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Abstract We introduce an infinitesimal Hopf algebra of planar trees, generalising
the construction of the non-commutative Connes-Kreimer Hopf algebra. A non-
degenerate pairing and a dual basis are defined, and a combinatorial interpretation
of the pairing in terms of orders on the vertices of planar forests is given. Moreover,
the coproduct and the pairing can also be described with the help of a partial order
on the set of planar forests, making it isomorphic to the Tamari poset. As a corollary,
the dual basis can be computed with a Mobius inversion.
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Introduction

The Connes-Kreimer Hopf algebra of rooted trees (or its dual) is introduced and stud-
iedin [6, 10, 13, 1517, 20, 21]. This commutative, non commutative Hopf algebra is
used to treat a problem of Renormalisation in Quantum Field Theory, as explained in
[7, 8]. A non-commutative version of this Hopf algebra is introduced simultaneously
in [11] and [14]. This Hopf algebra Hp g, based on planar rooted trees, is neither
commutative nor cocommutative, and satisfies a universal property involving a cer-
tain coalgebra cohomology [9]. This property is used in [10] to prove that Hp g is
isomorphic to its (graded) dual. In other terms, H p g possesses a non-degenerate,
symmetric Hopf pairing, and a dual basis of its basis of planar forests. This pairing
admits a description in terms of two partial orders on the vertices of the planar forests.

Our aim in the present text is to introduce an infinitesimal version of this Hopf
algebra Hp g. The concept of infinitesimal Hopf algebra is introduced in [3, 19].
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Namely, an infinitesimal bialgebra is a space A, both an associative, unitary algebra
and a coassociative, counitary coalgebra, with the following compatibility:

A(ab) =(a® )A(b) + A(a)(1®b) —a®b.

If it has an antipode, A will be said to be an infinitesimal Hopf algebra. It is proved in
[19] that an infinitesimal bialgebra A, which is connected as a coalgebra, is isomor-
phic to T (Prim(A)), with its concatenation product and deconcatenation coproduct:
this is the infinitesimal rigidity theorem.

We here construct an infinitesimal coproduct over the algebra H of planar rooted
trees (theorem 9). We use for this the fact that H, given the linear map B of graft-
ing on a common root, is an initial object in a certain category. This infinitesimal
coproduct is given by totally admissible cuts (theorem 10), whereas the usual Hopf
coproduct is given by admissible cuts. We also give a description of this coproduct
in terms of the two partial orders >, and >;.¢, on the vertices of a planar forest
(proposition 12). We also give a formula for the antipode in terms of left cuts (propo-
sition 15). Using the infinitesimal universal property of H (theorem 16), we construct
anon-degenerate Hopf pairing between H and H°P-“°? (theorem 19), and a dual basis
(fF) of the basis of forests of 7. This pairing (—, —) admits a combinatorial inter-
pretation, described in theorem 24. All these results are infinitesimal versions of the
classical Hopf results of [11].

Differences between the infinitesimal and the Hopf case become clear with the
observation that the pairing (F, G) of two forests ' and G is always 0 or 1 in the
infinitesimal case. This leads to an interpretation of this pairing in terms of a cer-
tain poset, namely the poset of planar forests. A partial order is defined on the set
of planar forests with the help of certain transformations of forests (definition 25).
This poset F is isomorphic to the Tamari poset of planar binary trees [23], as it is
proved in theorem 31. As a consequence, it has an order-reversing automorphism m,
corresponding to the vertical symmetry of planar binary trees in the Tamari poset.
The pairing (—, —) satisfies the following property: for all planar forests F' and G,
(F,G)=1if, and only if, F > m(G) in F. As a consequence, the dual basis ( fr) is
given by a Mobius inversion (corollary 39). Moreover, the product of two elements of
the dual basis admits also a description using suborders of F (corollary 29). We shall
show in another text that this dual basis can be iteratively computed with the help of
two operads of planar forests. For the sake of simplicity, we restrict ourselves here to
planar rooted trees with no decorations, but there exists versions of all these results
for planar decorated rooted trees, and these versions are proved similarly.

Note that we introduced in [12] a g-deformation H, of Hp g. In the special case
g = 0, we obtain the infinitesimal Hopf algebra of planar rooted trees of the present
paper. Moreover, if g # 0, H, has a non-degenerate pairing also described in [12].
For g = 0, this pairing becomes degenerate and is not the pairing described here.

This paper is organised as follows: the first section is devoted to recalls and com-
plements about infinitesimal Hopf algebras. In particular, it is proved that for any
infinitesimal Hopf algebra A, Ker(¢) = Prim(A) ® Ker (¢)2, and the projector on
Prim(A) in this direct sum is the antipode, recovering in this way the rigidity theo-
rem of [19]. The infinitesimal Hopf algebra of planar rooted trees H is introduced in
the second section. We construct its infinitesimal coproduct and give its description
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in terms of totally admissible cuts and biideals, before a formula for the antipode.
We prove a universal property of H and use it to construct a Hopf pairing between
‘H and H°P-¢°P, The combinatorial description of this pairing is then given. The last
section deals with the poset of forests F and its applications. We prove that this poset
is isomorphic to the Tamari poset and describe an order-reversing automorphism of
F. The link between the pairing of H and the order on F is then given.

Notation. We denote by K a commutative field, of any characteristic. Every alge-
bra, coalgebra, etc, will be taken over K.

1 Recalls on infinitesimal Hopf algebras

We refer to [1, 24] for the classical results and definitions about coalgebras, bialge-
bras, Hopf algebras.

1.1 Infinitesimal Hopf algebras

Definition 1 (See [3, 19]).

1. An infinitesimal bialgebra is an associative, unitary algebra A, together with a
coassociative, counitary coproduct, satisfying the following compatibility: for all
a,be A,

A(ab) =A@)(1®b)+ (@@ 1)AD) —a®b. (D

2. Let A be an infinitesimal bialgebra. If /d4 has an inverse S in the associative con-
volution algebra (L(A), x), we shall say that A is an infinitesimal Hopf algebra,
and S will be called the antipode of A.

Remarks.

—

. This is not the same definition as used by Aguiar in [2].

2. Infinitesimal bialgebras are bimonoids in a certain braided monoidal category (in
which the braiding is not an isomorphism), as this appears in remark A.3.2 of [3].
As a consequence, several results of this section, for example proposition 2-3, are
special cases of general results for bimonoids in braided monoidal categories, see
[25].

3. Let A be an infinitesimal bialgebra and let M be the kernel of its counit. We shall

prove in proposition 2 that M is an ideal. Moreover, M is given a coassociative,

non counitary coproduct A defined by:

A M— MM
X — AX)—x®1—-1®x.

The compatibility between A and the product is given by the non (co)unital infin-
itesimal compatibility:

A(ab) = (a @ DA(D) + A(a)(1®@b) +a Qb.
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4. By induction, if x1,...,x, € M:

n—1
A(xy...x) = le...xi Q Xitl..-Xn
i=1

n
+ 3 @i @ DA @ Xigy .. xn).
i=1
5. In particular, if x1, ..., x, are primitive elements of A:
n
A(xy...xp) = le e X Xyl Xy
i=0

Notations. Let A be an infinitesimal bialgebr~a. For all x € A, we denote A(x) =
xM @ x@ . Moreover, if £(x) =0, we denote A(x) =x' @ x”.
Examples.

1. Let V be a vector space. The tensor algebra 7' (V) is given a structure of infinites-
imal Hopf algebra with the coproduct A defined, for vy, ..., v, € V, by:

n
A(v1...vn)=Zv1...vi®vi+1...vn.
e

It is proved in [19] that any connected (as a coalgebra) infinitesimal bialgebra A
is isomorphic to T (Prim(A)).

