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Abstract To every subspace arrangement X we will associate symmetric functions
‘P[X] and ‘H[X]. These symmetric functions encode the Hilbert series and the mini-
mal projective resolution of the product ideal associated to the subspace arrangement.
They can be defined for discrete polymatroids as well. The invariant H[X] specializes
to the Tutte polynomial 7 [X]. Billera, Jia and Reiner recently introduced a quasi-
symmetric function F[X] (for matroids) which behaves valuatively with respect to
matroid base polytope decompositions. We will define a quasi-symmetric function
G[X] for polymatroids which has this property as well. Moreover, G[X] specializes
to P[X], H[X], 7 [X] and F[X].

Keywords Matroids - Polymatroids - Symmetric function - Quasi-symmetric
function - Tutte polynomial - Subspace arrangement - Hyperplane arrangement

1 Introduction
1.1 Combinatorial invariants

Let X be a set with d elements. Suppose that Vi, x € X are subspaces of an n-
dimensional vector space. Then A = |J, .y Vi is called a subspace arrangement.
Let Pow(X) be the set of all subsets of X. The rank function rk : Pow(X) — N :=
{0, 1,2, ...} is defined by

tk(A) =dimV —dim();c, Vi
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for all subsets A C X.

Surprisingly, many topological invariants of the complement V \ A of subspace
arrangements are combinatorial, i.e., they can be expressed in terms of n := dim V
and the rank function. For example, Zaslavsky (see [40]) proved that number of re-
gions in the complement of a real hyperplane arrangement is equal to

(_1)]1)((_1) — Z (_1)rk(A)‘HA"

ACX

where x (g) is the characteristic polynomial of the hyperplane arrangement defined
by

x(@) =) " P =nhl,

ACX

For complex hyperplane arrangements, the cohomology ring H*(V \ A) is isomor-
phic to the Orlik-Solomon algebra (see [29]), which is defined explicitly in terms of
the rank function. For arbitrary real subspace arrangements, the topological Betti
numbers of the complement V \ A are expressed in terms of the rank function using
the Goresky-MacPherson formula (see [17]).

One may wonder whether various algebraic objects associated to a subspace
arrangements are combinatorial invariants. Let K be a base field of characteristic
0, and denote the coordinate ring of V by K[V]. Terao defined the module of deriva-
tions D(.A) along a hyperplane arrangement A (see [36]). An arrangement is called
freeif D(A) is a free K[V ]-module. Terao has conjectured that “freeness” is a combi-
natorial property, i.e., whether D(A) is free is determined by its rank function. Terao
showed that free arrangements have the property that their characteristic polynomial
factors into linear polynomials (see [36]). One should point out that for example the
Hilbert series of the module D(.A) is not a combinatorial invariant.

In a recent paper, the author found an algebraic object which is a combinatorial
invariant for subspace arrangements. Let J, € K[V] be the vanishing ideal of V, C V
andlet J =[] vex Jx be the product ideal. The author showed in [12] that the Hilbert
series H(J,t) of J is a combinatorial invariant. For hyperplane arrangements the
Hilbert series of J is always equal to r¢/(1 — )" and is therefore not an interesting
invariant. Let W be an arbitrary vector space and denote its dual by W*. We can
tensor all the spaces with W*. So let J, (W) C K[V ® W*] be the vanishing ideal of
the subspace V, @ W* of V@ W* and J(W) =[], c4 Jx (W). Then the Hilbert series
H(J (W), t) is an interesting invariant, even for hyperplane arrangements. Moreover,
since we have an action of GL(W) on all the rings and ideals involved, we can define
a GL(W)-equivariant Hilbert series which is a more refined invariant for subspace
arrangement.

