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Abstract We prove that, for any choice of parameters, the Kazhdan-Lusztig cells of
a Weyl group of type B are unions of combinatorial cells (defined using the domino
insertion algorithm).
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Let (W, S,) be the Weyl group of type B,, where S,, = {¢t, s1,...,s,—1} and where
the Dynkin diagram is given by
t S1 52 Sn—1

Let¢: W, > N={0,1,2,3,...} be the length function. Let I" be a totally ordered
abelian group and let ¢ : W, — I' be a weight function (in the sense of Lusztig [11,
§3.1]). We set

p()=b and @(s))=---=¢(su-1) =a.

To this datum, the Kazhdan-Lusztig theory (with unequal parameters [11]) associates
a partition of W, into left, right or two-sided cells [11, Chapter 8].

In [3, Conjectures A and B], Geck, lancu, Lam and the author have proposed
several conjectures for describing these partitions (at least whenever a, b > 0, but
this is not such a big restriction, as can be seen from [2, Corollary 5.8]): they involve
adomino insertion algorithm. Roughly speaking, one can define a partition of W, into
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combinatorial (left, right or two-sided) (a, b)-cells (which depend on a, b and which
are defined combinatorially using the domino insertion algorithm): the combinatorial
(left, right or two-sided) cells should coincide with the Kazhdan-Lusztig (left, right
or two-sided) cells. The aim of this paper is to prove one of the two inclusions (see
Theorem 1.5):

Theorem If two elements of W, lie in the same combinatorial (left, right or two-
sided) cell, then they lie in the same Kazhdan-Lusztig (left, right or two-sided) cell.

In the case of the symmetric group, the partition into left cells (obtained by Kazh-
dan and Lusztig [8, Theorem 1.4]) uses the Robinson-Schensted correspondence,
and the key tool is a description of this correspondence using plactic/coplactic re-
lations (also called Knuth relations). For W,,, whenever b > (n — 1)a, the partition
into left, right or two-sided cells was obtained by Iancu and the author (see [4, The-
orem 7.7] and [1, Corollaries 3.6 and 5.2]) again by using the translation of a gener-
alised Robinson-Schensted correspondence through plactic/coplactic relations.

Recently, M. Taskin [14] and T. Pietraho [12] have independently provided plac-
tic/coplactic relations for the domino insertion algorithm. Our methods rely heavily
on their results: we show that, if two elements of W,, are directly related by a plac-
tic relation, then they are in the same Kazhdan-Lusztig cell. The key step will be
the Propositions 2.10 and 2.11, where some multiplications between elements of the
Kazhdan-Lusztig basis are computed by brute force. We then derive some conse-
quences (see Propositions 4.1 and 6.1), where it is proved that some elements are in
the same left cells. Then, the rest of the proof just uses the particular combinatorics of
Weyl groups of type B, together with classical properties of Kazhdan-Lusztig cells.

There are many conjectures concerned with the partition of a general Coxeter
group into cells. For finite Coxeter groups in the equal parameter case, most of them
were proved by Lusztig. In type F4 with arbitrary parameters, they have been checked
by Geck [6]. As a consequence of our main theorem, we can complete the proof of
some of them for finite Coxeter groups:

Corollary If (W, S) is a finite Coxeter system and if ¢ : W — T is a weight function,
then:

(a) Every left cell contains an involution.

() Ifx € W, then x ~ g x~ L.

1 Notation

1.1 Weyl group

Let (W,, S,) be the Weyl group of type B,,, where S, = {¢, s1,...,s,—1} and where
the Dynkin diagram is given by

t N 52 Sp—1

oac——"——0O— - —O
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Let¢: W, > N={0,1,2,3,...} be the length function. Let I,, = {£1, ..., n}: we
shall identify W, with the group of permutations w of I, such that w(—i) = —w(i)
for all w € I,,. The identification is through the following map

t—(1,—-1) and s;+—— (i,i+1)(—i,—i—1).

The next notation comes from [4, §4]: it is rather technical but will be used
throughout this paper. We set t; =r; =t and, for 1 <i <n — 1, we set

iyl = Siti and tivt1 = SitiS;.
We shall often use the following well-known lemma:

Lemmal.l Lerwe W,,i€{l,2,....,n—1}and j €{1,2,...,n}. Then:

(a) L(ws;) > €(w) (that is, ws; > w) if and only if w(i@) < w(@ + 1).
(b) £(wt;) > £(w) if and only if w(j) > 0.

As a permutation of [,,, we have

t = (i, —i) (L)
and
—i if j =1,
ri(j)=4Jj-1 if2<j <, (1.2)
J ifi+1<j<

An easy computation shows that, if j € {1,2,...,n — 1} andi €{1,2,...,n}, then

riS; if j >1i,
' if =i,
sjri=q (13)
ri—q if j=i—1,
risjp1 if1<j<i—1
Note also that, if [ > 2, then
rirp =ri—1ris. (1.4)
We set apg =1 and, if 0 </ < n, we set
ay=riyra---rj.
As a permutation of I,,, we have
i—1—-1 if1<i<l,
a(i) = 1.5
1o {i ifl+1<i<n. (1)
In particular,
afl =a (16)
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and,ifi € {1,2,...,n — 1}\ {{}, then

—; ifi<l,
asiap =" 'S (1.7)
S; ifi > 1.
Note also that
I+1)
L(ay) = . (1.8)
2
We shall identify the symmetric group &,, with the subgroup of W,, generated by
S1,-+., Sn—1. We also set I,;r ={1,2,...,n}. Then, as a group of permutations of I,,
we have
Gr={weW, | wl)=1IL"}. (1.9)

If 1 <i < j<n,wedenote by [i, j] the set {i,i +1,..., j} and by &y; ;; the sub-
group of W, (or of &,)) generated by s;, si11,...,5;-1.1f j <i,thenweset[i, j] =90
and oy;, j) = 1. As a group of permutations of /,,, we have

Gpu.j1={we&, | Yke LT\ i, jl, wk) =k}. (1.10)

The longest element of W,, will be denoted by w, (it is usually denoted by wy,
but since we shall use induction on n, we need to emphasize its dependence on n).
We denote by o, the longest element of &,,. The longest element of &y; ;; will be
denoted by oy;, ;1. As a permutation of I, we have

w, =(1,-1)(2,-2)---(n, —n). (1.11)

Note also that

Wy, =iy -ty =1, -

Wy, = a,0, = oyay, (1.12)
Op = O[1,n]
and that
wy, is central in W,,. (1.13)

1.2 Decomposition of elements of W,

If 0 <7 < n, we denote by &; ,—; the subgroup of &,, generated by {s1,...,sp—1}\
{s:}. Then &y —1 = G111 X G410 = &) x &,,—;. We denote by Y} ,—; the set of
elements w € G, which are of minimal length in w&; ,_;. Note that @; normalizes
& n—1 (this follows from 1.7).

If w e W, we denote by £, (w) the number of occurrences of ¢ in a reduced de-
composition of w (this does not depend on the choice of the reduced decomposition).
We set £,(w) = £(w) — £ (w).
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Lemma 1.2 Let w € W,,. Then there exists a unique quadruple (I, o, 8,0) where
0<i<n,a,BeY pyando € &) ,_; are such that w = aalaﬂ_l.Moreover, there
exists a unique sequence 1 < iy <ipy <--- <ij < n such that aa; =r;ri,---1;,. We
have

C(w) = L(a) +€(ar) + £(o) + £(B),

L (w) =1
and

{it,....iy={i €[1,n] | w™' () <O}
Note also that

1
L) = (ix —k).

k=1
Proof See [4, Sect. 4, and especially Proposition 4.10]. g

Ifle[O,n]landif 1 <ij < ---<ip<nand 1< j; <--- < jy—; < nare two se-
quences such that [1,n] = {i1, ..., i;} U {1, ..., jn—i}, then it follows easily from 1.2
that

riy i) i) =k —1—1 if
(7‘,’1 "'rij)_l(jk):l+k if

l?

o (1.14)

1<k<
1<k<

The elements «, § and o of the previous lemma will we denoted by «y,, B, and
oy respectively. We have

Z,(uf]) =4l (w), Ayt =Puw, Pyt =0y and o, =a1(ow)71a1.
(1.15)
We shall now describe how the multiplication by the longest element w,, acts on
the decomposition given by Lemma 1.2. For this, we denote by o7 ,—; the longest
element of &; ;.