2. If A is an infinitesimal Hopf algebra, then A°P-“°P also is, with the same antipode.
Note that A°P and A“°P are not infinitesimal bialgebras, as the compatibility (1) is
no more satisfied.

3. If A is a graded infinitesimal Hopf algebra, such that its homogeneous components
are finite-dimensional, then its graded dual A* also is.

Proposition 2 Let A be an infinitesimal bialgebra.

1. Then A(1) =1 ® 1. In other terms, the unit map v is a coalgebra morphism:

JK— A
11— 1.

2. The counit ¢ is an algebra morphism.

3. If, moreover, A is an infinitesimal Hopf algebra, then S(1) =1 and e o S = ¢.

Proof.

1. For a = b = 1, relation (1) becomes A(1) = A(1) + A(1) —1® 1. So A(1) =
1 ® 1. As a consequence, (1) = 1. Moreover, if A has an antipode, S(1) = 1.
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2. Fora,b e A:

(e ®¢e)o Aab) = e(a)e(@®b) + e(abM)e(6®) — e(a)e(b)
= e(ab) + e(ab) — e(a)e(b)
= ¢e(ab).

So g(ab) = e(a)e(b).
3. Foralla € A:

ga)=s(e(@))=somo(S®Id) o Ala) =¢ (S (a“>)) ¢ (a<2>) — £(S(a)).
SogoS=¢.01

Lemma 3

1. Let A, B be two augmented algebras, with respective augmentations denoted by
ea:A—> Kand ep: B—> K. Then A ® B is an associative, unitary algebra,
with product -¢, , given for all ai,az € A, by, by € B, by:

(@1®b1) ¢, 5 (@2 ®@b2) =e(az)a; @b1by+e(b)ajaz @by —ex(a2)ep(br)a; @bs.

The unitis 14 ® 1p.
2. Let A, B be two pointed coalgebras, with group-like elements 14 and 1p. Then
A ® B is a coassociative, counitary coalgebra, with coproduct Ay, , given by:

Al ,@®h)=a®@bV@1,0p? +adVR@104d?®b-a® 1514 @b.

The counitis €4 ® €p.
Proof. Direct computations. [J

Remarks.

1. Lemma 3-1 is proposition B.4 of [3].

2. When the augmented algebras A and B are equal, we shall simply denote €4 =
ep =¢, and Ag, , = A.. When the pointed coalgebras A and B are equal, we
shall denote 14 =1p=1and Ay, , = Aj.

3. If A is an infinitesimal bialgebra, then compatibility (1) means that the coproduct
A:(A,)) — (A®A, ), where ¢ is the counit of A, is a morphism of algebras.
Indeed, forall a, b € A:

A@) ¢ AD) = e(dM)aV @ a?b® +e@®)aVp @ b@
_ S(a(z))e(b(l))a(l) ® @
—aD 24+ bV @5 _axb.
Dually, it also means that the product m : (A ® A, A1) — (A, A) is a mor-

phism of coalgebras.
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1.2 Antipode of an infinitesimal Hopf algebra

Lemma 4 Let A be an infinitesimal Hopf algebra.
1. Foralla,be A, S(ab) =¢(a)S(b) +e(b)S(a) — e(a)e(b)1. In particular, for all
a,b e A, such that e(a) =e(b) =0, S(ab) =0.
2. Forallae A, A(S(a))=S(@)®1+1® S(a) —e(a)l ® 1. In particular, for all
a € A, such that ¢(a) =0, S(a) is primitive.
Proof.
1. Let us consider the convolution algebra L(A ® A, A), where A ® A is given the
coproduct of lemma 3. For all a, b € A:
((Som)*m)(a ®b)
=mo((Som)®@m)oAi(a®Db)
=mo((Som)@m)(aVe@1®a?@b+acbV 01cbs?
—a®1®10b)
=8@"a®b + Sab)b® — S(a)b
=mo(S®Id)o A(ab)
=¢e(ab)1
=¢e(a)e(b)l.
So S om is a left inverse of m.
LetT:AQ® A —> Adefinedby T(a®b) =¢c(a)S(b)+e(b)S(a)—e(a)e(b)]1.
Letus compute m x T in L(AR A, A):
(mxT)(a®Db)
=mo(mMm®T)oAi(a®Db)

—mom®T) (a<1>®1®a<2> ®b+aebV ®10p? —a®l®l®b)
—q® (e(a<2>)5(b) +e)S@?) — 8(a(2))8(b)1)

+ab® (S(b(z)) T o)1 — a(b<2>)1) —a(Sb) +eB)1 — (b))
=aS®) +¢e(a)e(b)l —e(b)a + e(b)a —aS(b)
=¢e(a)e(b)l.

So T is aright inverse of m. As the convolution product is associative, Som =T .
2. Let us consider the convolution algebra £L(A, A ® A), where A ® A is given the
product of lemma 3. For all a € A:
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(Ao S)*A)(a)
=mgo((AoS)® A)oA(a)
= m, (S(a(l))(l) ® S(a(l))(z) ® a® ® a(3))

— e(5@)@)5@1) V@ © 4 1 e@@)5@M)D @ 5@ 1) Pa®
— e(5@")®)e (@) s (@M D @ 4@

=5@Ma? ®a® + 5@V @ 5@ @a® - 5@y ®a®

— A(S(a(l))a(z))

=e(@)A(1)

=¢(@)1®1.

So A o § is a left inverse of A.
LetT:A— A® Adefinedby T(a) =S(a) @1+ 1R S(a) —e(a)l ® 1. Let
us compute Ax 7T in L(A,A® A):

(AxT)(a)

=m0 (A®T)o Aa)

=me(@V ®a?®195@)+a"®a? @56 ®1
@V @a® @10 1)

—a® 24?8 + £(@®)a® @ (@) — £(@®)a® @ $(a?)
+e(8@)NaV ®a® +e(@®)aVs@) @1
—e(@®)e(5(@)aV ® 1
—aM ©a® — e@®)a @ 1+ e(@®)a® @1

=a®1+a(1)®a(2)+8(a)1®1—a®1—a(l)®a(2) —a®1+a®l

=e(a)l®1.

So T is aright inverse of A. As the convolution product is associative, Ao S =T.
O

Corollary 5 Let A be an infinitesimal Hopf algebra. Then Ker(e) = Prim(A) &
Ker(¢)?. The projection on Prim(A) in this direct sum is —S.

Proof.Leta € Ker(¢). Then A(a) =a®@1+1Qa+d' ®ad”,witha’' ®a” € Ker(e) ®
Ker(e). Moreover:

O=¢c(@)l=mo(S®Id)oAa) =S(a)+a+ Sa)d",

soa=—S(a)—S(a)a".Bylemma4, —S(a) € Prim(A) and S(a")a” € S(Ker(g)) x
Ker(e)? C Ker(¢)?, so Ker(e) = Prim(A) + Ker(¢)?. If a € Prim(A), then
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a' ®a" =0, s0—S(a) = a. Moreover, S(Ker()?) = (0), so Ker () = Prim(A) ®
Ker(¢)? and the projector on Prim(A) in this direct sum is —S. OJ

Remarks.

1. This result implies the rigidity theorem of [19].
2. It is also possible to prove lemma 4 using braided Hopf algebras.