1.2 Symmetric functions

The ring of symmetric functions is spanned by the Schur symmetric functions s,
where A runs over all partitions. Let X = (X, rk) where rk is the rank function com-
ing from a subspace arrangement Uxe x Vx € V. In Section 2.3, we will define a
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symmetric function P[X] using a recursive formula (see Definition 2.3). We define
another symmetric function H[X] = H[X](g, t) with coefficients in Z[q, t] by

HIXI(g.1)= Y _ PIX |alg™ el )
ACX

Here X |4= (A, 1k |4) can be viewed as the rank function of the sub-arrangement
Uyea Vx € V. The definitions of P[X] and H[X](g, r) make sense even if the rank
function rk does not come from a subspace arrangement. Therefore, these symmetric
functions can also be defined for polymatroids. The symmetric function H[X](q, t)
essentially encodes Hilbert series of J and the GL(W)-equivariant Hilbert series of
J(W). Also, the minimal free resolutions of J and J(W) can be expressed in terms
of H[X](q, t). The symmetric functions behave nicely with respect to direct sums of
polymatroids, namely

PIX® Y] =PIX]- PlY] )
HIX®YI(g,1) =H[XI(g, 1) - H[Y](g, 1) 3

(see Proposition 2.6). The Tutte polynomial is defined by

TIX](x, y) = Y (x = HFOTHA (y A=k, “
ACX

The Tutte polynomial was introduced in [37] and generalized to matroids in [4]
and [8]. It has the multiplicative property and it behaves well under matroid dual-
ity (see (5)). It specializes to the characteristic polynomial, namely

x(@) =q""*OTX](1 - q,0).

The coefficients of 7[X](x, y) as a polynomial in x and y have combinatorial in-
terpretations and are nonnegative. The invariant H[X](q, t) specializes to the Tutte
polynomial. The functions P[X] and H[X](q, ¢) do not seem to behave nicely under
matroid duality. If the polymatroid X is realizable as a subspace arrangement in char-
acteristic 0, then the coefficients of P[X], H[X](g,t) and some of their specializa-
tions have homological interpretations. Therefore, the coefficients of these functions
satisfy certain non-negativity conditions.

Brylawski defined a graph invariant in [5] which he called the polychromate.
Sarmiento [31] proved that the polychromate is equivalent to the U-polynomial stud-
ied by Noble and Welch [28]. The polychromate and the U-polynomial specialize to
Stanley’s chromatic symmetric polynomial [35]. There are graphs whose graphical
matroids are the same, that can be distinguished by the Stanley symmetric func-
tion. This means that the Stanley symmetric function, the polychromatic, and the
U-polynomial cannot be viewed as invariants of matroids.

Inspired by these graph invariants, Billera, Jia and Reiner defined a quasi-
symmetric function which is an invariant for matroids (see [3]). This invariant will
be discussed later.
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1.3 Polarized Schur functions

Let us denote the Schur functor corresponding to the partition A by S,. Suppose
our base field K has characteristic 0, Z is a finite dimensional K -vector space, and
Z1,...,Z4 € Z are subspaces. For a partition A with |A| = d we will define a sub-
space

Su(Z1, 22, ..., 2Zq) €S0 (2)

as the subspace spanned by the all 7(z1 ® - - - ® z4) where z; € Z; for all i and

T:ZQRZY - QZ— S (Z)
_\/_/
d

is a GL(Z)-equivariant linear map.
The space S, (Z1, ..., Z4) has various interesting properties which will be dis-
cussed in Section 6. For example

S\(Z,Z,...,Z)=8.2).
———
d

Also, permuting the spaces Z1, ..., Z; does not change the subspace S, (Z1, ..., Zg).
Let V = Z* be the dual space, and define V; = Zl.L to be the subspace of V orthog-
onal to Z;. Consider the subspace arrangement A=V, U---U V; C V. Then the
dimension of Sy (Zy, ..., Zy) can be expressed in terms of H[.A](g, t). This implies,
that the dimension of S, (Z1, ..., Zy) is determined by the numbers

dim) ;.4 Zi, AC{l,2,....d}.
1.4 Quasi-symmetric functions

Billera, Jia and Reiner defined a quasi-symmetric function F[X] for any matroid X
in [3]. This invariant behaves nicely with respect to direct sums of matroids, matroid
duality. There is also a very natural definition of this invariant in terms of the com-
binatorial Hopf algebras studied in [1] (see Section 7.4). In [3] it was proved that
this quasi-symmetric function behaves valuatively with respect to matroid polytope
decompositions, so it can be a useful tool for studying such decompositions. The
quasi-symmetric F[X] does not specialize to H[X](qg, ) because F[X] cannot dis-
tinguish between a loop or an isthmus, and H[X](g, t) can. We will show that F[X]
does specialize to P[X]. To prove this, we introduce another quasi-symmetric func-
tion G[X] which should be of interest on its own right. First of all, we will choose a
convenient basis {U,} of the ring of quasi-symmetric functions where r runs over all
finite sequences of nonnegative integers. A complete chain is a sequence