Proposition 1.3 Let w € W,, and let | = £,(w). Then:

(@) Li(w,w)=n—1.

(b) aw,w = aw0uoy—11 and By,w = BuonOn—1,1.

(©) ow,w =0,00, On_y].

(d) Let 1 <iy <--- < iy <n be the sequence such that a,a; =r; ---r;. Then
Qy,w =Tj = Tj,_;» Wwhere 1 < ji < -+ < ju_y <n is the sequence such that
(i, iU, s nb =11, 0]

Proof (a) is clear. (d) follows from Lemma 1.2. We now prove (b) and (c) simultane-
ously. For this, let &' = @y,0,0,—11, B/ = Bw0nou—11 and ¢’ = 6,00, 'o,_1;. By
the unicity statement of the Lemma 1.2, we only need to show the following three
properties:
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() o, B €Yy
(2) 0/ €6y
(3) waw=d'ay_jo’'p’ L.

For this, note first
—1
Opn Gl,n—lan = 6n—l,lv

so that (2) follows immediately. This also implies that 0,,0,—; 10, 1= o1.n—1 because
conjugacy by o, in &,, preserves the length.

Let us now show (1). Let i € {1,2,...,n}\ {n — [}. We want to show that
£(a’s;) > £(a’). By Lemma 1.1, this amounts to show that o’(i + 1) > o/(i). But
o = ayoy p—ijop. Also 0,(i) =n+1—i>o0,(i+1)=n—iandn+1—1i and
n — i both belong to the same interval [1,/] or [[ 4+ 1,n]. Hence o;,—;0,(i) <
01.n—10, (i +1) and o0y, 07 10, (i) < 0tyy07,n—10, (i + 1) since ay, € ¥; ,,—;. This shows
that o’ € Y,,_; ;. Similarly, 8’ € ¥,,—; ;. So (1) is proved.

It remains to show (3). We have

/ ! a/—1 -1 -1 —1 p—1
& an—j0' B = (AwOnOn—1,1) - An-i - (OnOw0, On-1,1) - (0, ,0, By ")
_ -1
= OluJUnUn—l,lan—lUnUwﬂw
-1
But 6,1,; = 0[n—i4+1,010n—1 and 0,041,010, = O[1,)] = O] SO

/ ! a/—1 —1 —1
a'ayn_j0' B = 0y010,04_1Gn—10,; OuwPy,

-1

—1
= 0yO0]0pWp—]0, Uwﬂu; ,

the last equality following from 1.12. Now, o, wn_lon_l = wjw, (see again 1.12) so

I ! a/—1 —1
a'ap_jo'B = UyOojw| wrzau)ﬂw
—1
= A Wnoy Py,
_ -1 _
= Wty Aoy P, = Wrw,

the second equality following from 1.12 and the third one from the fact that w,, is
central (see 1.13). O

1.3 Subgroups W,, of W,

If m < n, we shall view W,,, naturally as a subgroup of W, (the pointwise stabilizer of
[m 41, n]). It is the standard parabolic subgroup generated by S,,, = {t, s1, ..., Sm—1}:
we denote by X,(,m) the set of w € W,, which are of minimal length in wW,,. For

simplification, we set X,, = X,(ln_l). It follows from Lemma 1.1 that:

Lemma 1.4 Let w be an element of W,,. Then w belongs to X,(f") if and only if
O<w()<w@)<---<w(m).
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IfI={i,...,ii} < [1,n—1] withi; <--- <, then we set
¢ =5iSiy---Si; and dj =i, -80S0, .
By convention, cg = dg = 1. We have
Xy ={cfin-11 1 1 <i <n}U{dpitepn-n10<i <n—1). (1.16)

1.4 Hecke algebra

We fix a totally ordered abelian group I' (denoted additively) and a weight function
¢: W, —T.Weset

pM)=>b and ¢(s1)=a (=@(s2)="-=0(-1)).
Note that
p(w) =£(w)b + Ls(w)a (1.17)

for all w e W,,.
We denote by A the group algebra Z[I']. We shall use an exponential notation:

A= @ Ze", where e” - ¢’ =¥ for all y,y’ € T. We set
yell

O0=¢" and ¢g=e¢"
Note that Q and g are not necessarily algebraically independent. We set

Acg= @ Ze”,
y <0

and we define similarly A¢o, A~ and Axq.

We shall denote by H,, the Hecke algebra of W, with parameter ¢: it is the free
A-module with basis (T,)ew, and the multiplication is A-bilinear and is completely
determined by the following rules:

TyTy = Tyw if L(ww') = £(w) + L(w),
(T — 0T + 07 =0,
(T, —) (T, +q~H=0 if1<i<n—1

We also set

H,,<0 = & A<0Tw-

weW,

Finally, we denote_by " H, — H, the unique A-semilinear involution of H,, such
thate? =e 7 and T, = Twill forally eI and w € W,,.
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1.5 Kazhdan-Lusztig basis

We shall recall here the basic definitions of Kazhdan-Lusztig theory. If w € W,,, then,
by [11, Theorem 5.2], there exists a unique Cy, € H,, such that

Cy=0Cy
Cy=T, mod H,fo.

Note that [11, §5.3]
Cv—Tye & ATy, (1.18)

w'<w
where < denotes the Bruhat order on W,,. In particular, (Cy,)yew, is an A-basis of
‘H,,, called the Kazhdan-Lusztig basis of 'H,,.

1.6 Cells

If x, y € W,, then we shall write x L y (resp. x K y, resp. x IR y) if there
exists h € H, such that the coefficient of Cy in the decomposition of ACy (resp.
Cyh, resp. hCy or Cyh) is non-zero. We denote by < (resp. <g, resp. <pg) the

transitive closure of <L— (resp. <L, resp. g). Then <y, <g and < g are preorders
on W, and we denote respectively by ~, ~g and ~ g the associated equivalence
relations [11, Chapter 8]. An equivalence class for ~ (resp. ~r, resp. ~rr) is called
a left (resp. right, resp. two-sided) cell. We recall the following result [11, §8.1]: if x,
y € W,, then

x~py<e=sx gyl (1.19)
1.7 Domino insertion

If r >0 and w € W, then the domino insertion algorithm (see [9], [15], [16]) into
the 2-core 8, = (r,r — 1,...,2, 1) associates to w a standard domino tableau D, (w)
(with n dominoes, filled with {1, 2, ..., n}). If D is a domino tableau, we denote by
sh(D) its shape: we shall denote by sh, (w) the shape of D, (w) (which is equal to
the shape of D, (w1, loc. cit.).

If x and y € W, we shall write x ~} y (resp. x ~% y, resp. x ~} 5 y) if
D.(x"Y=D, (y_l) (resp. Dy (x) = D (v), resp. sh, (x) = sh, (y)). These are equiv-
alence relations on W,. Note that ~ . is the equivalence relation generated by ~
and ~.

We denote by ~ Nr“ (resp. ~
by ~) and ~r+1 (resp ~ and ~n resp. ~ g and
conjecture from [3, Conjectures A and B]:

~r+l ,\,r—H

, resp. &
r+l

% ) the equivalence relation generated
r“) Recall the following

Conjecture. Assume that a, b > 0. Letr > 0and ? € {L, R, LR}.

