-commuting variables. For K =
KiUKyU---UKy €S, define the monomial symmetric function

mg(X) = Z X1t Xk Xop (k) » where 7 (k) =k; if j € K;.

k=(k1.k2,....ke)€ZE |
k,-;ék,-,lsi<j§e

The space of symmetric functions in non-commuting variables of homogeneous de-
gree n is

NCSym,, (X) = C-span{mg (X) | K € S,.},

and the ring of symmetric functions in non-commuting variables is

NCSym = EB NCSym,, (X),

n>0

where a possible multiplication is given by usual polynomial products. However,
note that if K ={a; <ay < - <au}U{by <by <--- <by} € Spyn with w =
(ay,a2,--+,ak,,b1, b2, ..., by) the corresponding permutation of m 4 n elements,
then we could “shuffle” two words according to K,

(X'1Xi2"'Xim)*K(X X

imt1” im*”) = Xiw_l (1) Xiw_l(Z) o Xiw_l(m+n) ’

These operations give a variety of alternate shuffle products for NCSym.

Remark Note that NCSym,, (X) is a ring under the basic concatenation product (K =
{1,2,...,m}U{m + 1,...,m + n}. The presence of other shuffle products gives
additional structure, which is captured below by the different parabolic subgroups of
Un(q).

The ring NCSym naturally generalizes the usual ring of symmetric functions [15],
but is different from other generalizations such as the ring of noncommutative sym-
metric functions studied in, for example, [12]. The ring NCSym was introduced by
Wolf [21], and further explored by Rosas and Sagan [17]. There has been recent in-
terest in the Hopf structure of NCSym and its Hopf dual — for example, [7, 8]. In
particular, [7] show that it has a representation theoretic connection with partition
lattice algebras. This paper suggests that the supercharacter theory of U, (g) also has
a representation theoretic connection to NCSym in a way that is more analogous to
how the ring of symmetric functions dictates the representation theory of S,. How-
ever, the precise nature of this connection remains open. In particular, it is not clear
whether the Hopf structure of NCSym translates naturally into a representation theo-
retic Hopf structure for the supercharacters of U, (¢).
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3 The ring of unipotent superclass functions

This section explores the relationship between NCSym and the space of superchar-
acters

Clq)=EPCu(g),  where C,(g)=C-span{x" |1 €S,(q)}.

n>0
3.1 Parabolic subgroups and set-partition combinatorics

For every K = K1 U K3 € S;;4 with |K1| =m and |K3| = n, Uy4,(g) has a par-
abolic subgroup Uy, (q) xk Un(q) = Uk (q) = Uy, (q) x U,(q). However, for dif-
ferent K, these isomorphic subgroups are not related via an inner automorphism of
U, (g). In fact, it follows from Corollary 4.7, below, that if Ux = Up € U, with
K # L, then there exists A € S,(g) such that Resg’l‘( (x") # Resg’z (M.

This observation gives the space C a variety of different products. For A € 5,,(¢),
uneS,(q),and K = K| UKj €S+ with | K| =m and | K| = n, define

Un+n
X)L *K XM = SIndUrn?"])(i]()KUrl(q)(X}L x XH)

There is a related map
Uk :Sm(q) X Sp(q) —> Sm+n(q)
(A, u) = AUk pu,

where A Ux u = A"U p’ with A" € Sk, (¢g) and p’ € Sk,(g) the same F,-labeled
set-partitions as A and p respectively, but with {1,2,...,m} relabeled as K; and
{1,2,...,n} relabeled as K,. For example,

a b ¢ b a
e ¢ WU ¢ ¢ o= « o e ,
1 2 3 {1,4,6}U{2.3.5.7} 1 2 3 4 1 2 3 4 5 6 1
a
a b c b c

e ¢ WU o/\o/;\ = ° ° .
1 2 3 {2.3.73U{1.4.5.6} 1 2 3 4 1 2 3 4 5 6 17

It will follow from Corollary 4.14 that x*“§* is always a nonzero constituent of
A "
X7 *K XT-

Remark The graph automorphism o of the Dynkin diagram of type A gives a natural
map

g:C—C

x* = "W, foraeS(g),

where o (1) € S(q) is the IF;-labeled set partition obtained by reflecting the diagram
A across a vertical axis. This map is an anti-automorphism of C (it also sends left
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modules to right modules). Thus, in many of the following results we only prove half
of the symmetric cases.