X:P=XoCX1C---CXy=X
such that X; has i elements for all i. The rank vector of this chain X is defined by

r(X) = (k(X1) —rk(Xo), ..., k(Xg) — rk(Xg-1)).
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Now we define

GIX1=)Y Ur)
X

where X runs over all d! maximal chains in X. We will show that G[X] behaves nicely
with respect to direct sums and matroid duality. It defines a Hopf algebra homomor-
phism from the Hopf algebra of polymatroids to the Hopf algebra of quasi-symmetric
functions. But unlike F[X], it can distinguish between a loop and an isthmus. More-
over, G[X] specializes to the Billera-Jia-Reiner quasi-symmetric function F[X] as
well as to H[X](q, t). We will also show that G[X] has the valuative property with
respect to polymatroid polytope decompositions in Section 8. We question whether
G[X] might be universal with this property.

2 Symmetric functions associated to polymatroids
In this section we will define the invariants H[X](q, ) and P[X].
2.1 Discrete polymatroids

Definition 2.1 A (discrete) polymatroid is a pair X := (X, rk) where X is a finite set,
and rk : Pow(X) - N ={0, 1,2, ...} is a function satisfying

1. rk(¥) =0;

2. tk(A) <rk(B) if A C B (nondecreasing);

3. tk(AU B) +1k(A N B) <r1k(A) + rk(B) (submodular).

If X = (X,rk) is a polymatroid, and A C X is a subset, then we restrict X to A
to get a polymatroid X |4:= (A, 1k |4). If A° = X \ A is the complement, then the
deletion of A in X is the polymatroid X \ A := X |4c= (A®, 1k | o¢). The polymatroid
X/A := (A% rky/,4) is defined by

rkx/a(B) =Tk(A U B) — rk(A)

for all B C A°. We call X/A the contraction of A in X.
Two polymatroids X = (X, tky) and Y = (Y, rky) are isomorphic if there exists
a bijection ¢ : X — Y such that rky op = rkx. A polymatroid X = (X, rky) is a
matroid if rkx({x}) € {0, 1} for all x € X. For more on matroids, see [30, 38]. If
X = (X, rky) is a matroid, then its dual is X" := (X, rky) where rky is defined by
rky (A) :=|A| —rkx (X) +1kx (X \ A)
for all A C X. The Tutte polynomial behaves nicely with respect to matroid duality:

TIXY1(x, y) = TIX1(y, x). (&)

There is also a formula expressing F[X"] in terms of F[X] (see [3]).
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Definition 2.2 If X = (X, rky) and Y = (¥, rky) are polymatroids, then we define
their direct sum by

XPY:=XuY, rkxuy)
where X LY is the disjoint union of X and Y and rky,y : X UY — N is defined by
rkxuy (AU B) :=r1kx (A) + rky (B)
foral AC X,BCY.
The Tutte polynomial satisfies the multiplicative property
TIX®Y]I=TI[X] - T[Y]. (0)
2.2 The ring of symmetric functions

Let
Sym :=Zley, ez, e3,...1 C Z[x1, x2, X3, ...]
be the ring of symmetric functions in infinitely many variables, where
e 1= Z XiyXiy =+ Xiy
i <ip<---<ik

is the k-th elementary symmetric function. The monomials in ej, ez, ... form a Z-
basis of Sym. A partition of n is a tuple A = (A1, A2, ..., A,-) of positive integers with
Al =>--->=Xx->1and |A|:= A1 + -+ A equal to n. Another basis of Sym is given
by the Schur symmetric functions s, where A runs over all partitions. For standard
results on symmetric functions, we refer to the book [22]. The natural grading of
Z[x1, x2,x3,...] induces a grading on Sym. In this grading e; has degree k and s,
has degree |A|. Let

Sym="1Zl[er, €1, e3,...1]
be the set of power series in eg, e, .... Define
o=1+s +S2+S3+"-€Sy—m.