(@) Ifra <b < (r + 1)a, then the relations ~q and ~', coincide.
() Ifr > 1 and b =ra, then the relations ~9 and ~ coincide.
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The main result of this paper is the following partial result towards the previous
conjecture:

Theorem 1.5 Assume thata,b > 0.Letr >0,?7€{L,R, LR} and x,y € W,,. Then:

@ Ifra<b<(r+1aandx~y,thenx ~9y.
() Ifr>1,b=raand x ~,y, then x ~9 y.

The other sections of this paper are devoted to the proof of this theorem.

Comments 1If one assumes Lusztig’s Conjectures P1, P2,..., P15 in [11, Chapter
14], then Theorem 1.5 implies that the statement (a) of the Conjecture is true. In-
deed, Lusztig’s Conjectures imply in this case that the left cell representations are
irreducible, and one can conclude by a counting argument.

Recently, Pietraho [13] proved that, if one assumes the above Lusztig’s Conjec-
tures, then both statement (a) and (b) hold and the representations carried by the left
cells are the ones we expect.

In the case where b > (n — 1)a, Theorem 1.5 was proved in [4, Theorem 7.7] (in
fact, the conjecture was also proved) by using a counting argument. The proof here
does not make use of the counting argument.

2 Kazhdan-Lusztig polynomials, structure constants

Hypothesis and notation. From now on, and until the end of this paper, we assume
that a, b are positive. Recall that Q = e” and g = ¢, so that Z[Q, 0~ ', q,q~'1 C A.
If p € A, we denote by t4(p) the coefficient of 1 = €° in the expansion of p in the
basis (€”)yer.

2.1 Recollection of general facts

If x and y are elements of W,,, we set

CiCy= Y hyy:C:.

zeW,

where the A, y , belong to A and satisfy

hx,y,z = hx,y,z~
We also set

Cy= Z P:,yTx and py = gfﬂ(y)—fﬂ(x)p;y.

xeW,
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Recall [11, Proposition 5.4] that

P;y =pyy=1,

Pyy€Ac if x # y.

Pry=rxy=0 ifxgLy, 2.1)
Px.y eA}Oa

TA(Pxy) =1 ifx<y.

Now, if s € S,, Lusztig [11, Proposition 6.3] has defined inductively a family of
polynomials (M y) sx<x<y<sy by the following properties:

M, =M} (2.2a)

X,y

M)Smy + Z P:,zMg,y - "’W(S)P;,y € Ao. (2.2b)

x<z<y
§7<Z

With this notation, we have [11, Theorem 6.6]:

Theorem 2.1 (Kazhdan-Lusztig, Lusztig) Let s € S, and let y € W,,. Then:

Csy + Z M; (Cx ifsy >y,
(a) CSCy = sX<x<y

() 4 e79)) Cy ifsy <y.
) If sy <y,andif x <y, then

qux,sy + Psx,sy — Z €(p(y)_w(z)px,zM§’sy if sx <x,

= x<z<s
Px,y s\‘z<zy
Psx.y if sx > x,
and
* * * s .
qDx sy + Psx.sy — Z px,zMz,sy lfsx <X,
* = x<z<sy
Py ¥
ef‘p(s)p;"x’y ifsx > x.
Corollary 2.2 Ifs, s’ € {s{,...,Sn—1} and x, y € Wy, are such that sx < x <s5'x =

y <sy,thenx ~p y.

Proof See [10, Proposition 5 (b)]. O
2.2 Special features in type B

The results of the previous subsection hold for any Coxeter group (finite or not).
In this subsection, we shall investigate what is implied by the structure of W,,. The

particular ingredient we shall need is the following lemma [4, §4]:
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Lemma 2.3 {q; | 0 <[ < n} is the set of elements w € W,, which have minimal
length in S, wS,,. If x < a; for some | € {1,2,...,n} and some x € Wy, then
8(x) < bi(a) =1

It has the following consequences (here, if p € Z[g], we denote by deg, p its
degree in the variable g):

Corollary 2.4 Let x and y be two elements of W, such that x < y and £;(x) = £,(y).
Then:

(@) px,y €Zlq]l and, if x #y, then degq Dx,y < L(y) —£(x).
®) If 1 <i<n—1issuchthat six <x <y <s;y, then M;{y € Z: it is equal to
ta(qpy,y) (note also that qpy; | € Zlg~).

Proof We shall prove (a) and (b) together by induction on the pair (£(y), £(y) —€(x))
(with lexicographic order). The result is obvious if £(y) = £(x) or if £(y) < 1. So
assume now that £(y) > 1, that £(y) — £(x) > 0 and that (a) and (b) hold for all pairs
(x', y") such that (£(y"), £(y") — £(x)) < (£(y), £(y) — £(x)). First, note that

P —e(x) — qi(y)—@(X)’

because p(y) — ¢(x) = (i (y) — ()b + (s (y) — €s(x))a = (Ls(y) — €s(x))a =
E(y) —t(x))a.

Let us first prove (a). So we have x < y and ¢;(x) = ¢;(y). By Lemma 2.3, this
implies that there exists i € {1,2,...,n — 1} such that s;y <y or ys; < y. In the
second case, one can exchange y and y~! (and x and x~') by using [11, §5.6], so
that we may assume that s;y < y. Then, Theorem 2.1 (b) can be rewritten as follows:

2 2(0)—L(x) g8
(G”Ppxsiy—4 )=t )Mz:siy) + Psix,siy
_ _ gt —E(2) Si o
Pxy = Zx;iisz’yq Pr Mgy if six <x,
Dsix,y if s;x > x.

If s;x > x, then the result follows from the induction hypothesis. If s;x < x, then

2 - Si y)— i
4 DPx,siy — qe(y) e(X)M;l,sl-y = qé(y) E(X)(qp;s,‘y - M)Sc,s,-y)

belong to Z[q] and has degree < £(y) — £(x) by the induction hypothesis. The other
terms in the above formula also belong to Z[¢g] and also have degree < £(y) — £(x)
by the induction hypothesis. So we get (a).

Let us now prove (b). So we assume that s;x < x <y < s;y. Then, using the
induction hypothesis and 2.1, the condition 2.2b can be rewritten

M;l,} - qp;:,y € Ao
Now, the result follows easily from (a). Il
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Now, if tx < x <y <ty are such that £,(x) = £;(y), let us define an element
Hx,y € A by induction on £(y) — £(x) by the following formula:

Mx,y = Px,y — E Px,zMz,y-
x<z<y
t7<z

It follows easily from Corollary 2.4 (and an induction argument on £(y) — £(x)) that

lxy €ZIg] and  deg, prr.y < £(y) — £(x). (2.3)

Moreover:

Corollary 2.5 Assume that tx <x <y <ty and that £;(x) = £;(y). Then:
@ Ifb> (£(y) — L(x))a, then M}, = Qq" O~ Wy, + Q=g =t
() If b= (L(y) — £(x))a, then My, = py y +Txy — Ta(x,y)-

Proof Let us assume that b > (£(y) — £(x))a. We shall prove the result by induction
on £(y) — £(x). By the induction hypothesis, the condition 2.2b can we written

M, —0g" Ot Op, 3 p;Z<QqZ(z)—€(y)MZ’y+Q—lqﬁ(y)—f(z)m> € Ay,

x<z<y
1z2<z

But, if x <z <y and ¢z < z, then

pj,z Q_lqz(y)_l(Z)/Lz,y €A

because p} . € Ao, Tiz,y € Ao and Q7 1"~ = e bHtM—t@a ¢ A (since
£(y) —£(2) < £(y) — £(x)). Therefore,

M, —0q" O Dp 4 3 0g" O W p .y € A

gy
In other words,
M, = 0q" 0™ W,y € A
Let u = Qqa")_ﬁ(y)p.x,y. Two cases may occur:

e If b > (£(y) — £(x))a, then € A~ and so the condition 2.2a forces Mfc’y =
W+, as required.

o If b= (£(y) — €(x))a, then = 1y y € A>o and now the condition 2.2a forces
Mfc’y =+ —14(1), as required.