3.2 A characteristic map for supercharacters

For u € S,(q), let k, : U, — C be the superclass characteristic function given by

I, if u isin the same superclass as u,,,
ey (u) = .
0, otherwise,

and
o |Uy |
Uy — DU,

Proposition 3.1 For i € S, (g) and v € S, (q),

U,
Sknd;" 3" ), (@uky) ® (2ukv)) = Zpugvkuug -

Proof By definition,

SIndy"+" 1 ((@uky) ® (zuky))(8)

Zpulv

. Lo (kp ® ) (x(g — Dy + 1)
|Unn-tn U | Un| XZ e

,YEUm4n

x(g—Dy+1eU, xg U,
= O’

unless the superclass containing g also contains u v = Uy, X g uy. That is, there
exists ¢ € C such that

SIndZZ;nKUn ((ZMKM) ® (ZuKU)) = CKpUgv-

Specifically,

ZuZy
= Umin [Un1Tnl (K ® ) (g — 1)y + 1)
|Um+n||Um||Un| Z M v nUgv y

X, Y€Upm+n
x(g—Dy+1€UnxkUn

Zu<l
QTR Al > (i ® ) (8)
m+n|1Um!|lYUn g—1€Unmin(Upugv—1)Unin
geUyx g Uy
Zulv
= m'lj’”"‘"lzﬂuKV'U’"(”M — DU |Up(u,, — DU, |
m+n m n
= ZuUgvs
as desired. .
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Let NCSym be the ring of symmetric functions in non-commuting variables. Let
{pr12eS})

be any basis that satisfies

Pr*K Pu = PaUgu

for all K = Ky U K7 € S with |K1| = |A| and |K3| = |u|. Note that NCSym in fact
has several such bases, such as {p;} in [17] and {x,} in [7].

Corollary 3.2 The function

ch:C(2) — NCSym
1

Ky > —Pu
n

is an isometric algebra isomorphism.

Questions This result raises the following questions.

(1) Does the Hopf algebra structure of NCSym transfer in a representation theoretic
way to C?

(2) What s the correct choice of basis p,,? In particular, the {p; } of [17] do not seem
to give a nice Hopf structure to C.

(3) Is there a corresponding NCSym-space for g > 2?

Questions (1) and (2) presumably need simultaneous answers, and question (3)
suggests there might be an analogue of the ring symmetric functions corresponding
to wreath products.

4 Representation theoretic structure constants

This section explores the computation of structure constants in C. We begin with a
family of natural embedding maps of C,,(q) € C,(g) for m < n using a generaliza-
tion of the inflation functor, and then give algorithms for computing restrictions from
Cin+n(q) to Cu(q) ® C,(q). To finish the computations we require a method for de-
composing tensor products C,(g) ® C,(q) — C,(g). We conclude with a discussion
of the corresponding superinduction coefficients. In this section we will assume a
fixed g, and suppress the g from the notation; that is U,, = U, (q), etc.

4.1 Superinflation of characters

Let T € G be pattern groups with corresponding algebras t and g, respectively. Let
t+ C g be given by

th = {x €g | Zx,'jt,'j =0,t E’L}.

i<j
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There exists a surjective projection
T:g=t®d th —t
X+Y — X,
with a corresponding inflation map
Inf} : t* — g*
W = pom.

The superinflation map on supermodules is given by

. _ | Supermodules Supermodules
Smf?.{ of T }—){ of G }
VA sy,

Note that superinflation takes supermodules to supermodules, just as the usual
inflation map on characters takes irreducible characters to irreducible characters. Re-
call, the usual inflation map is constructed from a surjection 7 : G — T is given
by

Inf? :{T-modules} — {G-modules}
V o Infé(V),

where gv =m(g)v for g e G, v € Inf?(V). The following proposition says that su-
perinflation is inflation whenever possible.

Proposition 4.1 Suppose G is a pattern group with pattern subgroups T and H such
that G =T w H. Then for any supermodule V* of T,

Sinf$ (V*) = Inf$ (V).
Proof Letg=G —1,§=H — 1,and t =T — 1. Consider the map
Q: yiffo) Inf(T;(VA)
U > URes?(ﬂ)

Since T X € GA, this map is surjective.
By [16, Lemma 3.2] normality in pattern groups implies “super-normality” in the
sense that forh € H and g € G

gh—1),(h—Dgeh.
Thus, fortr € T and h € H,

nth—D=na@th-D+0¢—-1)=a@th-1)+n@t—-1)=1t—-1,
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and similarly w(ht — 1) =t —1.Fors,t € T,and h,k € H,

(ht)Inff (L) (ks — 1) = Inff Q) (¢~ h ks — 7 'h 1)
=Inf{ Q) ssT s — D+ Inff (WA — 'R

and since s~ 1A~ lks € H,

(hOIff () (ks — 1) = A s = 1)+ 21 —17h

=@r)(s—1)
= tRes{ (Inf{ (1)) (s — 1).