The inverse is given by

o l=l—ejter—es+--=1—s1+s11—s111+--. )
2.3 The definitions of P[X] and H[X](q, t)
Definition 2.3 For every polymatroid X = (X, rk) we define a symmetric polynomial
‘P[X] € Sym by induction as follows. If X = ¢J, then P[X] = 1. If X # ¢J, then we may

assume that P[X | 4] has been defined for all proper subsets A C X. We define

PXl=uo+ui+---+ux-1 8)
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where u; € Sym is homogeneous of degree i for all i such that
o
D ui=— ) PIX[alo™ 07D ()X ©)
i=0 ACX

Here A runs over all proper subsets of X.

Definition 2.4 For every polymatroid X = (X, rk) we define a symmetric polynomial
H[X](q.1) € Symlq, 1] =Zlq, 1] @z Sym
by

HIXI(g. 1) = Y _ PIX |alg™ W1, (10)
ACX

The coefficient of /X! in H[X](q, 1) is ¢g™*®P[X].
Remark 2.5 1f we evaluate (10) at ¢ = o~ and t = —1, then we obtain

HIXI(o™', =D =) PX|alo ™ @ (=D)* e Sym.
ACX

From (8) and (9) it follows that H[X](c™ L, — 1) vanishes in degree < d = | X|.

Proposition 2.6 (multiplicative property) For polymatroids X = (X,rkyx) and Y =
(Y, rky) we have
PIX® Y]="PIX]-PIY] (11)

and

HIX® YI(g, 1) =HIXI(g, 1) - HIY](g, 1). (12)

Proof We prove the proposition by induction on | X| 4 |Y|. The case where X =Y =
¢ is clear. So let us assume that | X| + |Y| > 0. We may assume that

PIX |4 ®Y |l =P[X |al-PLY |B]
for all subsets A C X and BC Y suchthat A= X or B#Y.

HIX®YIg.H= Y PIX®Y)|clg™rr©lC
coxuy

— Z Z P[X |A oY |B]qux(A)+rky(B)t|A|+|B\
ACX BCY

= ) PIX|alg™x Wil S TPy 5lg™r P17

ACX BCY
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+ (P[X oY]— 'p[X]'p[Y])ql’kx(X)+rky(Y)t|X|+\Y\
="H[XI(g,1) - H[YI(g, )
+ (PIX @ Y] — PIXIP[Y])g ™ x Ky WXV (13)

If we substitute ¢ = o~ and r = —1 we get

HIX®YIo™, —1) —H[X]o~ !, =) - H[Y]Ie ™, =1)
= (—)XH(PX @ Y] — P[X] - P[Y])o ~Hx ) mrhr (@),

The left-hand side has no terms in degree < | X| + |Y| by Remark 2.5 and
PIX®Y]—-P[X] - PlY]
is a symmetric polynomial of degree < |X| + |Y|[. It follows that
PIX®Y]="P[X]- P[Y].
From (13) it follows that
HIX®YI(g,t) =H[X](g,1) - H[Y](g, D). U

The Tutte polynomial is closely related to the rank generating function

RIXI(g, 1) =) ¢*Wi4.
ACX

‘We have
(x = D*ORIXI((y - D = DL (v = D) = TIXI(x, y),

so the Tutte polynomial is completely determined by the rank generating function
and vice versa. The rank generating function makes sense for polymatroids, not just
matroids. The Tutte invariant may not be a polynomial for polymatroids, because we
could have rk(A) > |A| for some subset A C X. Define

Q:Sym— Q

by

1 ifA=(;
0 otherwise.