The proof of the Corollary is complete. O

We conclude this subsection with two results involving the decomposition of
Lemma 1.2.
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Lemma 2.6 Let x and y be two elements of W,, and let s € S,, be such that sx <
x <y<sy, bi(x) =4(y) and px = By = B. Then My , = M;ﬁ,yﬁ (note that Byg =
,Byﬁ = 1)-

Proof See [4, Proposition 7.2]. Strictly speaking, in [4], the authors are generally
working with a special choice of a function ¢ (“asymptotic case”): however, the
reader can check that the proof of this particular result, namely [4, Proposition 7.2],
remains valid for all choices of parameters. O

Proposition 2.7 Ler [ € [0,n], let 0 and o’ € &; ,,_; be such that o ~1 o’ and let
B e€Yin_i. Then

aop ~p ao’ 7N

Proof By the description of Kazhdan-Lusztig left cells in the symmetric group
[8, Theorem 1.4 and §4], we may assume that there exist two elements s and s’

in {s{,...,8_1,541,...,5,_1} such that 0’ = 5’0 and so <o < o’ < so’. Let
u=qasa; and u’ = a;s’a;. Then u and u’ belong to {s1,...,5/—1, Si+1,---»Sn—1} by
1.7, and
-1 -1 / -1 _ ’rn—1 / n—1
uaiofB~ <aqoB” <uaqoB” =aqo' BT <uaqo B .
So (x) follows from Corollary 2.2. Il

2.3 x-operation

We shall recall the definition of the x-operation (see [8, §4]) and prove some
properties which are particular to the type B. Let us introduce some notation. If
1<i<n—2and x € W,, we set

Ri(x) ={s € {si,si+1} | L(xs) < €(x)}.
We denote by D; (W,,) the set of x € W,, such that |R;(x)| = 1. If x € D;(W,,)), then
it is readily seen that the set {xs;, xs;+1} N D;(W,) is a singleton. We shall denote

by y;(x) the unique element of this set (it is denoted by x™* in [8, §4], but we want to
emphasize that it depends on i ). Note that

vi ovi =Idp,(w,)-
We recall Kazhdan-Lusztig result [8, Corollary 4.3]: if x and y € D;(W,,), then
x~py <= yi(x)~ryi(y). 24
The fact that ¢ is not conjugate to any of the s;’s implies the following easy fact:

Proposition 2.8 Let x € W, and let 1 <k <n — 1. Then xsx > x if and only if
tXSE > tX.
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Proof Indeed, by Lemma 1.1, we have xs; > x if and only if x (k) < x(k+1). But, for
any j € I,F, there is no element j' € I, such that 7(j) < j’ < j.So x(k) < x(k+1) if
and only if £x (k) < tx(k+1) thatis, if and only if rxs; > rx (again by Lemma 1.1). OJ

The proposition 2.8 implies immediately the following result:

Corollary 2.9 Let x € W, and let 1 <i <n — 2. Then x € D;(W,,) if and only if
tx € Di(Wy,). If this is the case, then y;(tx) =ty;(x).

. L
2.4 Two relations <—

The crucial steps towards the proof of Theorem 1.5 are the following two proposi-
tions, whose proofs will be given in sections 3 and 5 respectively.

Proposition 2.10 Let [ € {1,...,n — 1} and assume that b >(n — 1)a. Then
M! #0

F1F10[141,n],72---F1 nO[I41,n]

Proposition 2.11 Letl € {1,...,n — 1} and assume that (n — 2)a < b <(n — 1)a.

L
Then aj_10(1 n] <— Q10(1,n)-

3 Proof of Proposition 2.10

Notation. If u, v € W,, are such that u < v, we denote by [u; v] the Bruhat interval
between u and v. In this section, and only in this section, we assume that | > 1 and
b>(m—1)aandwe set x =ry---rio[41,0) and Yy =12 ... VTR O[I41,n]-

3.1 Easy reduction

Note that
Ix<x<y<ty,

so it makes sense to compute M y- Moreover, £(y) — £(x) =n — 1 so, by Corollary
2.5, we only need to prove that py y # 0 (even if b = (n — 1)a). For this, we only
need to show that

TA(Hy,y) # 0. @)
3.2 The Bruhat interval [x; y]

First, note that

X = aiO[i+1,n] = O[I+1,n]

and
V=81 SI—1Sn—1"""SIX =81 S|—1Sp—1 " * " SIO[I+1,n]4l = C[1,I—1]0(l,n] 4 -
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Since a; has minimal length in &, q;, the map

[oti+1,n1; cr1,1=11070,01] —> [x; ¥]
Z > Za

is an increasing bijection [11, Lemma 9.10 (f)]. Since the support of ¢[; ;—1; is disjoint
from the support of oy; ,,], the map

[L; cri,nl X [opu+1,n1; 011,01] — [O+1.1; C[1,1-1101,11]
(z,7) —> 77

is an increasing bijection (for the product order). Now, oy; , is the longest element of
S1.n) and o(141,10(1.n] = C[1.n—1]- Therefore, the map

[1; cp.n—17]1 — [O+1,115 O11,n1]
Z > 20(l,n]

is a decreasing bijection. So, if we denote by P(E) the set of subsets of a set E, then
the maps

P11 —1]) —> [1; cri—17]

1 —> cr
and

P(l,n —11) —> [op41,a1; 01,n1]
J > CjU[l,n]

are increasing bijections (here, J denotes the complement of J). On the other hand,
the map

Pl —-1D xP({l,n—1]) — P(1,n—1])
,J) — I1UJ

is an increasing bijection. Finally, by composing all these bijections, we get an iso-
morphism of ordered sets

a:P(l,n-1]) — [x; ¥]
1 > CIN[LI-NCTAT n=1]O1.n14 -

3.3 The elements z € [x; y] such that 1z < z

If I € [1,n — 1] is such that ta(I) < a(l), we set jif = Tao(Ua(r),y). SO We can
rephrase (?) as follows:

A # 0. )
But, by the induction formula that defines the w-polynomials and by 2.1, we have,
forall I C[1,n — 1] such that ta(I) < (1),

ar=1- ) A 3.1)
1GJC[1,n—1]
ta(J)<a(J)
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Let
E={IeP(l,n—1]) | ta(l) <a(l)}.

The set £ is easy to describe:
Lemma 3.1 Let I C[1,n —1]. Then ta(I) > a(I) ifand only if [1,] — 1] & 1.
Proof of Lemma 3.1 By Lemma 1.1, we just need to show that

a(I)~Y(1) > 0 ifand only if [1,1 — 1] ¢ 1. #)

For simplification, we set A =[1,/ — 1]N [ and B = IN[,n—1]. So a(l) =
CACBO[l n)a].

First, assume that [1,/ — 1] € I. Then 0 < cgl(l) < n, SO G[ZL]CEICZ](I) =
cy'(and a()~' (1) =a; (¢ (1)) <0 by 1.5. This shows (#) in this case.

Now, let us assume that [1,/ —1]=1.Thencqg =s1---sj—1 and cg =57 -S—1
and so ¢;'(1) =1 and cz'(l) = n. In particular, a(I)~'(1) = a; ‘o n(n) =
al_1 (I) = —1 <0 by 1.5. This shows (#) again in this case.

Now, let us assume that [1,/ — 1] & 1. Then cgl(l) =1/ and clgl(l) < n and so
O Cs €4 (1) >1.Soa(I)~'(1) > 0 by 1.5. The proof of (#) is complete. O

3.4 Computation of the fi;’s

We shall now compute the family (fi;);c¢ by descending induction on |/|, by using
the formula 3.1. For this, the following well-known lemma will be useful.