2 Infinitesimal Hopf algebra of planar trees
2.1 Algebra of planar trees and universal property

Definition 6

1. The set of planar rooted trees will be denoted by T (see [11, 14]).

2. The algebra H is the free associative algebra generated by T. The monomials of
‘H will be called planar forests. The set of planar forests will be denoted by F. The
weight of an element F € F is the number of its vertices.

Examples.

1. Planar rooted trees of weight < 5:
covie vyl b b U Y
Ly v AT

2. Planar rooted forests of weight < 4:

TRVUIE SUUUUE SUNE SUL VIR SUUUUNE SUUNE SUNEE S VNN VIR S

v, L/ \} Y,I.

We define the operator B : H —> H, which associates, to a forest F € F, the
tree obtained by grafting the roots of the trees of F on a common root. For example,

BT(1.) = Lf ,and BT(.1) = \) . It is shown in [20] that (X, BT) is an initial
object in the category of couples (A, L), where A is an algebra, and L : A —> A any
linear operator. More explicitly:

Theorem 7 (Universal property of H) Let A be any algebra and let L : A — A be
a linear map. Then there exists a unique algebra morphism ¢ : H — A, such that
¢poBtT=Log.
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Remark. Note that ¢ is inductively defined in the following way: for all trees
t,...,.t, €T,

o) =1,
¢(tl . -~tn) = ¢(tl) .. ~¢(tn)’
G(BT(11...1,)) = L(@(11) ... ¢(1)).

The end of this section is devoted to the introduction of several combinatorial
concepts, which will be useful for the sequel.

Definition 8 Let F' € F. An admissible cut is a non empty cut of certain edges and
trees of F, such that each path in a non-cut tree of F meets at most one cut edge
(see [6, 11]). The set of admissible cuts of F will be denoted by Adm (F). If ¢ is an
admissible cut of F, the forest of the vertices which are over the cuts of ¢ will be
denoted by P€(¢) (branch of the cut c), and the remaining forest will be denoted by
R€(¢) (trunk of the cut).

We now recall several order relations on the set of the vertices of a planar forest,
see [11] for more details. Let F =1t ...t, € F—{1} and let s, s" be two vertices of F.

1. We shall say that s >p;e s” if there exists a path from s’ to s in F, the edges of
F being oriented from the roots to the leaves. Note that >, is a partial order,
whose Hasse graph is the forest F.

2. If s and s” are not comparable for >; ¢h» we shall say that s >/, s’ if one of these
assertions is satisfied:

(a) s isa vertex of 7; and s’ is a vertex of 7;, with i < j.

(b) s and s’ are vertices of the same #;, and s >left s’ in the forest obtained from
t; by deleting its root.

This defines the partial order >;.; for all forests F, by induction on the the

weight.

3. We shall say that s >, ; s" if s >pien 8" Or s >/.7, s". This defines a total order on
the vertices of F'.

1
Example. Let t = L/ . We index its vertices in the following way: zk/f . The follow-
ing arrays give the order relations >;¢; and >/.¢, for the vertices of . A symbol x
means that the vertices are not comparable for the order.

x\y| s 52 s3 S4 x\y| s 52 | 3 |sa
S1 = |Zhigh| X |Zhigh ST | = X | Zleft| X
82 |Shigh| = X |Zhigh 2 | X | = |[Zlefe|X
53 X X = |Zhigh 83 |Sleft|Sleft|] = | X
S4 |Zhigh|Zhigh|Zhigh| = s4 | X X X |=

SO s1 >p,1 82 =p,1 S3 =h,i S4-
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2.2 Infinitesimal coproduct of H

We define:

) H— K
& FGF—)(SFJ.

Then ¢ is clearly an algebra morphism. Moreover, £ o BT = 0. We also consider:

. K —H
Vol 4 —s Al

Note that e ov = Idg.

Theorem 9 Let A : H — (H ® H, -¢) be the unique algebra morphism such that:
AoBT=(Id®BT+BT®(voe))oA.
Then (H, A) is an infinitesimal bialgebra. It is graded by the weight.

Proof.
First step. Let us show that ¢ is a counit for A. Let ¢ = (Id ® €) o A. By compo-
sition, ¢ is an algebra endomorphism of . Moreover:

poBt=(Id®e)o(Id®BT+BT @ (Wvosg))oA
=(Ud®(EoBY)+BT®(covoe)oA
=Bto(Id®¢)o A
=BT og.

By unicity in the universal property, ¢ = Idy. So € is a right counity for A. Let
¢ =(e®Id)o A. Then:

poBT=(®Id)o(Id®BT+BT@Wose))oA
=E®B T+ (oBMH)®Woe))oA
=Bt o(e®Id)oA+0
=Bt o¢.

By unicity in the universal property, ¢ = Idy. So ¢ is a counit for A. As a conse-
quence, (e ®@¢&)o A =e.

Second step. Let us show that A is coassociative. We consider 6 = (A ® Id) o A.
This is an algebra morphism from H to H ® H ® H. Moreover:

00B+=(A®B++(AOB+)®(V08))OA
=(Id®1d®B"+1d®BT @ (voe)+ BT ®@ (voe)® (voe))ob.
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Consider now 6’ = (Id ® A) o A. This is also an algebra morphism from H to H ®
‘H ® H. Moreover:

0 oBt=(1d®(AoB")+B"®(Aovosg))oA
=(Id®1d®B"+1d®@BT®(voe)) ot + (Bt ®@(v®Vv)oe))oA
=(ld®1d®B"+1d®@ BT @ (vog))ob’

+ (Bt ®@Wvoe)®@(vos))ob
=(ld®1d®B*+1d®BT" @ (voe)+ BT @ (voe)® (vog))ol .

By unicity in the universal property, 6 = 6’, so A is coassociative. As A : H —>
(H ®H, -¢) is a morphism of algebras, (H, A) is an infinitesimal bialgebra.

Last step. It remains to show that A is homogeneous of degree 0. Easy induction,
using the fact that Id ® BT + B* ® (v o €) is homogeneous of degree 1. Note that it
can also be proved from proposition 10. [J
Remarks.

1. In other terms, the coproduct A is uniquely defined by the following relations: for
allx,yeH,

AD)=1®1,
Ay)=@x@DAM +AX(A®Yy) —x®Yy,
ABT(xX)=UId®@B o AMXx)+BT(x)®1.

2. Equivalently, the non unitary coproduct A satisfies the following property: for all
x in the augmentation ideal of H, Ao BY(x) =BT (x) ® . + (Id ® BT) o A(x).

Examples.

AD)=.91+1®.,
ACH)=..Q1+1®..+.®.,
AH=1Q1+10!1+.®.,
Al)=1.®9141Q®!.+.®.. +1 ®.,
AV =V R1+19V +..0.+.01,

ab=loi+iel+io. +.01.

We now give a combinatorial description of this coproduct. Let F € F and ¢ €
Adm(F). Let s1 >p; ... >p s, be the vertices of F'. We shall say that c is totally
admissible if there exists k € {1, ..., n} such that the vertices of P°(F) are sy, ..., Sk
and the vertices of R°(F) are Sx+1,...,S,. The set of totally admissible cuts of F
will be denoted Adm!? (F).

Proposition 10 Let F e F.Then A(F)= Y P(F)®R(F)+F®1+1®F.
ceAdm!?! (F)
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Proof. Consider A’ : H — H ® H, defined by the formula of the proposition 10. It
is easy to show that, if F, G € F:

ANDH=1®1,
AN(FG)=(F DA (G)+ A (F)(1®G)-F®G,
AN(BTF)=BH(F)®1+Ud® Bt)o A(F).
By unicity in theorem 9, A = A’. O

Let us give a description of the branchs of the totally admissible cuts.