Since VInfi®) — C-span{v gInf® (3) | g € G}, this computation implies that ¢ is injec-

tive.

Finally, fors,r € T, he H,and u = sInff(A),
—1 -1
ht @) = togeqpy = P (1 = D)Vigegdy = P (10T = D) VRegd gy
= (p(htvu)a

s0 ¢ is a G-module isomorphism. O

We will be primarily be interested in the superinflation function between parabolic
subgroups of U, (q).

Lemma 4.2

(a) Let K, L € S with Ug(q) CUL(q). For A € Sk (q),

st )=

(b) Let K = K1 U Ky € Spyn with |K{| = m and |K;| = n. For A € S;,(q) and
W € Sn(q),

Sinfy 7 g, O X% = Ok,

X g Un

Proof (a) Let t = Ug(q) — 1 and | = U (g) — 1. With the usual identification be-
tween A € S(g) and the function A € n* given by

Alx) = Z axij,
i~jeAR)
we have
Infy(A) = (A)L.
(b) follows from (a). Il
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For example,

Sinf Sinf

Upssn — Umupessn — Uy
a b a p a p
XO ® O o H X. ® O [e] H X. L [ ]

Thus, superinflation allows us to embed C,,(q) € C, (g) for all m < n, although this
embedding still depends on the embedding of U,,(gq) inside U, (g).

Remark While the inflation function does match up with the usual inflation when
possible, it does not generally behave as nicely as the usual inflation function. In par-
ticular, it is no longer generally true that Res(T; ) SinfCT; (x) = x for x aclass function
of T. For example,

a b a b

KT =g £ =" .
4.2 Restrictions

In this section we give algorithms for computing restrictions between parabolic sub-
groups of U, (g). Since supercharacters decompose into tensor products of arcs, for
reSu(g),

x* = 1—[ X(i/\l)n7
ile A

iRl

our strategy is to compute restrictions to for each y ¢ . We then use a tensor prod-
uct result in Section 4.3 to glue back together the resulting restrictions.

We begin with two observations, and then Proposition 4.5 and Theorem 4.6 com-
bine to give a general algorithm. Recall that for K = K{ UK, U--- UKy € S, Uk is
a subgroup of U, (gq) isomorphic to

Uik X Ujky| % - X Uk

Proposition 4.3 Let Ux C Uy be parabolic subgroups of U, with L = L{ U L, U
ULy eS,.Then

U A A Ur A UL A UL A
Respb (X1 x -+ x ™) :ResUKIl (x™) x ResUKZZ(X 2) X e % ResUKi (x™%)
where Uk ; is the parabolic subgroup of Uy ; corresponding to the vertices L.
The next proposition gives information about each factor in Proposition 4.3.
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Proposition 4.4 Fori <[, a eIE"; and K=K/ UK,U...UK; €S,

ReSUK (X lﬂl ) RGSU" (X lAl )

Un ¢ i Dy
Resy (x )= I <k<TEK ) X q\{z<k<l|k¢K2}| X

ResUK (x (i )

q|{l<k<l|k¢Kg}| :

X

Proof Tt follows from (2.1) (see also [19] for a more general result) that we can factor
the character values across the direct product as

X0 i)

¢

Un [ (i 2D)n (i~ | |
Res U, (1), e U, 0) = 1

U (X ) (U0 u®) =X ey X(iﬂal)n(l)

Jj=1
Up i A1

¢ Res (i~D)n U (i

i, . Uk, (x )( M(]))

=x"" ]

Jj=1

Resg; (/) ()

and by (2.2),
Uy, i L
P ReSUKj(X(' D) (u i)
=1 l_[ g1
j=1
—1 R Un Al .
—Da=i-1) l_[ Sux, (x " ) (U, (i)
q e
¢ Resy! (X (D) i)
B \{t<k<l|k¢K ] ’
=1 !
as desired. -

To compute restrictions, we first consider very specific subgroups of U, (g). For
1< j<k,let

[, kl={j,j+1,....k—1,k},
and

Uin={ueU,|ujr#0impliesi < j <k <l}.
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Proposition 4.5 Letl§j<k§nandA=[j,k].F0r1§i<l§nandae]F;,

(D4 ifj<i<lIl<k,
.. b
q111<]l+ 3 x<f“’>A), ifi<j<l<k,
j<j'<l
beFy
.b .,
1+ Z X(l’“k)A)’ ifj<i<k<l,
Resgn (X l"l )= i<k'<k
[j.k1 beFy

g'=i=1
m <((k -N@g—-1 "'61)jl

i ps .
+@ =1 <<k X(fﬁk)">, ifi<j<k<l,
beF;
g7, otherwise.