Lemma 3.2 If S is a finite set and I & S, then Z (-l =o0.
Icics

To obtain the value of (i, the proof goes in three steps.

Ifll,n—11CS1G[1,n—1], then ji; = (—1)"~ 111, (3.2)

Proof of 3.2 First, note that I € £ by Lemma 3.1. We argue by descending induction
on |I|.If |I| =n — 2, then fi; = 1, as desired. Now, let us assume that [[,n — 1] C
I G[1,n—1]and that fi; = (=1)""VIforall 1 ¢ J & [1,n — 1]. Then, by 3.1, we

have
pr=1- > pVL
1GJG[1n—1]
Therefore,
ll] — 1 + (_1)n—|1| + (_1)"—(”—1) _ Z (_1)}’1—|J‘ — (_1)n—|1|’
1CJC[1,n—1]
the last equality following from Lemma 3.2. O
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Ifl eEissuchthat[l,n —11Z 1 and I € [1,1 — 1), then iy =0. 3.3)

Proof of 3.3 We shall again argue by descending inductionon |I|.Let I’ = TU[l,n—
1]. Then, by 3.1, we have

fr=1- > gy— Y. i
Je& Je&
1GJand 1'cJ 1GJand 1'gJ

But, if J € £ is such that I & J and I’ € J, (or, equivalently, [[,n — 1] Z J), then
[ty = 0 by the induction hypothesis. On the other hand, if J € £ is such that I & J
and I’ € J, then ji; = (—1)""| by 3.2. Therefore,

gr=1- Z (—l)n_l‘”zl— Z (_1)n—\J|

Je& I'€JG[1,n—1]
I1GJand I'cJ
== 2, =0
I'cJc[l,n—1]
by Lemma 3.2. g
If1 C[1,1 —1], then iy = (—1)I=1=11, (3.4)

Proof of 3.4 Note that I € £. We shall argue by descending induction on |/|. First,
forall J suchthat I ¢ J C[1,n— 1], we have ta(I) > a(I). Therefore, fij1,—17=1,
as desired.

Now, let I & [1,/ — 1] and assume that, for all / ¢ J € [1,/ — 1], we have fi; =

(—=1)!=1=IVI. Then
fmr=1- Z .
Je&
1GJ

Now, if J € £ is such that I & J, then three cases may occur:

e If J C[1,l— 1], then iy = (—1)!~1=II by the induction hypothesis.
e If JZ[1,l—1]and [[,n — 1] £ I, then 1y =0 by 3.3.
o If[I,n—1]1C J, then iy = (—1)*~ I

Therefore, if we set I’ =1 N[l,n — 1], then we get
ar=1— Y i S il
r'ciGln—1 IGJCI,I-1]

But

D DR G Ll T SN G D Eald B |

I'cJGlln—1] I'cJcll,n—1]
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and
_ Z (_1)1—1—\J| — (_1)1—1—\” _ Z (_1)1—1—|J\ _ (_1)1—1—|1\
1GJCIL,I-1] I1SICIL,I-1]
by Lemma 3.2. The proof is now complete. d

As a special case of 3.4, we get that
o =D

This shows (?). The proof of the Proposition 2.10 is complete.

4 Consequences of Proposition 2.10
The aim of this section is to prove the following

Proposition 4.1 Letl €{0,1,...,n},leta, B € Y and let o and o' € &;,,_; be
such that o ~y o'. Assume that b > (n — 1)a. Then

aaioB " ~p ajo’ 1.

Remarks (1) The condition o ~1 ¢’ does not depend on the choice of ¢ and b in T'.
Indeed, by [5, Theorem 1], 0 ~1 ¢’ in W, if and only if 0 ~; ¢’ in &; ;. But this
last condition depends neither on the choice of b (since ¢ € &, ,—;) nor on the choice
of a (provided that it is in I's.¢).

(2) If b > (n — 1)a, then the above proposition is proved in [4, Theorem 7.7] (see
also [1, Corollary 5.2] for the exact bound) by a counting argument. The proof below
will not use this counting argument but uses instead the proposition 2.10: it allows to
extend the scope of validity to the case where b = (n — 1)a (this is compatible with
[2, Conjecture A (b)]).

Proof First, recall that ¢;o8~! ~; a;6’B~! by Proposition 2.7. This shows that we
may (and we will) assume that o = o’. We want to show that aalaﬁ_l ~L alaﬂ_l.
We shall use induction on n. So let (P,) denote the following statement:

(Py) Foralll €0, n], for all sequences 1 <ij <---<ij<n,forallo € &;,—; and
forall B € Y),—;, we have rj,ri, - - - r,-lcr,B*1 ~priry - rlaﬁ’l.

The property (Pp) is vacuously true and the property (P») can be easily checked by
a straightforward computation. So we assume that n > 3 and (P,,) holds for all m <
n. Now, let [ € [0,n], let | <ij] <--- <i; < n be a sequence of elements of [1, n],
let o € &), and let B € Y} ,,—;. As a consequence of this induction hypothesis, we
get:

Lemma 4.2 If k € [1,1] is such that iy < n, then r;ry, - ~r,-10,3_1 LT TR

-~r,-lc7,3_l.
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Proof Let w =rj 1, - -r,-,a,B_1 andw' =r; - CTkTig -ri,oﬂ_l. Let us write w =
vx~!and w’ =v'x'"! with v, v’ € W;, and x, x’ € X% First, note that

—1 —1
ww' T = (ry o) (reeeerk) T € Wy

Therefore, x = x” and

v =y i) () T € W

Moreover, by Lemma 1.4, we have 0 < x(1) < --- < x(ix). So, if i € [1,i], then
v 1) <0 (resp. v~ 1(i) < 0) if and only if i € {i1, ..., iz} (resp. {1,...,k}). So, by
Lemma 1.2, we have

1 1

v=rirp Ty and v =rp--erTy T,

where 7 € & ;,—« and y € Yy ;, —x. But, since iy < n, it follows from the induction
hypothesis that v ~, v’. Here, note that v ~ v’ in W;, if and only if v ~; v’ in W,
(see [5, Theorem 1]). So, by [11, Proposition 9.11], we get that w ~1 w’. O
Corollary 4.3
(@) Ifi; <n,thenriri,--- V,‘I(T,B_l ~L - -rla,B_l.
(b) Ifi;=n,thenryr;, - -r,-la/fi_1 ~prir- ~~r1,1r,,o,3_1.

By Corollary 4.3, we only need to show that

—1 —1
riry - F_1rpo BT ~prirp o @)

Now, let us write o = (A, u), where A € &(1] and u € &4 ). Three cases may
occur:

e Case I:1f L =1and i = oj41,,), then o = o[j41,,). Since rirp - - - rl_lrkaﬂ_l =
SkSk—1 - - S1410B ! for all k > [, we have

—1 —1
ryce e r_1ro BT Sprrecr—irm—10B7 <1

—1 —1

Lprie 1o Lo er—rio BT

On the other hand, by Proposition 2.10 and Lemma 2.6, we get ry - - - rl_lrlaﬂ_l <L
ry-- -r[_lr,,cr,B*I. This shows (?) in this particular case.

e Case 2: If w # o(141,n], then n > [ 4 2 and there exists k € [/ + 1,n — 1] such
that sy;0 > o. Let i be maximal such that s;0 > o. We shall prove (?) by descending
induction on i. For simplification, let x =ry - --rj_1r,08 -1

First, if i =n — 1, then, by 1.3, we have (sincen —2>1—1)

—1 —1
Sp2X =11 T 1Sp2pOB " =711 -1_1IpSp—10B~ " > 52X,

—1 —1
Sp—1X =Tl F 1Sy 1TpOB~ 11 - F_1lp—10B <X
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and
—1 —1
Sn—2Sp—1X =711+ F_1Sp—2Fn—10B" " =F1 - T_1Tpy—20B " < Sp_1X.