Definition 11 Let F € F. Let I be a set of vertices of F.

1. We shall say that I is an ideal for >p;y, if, for all vertices s, s’ of F:
selands' >pigns = s €1

2. We shall say that [ is an ideal for >,, if, for all vertices s, s"of F,
selands > s = s’ €1

3. We shall say that [ is a biideal if I is an ideal for >p;¢5 and >jef;.

Proposition 12 Let F e F. Then A(F)= Y I1®(F—1).

I biideal of F

Proof. Similar to the proof of proposition 10. [
Let us make precise the biideals of a forest F.

Lemma 13 Let F € F andlet s1 >p 1 ... >} sy be its vertices. The biideals of F are
the sets Iy = {s1, ..., s}, fork € {0, ..., n}.

Proof. Let I be a biideal of F. Let k be the greater integer such that sz € /. Then
I CIi. Let j <k.Thens; > Sk, SO Sj Znigh Sk OF Sj >jefs Sk. As I is a biideal, in
both cases s; € I; hence, I = Ij.

It remains to show that Iy is a biideal. Let s; € Iy (so j < k), and s; be a vertex of
F such that s; >pign §j Or i >jefr 5. Then, s; >p 55500 < j <k,ands; € I. U

Remark. This implies that for any forest F' € F, of weight n, for any 1 < k < n, there
exists a unique totally admissible cut ¢ such that the weight of P¢(F’) is equal to k.

2.3 Antipode of H

As 'H is graded, with Ho = K, it automatically has an antipode S, inductively defined
by:

S(hy=1,

Sx)=—x—S&Nx"ife(x)=0.
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Because H is an infinitesimal Hopf algebra, S satisfies S(K er(e)?) =0, so
S(F) = 0 for all forest F with at least two trees. It remains to give a formula for
the antipode of a single tree.

Definition 14 Let r € T. Let s be the greatest vertex of ¢ for the total order relation
>p.1. In other terms, s is the leave of ¢ which is at most on the left.

1. Let e be an edge of ¢. It will be called a left edge if it is on the path from the root
tos.

2. Let ¢ be a (possibly empty) cut of r. We shall say that c is a left cut if it cuts only
left edges.

Let r € T and ¢ be a left cut of ¢. The cut ¢ makes ¢ into several trees #1, ..., 1.
These trees are indexed such that, by denoting r; the root of #; for all i, ri >p
...>p1ryint. The forest ¢ .. .t, will be denoted W€ (¢). Moreover, we denote by n,
the number of edges which are cut by c.

Proposition 15 Lett € T. Then S(t)=— > (—=1)" W*().

c left cut of t

Proof. We prove the result by induction on the weight n of t. If n =1, then t = .
and the result is obvious. Suppose the result true for all trees of weight < n. We put
t =BT (t...1). Two cases are possible.

1. If k =1, then:
AD)=t®@1+TdQ B ) o A))
=tR1+1Qt+H®. +1 @ BT(t]),

IN Rt
Sty=— _t_— S@t). — SE)Bra).
— —— [
EDREWem,  (—nrewe ), (=1)1e We ),
¢ empty c cuts the leftedge ¢ does not cut the left
from the root edge from the root

2. If k > 2, then:
AD)=t@1+UdQB o At...1)
=tR1+1®@t+t..4®@. +(t1...t5) BT ((t1...1)")
=tQ1+1Qt+1..6:rQ.

k—1 k
+Y ;@B iy )+ Y n ] @ BT )
i=1 i=1
k—1
S()=—t=S(t1...0) — Y _ S(t1...t;)BY (tiy1...1x)
i=1

k
=D S )BT 1)
i=1
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—S(t)BT(t2...tr) — SUBT (] ... 1)
=— 1 =S@)B(2...) =SB (t{12... 1)
(=D W), (=D We(r), (=) WE (1),

¢ empty c cuts the left edge ¢ does not cut the left edge
from the root from the root

So the result holds for all forests. []
Examples.

SG)=—.,
S(Hy=-1+..,
S(V)y=-V +.1,

sh=-t+.141.-....
S(Vy=-—V +. vV,

S(Lf):—k/+. V+11—-..1,
S(\)):-\}+.f,

S(} )=—I IS VIS RIS SR N SRS S

2.4 Infinitesimal universal property

Theorem 16 (Infinitesimal universal property) Let A be an infinitesimal Hopf alge-
bra and let L : A —> A satisfying A(L(x))=L(x)® 1+ (Id ® L) o A(x). Then
there exists a unique infinitesimal Hopf algebra morphism ¢ : H — A such that
poBT=Log.

Proof. By the universal property of H, there exists a unique algebra morphism ¢
satisfying ¢ o B¥ = L o ¢. Let us show that it is also a coalgebra morphism.

First step. We first show that e o L =0. Leta € A.
col(a)=(e®e¢e)oAoL(a)
=e@aL@el+adVL@?)
=coL(a)+e@M)eoL@®)
=¢coL(a)+eoL(a).
SogoL(a)=

Second step. We consider X ={x e H /e o¢(a) =¢e(x)}. As € o ¢ and ¢ are both
algebra morphisms, X is a subalgebra of H. Let x € H. Then:

(0p)(BT(x))=coLo¢p(x)=0=e(BT(x)).
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So Im(B™) C X. As X is a subalgebra, X ="H,and s o ¢ = &.

Third step. We consider Y ={x e H/ Ao ¢d(x) = (¢ ® ¢p) o A}. As Ao ¢ and
(¢ ® ¢) o A are algebra morphisms from H to (A ® A, .€), Y is a subalgebra of H.
LetxeY.

(Aog)(BY(x))=AoLod(x)
=Lop()®1+¢) V@ L))
=¢oBTM® 1+ ®Lp:?))
=¢o BT @)+ @ (BT (x?))
=BT @1+xD e BTx?))
= (¢ ® ¢) o A(B*(x)).
So BT(x) € Y. As Y is a subalgebra of 7 stable under B+, Y = H. Hence, ¢ is a
coalgebra morphism. [
2.5 A pairing on H
Definition 17 The linear map y is defined by:

. H—H
Ve t1...tneF— 6 .10 1.

Lemma 18

1. y is homogeneous of degree —1.
2. Forallx,y e H, y(xy) =y x)y +e(x)y(y).
3. Ker(y)N Prim(H) = (0).

Proof.

1. Trivial.
2. Immediate for x, y € F, separating the cases x =1 and x # 1.
3. Letus take p € Ker(y), non-zero, and primitive. Then p can be written as:

p= ZaFF.

FeF

Let us choose a forest F' =t ...t, such that:

(@) ar #0.

(b) If G=1{...t;, € F is such that ag # 0, then m < n. If moreover m = n, we
putfy =BT (s;...s) and 1{ = BT (s]...5)); then k <.

Suppose that #; # .. Then k # 0. We consider the cut ¢ on the edge from the root

of #1 to the root of s1. This is a totally admissible cut, so s1 ® Bt (sz...50)t2...1,

appears in A(F). Because p is primitive, there exists another forest G such that

ag #0and 51 ® BT (s3...5¢0)t2 ... 1, appears in A(G). Three cases are possible:
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(@) G=s51B%(sy...50)t2...1,: contradicts the maximality of n for F.

(b) G = F': contradicts that G # F.

(c) G is obtained by grafting s on a vertex of s»: contradicts the minimality of k.
In every case, we obtain a contradiction. So #; = .. Hence, y(p) # 0. U

Theorem 19 There exists a unique pairing (—, —) : H x H — K, satisfying:

1. {1,x)==¢(x) forall x € H.
2. (xy,z) =(y®x,A(2)) forall x,y,z € H.
3. (BT(),y)=(x,y(y)) forall x,y € H.