@(S)L) = {
Using base extension, we also get a Q(g, t)-linear map

Sym@qQ(g, ) — Q(g, 1)

which we also will denote by ®. It is straightforward to prove by induction on |X|
that @ (P[X]) = 1.
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Corollary 2.7 We have

OHIXI(g,0) =Y ¢ Wi =R[X](q, .
ACX

So H[X](q,t) specializes to the rank generating function and the Tutte polynomial.

3 Examples
Example 3.1 Let 0 = ({v}, tko) be the loop matroid, and 1 = ({v}, rky) be the co-loop
matroid defined by

rko(v) =0 and rky(v) = 1.
Then we have P[0] = P[1] =1, H[0] =1 + ¢, H[1] =1 + g, G[0] = U(y) and
Gl11=Uqy.

An important class of matroids is the class of graphical matroids. Suppose that I' =
(Y, X, ¢) where Y is the set of vertices, X is the set of edges, and ¢ : X — Pow(Y) is
a map such that ¢ (e) is the set of endpoints of the edge e. So ¢ (e) has 1 or 2 elements
for all e € X. Let V = K", and denote the coordinate functions by xp, ..., x,. To
each vertex e € X, with ¢ (e) = {i, j} we can associate a subspace V, C V defined by

x; =xj.So V, is a hyperplane unless e is a loop (i.e., i = j), in which case V, = V.
For A C X, we define V4 = ﬂaeA V,. We define a rank function by

rk(A) =dimV —dimV,, ACX.
Now X = (X, rk) is a matroid.

Example 3.2 Suppose (Y, X, ¢) is an m-gon.

m=6:

Then we have

TIXIx, y) =y +x +x% -+
PIXI=1-—s1+ 511 —...+(_1)m—lslm_]’

HIX](g, 1) = (1 +q0)" — (g0)" + ¢" " P[X],
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GIX]=m\Uq,1,...1,0)-

Example 3.3 Suppose that (Y, X, ¢) is the graph with 2 vertices and m edges between

them.
m=>5 :@

TIXI(x, ) =x+y+y>+-+y" L,

Then we have

PIXI=1—("s1+ ("3 )2 =+ D" (0 ) smot, (14)

m i—1 .
. (1 —1
H[X](q,t)=1+q§ (T)t’ E (-D’(lj )Sj . (15)
i=1 j=0

Here, we use the convention so = 1. To prove the formulas (14) and (15) it suffices to
show that the right-hand side of (15) vanishes in degree < m if we substitute ¢ = o ~!

and t = —1. If we make these substitutions, we get (using the combinatorial identity
[23, §1.2.6, (33)])

‘Z( )( b’ Z( 1)1( .1)sj

i=1

m—1

=l+0" 12s] Z( 1)’*/( )( jl)

=i i=j+1

e T ()L ()

m—1

=1-0"") ;. (16)
j=0

This vanishes in degree < m because o =1+ 51 + 52 + - --. We also have
GIX]=m!Uq0.0....,0)-

The following example appeared in [5], and was pointed out to the author by
Nathan Reading.
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Example 3.4 The Gray graphs

Gi= . Gr=

have the same Tutte polynomial, namely

TIG1I(x,y) = T[Gal(x, y) = ¥° +4y* + xy* +x2y° + 6xy° +7y°
+x3y2 4+ 6y% 4+ 6x%y? + 13xy% + 10xy + x*y 4+ 13x%y + 6x7y
+2y 4+ 2x +7x° + x° + 4x* + 6x2

However, the coefficients of 5222 in P[G1] and P[G>] are 56 and 55 respectively.

The examples below appeared in the survey of Brylawski and Oxley in [39, pp. 197],
and were also featured in [3].

Example 3.5 Consider 6 points in P> = P2(C) according to the diagram below

*——o —o

7)

*——eo—o

Here 3 or more points are collinear if and only if they lie on a line segment in the
diagram. Dualizing gives us 6 projective lines in P> which can be viewed as 6 hyper-
planes in C3.

Denote the matroid associated with this arrangement by X. Consider 6 points in
P2 according to the diagram below

(18)

Again, dualizing gives a hyperplane arrangement in C3. Denote the matroid associ-
ated with this arrangement by Y.