So x ~p s,—1x by Corollary 2.2. On the other hand, by Corollary 4.3, we have
Sp_1X ~LF]-- ~rlaﬂ_1, so we get (?) in this case.

Now, assume that [ + 1 <i <n — 1. Then s;+10 < o (by the maximality of 7).
Two cases may occur:

Subcase 1: 1If sisiy10 < sjy10,then we set Tt =510 <o and y=ry---rj_1ry -
tﬁ’l. Then y = s;x < x by 1.3. Moreover, still by 1.3, we have

Si—1x=n ~-~r1_1rnsio/371 > X

and
— -1
Si—18iX =711 -F_1TpSiSi+10B~ < SiX.

So x ~, y by Corollary 2.2. But, by the induction hypothesis (and since s; 17 > T),
we have y ~1 a; ‘Cﬂ_l. But o ~ t (again by Corollary 2.2 and since 5;7 <7 <0 =
Si41T < 8§;0), SO alaﬂ’l ~r altﬂ’] by (*). This shows (?).

Subcase 2: If s;jsiy10 > siy10, then s;11sjo > s;o (by an easy application of
Lemma 1.1) so, if weset T =s;o0 and y =r7 - ~r1_1rnr,3’1, we have, by the induc-
tion hypothesis, y ~p, altﬂ_l. Moreover, s;11T > T =S$;0 > 0 > s;+10 and, by the

same argument as in the subcase 1, we have s;y >y =s;_1x > x > s5;x. Sox ~ y,
o ~ T. So it follows from () and x ~ alaﬁ_l, as required.

Case3: 1If A #1,thenwesetx =r- ~~r1_1rnaﬂ_1 andy=rq-- -rloﬂ_l. We want
to show that x ~, y. For this, let x’ = w,x, y = w,y, 0’ = 0,00, 'o,_;; and B’ =
Bono,—1,. Then, by Proposition 1.3,

X =nrigrra0 87 and Y =rrgraarao’ B
But, by Corollary 4.3, we have

/ /1 a/—1 / ! ar—1
X' ~pryeeorgoo’B and Y ~prpccctpo—1rao B

Now, if we write o’ = (M, '), with A € &y ,—;j and p' € Spy—i+1,47, Wwe have @' #
Oln—i+1,n] (because A # 1). So, by Case 2, we have

ry-- ‘rn—l—lrnojlgli1 ~LTr 'rn—lojﬂlil-
Therefore, x’ = wyx ~1 y' = w,y, and so x ~ y by [11, Corollary 11.7]. d

Corollary 4.4 Letl e{l,....,n},let 1 <ij<---<ii<n,letc €Sy, let BeY
and let k € [1,1] be such that b > (i, — 1)a. Then

rl-] .. .rilo‘ ~prpee 'rkrik+1 .. .rilo‘.
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Proof The proof proceeds essentially as in Lemma 4.2. Let w =ry, - - - rj,0, let w' =
L TTig,, - - Ti;o and let us write w = vx land w =v/x'"! withv, v € Wi, and
x,x € X,(li").

Since w'w~! = (r] 1) "Ny o ri,) € Wiy, we get that x = x'. The same ar-
gument as in Lemma 4.2 shows that v =r;, ---r;, 7 and v =r; - - - rxt’ for some 7,
7’ € G;,. But Vv l=ww T =y --~rk)_1(ri1 ---ri,), s0 T = t’. Now, by Proposi-
tion 4.1, v~ v'. So w ~p w’ by [11, Proposition 9.11]. O

5 Proof of Proposition 2.11

Notation. In this section, and only in this section, we assume that 1 <1 <n — 1 and
that (n —2)a < b <(n — 1)a.

We define a sequence (C;);—1 < j < n—1 by induction as follows:

Ci1=1,
Cl = CS‘[»
Cj+l CSJ_HC Cj_l, lfl ] <n-2.

Let u denote the coefficient of Cq,_,o; ,, in the expansion of C,—1Cgqy,, in the
Kazhdan-Lusztig basis. To prove Proposition 2.11, it is sufficient to show the follow-

ing statement:

1 ifb=m— 1a,
H= -1 n—1 l-n _ _ (5.1
0 '¢q + Qg if(n—2)a<b<(n-—1a.
Proofof 5.1 If r € Z, we set
Hn [r] = @ ATw == @ ACw
L(w) <7 Lw) <r
We shall show that
Cn—lcalffu,n] = TSn—l"'SIJrlslalU[l,n] (5.2)

+07'¢" Ty gy, mod (Hn[l —7] +H;o).

The statement 5.2 will be proved at the end of this section. Let us conclude the proof
of 5.1, assuming that 5.2 holds.

Let
~ )1 iftb= 1 — 1)a,
= 0 '¢" '+ 0g'"™ if(n—2)a<b<{m—1a.
We want to show that u = 1. But, by 5.2, we have

Co-1Caopy = Csuoisipasiaron — HCar_yop.m

eEHull —21+H°+ @  AT,.

W<aj—10[[+1,n]
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Since

AT, = ® ACy,

W<a|—10([+1,1] W<a]—10[/+1,n]

there exists a family (vy)¢, (w) < 1-2 or W1 014 1] of elements of A > ¢ such that

~ <0
C”*]Cal”[l.n] - Csnfl"‘51+151al(7[l.n] - H’Cal—la[l.u] - § : vy Cy € Hn .

lr(w) <12
OI a;—10(i+1,n]

Let v, = vy, + Uy — T4 (vy). Then

~ / <0
Cnflculd[l,n] - CSn71-~-Sl+1S1a1(f[1,n] - MC”I—IU[I,n] - § l)wa € Hn

Lr(w) < [-2
Or a;—10(/+1,n)

— .
and v, = vy,. So, if we set

_ ~ /
C=Cn-1Cyoy, — Csprsipisiaoy g — LCay_joy — E vy Cus

&) < 1-2
OI a;—10(j+1.n]

then
C=C and CeH;".
So C =0by [11, Theorem 5.2], and so i = 1, as expected. O

So it remains to prove the statement 5.2:

Proof of 5.2 First of all, we have Cyq,,; = Cq;Coy ;- since the supports of a; and
oi,n (in S,) are disjoint. Moreover, sincel <n—1(i.e.a; € W,_1) and b > (n —2)a,
it follows from [1, Propositions 2.5 and 5.1] that

Co =Ty + QNI+ 07N (T, + 07T, . (5.3)

Let H(S,) denote the sub-A-algebra of H, generated by Ty,,..., T;, . It is the

Hecke algebra of &,, (with parameter a). Then H,, [/ — 2] is a sub- A-module of H,,.
Therefore, it follows from 5.3 that

Cao=Tw+07" > Tyosyiyn)Ty' mod Hyll —2].
1<i<!