Moreover:

4. (—, —) is symmetric and non-degenerate.
5. If x and y are homogeneous of different weights, (x, y) = 0.
6. (S(x),y)=(x,S()) forallx,y e H.

Proof.
Unicity. Assertions 1-3 entirely determine (F, G) for F, G € F by induction on
the weight.

Existence. We consider the graded infinitesimal Hopf algebra A = H*%P-<°P . As y
is homogeneous of degree —1, it can be transposed in a linear map: L = y*: A —>
A. This linear map is homogeneous of degree 1. Let f € A, and x, y € H.

(Ao L)(f) (x®y) = L(f)(yx)
= fly(yx)
=flyMx+e(y)y )
=AY+ (f @Dy (x)®y)
=(dQL)o A(/)+L(HBOD(x®y).

So Ao L(f)=(Ud®L)o A(f)+ L(f) ®1 for all f € A. By the infinitesimal
universal property, there exists a unique infinitesimal Hopf algebra morphism ¢ :
H —> A, such that ¢ o BT = L o ¢. We then put {x, y) = ¢ (x)(y) for all x, y € H.
Let us show that this pairing satisfies 1-6.

1. Forall x e H, (1,x) =¢(1)(x) =¢&(x).
2. Forall x,y,z € H:

(xy,2) = (xy)(2) = (@ ()P (y)(2) = (¢ (¥) ® P (x))(A(2)) = (y ® x, A(2)).

3. Forallx,y e H:

(B¥(x),y) = (¢ 0 BY(x))(3) = (Lo p(x)(y) = ¢ (X)(y () = {x, y (V).

5. As L is homogeneous of degree 1, ¢ is homogeneous of degree 0. This implies 5.
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6. As ¢ is an infinitesimal Hopf algebra morphism and S* is the antipode of A,
S*o¢p =¢oS.Hence, forall x,y e H:

(SC), ) = (SN ) = (5" 0 () (y) =P (X)(S() = (x, S().

4. Let us first show that (—, —) is symmetric. We put (x, y)’ = (y, x) for all x, y €
‘H. Let us show that (—, —)' satisfies 1-3. For all x € H, as f(1) = e(f) for all
feH™

(Lx) = 1)=¢x)(1) =e(@x)) =¢x).

For all x, y, z € H, as ¢ is a coalgebra morphism:

(xy,2)" = (z,xy)
=¢ () (xy)
=(Aop(@N(y®x)
= (¢ ®¢) o A(2))(y ®x)
=(A@2),y®x)
={y®x,A®R).

Let us show 3 for (—, —) with y € F, by induction on n = weight(y).If n =0,
then y = 1:

(BT(x),y) =(1, BT (x)) =0 BT (x) =0=(x, y(»)).

Suppose the result true for every forest F' of weight < n. Two cases are possible:
- y = BT (z). We can restrict to the case where x is also a forest. Then:

(B*(x),y) = (BT (2), BY(x)) = (z,y 0 BT (x)) =8x,1(z, 1) = () (2).

Moreover, (x,y()) = (y o BT(2),x) =68,1(1, x) = e(2)e(x).
- y is a forest with at least two trees. Then y can be written y = y;yz, with the
induction hypothesis avalaible for y; and y,. Then:

(BT (x),y) = (y1y2, BT (%))
= (y2®y1. Ao BT (x))
=(»®y,BT(x)®14+(Id®B") o Ax))
=(y(On)e(yD), x) + (2 ®y (), Ax))
= (e(yDy () + vy, x)
={r(»,x)
= (x,y(»)"
So (—, —)' satisfies 1-3. By unicity, (—, —) = (—, —), so {(—, —) is symmetric.
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Note that this implies that for all x, y € H:

(@ oy (X)) = (yx),y) =y, yx) = (BT (y),x) = (x, B ()
= () (BT ().
Sogpoy=(BN* 0.

It remains to prove that (—, —) is non degenerate. It is equivalent to show that ¢
is one-to-one. Suppose that it is not. Let us choose a non-zero element p € Ker(¢)
of lowest degree. As ¢ is a coalgebra morphism, its kernel is a coideal, so p €
Prim(H). By lemma 18-3, ¥ (p) # 0. Moreover, ¢ o y (p) = (BT)* o ¢(p) =0.

So y(p) € Ker(¢), is non-zero, of degree strictly smaller than p: this contradicts
the choice of p. So ¢ is one-to-one. [

Remark. Similarly with the usual case, it is possible to define a pairing between H
and itself, using the linear map:

/. H—)H
v ...ty eF— 6, ,t...th—1.

Unhappily, this pairing is degenerate: it is for example not difficult to show that the
primitive element V' — .1 belongs to H=.

Definition 20 We denote by (fr) rer the dual basis of the basis of forests. In other
terms, for all F € F, fr is defined by ( fr, G) = 6F,g, for all forest G € F.
Proposition 21

1. Forall forest F €F, BY(fr)=f.F.
2. For all forest F € F:

_ OifF¢T,
v(fr)= {fB—(F) fFeT,

where B~ (F) is the forest obtained by deleting the root of F.

3. Forall forest F € F, A(ffr) = Z r® fr.

Fi,F;eF
F1F,=F

Proof.
1. Let G € F. Then:

(BT (fr), G) = {fr,7(G))

__ ) 0if G is not of the form . H,
" |érmifG=.H,

=4.FG

=(f.F.G).

As (—, —) is non-degenerate, BY(fr) = f. F.
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2. Suppose first that F is not a tree. Then, for all G € F:
(y(fr). G) = (fr. B*(G)) =8p p+@) =0.
So y (fr) = 0. Suppose now that F is a tree. Then, for all G € F:
(v(fF), G) =68F B+ =90B-(F),c = {fB-(F), G).

So y(fF) = fB-(F)-
3. Indeed, for all forests G, G, € F,

(A(fF), G1 ® Ga) = (fr, G2G1) =08F.Gyc, = Y ([} ® fr, G1®G).
Fl,erF
FIF,=F

As (—, —) is non-degenerate, this proves the last point. [J
Proposition 22 The familly (f;);ct is a basis of Prim(H).
Proof. Immediate corollary of proposition 21-3. [

As an example of decomposition in the dual basis, we give the following result:

Corollary 23 ForallneN,."= Y  fr.

FeF
weight (F)=n

Proof. For all n € N*, we can put, by homogeneity:

J= Z apfp.

FeF
weight (F)=n

We define X = {F € F /ar = 1}. Note that f; =1,s0 1 € X. Let Fy, F; € X. Then,
if n = weight (F1 F):

arp, = (", F1F)
= (A", L ® F))
n
=) 0. heR)
i=0
— (Jweight(F2) g weight(F)) [ o By 4 ()

=dar,ar,

=1.
So F1 F, € X. Moreover, if m = weight (F1):
ap+py = (L BTED) = (v (MY R = (M R =ap, = L

So B*(F;) € X. Hence, 1 € X, and X is stable by product and by B*. So X =F. [J
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2.6 Combinatorial interpretation of the pairing
Notation. Let F' € F. We denote by Vert(F) the set of vertices of F.

Theorem 24 Let F,G € F. Let S(F, G) be the set of bijections o : Vert(F) —
Vert(G) such that, for all vertices x, y of F:

L. (x Zhigh y) = (0 (X) Zpefr 0(3)).
2. (X Zpefr y) = (0(x) 2,1 0 ().
3. (0(x) Zhigh 0 (¥)) = (X Z1ef1 ¥).
4. (0(X) Stefr o () = (x Zp1 y).