Then X and Y give nonisomorphic matroids, but they have the same Tutte polyno-
mial and the same Billera-Jia-Reiner quasi-symmetric function (see [3]). Moreover,

PIX]I=P[Y]=1—-3s1 +3s2+651,1 —53 —852,1 — 851,1,1

+3s3,1 + 6522+ 11s31,1 — 3532 —4s3,1,1 — 352,21,
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HIX](g.1) =H[Y](g, 1),

and

aaaaaaaaaa

The last equation can easily be computed by hand as follows. There are 6! ways of
labeling the points in diagram (17) by p1, p2, p3, pa, ps5. pe- If p1, p2, p3 are not
colinear, then the labeling gives the rank sequence (1, 1,0, 1, 0, 0), because p; spans
a subspace of dimension 1 in (C3, p1 and p; span a subspace of dimension 1 + 1,
P1, P2, p3 span a subspace of dimension 1 + 1 4+ 0, p1, p2, p3, p4 span a subspace
of dimension 1 + 1 40+ 1, etc. There are 2 - 3!> = 72 ways of choosing a labeling
such that p1, p2, p3 are colinear. All other 720 — 72 = 648 labelings, give the rank
sequence (1,1, 1,0,0,0). A similar reasoning can be used to compute G[Y].

Example 3.6 Let X be the matroid corresponding to the hyperplane arrangement dual
to the point arrangement of the following diagram

Let Y be the matroid corresponding to the hyperplane arrangement dual to the point
arrangement of the following diagram

The Tutte polynomial is the same for X and Y. The Billera-Jia-Reiner quasi-
symmetric function does distinguish the arrangements. We have

PIX]=1—4s1 + 652 +9s1,1 —4s3 — 17s2,1 — 10s1,1,1
48544+ 12531 + 13502+ 1752.1,1 —354,1 — 10532 — 10s3,1,1 — 852.2.1
+ 28542+ 25411 + 2533 +35321+ 5222
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and

PIYI=1—4s1 + 652 +9s1,1 —4s3 — 17521 — 105111
+ 54+ 12531 + 14520 + 17s2,1,1 — 3541 — 12532 — 105311 — 105221
+ 3542+ 254,11 + 2533 +4s321 +52,22.

We also have

qqqqqqqqqqqqqqqqqq

ssssssssssss

and

;;;;;;;;;;;;;;;;;;

vvvvvvvvvvvv

So the invariants H, P and G distinguish these two matroids as well.

4 Ideals and regularity
4.1 Equivariant free resolutions

Let K be a field, and V be an n-dimensional K-vector space. For any partition A,
S,. denotes its corresponding Schur functor. In particular, S;V is the d-th symmetric
power of V, and S1«V = S;,..1V is the d-th exterior power. Let R = K[V] be the
ring of polynomial functions on V. The space R, of polynomial functions of degree
d can be identified with S;(Z), where Z = V* is the dual space of V. Also, the ring
R = @32 Ra can be identified with the symmetric algebra S(Z) := D52, Sa(Z)
on Z = V*. By choosing a basis in V and a dual basis {x{,...,x,} in V* we may
identify R with the polynomial ring K[x1, ..., x,]. Letm = 692021 Rg=(x1,...,xn)
be the maximal homogeneous ideal of R.

Suppose that M is a finitely generated graded R-module. Its minimal resolution
can be constructed as follows. First define Dy := M and Ey = Do/mDgy. Then Ej is a
finite dimensional, graded vector space. The homogeneous quotient map ¥ : Dy —
E( has a homogeneous linear section ¢g : Eg — D¢ (which does not need to be an
R-module homomorphism) such that vy o ¢g = id. We can extend ¢p to a R-module
homomorphism ¢ : R ® x Eg — Dy in a unique way. The tensor product R ®x Eo
has a natural grading as a tensor product of two graded vector spaces, and ¢ is
homogeneous with respect to this grading. We inductively define D;, E;, ¥, ¢; as
follows. Define D; as the kernel of ¢;—1 : RQ E;_1 — D;_1. We set E; = D; /mD;.
Let ¢; : E; — D; be a homogeneous linear section to the homogeneous quotient map
Y : Dj — E;. We can extend ¢; to an R-module homomorphism ¢; : RQ E; — D,;.
By Hilbert’s Syzygy theorem (see [21] and [13, Corollary 19.7]), we get that D; =0
for i > n. We end up with the minimal free resolution

0—-R®E,—>RQRE,_1—---RQEy— M — 0.
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Here E; can be naturally identified with Tor; (M, K).