Proof Cases 1 and 5 follow directly from (2.1).

For Case 2, first assume that i =1, j =2 and [ < k = n. Then [20] implies the
result (¢/~*~! =1 in this special case).

To obtain the remaining cases we iterate by removing one column or row at a time.
Fori<j<l<k<n,

ResU” o (x ’Al")—ResU kResU (x i~y

where
ResUn (X 1Al ,,) _ ReSUlj 1,n] o---oRes [1+1 ﬂ] ORC Un (X<i’u“l)n)
Ui, Uljonl Uji+ U[H—I nl
I /g Uli+1.n) G A D1
= ReSU[,-_n] o--- oResUUJr“J 1+ Z X '
i+1<j'<l
beF;
I o/ Uli+2.n) G A D20
- ReSU[j.nJ oo ReSU[i+3JlJ 1+ Z X '
i+2<j'<l
beF;
Uitnl ;G415 4101
+ Z Res o, (X ")
beFy
=Res;/!" oo Resy 12! (q]l DI A”““’”)
j)l
i+2<j'<l
beF;
b
U=tnl Uliv2,n Z G/ ~Di+2.n]
= qResU l o ResU[l_an] (]l + X
i+2<j <l
beF;
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and iterate to obtain

q]l]:l]-+q]l]ZX]Al ,
j=j'<l
beF

giving Case 2. Case 3 follows by a symmetric argument.
Ifi < j <k </, then by Case 2,

ResU (X“’\l")—ResU Jon oResg” (x i 0my

Lj.n]

—ResU }(q/ i=lg 4 g/—i! Z X/Al)u"J>

j<j'<l
beF;

—Resg }(q/ i=lg 4 /i1 Z XJAI tinl 4 gJ=i=1 Z X(j’/h\l)l_/,nl>7

J<j' <k k<j'<l
beFy beFy

and by Case 3,

=g/ 4 gi Z <qz—k—1]1+q1 Z X/f\k )

J<i'<k J'<k'<k
beIF‘; ceIF;
j—i—1 I—j'—1
+q/ g -1 Y ¢
k<j'<l

=g/ g2 (g~ DL+ ST K

J<j'<k'<k
b,cEIF;;
+¢/ g = D1
= (¢'" T2 g — Dk — j)+¢ T
+qlfk+j7i72(q _ 1) Z X(j’ﬂk’)A
J<j'<k'<k
CEF;
g—i-1 G
— _ J
= (((k Nag=D+l+@-1) > x )
J<i' <k'<k
CE]F:;
giving Case 4. O
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Example Letn =7, j =2,k =35, so that

1 0 0 00 0O 1 % % % *x % %
01 = = = 0 O 0 1 * * * * =%
00 1 % x 0 O 0 0 1 % *x % =x
Ups = 00 01 = 0 0 - 0 0 01 % % =x =U7.
00 0 0 1 0 O 0 0 0 0 1 % =
00 0 0 01 0 0 0 00 0 1 =«
00 0 0 0 0 1 00 0 0 0 01
Then
a a
m.. omoc
Resy/,, O )= X ,
a b b
Uy /\co_ooooooo
Resy! (X )= X +> % +Y )
belFy beFy
b
O..{\.OO
+Zx !
beFy
a b
m OCeeee®0 O o[\oocoo
Resy/, . (X )=l (4q —3)x +@-D Y X
beFy
b
ceded
+@-1 Y X
beFy
b b
O..AOO O./—\.
+@-1 Y X +@—-1 ) «
beFy beFy
b
od e
+@-1 > %
beFy
b
O.[\.OO
+@-1 ) X
beFy
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a

..../;\. O ® ® @@ ® OO
(x ) =4qx .

ResU2 .

Theorem 4.6, below, generalizes Proposition 4.5 to the required level of generality.
For A C{1,2,...,n},let

Up={u€U,|u;j #0Oimplies i, j € A}.