Then (F, G) = card(S(F, G)).

Proof. If F and G have different weights, as (—, —) is homogeneous, then (F, G) =0
and S(F, G) is empty, so the result holds. Let us suppose now that F' and G have the
same weight n and let us proceed by induction on n. If n =0, then F = G =1, and
the result holds. For the hereditary, we have the following cases.

1. F = BT (F;). We have the two following subcases.

(a) G is not of the form .G;. Then y(G) =0, so (F,G) = (BY(F)),G) =
(F1,y(G)) =0. Let us assume that S(F, G) is not empty, and leto € S(F, G).
Let r be the root of F. For all x € vert(F), x >pign ¥, 50 0(r) >jefs 0 (x).
Hence, as o is epic, G is of the form . G: contradiction. So S(F, G) =@, and
the result holds.

(b) G =.Gy. Then (F,G) = (F1,Gq). Let 0 € S(F, G). As in the preceding
point, o (r) is the vertex of ., so we can consider the linear map:

W {S(F, G) — S(F1,G1)

O —> O\Vert(Fy)-

It is obviously injective. Let us show it is surjective. Let o1 € S(F1, G1), and
let o : Vert(F) — Vert(G) extending o by sending the root of F to the
vertex of .. Let us show that o € S(F, G). Let x, y € Vert(F). We can sup-
pose they are distinct.

- If x <pign y, two cases are possible. If x is the root of F, then o (x) >/.4;
o (y). If not, then x and y are vertices of F1, s0 0(x) >jef; 0(y) in Gy,
hence in G.

- If x <jef; y, then both of them are vertices of Fi, so o(x) >4 o(y) in
G1, hencein G.

- If 0(x) <pigh 0(y), then o (x) and o (y) are vertices of G1, SO X >/0; ¥
in Fi, hencein F.

- If 0(x) <iefr 0 (y), then two cases are possible. If o (y) is the vertex of .,
then y is the root of F, so x > ; y. If not, then o (x) and o (y) are vertices
of G1,s0x >p; yin Fp, hencein F.

Soo € S(F,G),and ¥ (o) = o01. So W is a bijection. As a consequence:

card(S(F, G)) =card(S(F1, G1)) = (F1,G1) = (F, G).
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2. F = F1F,,with F1, F> # 1. Let J be the unique biideal of G with the same weight
as F,. Then:

(F.G)=(R®F., Y 1®(G-D)=(F.J)(F.G-J).
I biideal of G

Leto € S(F, G). Let 6 (x) € o(Vert(F»)), and y' € vert(G), such that y' >,
o(x) or ¥y >jer; 0(x). As o is surjective, we put y' = o (y). Then x >j;g y or
X >p1 y. In both cases, as x € Vert(F), y € Vert(F2). So o(Vert(Fz)) is a
biideal of G. Considering its weight, it is J. We can consider the linear map:

®: {S(F, G) — S(F1,G = J)x S(F», J)

o —> (U\vert(Fl)a Ulvert(Fz))-

It is clearly injective. Let be (01,02) € S(F1,G — J) x S(F>,J) and let o :
Vert(F) —> Vert(G), such that o)y¢r¢(F;) = 0; for i =1,2. Let us show that
oceS(F,G).Letx,ye Vert(F).

- If x <pjgn y,thenx,y € Frorx,y € F».S0 x >j0r; yin J orin G — J, hence
in G.

- If x <jefs y, two cases are possible. If x, y € Fj or x,y € I, then x >5,; y in
JorinG — J,hencein G.If x € Vert(F>) and y € Vert(F),theno(x) € J
and o (y) € G — J. As J is abiideal, 0 (y) >j,; o (x) is impossible. As >, ; is
a total order, o (x) > ; 0 (y).

- If o(x) <pigh 0(y), two cases are possible. If o (x),0(y) € J oro(x),0(y) €
G—J,thenx >/.5; yin Fy orin F>,hencein F.If o (x) e G—J and o (y) € J,
then x € vert(F1) and y € vert(F2), 80 X >jefr y.

- If 0 (x) <jef: 0 (y), two cases are possible. If o' (x),0(y) € J oro(x),0(y) €
G—J,thenx >, ; yin Fjorin Fp,hencein F.Ifoc(x) e G—J and o (y) € J,
then x € vert(F1) and y € vert(F2),s0 x >p 1 y.

Soo € S(F,G),and ®(0) = (01,02). So ® is a bijection. Hence:

(F,G) = {(F, J){(F1,G — J)=card(S(F\,G — J))card(S(F, J))
=card(S(F, G)).

So the result holds for all n. (J

Remarks.

1. There is obviously a bijection:

{S(F, G) — S(G,F)

a—>o’1.

This gives another proof of the symmetry of (—, —).

2. Let us assume that S(F, G) is not empty, and let o € S(F, G). By definition, if
x <p;yin Vert(F), then o(x) >, o(y) in Vert(G), so o is the unique order-
reversing bijection from (Vert(F), >p ) to (Vert(G), >p1). So, for any forests
F,GeF,(F,G)=0orl.
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3 Poset of forests and applications
3.1 Partial order on F

Notations. Let n € N. The set of planar forests with n vertices will be denoted by
F(n).
Definition 25 Let F € F.

1. An admissible transformation on F is a local transformation of one of the follow-
ing types (the part of F which is not in the frame remains unchanged):

First kind:

Second kind:

Such a transformation will be said to hold on the vertex s.
2. Let sy >p ... > sp be the vertices of F. An admissible transformation on F
will be said to be an i-transformation if it is applied at the vertex s;.

Example. Let 1 = K/ . The 1-transformation turns ¢ into VW . The 2-transformation
turns ¢ into ! 1. There are no 3- and 4-transformation.

Definition 26 Let / € N*. Let F, G € F. We shall say that F <; G if there exists a

finite sequence Fy, ..., Fy of elements of F such that:

1. Foralli € {0, ...,k — 1}, Fj41 is obtained from F; by a j-transformation, for a
certain j € I.

2. Fh=F.

3. Fr=0G.

Proposition 27 For all I C N*, <; is a partial order F.

Proof. Indeed, <; is transitive and reflexive. Let F, G be two forests, such that F' <j
G and G <; F. We put:

ngp = Z height(s),

s vertex of F

ng = Z height(s).

s vertex of G
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As F <; G, there exists Fy, ..., Fx € F, such that Fp = F, Fy = G, and Fj41 is
obtained from F; by an admissible transformation. Each admissible transformation
decreases the height of at least one vertex by 1, so ng <nr —k, song <nr. As
G <; F, in the same way, nr < ng, so nr = ng, and k = 0. As a consequence,
F=G.O

Remarks.

1. F and G are comparable for <y if, and only if, they are equal.
2. We shall denote < instead of <y. This order < is the order generated by all the
admissible transformations.
3. If F and G € F are comparable for one of these orders, they have the same weight.
SoF = U F(n) as a poset.
neN

Examples. The posets F(0) and F(1) are reduced to a single element. Here are the
Hasse graphs of (F(2), <), (F(3), <) and (F(4), <):

1 2 1
3
! 1 .1 l.. 1 2
1 1

AR

The indices on the edges give the indices of the corresponding admissible transforma-
tion. To obtain the Hasse graph of >, it is enough to delete the edges whose indices
arenotin /.

3.2 Application to the product in the dual basis

The coproduct of a forest can be expressed in terms of the order relations <;:
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Proposition 28 Let F € F — {1}. Then:

A(F)=F®1+1Q®F + > FI ® F.