But, if 1 <i </, then
Iy liqligy e 0 = SiSi41 - SI—101—10]—1S[—1 " ** Si4+1Si,
and o7 = S;41—; - - $]—281—107—181—1 - - - Si+18;. Moreover,

(o) =L(Si41—i - S1—281—1) +L(01—15/—1 - Si+15i).
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Therefore,

Co=Ty+0 " > Tygps Ty Ty isiag) " mod Hyll —2].
1<i<l

Finally, we get
_ —1 —1
Cal"[l.n] =Ty CU[l,n] +0 Z TC[i,I*l] Ty, (TC[1+14,171]) CO[z,n] mod H, [l —2].
1<i<l

Now, if I —1 < j <n—1,then

alen = 6] .Td[z.i]TmCGU ]
i=l—1
+0 lc Z Tfltl 1] Ty 1(T0u+1 il— u) lc Oll,n] mod H, [l —2].
1<i<l
5.4

Proof of 5.4 We shall argue by induction on j. The cases where j =1 —1or j =1
are obvious. So assume that j € [/, n — 2] and that 5.4 holds for j. By the induction
hypothesis, we get

J j—1
o i
Cj+lCa](7[l_,l] ECSJ+1 Z ql delz Talc Olln] — Z ql 7 lez Talc Oll,n]
_11 1 i=l—1
+0 CJ-H Z Ty, [ii—1] az 1(T Cli+1—i,1— 1]) CG[zn

<i<lI
mod H, [l — 2]
Now,
-1
Cé;+1Td[lJ TMJC o = Td11+1 Ta/C Ofl,n] +4q Td Talca[ln
and,if/ — 1 <i < J, then
Csin TaynTay Coy oy = Ty 1y Tay Csj 1 Cop oy = (g + q_l)Td[l,i] T4, Cop -

Now 5.4 follows from a straightforward computation. g
Since djj i1 € Y;,n—1, we have
Ty dp.i Talc o = lez]alc o = le: 141071 mod Hn<07
so, by 5.4, we get

Cn—1 CalG[/,n] = Tdu,n— 1410(1,n)

-1 -1
+ 0 Chi Z TC[i,lfl] Ty, (TC[1+1—i,l—l]) C‘T[l,n]
1<i<!

mod (Hn [l —2]+ H;O).
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For 1 <i </, let &; = Q_ICnfch[i‘,,l]Ta,,l(Tc[,ﬂ,,-,,,l])_lco[l,n]- There exists a
family (f7)rcp,n—1] of elements of Z such that C,,_1 = Zlg[l,n—l] f1Caq, . Moreover,
f[l,n—l] =1. AlSO,

-1 —1yi—1—
(TC[]Jr],,"[fl]) = Z (C] —q )l ulTCJ-
JCl+1—i,1—1]
Therefore,
Xi= > 107 —q VT VICy Ty Tu Tey Coy -
IC[l,n—1]
JC[l4+1—i,1—-1]

Let Ajry = f10 g —qg D) 1"VICy Tey ) Tar Te; Coy - If We express A gy
in the standard basis (7, )yew,, then the degrees of the coefficients are bounded by
—b+ (G —1—|J|+|I])a.Since b > (n — 2)a, this degree is in I ¢, exceptif i =1,
J =@ and I =[l,n — 1]. Therefore,

Cn,] Calrr”,,,] = Td[l,nfl]alff[],n] + Al,[l,nfl],g mOd (Hn [l - 2] + H;O)
But

Aljin-ne =0 g —q¢H7'Cs, . Ty Coy
= Qil(q - qil)lilTal—lcsn—l”'sl CU[I,n]
= Q_l(‘] - q_l)l_l(q +q_l)n_lTazflCU[l,n]’

the last equality following from Theorem 2.1 (a). So A; [1.n—1],0 = Q‘lq”_1 Ty, -
Coy,,y mod H,fo. The proof of 5.2 is complete. g

6 Consequences of Proposition 2.11

The aim of this section is to prove the following proposition:

Proposition 6.1 Letl € {1,...,n} and assume that b <(n — 1)a. Then
S182+*Sp—1A1—-10(l,n—1] ~L IS182 - - Sp—1AI—-10(,n—-1]-

Proof Let uj, = ts182- - Sp—141—10],n—1] = 181~ S|—14]—15] - Sp—10[I,n—1] =

ajoq ). We need to show that tu; , ~p u;, (note that tu; , < u;,). We shall ar-

gue by induction on n, the cases where n = 1 or 2 being obvious. So assume that

n >3 and that tu; 1 ~p u;p—1 if b <(n —2)a.

First, assume that b <(n — 2)a. Then

Ujp =Ulpn—181—1" " S|+15] ifl<n—1,

Uly =an =U]—1n—1Sn—1---S281¢t ifl=n.
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By the induction hypothesis, we have tuy ,—1 ~1 Uk n—1 S0, since s,_1 - - - 5;415; and
Sp—1 - S251t belong to Xn’l, it follows from [11, Proposition 9.11] that tu; , ~r, u; 5.

This means that we may, and we will, assume that (n — 2)a < b <(n — 1)a. But,
by Proposition 2.11, we have a;_10y;,,) <1 @;0(1,n) = u1,,. On the other hand,

iy p = C[1,1=1]A—10(1,n] <L C[2,—1]AU—10[ln] <L ***
KL S1-141—10(1,n] SL G1—107 n]-

So tuj, ~r Ui n, as desired. Il
Remark 6.2 Note that the converse of Proposition 6.1 also holds. Indeed, if b > (n —

1)a and if x ~ y for some x and y in Wy, then ¢;(x) = £,(y) (see [4, Theorem 7.7]
and [1, Corollary 5.2]).

Corollary 6.2 Letl € {1,2,...,n}andlet B € Y;_1 ;. Then
5152+ Sn—1 G100 n—11B " ~L 15152 - Sp—1@— 101 n—1) B

Proof Let w = slsz~-~sn_1a10[1+1,n_1],3’1. We want to show that w ~7 tw. We
shall argue by induction on £(8). If £(8) =0 (i.e. B = 1), this is just the proposition
6.1. Sp we assume now that £(8) > 1. We shall use the x-operation (see §2.3). For
this, we need to study the action of the y;’s on w, when possible.

We have O[l,n—1]4I—1 = A]—10[l,n—1], SO

—1 —1
W =515 Sp_10(,n—11(@—-18)" =s152---si_107 n)(a—18)"".

Let 1 < ji <--- < ji—1 <n — 1 be the unique sequence such that ¢;8 =rjrj, - -
rj_,. Since £(B) > 0, we have (j1, j2,..., i—1) # (1,2,...,1 — 1), so there exists
k € [1,1 — 1] such that ji — jx—1 = 2 (where jo = 0 by convention). Note that jz <n
so jkx + 1 € [2,n]. We have, by 1.14
WS- S1—1070m iy 1) T i) = 510 si— 100y (k= 1)
=—s1--5-1(I —k)
=—(I+1-k)<0

and

Wik — DSt si—10um (g 1) " Ge— 1) =51+ s1—10100 (L +q)
=s1-s-1(n+1-¢q)
=n+1—-¢g>0

for some g € [1,n + 1 —[]. Moreover, a similar computation shows that (with the
convention that j;=n+1)

—(—k) if i1 =jik+1,

w(jr) =
R P S Y
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In any case, we have

w() <w(r+1) <w(ie — D.
This shows that

WSj—18j, <WSj—1 <W < WSj,,

Sow e Dj,_1(W,) and yj, _1(w) = wsj,—1 < w. Now, let 8’ =s;, B. An easy com-
putation as above shows that 8’ < B, so that 8’ € ¥; ,_1_; by Deodhar’s Lemma (see
[7, Lemma 2.1.2]). So yj, (w) = s1-- ~sn_1a1_10[1,,,_1]ﬁ/_1 where B’ € Yj p—1—; is
such that £(8’) = £(B8) — 1. But, by Corollary 2.9, we have ty; (w) = y; (fw). So, by
2.4 and by the induction hypothesis, we get that w ~, tw, as desired. (|

7 Proof of Theorem 1.5
7.1 Knuth Relations

By recent results of Taskin [14, Theorems 1.2 and 1.3], the equivalence relations ~
and =~ can be described using generalisations of Knuth relations (for the relation
=5, a similar result has been obtained independently by Pietraho [12, Theorems 3.8
and 3.9] using other kinds of Knuth relations). We shall recall here Taskin’s construc-
tion. For this, we shall need the following notation: if 0 < r < n — 2, we denote by
E,Er) the set of elements w € W, such that |[w(1)| > |w(@)| fori € {2,3,...,r +2}
and such that the sequence (w(2), w(3), ..., w(r +2)) is a shuffle of a positive de-
creasing sequence and a negative increasing sequence. If r > n — 1, we set &, 3
Following [14, Definition 1.1], we introduce three relations which will be used to
generate the relations ~’, and >,

Let w, w’ € W,, and letr > 0:

e We write w — w’ if there exists i > 2 (respectively i < n — 2) such that w(i) <
w(@ —1) <w( + 1) (respectively w(i) < w(i +2) < w(l + 1)) and w’' = ws;.
o We write w w’ if there exists i < min(r,n — 1) such that w(@)w( + 1) < 0 and

w’ = ws;. The relation vg never occurs.

o We write w 4 w' if w € E,Y) and w' = wt. If r > n — 1, the relation % never
occurs.