Note that while U, is not itself a parabolic subgroup of Uy, it is isomorphic to the
parabolic subgroup U4

Theorem 4.6 Let A C{1,2,...,n}.Thenfor 1 <i <l <nandaeTF},

q|{i<k<l|k¢A}\X<i"1)A’ l'fl',l c A,
q|u<k<l|k¢A}<1+ ) X%m)’ fidAlcA
i<j<l,jeA
beF;
b
i <k<tlkgA)l 1 T icAldA
RCSUn(XlAl )= q ( + Z X )7 lfl s ¢ >
i<k<l,keA
beF;
gl =K< EAl ((|A N[i 1l — 1+ D1
+@—-DX icjar XU,Ak/)A), ifi,l ¢ A.
j’,k’eA,ce]F;

Proof Note that it follows from the character formulas (2.1) and (2.2) thatif i,/ € A,
then

ResUA (x D n) X 5D

V«l (1) <ir“«l)A(l)‘

Therefore,

i~
n(] .a . .a
Rest (1) = X Wy it _ gltiskatkeny i )
xUmha(1)

gives the first case.
For Case 2, assume that i ¢ A, and / € A. By Proposition 4.5, Case 2 and then
4.1),

U, i A1 Uli+1,0 P2y
eSU:(X<l )n) =14+ Z ReSU; (X(J )[z+1,1])
i<j<l

beF;
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. b
=14+ 2 ql{1<k<l|k¢AHX<Jﬂl>A
i<j<l,jeA
beFy

. b
+ Z Resgi“‘” (x DLy, 4.2)
i<j<l,j¢A
beFy

If j" is minimal such that i < j' <[ and j’ ¢ A, then by Proposition 4.5, Case 2,

Ui+, G
Z ResU; (X(J )[z+1.1])
i<j<l,j¢A
beF;

U . Ursi b
/+1.11 li+1.1] 2y
— § ReSUA Res, " ](X(J )h+1,11)

i/ +11
beFy

U, b
+ E ReSU[J/+1,l] (X <JAI)[j’+l,l])
A
Jj<j<l,j¢A
beFy

U ./ . C
=(@—-DIL+(@—1) Y Res,!/ """ (Y00
Jj<ij<l
ceFy

U b
+ ) Res/ MG U

Jj<j<l,j¢A
beF;

=(@—-D1+(q—-1 Z ql{j<k<l\k¢A}|X(jﬂl)A

j<j<l,jeA
ceFy

U : C
+q Z ReSUE: +1’”(X<‘]’\I)U/+lv”)_

Jj<j<l,j¢A
CE]FE;

Applying this equality to (4.2),

.a . . b
RCSgZ (X<l’\l)n) =q1 +q|{l<k<l|k¢A}| Z X(/AZ)A

i<j<j
beF;
. . b
+q Z q|{1<k<l|k¢A}\X<J’\Z)A
j<j<l,jeA
beF;
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U, . . C
+q Z ReSU[A] +1.1 (X(jml)[juru])

Jj<j<l,j¢A
CE]F:
b
— H{i<k<llk¢ A} (J~Da
=ql+gq X
i<j<j”
beF;
b
j<k<llkgA j~l
+q 2: ¢U<<|¢HXU )A
j'<j<l, jeA
beF;
CT relguen),
j<j<l,j¢A
ce]F;

where j” is minimal such that j’ < j” <[ and j” ¢ A. Iterating this process gives
Case 2. A symmetric argument also gives Case 3.

Suppose i,1 ¢ A with |A N[i,1]] # 0. Let k¥’ < I maximal such that &’ € A. We
apply Cases 2 and 3 consecutlvely, to deduce Case 3. By Case 2,

ResU" (x (i) Iy = ResU o Resg” (X<’ﬁl)”)

AU{l}

b
i<k<llk¢A Uauy i
qu{ k¢ }IReSUA <1+ Z X(J )AU(I))
i<j<l,jeA
beF;

:ql{i<k<l|k¢A}|<]l+ Z RCSUAUI( (A0 au ;))

i<j<l,jeA
beFy

i <k<llkg A Uauy ., (21
=q|{1< <lkgAN( g 4 Z ResU (X(/ )AU(/))
i<j<k',jeA
beF;

U b,
+ Z ResUﬁUm(X(k l>Au“})>

beFy

and then by Case 3,

_ glli<k<lkgAl (]1 +IAN[L K )(g— D1

+tq-D ) x<f*k>A+<q—1>1)
i<j<k<l,jkeA
cely
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=q'“<"<"k¢“((|Am[i,k)|(q—1)+q>1+<q—1) v Xu*km)

i<j<k<l, jkecA
ce]F;

e (((|A NI I= D =D +9)1

dn T )

i<j<k<l,jkeA
CE]F;