Fi, FreF—{1}
F<tweight(F))} F1F2

Proof. By induction on n = weight (F).If n =1, then F = . and the result is obvi-
ous. Suppose the result true at ranks < n — 1. Two cases are possible.

1. F = F| F>, and the induction hypothesis holds for F| and F>. Then:

AF)=(Fi®@ DA(F) +A(F)(1® F)+ FiQ F

= Z FiG1®G>
G1,G2eF—({1}
FQS(weighr(Gl)}Gle
+ Z G1®F262+F1®F2
G1,G,eF—(1}
Flf(weight(Gl))Gle
= Y. GieG+ 2  Gie6
G1,GreF—{1} G1,G2eF—{1)
weight (G1)>weight (Fy) weight (G1)<weight (Fy)
Ff(weighl(Gl)]GlGZ Ff(me[gln(Gl))GlGZ
+ Z Gl ® GZ'
G],GzEF_{l}

weight (G1)=weight (Fy)
F=(weight(G))G1G2

So the result is true for F'.
2. F = BT (G), and the induction hypothesis holds for G. Then:
A(F)=G®.+Id®B%)oA(G)

=G®.+ ) = F®BY(R)
F],erFf{l}
G =(weight(F)} F1F2

= > Fi®F+ > Fi® F.

Fl,erF—{l} Fl,erF—{l}
weight (Fp)=1 weight (F)>1
F={weight(r))} F1 F2 F={weight(r) )} F1 F2

So the result is true for F.

Dually:

Corollary 29 Let Fy, F» € F — {1}. Then fr, fr, = Z f6.

GeF
G =(weight(F))} F1F2
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Proof. We put fr, fr, = Z ag fg. Then:
GeF

ac = <fF2fF17G>
=(fr ® fr,, A(G))

=(fn®frGR1+1®G+ > G1®Ga)

G1,G2eF—(1}
GS{weight(Gl))Gle

= > 8F1,G18F.G,-

G1,GreF—{l1}
G <{weight(G)}G1G2

So ag = 1if G <{weighi(F;)} F1F2, and 0 if not. [
Examples.
fifo=rf+ry +fI,
o fy =f1,+fi,
frf1 =111 +fL/ +f%-

The following result can be proved by induction on #n:

Corollary 30 Let Fy, ..., F, € F — {1}. We define:
I ={weight(F1), weight (F1 F>), ..., weight(Fy...F,—-1)}.

Then:
[ =Y. fo
GeF
G=<Fi..F,
For example, for Fi =...=F,=.,then I ={1,...,n — 1}, so >;=> on F(n).

By corollary 23, for all F € F(n), F <.",s0." is the greatest element of F(n) (it is
of course also possible to prove directly this result).

3.3 Isomorphism of (F, <) with the Tamari poset

Let T, be the set of planar binary trees and, for all n € N, let Ty (n) be the set of
planar binary trees with #n internal vertices (and n + 1 leaves). For example:

T, (0) = {1}, Tb(1)={Y},Tb(2)= K( Yv ;

RO AR SRR
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The set T, is given the Tamari order (see [4, 5, 18, 23]). Let us recall that it is the
order generated by the local Tamari transformation:

v

Let t1, > be two planar binary trees. We denote by 71 V ; the planar binary tree
obtained by grafting #; and f, on a common root. For example:

IVK/Z;&,Y\/Y:\LH/.

Note that every planar binary tree different from | can be uniquely written ! v/ ¢”,
where ¢! and ¢” are two planar binary trees.

We define a map 7 : T — F by induction on the number of internal vertices by:

Tb —> F
n: I — 1,
n Vi — BT (n(t))n(t).

It is not difficult to prove that 7 is bijective, with inverse given by:

F— Tb
n o 1—1,
BT (F\)F, — n~'(F) v~ {(Fy).

Moreover, 1 induces a bijection: 1 : Tp(n) —> F(n), for alln € N.

Examples.

RN AOETOR PO AN
%_ﬂv y—’k.xw—”m. Yy—’k

The aim of this subsection is to show the following theorem:
Theorem 31 Let t1,t> € Ty. The following equivalence holds:
(n =) <= (n(n) = n(12)).
In other terms, 1 is a poset isomorphism.
Let us define \ : Tj, x T, —> T}, in the following way (see [18]): 1 \ #2 is the graft-

ing of 1, on the leave of #; at most on the right. Note that \ is an associative operation,
and every t € Ty, can be uniquely decomposed in the form ¢t = (f; vV 1)\ ...\ (# V1),
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withneNand,...,t, € Tp.

Examples.

YAY=Y, Y Yy Y =$.

Lemma 32 The Tamari order on Ty, is the least fine partial order satisfying:

nvi<nvi,
1. forallt;,tr,t3 €Ty, (11 <)) = { h \tz3 <\ 13,

B\t <3\ 0.
2. forallt;,tr €Ty, (11 VER)VI <1 V(2 V).

Proof. Let T be the least fine partial order satisfying the assertions of lemma 32.
Clearly, the Tamari order < satisfies these conditions, so for all 1, € Tp, (11 T
h) = (&1 < ).

Let t1, 1 € Tp, such that t; < t,. Let us show that ¢; C f,. First, remark that #; and
t> have the same number n of internal vertices. Let us proceed by induction on n. If
n =0, then t{ =, = | and the result is obvious. If n > 1, we can suppose that #, is

obtained from #; by a single Tamari operation X( — \y .Letusputt; =1 vt
and 1, =1} v . Three cases are possible.

1. If the operation holds on a vertex of 7{, then ¢; <, and t{ = tJ'. By induction
hypothesis, 1{ <t,. So,t{y VI Etyviandty = (r; vV I)\tf E@V )\t =1.

2. If the operation holds on a vertex of 7/, then ¢; =t} and #{ C ¢]'. By induction
hypothesis, 11 = (t; V 1)\ t{ E (1, vV )\ 1] =1.

3. If the operation holds on the root of 1, let us put #; = (1] v t{') v t{”. Then 1, =
tyv (@t vi"). Hence, (t; Vi)V IEt vt vi)andty = ((t; Vi) v i)\t E
(v /vyt =n.0

Lemma 33 The partial order < on F is the least fine partial order satisfying:

BY(Fy) < BY(F),
1. Forall F, Fr, Fs €F, (F| < F) — Fi1F3 < FFs,
R < F3F;.
2. Forall F|, F, € F, BN (BT (F|)F>)) < BT (F|)BT(F).

Proof. Let T be the least fine partial order on F satisfying the assertions of lemma 33.
As the order < clearly satisfies these conditions, for all F1, F> € F, (F1 C F) =
(F1 = F2).

Let F1, F> € F, such that F; < F;. Let us show F| C F>. Necessarily, F1 and F>
have the same weight n. Let us proceed by induction on n. If n = 0, then F; = F> =1
and the result is obvious. Suppose n > 1. We can suppose that F» is obtained from
F1 by a single elementary operation. Three cases are possible.

1. Fi = BT(Gy) and the operation holds on G;. Then F, = BT (G3), with G| < G».
By induction hypothesis, G; C G;. So, F| = BT (G1) C BT(G,) = F>.
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2. F; = B*(G)) and the transformation is of second kind. We then put G| =1,G/,
with t; € T. Then F» =t; BT (G'). By property 2 of E, F| E F>.

3. Fi=t;...t, k > 2, and the transformation holds on #;. We can then write F) =
f1...ti-1Gitiy1 ..., with t; < G;. By induction hypothesis, #; C G;. Hence,
f1...; Cty...ti1Giand Fi =t ...ty Tty ...ti1Gitig ...ty = F>. [

Lemma 34 15 satisfies the following assertions:

1. forallt € Ty, n(t v 1) =BT (n(1)).