+1

Remark 1If w % w’, then w 4" w’. If w 5 w’, then w —4~" w’ (indeed, g c

—1
&M,

Taskin’s Theorem. With the above notation, we have:

(@) The relation ~ is the equivalence relation generated by the relations —1, —/
and

(b) The relatlon o'y is the equivalence relation generated by the relations —1, -

and %~ !
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7.2 Proof of Theorem 1.5

Recall that the relation ~ , (respectively ~ ) is the equivalence relation gener-
ated by ~/ and ~', (respectively >/ and ~,). Recall also that x ~ y (respectively
x > y, respectively x ~, y) if and only if x~! ~n y~! (respectively x ! ~h y~l,
respectively x ! ~z y~1). So it is sufficient to show that Theorem 1.5 holds when-
ever 7 = R.Itis then easy to see that Theorem 1.5 will follow from Taskin’s Theorem
and from the following three lemmas (which will be proved in subsections 7.3, 7.4

and 7.5).
Lemma 7.1 Let w, w' € W, be such that w —1 w’. Then w ~g w'.

Lemma 7.2 Let w, w' € W, and let r > 0 be such that b > ra and w % w'. Then
/
w~gw.

Lemma 7.3 Let w € Wy, and let r > 0 be such that b <(r 4+ 1)a and w % w'. Then
w~pw.

7.3 Proof of Lemma 7.1

Let w, w' € W, be such that w — w’. Let i € I,j'_l be such that w’ = ws;. Then
iz2andw(@) <w(@—1) <w(@+1),ori<n—2and w(i) <w(@+2) <w@+1).
In the first case, we have ws;s; 1 > ws; > w > ws;_1 while, in the second case, we
have ws;s; ] > ws; > w > wsj11. So w’ = ws; ~g w by 1.19 and Corollary 2.2.
The proof of Lemma 7.1 is complete.

7.4 Proof of Lemma 7.2

Let w, w’ € W, and let 7 > 0 be such that b > ra and w —5 w'. Leti € I " | be the
element such that w’ = ws;. Then i < r and w(i)w(i + 1) < 0. By exchanging w and
w’ if necessary, we may assume that w(i) <0 and w(i + 1) > 0.

Let us write w = xv, with x € X,(fH) and v € W;4. Then vs; € W;11 and ws; =
xvs;. Therefore, by [11, Proposition 9.11], we only need to show that vs; ~ v. But
O0<x(l)<---<x(r+1) (see Lemma 1.4), and v(j) € I;+1 for all j € I; 1. So
v(i) > 0 and v'(i + 1) < 0. In particular, v % vs; (and even v vg v’). This means
that we may (and we will) assume that i =»n — 1. So we have

b>n—1a, whrh-1)<0 and w(n) >0,
and we want to show that w ~ ws, _1 or, in other words, that
-1 -1 9
w LSp_1w . @)
Leto =oa,,-1,0 =0,,-1 and B = B,,-1. Then
-1_ -1
w =aaqioq .
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By Lemma 1.2, there exists a unique sequence 1 < i < --- <1i; < n such that «a; =
ril s ri, SO

-1 -1
wo =rp - ropT .
But, again by Lemma 1.2, we have w’l(i) <Oifandonlyifi € {iy,...,i}. So
ip=n-—1.
So
-1 _ -1
w =T --~ri1_]rn_1a,3 .
and
-1 _ -1
Sp_1W ™ =T T Fa0 BT

So the result follows from Proposition 4.1.
7.5 Proof of Lemma 7.3

Let w € W, and let r > 0 be such that » < (r + 1)a and w™! vg w'~!. We want to
show that w ~7 w’ = rw. The proof goes through several steps.

First step: easy reductions. First, note that » <n — 2. Let us write w = vx~ !, with
veW,oand x € X,(1r+2). Then 0 <x(1) <--- <x(r +2) by Lemma 1.4, so vle
Er(i)z. Then tw = (tv)x’1 with rv € W,4, so, by [11, Proposition 9.11], it is sufficient
to show that v ~ v. This shows that we may (and we will) assume that r =n — 2.

By [11, Corollary 11.7], this is equivalent to show that rw,w ~p w,w. Since
w,W € 5,(,"72) we may, by replacing w by tw, w,w or tw,w, assume that w=1(1) >
0 and w~!(n) > 0. Since moreover |[w=1(1)| > [w=L@)| forall i € {2,3,...,n =
r 42}, we have w1 (1) = n.

As a conclusion, we are now working under the following hypothesis:

Hypothesis. From now on, and until the end of this subsection, we assume that

() w ') =nand w'(n) >0, and
Q) wlegl 2.
And recall that we want to show that
tw -~y w. @)

Second step: decomposition of w. Let v =s,_1 - --sasqw. Then v '(n) = w™'(1) =
n by (3), so v € W,,_1. Therefore,

W=2515""-Sp_1V, S182---Sp—1€X, and veW,_;. (7.1)
Note that

v i) =w lk+ 1) (7.2)
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forall k € [1,n — 1], so that
(n—3)

velé, (7.3)
and, by (2),
v in—1)>0. (7.4)
Let us write v =7, ~~ri,aﬂ_1, withl =4;(v) =4;(w), 1 <ij <---<ip<n—1,
0€G6;—1—jand B €Y ,—1—;. By 7.4 and Lemma 1.2, we have
ii<n-2. (7.5)
Finally, note that
0 = O0[i+1,n—1]- (7.6)

Proof of 7.6 By 7.3, we have [v™'(i1)| > [v™'(i2)| > --- > [v~!(i;)|. Therefore, it
follows from 1.14 that B(c~' (1)) > B(c~ (1 - 1)) > --- > B(e~'(1)). Since o sta-
bilizes the interval [1, /] and since § is increasing on [1, /] (because it lies in Y} ,—1),
this forces o (k) =k for all k € [1,1].

Similarly, if 1 < j; < --- < j,—; < n denotes the unique sequence such that
(1, n] = fit, - i ULt ooy dat)s then o7 G > o7 Gl > - > o™ ()|
by 7.3. So it follows from 1.14 that B(c~'({ + 1)) > B(c~ 1 +2)) > --- >
B (0~ '(n)) and, since o stabilizes the interval [/ + 1, n] and B is increasing on the
same interval, this forceso(l + k) =n+1—kforke[l,n —1]. O

Third step: conclusion. We first need the following elementary result:
S182 - Sp—1Fiy - Fip = Fiy41 -+ Tip41SI415142 * * * Sn—1. (7.1

Proof of 7.7 This follows easily from 1.2 or from 1.3. O

Now, let T = 857415142 - ~-sn_1a[1+1,n],3’1 = G[ZH,,,],B’I € G,. Then, by 7.7, we
have

W =Fij+1Fip+1 - Tij+1T and tw= ririg+17iy+1 - riyp+17T.
By 7.5, we have b > (i; + 1 — 1)a, so, by Corollary 4.4, we have
W~ I3 r1T and tw~priry-- “FI41T.

So we only need to show that rpr3 -« -rj 41T ~p rir2---rj41T = trprz---rj4+17. But
rp--- r1+16[1+1’n],3_1s1 .- -Sn_lazo’[1+1,n_1],3_l, with 8 € Yin—1-1. So the result fol-
lows from Corollary 6.2.

The proof of Lemma 7.3 is complete, as well as the proof of Theorem 1.5.
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