=q'”<k<”"¢/‘}(<|Am[i,l]|<q—1>+1>11+<q—1> > x“‘“f‘).

i<j<k<l, jkeA
ceF;

On the other hand, if i,/ ¢ A and |A N [i, ]| = 0, then there exists j < k such that
A C[j,k]and [i,I]N[j, k] =@. Thus, by Proposition 4.5, Case 5,

Un i A1), Uyj, Uy i A1),
ResUA(X<‘ h )=ResUi’ M OReSU[,«,k](XU Dy

— 411

= glli<k<likgAll <(|A NG, Nlg— 1D+ D1

+ta=-D ) x‘f“"“),

i<j<k<l, jkeA
CEF:;

where the sum is empty in this case. |

Corollary 4.7 If A, B C{1,2,...,n} with Uy = Up = U and A # B, then there
exists h € S,(q) such that Resg'/'4 (x*) and Resg’; (x*) are different characters of U .

Proof We may assume A # . Else, Uy = Up implies A = B. If AN B =@, then for
A = (i ~k} withi,k € A,

. . .1
RCSZZ M = ql{l<1 <k\J¢A}X(l’\k)A

Resys () = g/l =/ <78 ((|B Nl kli(g — D+ D1

+@-D ) x”“’“)

i<j<k'<k
j,k/eB,ce]F;

Thus, Resg’; (x%) is a multiple of a nontrivial supercharacter, whereas Resg'; (x%) is
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either trivial (up to a scalar multiple) or a linear combination of at least two different
supercharacters.

If AN B %@, then for A(.) = {i ~k} withi € ANB, ke A— B (WLOG i <k),

U, By
eSUA(X)L) |{t</<k|j¢A} (i~k)a
eSUB(XA)=q|{z<J<k|J¢B}(]H L ])B>_

i<j<k
JEB,ceFy

Thus, ResU” (x*)isa multiple of a nontrivial supercharacter, whereas ResU (x*) is

either trivial (up to a scalar multiple) or a linear combination of at least two different
supercharacters. O

4.3 Tensor products

We have seen in the previous section that when we decompose supercharacters into
tensor products of irreducible characters, the restriction rules are manageable to com-
pute. This section explains how to glue back together the resulting products of charac-
ters. The main result — Corollary 4.9 — has been computed by André for large primes
in [1, Lemmas 6-8] and for arbitrary primes by Yan in [22, Propositions 7.2—7.5], but
we reprove it here quickly using the machinery developed in this paper.

We begin with a lemma that further establishes the relationship between tensor
products and restrictions. For H C G and x a superclass function of G, let

SinfRes% (x) = Sinf§Res% (x).

Lemmad.8 Fori < j <k <I,

b .a . b
~kn X(tml)n — SinfResgﬁ, (x (l’\k)n) ® X<l’“l)n’ a,beF*

+L1]

.a . b .a . b
X<1Al)n ® X(]Al)n — X<IAI)" ® SinfReSZ” (X(/“”"), a,beF

[id—1]

§ 50 @ =0 — SinfResy”

(i~ (i 1)
U, ”( i~y @ SmfResU[ 1 1]()( ! ), ackF’

.a+b
’Al @ X P — X @ SlnfResUH] 1 1]()(<l Oy, abe F;,b;«é —a.
Proof For the first case, note that by (2.1),

.a . b
X(l’_\k)n ® X<1A1)H (”u)

ifi < j' <k implies

. a 7 b . . .
xR () 0 (1) 9 (b (0 ~ 1) i~jj ~k¢ A,
=\ gli'~Kenli<j' <K' <k{I+I{j'~K euli<j/ <k <}’ i < j' <Iimplies
0 i~ ¢ A
’ otherwise,
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where the ¥ (at, (i —~ k)) term is missing since if i ~ k € A(u) then the character
value is zero. Now the first case follows from the observation that for v € Sj;11,11(q),

X<i’-\k>n(1)
U . ROV ’
RES i1 O ) = { ¢!k 61.),|Z<J <K<kl
| ifi < j' <kimplies j' ~k ¢ A(v),
0, otherwise.

Case 2 follows from a symmetric argument, and Cases 3 and 4 are proved by a similar
argument. g

Combining Lemma 4.9 with Proposition 4.5 we obtain the following corollary.