2. forallty,tp € Tp, n(n1 \ 12) = n(t1)n(r2).

Proof.

1. Indeed, n(t v 1) = BT (n(1))n(1) = B* (n(1))1 = B¥ (5(1)).

2. Letusputt; =(sy V1)\...\ (sx V1). We proceed by induction on k. If k =0,
thent; =1 and n(t;) = 1,so n(t1 \ ) =n(t2) =n(t)n(). lf k=1, thent; \ 1, =
s1 Vi and n(t1) = BT (1(s1)) by the first point. So, n(t1 \ 2) = B¥ (n(s1))n(12) =
n(t1)n(t2). Let us suppose the result at rank k — 1.

nti\n) =n(s1 vV i)\...\(sk V1)\12)
=061V On(s2vV D)\ \ (kv 1)\ 1)
=n(s1V N2V i) ...n(se Vv D)n(t2)
=n((s1 vV D\...\ sk vV 1I))n(t2)
=n@)n(t2).

We used the result at rank 1 for the second equality and the result at rank k — 1 for
the third and the fourth ones. [

Proof of theorem 31. We define < on T}, by (#] X ) <= (n(t1) < n(t2)). As n is
a bijection, this is a partial order on T,. By lemmas 33 and 34, this is the least fine
partial order satisfying the conditions of lemma 32. So it is the Tamari order. []

3.4 An order-reversing automorphism of the poset F

Proposition 35 We define an involution m : ¥ — F by induction on the weight in
the following way:

m(l) =1,
m(BT(F1)F,) = BT (m(F2))m(F) for any Fy, F> €F.

Proof. Clearly, this defines inductively m(F’) for all forest F in a unique way. Let
us show that m?(F) = F for all forest F € F by induction on the weight n of F. If
n = 0, the result is obvious. Suppose the result true for all rank < n. Let F € F(n).
We put F = BT (F|)F. Then the induction hypothesis holds for F;. So:

mom(F)=m(BY(m(F))m(F)) =B (mom(F))mom(F,) =B (F|)F,=F.
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So m is an involution. [J

Remark. For all forest F € F, F and m(F') have the same weight. So m induces an
involution m : F(n) —> F(n) for all n € N.

Examples.
DL LT T IS S B ALY
o e b e Y e b

ARVADLINRY N IS IOLTUR N UL SN IPIDLINY

Proposition 36 Let F, G € F. Then F < G if, and only if, m(G) <m(F).

Proof. We consider the bijection m’ : T, —> T}, defined by m’ =n~!

m’(1)=1,and forall t1, 1, € Tp:

om o 1. Then

m'(ty v ) =n"" om(BT (n(t))n(12))
="' (BT (mon(t))mon(n))
=n"lomon() vy omon(n)

=m'(n) vm'(t)).

Hence, m’ is the vertical reflection:

VY e Y e VY e Y ey

It is obviously an order-reversing automorphism of Tj. If F, G € F, let us put #; =
' (F) and o =~ (G):
F <G n)=nt)

—hn=n

= m' () <m'(tr)

= nom'(ty) <nom'(r)

< nom on ' (G)<nom oy~ (F)

< m(G) <m(F).

Hence, m is order-reversing. []

Remark. So m(.") = (B1)"(1) (ladder of weight n) is the smallest element of F(n).
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3.5 Link between the pairing and the partial order

Theorem 37 Let F, G € F. The following assertions are equivalent:

Proof.

1 = 3. Let us suppose that (F,G) # 0 and let us show that F > m(G).
We proceed by induction on weight(F) = weight(G) =n. If n =0, then F =
G =1 and F > m(G). We now suppose the result at all rank < n. We put
G = B*(G1)G>. Then the induction hypothesis holds for G| and G,. Moreover,
m(G) = BT (m(G2))m(G1). Let ¢ be the unique totally admissible cut of F such
that P¢(F) and G, have the same weight. Then, by homogeneity of (—, —):

(F,G)=(F, B(G1)G2) =(A(F), G2 ® B(G1))
= (P(F)® R°(F),G,® B(Gy)) = 1.

As (F,G) # 0, then (P°(F), G,) and (R°(F), B(G)) are non zero. By the induction
hypothesis, P¢(F) > m(G3) and R°(F) > m(B(G1)) = .m(G1). As c is a totally ad-
missible cut, we easily deduce that F > B+ (m(G2))m(G1) = m(G).

3 = 2. Let us suppose that m(G) < F and let us show that (F,G) = 1. We
proceed by induction on the common weight n of G and F.If n =0,then F =G =1
and (F, G) = 1. We now suppose the result at all rank < n. We put G = BT (G1)G>,
with Gy, G, € F. Then m(G) = BT (m(G2))m(Gy) and F > BT (m(G2))m(Gy). Let
¢ be the unique totally admissible cut of F such that P¢(F) and G, have the same
weight. By definition of >, P¢(F) > m(G3) and R°(F) > .m(G) = m(BT(G1)).
Hence, (P(F), G2) = (R°(F), B*(G1)) = 1. As (—, —) is homogeneous:

(F,G) = (F, B (G1)G2) = (Ao(F), G2 ® BT (G1))
= (PY(F)® R°(F),G2® B¥(G1)) = 1.

2 = 1. Obvious. J

Examples. Values of the pairing (—, —) for forests of weight < 4:
RS

oo 111 11

. 111 1.0 10

|1 1./1 01 00O

Yi1 1 0 00

fl1 0000
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...... 1.1..\/.11..11\/.1.\?\){/\’%
1 1 1 1 11 1 1 11 1 1 11
L1l 1 1 1 100 1 01 1.0 10
.01 1 0 101 1 001 01 00
.Vl1 11 1100 001 1000
A1 1 0 1000 001 00 00
1../1 0 1 001 0 1 1000 00
111 0 1 000 0 1 000 0 00
1 1 0 001 1 0000 0 00

1 0 0 001 0 00000 00

1 1 1 1 100 00000 00

As a corollary, we can give another (shorter) proof of the symmetry of (—, —): if
F,G€F,

({F,G) =1) &= (F 2 m(G)) <= (m*(F) = m(G)) <= (G = m(F))
— (G, F)=1).

Corollary 38 Let F €F(n). Then F= Y fo= Y fuo).

GeF(n) GeF(n)
F>m(G) F>G

Proof. We put F = Z ag.r fc. Then ag.r = (F, G), which implies this corol-

GeF(n)
lary. O

Let w: F(n)> —> K be the Mdbius function of the poset F(n), that is to say (see
[22]):
l. W(F,G)=0if F £ G.

2. Y w(F.G)=6éppuif F<H.
GeF(n)
F<G=<H

Immediately, by [22]:
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Corollary 39 Let F € F(n). Then fr= Y _ (G, m(F))G.

GeF(n)
G<m(F)
Examples.
fi=1 fo=-
foo=1 fr=-1+..
f...=E f.I=—f+\/
fI.Z—I-l-I. fv=—v+.1

f{ZE—I.—.I-i-... f....Zi

f—d e Y fr=d e b
—Y+\} f.Izl—I\/—\}+'\V

foy =
fIHZ—I +I. fIIzl—Y—I.—i-V.
fv.=—L/+zz 1 I S RS

f =—\}+.} \}—\V—.IJF.V

% 7
¥ Y_wv._dbsa )y
Y Ty

fI U S PP U YU SN SUUP T

L/—II—.V—%—..I
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