Corollary 4.9 Fori <k, j <l,a,beF*,and {i,k} #{j,1},

.a b
X({lf\kiu{/’\lhn’ lf{l’ k} N {J’ l} = @’
M fi<j=k<l,
b = ;2
a b X<IAI)” + Z X<{j Ak}U{lAana fi=j<k<l,
X(lﬂk)n ® X(./’_\l)” = i<j/<k
ceFy
N ST IT I gy )
Jj<k'<l
celFy

Fori <l,a,be]F;,

i+ Y X i 4 3 5 D

i<j'<l i<k'<l
celFy ceFy
.C oy ,d
~ iYW ~I ; —
PUEVIPSNET T B DR S ifb=—a,
c,deﬁ*‘;

~ @,
(I—=i—-D@—-D+Dx

. C oy .a+b .
F(@=DY i jap g xRS otherwise.
ceFy

Examples Combinatorially, a product of characters is the superimposition of two set-
partition diagrams, such as
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The tensor product rules then describe how to “straighten” the resulting diagram.
Usually, we superimpose selectively. For example, since

a

=X ® X ;

for d # —b,

/\ 44 N N

a
b c d
2N N
:Xm@)xo m 0®X0//(o\\3 o o ° (’/o?\\ °

® X

a d
¢ ////b\\\._\
/._.\% [ ) [ ] m [ ]
X X

(X +> x +x )

X
eclF,

b
b+d A
../..\..Hq_l)zx. A )

feFy

/A

®((2q —Dx

/\ oy

felfg
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e

N\
+g-D Y x*t

ecFy

2 @

+(q—1Dx +@-Dg-2) Y «x
gely
+2¢-1) ) x Q’ +@-1 Y x ‘A\
ecFy e, feFy
“ b+d
b+d /2\
=q<2q—1><x R TR SRS )
ecFy
‘ b
b /AN
+q(q—1)2(x oo LYt )

fefy

Remark The coefficients of the tensor products are not understood in general, al-
though it is clear from Corollary 4.9 that they are polynomial in g.

4.4 Superinduction

Let AC{1,2,...,n}.If ©x € Ss(q) and A € S,,(¢), then by Frobenius reciprocity,
(x*.SIndg" (x"))u, = Resg" (x). x*)u,

Thus, if

SIndy (x*) =Y alx” and Resy (x") =Y bix?.
v Y
then by (2.3)

q

IChlgh = 4

i,
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where C (v) is the set of crossings of v. Therefore,
U _
SInd," (x") = Z“ZXV - Zq\Cwn CWIpy 3
v Y

In general, if Ux C U, with K € S, then

SIHdg’;(X“) :ZQICK(M)I*\C(U)\bZXV’ 4.3)

where Ck (v) is the set of crossings that occur within the same parts of K.

With this discussion, we obtain the following corollary of Sections 4.2 and 4.3.
When combined with Corollary 4.14, below, these results give a reasonably direct
way to compute superinduction for some cases.

Corollary 4.10 Let K ={1,2,...,k}U{k+ 1,k+2,...,n} €S, be a set-partition
with two parts. Then

SIndy (1) = > g ICMIy
LESn(q)
ifi ~jea,
theni~jekK

where i ~ j if and only if i and j are in the same part in K .

Proof Note that by Theorem 4.6 the coefficientof 1 = x**® ™ * in Resg’; (x*) is zero
unless for every arc i ~ j € A(}), the endpoints i and j are in different parts of K.
Assume that every arc in A(A) satisfies this condition. Then by Proposition 4.4,

Un
ResUK x™) ReSUKZ x")

Hi<j<kljgKi}l 8 Hi<j<kljgKa}l
q i~ker 4

Resy (x*) = ( X

i~ker

( X 1+X‘”> ( & 1+x(2)>,

i~ker i~kei

where for r € {1, 2},

S WK ifkek,

i<j<k,jeK,
) aely
Xik = iLi e
Z X , ifieKk,.
i<j<k,jeK,
ae]F;;

Thus, the coefficient of 1 in ResU” (x%) is 1. By (4.3), the coefficient of x*
SIndY? (1) is g/Ck(+ = 9I=ICGI — q—|C<A>|_ O

@ Springer



J Algebr Comb (2010) 31: 267-298 295

Remarks

(a) This corollary is a specific case. The situation for even general two-part set par-
titions is more complicated (though seemingly tractable).

(b) Note that the superclass function SIndZ’}( (1) is a linear combination of super-
characters with fractional coefficients, so is a priori not generally a character.

Corollary 4.10 has some immediate combinatorial consequences. Let
SGuxm ={a € Myx, ({0, 1}) | a has at most one 1 and every row and column}

be the set of m x n 0-1 matrices with at most one 1 in every row and column. Define
statistics for w € SG,;,xn

ones(w) = [{(, j) € [1,n] x [1,m] | w;j = 1}]
sow(w) = [{(j, k) € [1,n] x [1,m] | wjr =0, wix =1 for some i < j or

w;; =1 for some k < I}].

For example, if

0 100 ones(w) =2
w:(g 00 1), then sow( )—_6’
0000 w) =6.

Corollary 4.11 Let m and n be positive integers. Then

(a) qmn — Z (6] _ ])ones(w)qsow(w).

wWESGxn

(b) 0= Z (=)W (g — 1)0nes(w)qsow(w).

weSGuxn

Proof (a) We evaluate the equation in Corollary 4.10 at the identity of U,,,, when
K={1,2,....m}U{m+1,...,m+ n}. The degree of SIndg’;((ll) is the size of the
factor group |Up4n/ Uk | =q™".

On the right-hand side of the equation we sum over the set X of all possible set-
partitions whose arcs i —~ 1 satisfyi e {1,...,m}andl e {m + 1,...,m + n}. Con-
sider the surjective map ¢ : X — SG,x, given by

OA)ig—m =1 if and only if i~le A).

Note that the size of the preimage of w € SG,x, is [~ (w)| = (g — 1)°"™) For
re X,

x*(1) = 1—[ g =i = H gl Tm—l _ gsow(p(0) [COI
i~leA(L) i~leA(L)
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where each crossing in C(A) accounts for an over-counting of an entry in the compu-
tation of sow(¢(A)). Thus,

"=Shndy, M= Y g P
1eSu(q)
ifi ~jea,
theni ~ j € K
Z (6] _ l)ones(w)qsow(w).
weSGxn

(b) Instead of evaluating at the identity, as in (a), evaluate both sides at one of
the central non-identity superclasses, each of whose set-partition w is of the form

;L:lfa\(m+n)forsomeaeIF;. O

We conclude with some observations relating superinduction to these superpermu-
tation “characters.”

Proposition 4.12 Let H C G be pattern groups. For a superclass functions y and n
of G,
(¥ ® SInd; (1), ) = (Resj (), Resg; ().

Proof By a typical Frobenius reciprocity argument,

(v ® SIndg; (1), n)g Z y (£)SIndf (1)(2)n(g)

geG

1 o _
=GP > v 1&—Dy+Dnle)
g.x,yeG

o
where 1 (g) is 1 if g € H and O otherwise. By reindexing and using the fact that y
and n are superclass functions of G,

1 [e]
= W Z V(x_l(k— l)y_l+1)1(k)n(x—l(k_ 1)y_1+1)

k,x,yeG

1 o
=GP > vy 1kynk

k,x,yeG

|H| >y k)

keH

= (Res% (), Res% () u. O

By choosing y in the above proposition appropriately, we get the following useful
corollary via Frobenius reciprocity.
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Corollary 4.13 Let H € G be pattern groups, and let u € (H — 1). If x*(1)x
Sinf% (x™)(h) = SinfG (x*)(1) x* (h), for all h € H, then

xH ()

G,y —

Sinf§ (x*) ® SInd{; (1).

The assumption in Corollary 4.13 is not so unusual. In fact,

Corollary 4.14 Let Ux C Uy be parabolic subgroups of U,,, where K = K1 U K, U
---UKy, L €8,. Then for u € Sk,(q) x Sk,(q) x --- x Sg,(q),

x" (M

SInd (x) = —F—————
vk sinfy: (x)(1)

Sinfy - (x) ® SIndy - (1).

Proof Note that fori < j € Py and k e Ux C Up,

xS (1)
X

<i’a‘j>k(k).
Y iDk (1)

X(l’i]')L(k) —

Thus, by the decomposition of characters, for u € Sk, (q) x Sk,(g) x --- x Sk,(q)
and k € Uk,

x L)
xH ()

and the result now follows from Corollary 4.13. g

Sinfyyl (") (k) = x "t (k) = x" K,

Remark While the assumption in Corollary 4.13 is sufficient, it is not necessary. For

example, if
1 * =% 1 *x =%
H:{(o | o)}gUF{(o | )}
0 0 1 0 0 1

then for these groups,
(835) 110 (885) 110
x\oo0o/ {0 1 0)=1 and smﬂj;(x 000) 01 0]=o0.
0 0 1
However, it remains true that
001 001

SInd¢ (888) = ¢~ !Sinf¢ (888) SInd¢
ndg | x =q inf7 | x ® SIndy (1).

In fact, the conclusion of Corollary 4.13 may be true for all pattern groups; I know of
no counter-example.
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