For a group G and sets X and Y on which G acts, we say thatamap ¢ : X — Y
is G-equivariant if it respects the action, i.e., ¢(g - x) = g - ¢(x) for all x € X and
g € G. Suppose that G is a linearly reductive linear algebraic group and V is a repre-
sentation of G. Assume that G also acts on the finitely generated graded R-module
M = EBd M, such the multiplication R x M — M is G-equivariant, and My is a
representation of G for every d. By the definition of linear reductivity, we can choose
the sections ¢; : E; — K; to be G-equivariant. So by induction we see that G acts
regularly on Dy, Eg, D1, E1, D2, E>, .... Also, by induction one can show that the
structure of D; as a G-equivariant graded R-module, and E; as graded representation
of G do not depend on the choices of the G-equivariant sections ¢;. We conclude that
E; =Tor; (M, K) has a well-defined structure as a graded G-module.

4.2 Castelnuovo-Mumford regularity

For a finite dimensional graded K -vector space W = @, Wa we define
deg(W) :=max{i | W; # 0}.

If W = {0} then we define deg(W) = —oo. A finitely generated graded R-module M
is called s-regular if deg(Tor' (M, K)) < s + i for all i. The Castelnuovo-Mumford
regularity reg(M) of M is the smallest integer s such that M is s-regular. See [13,
§20.5] for more on Castelnuovo-Mumford regularity.

4.3 Product ideals and regularity bounds

Suppose that Vy, x € X are subspaces of V for some finite set X with d elements.
Assume that X = {1,2,...,d}. Let J, € K[V] = §(Z) be the vanishing ideal of V.

The ideal J, is generated by the subspace Z, = in C Z = V* of all linear functions
vanishing on V,. For every subset A C X, we define J4 := I—[x ex Jx.andlet J = Jyx.
A crucial result we need is:

Theorem 4.1 (Conca and Herzog [7]) The Castelnuovo-Mumford regularity of J is
equal to d.

We define
Cr = @ Ja. (19)

|Al=k

Following [33, Chapter IV] we construct a complex
0—>Cs—>C4q_1—>-+-—>Co—0. (20)
The map 0 : Cx — Ck—1 can be written as d; = ZA’B 8,?’3, where

P Js— Up.

@ Springer



J Algebr Comb (2009) 30: 43-86 57

Suppose that A = {i1, i, ..., ig} with i} < iy <--- < i, then we define
BA’B . 0 if BZ A;
k7l (=D"id i B={i1,....ir—1sira1s...,0k}

The homology of the complex is denoted by

Hy =kerdg/im 041.
Remark 4.2 Since 9, is injective, we have that Hy; = 0.

Proposition 4.3 [33] If Vx :=(),cx Vx = (0), then the homogeneous maximal ideal
m kills all homology, i.e., mH; =0 forall i.

The following result is Corollary 20.19 in [13].

Lemmad.4 If A, B, C are finitely generated graded modules, and
0—-A—->B—>C—0

is exact, then

1. reg(A) < max{reg(B), reg(C) + 1};
2. reg(B) < max{reg(A), reg(C)};
3. reg(C) < max{reg(A) — 1, reg(B)}.

Proposition 4.5 Suppose that Vx = (\,cx Vx = (0). Then Hy is concentrated in
degree k (and in particular, it is finite dimensional).

Proof Wehavereg(C;) <i by Theorem4.1.Let Z; and B; be the kernel, respectively,
the cokernel of ;.
First, we prove that

reg(H;) < reg(B;) — 1 b3}

fori=0,1,...,d — 1. Since mH; = 0, H; is just equal to a number of copies of K
in various degrees. From the Koszul resolution it follows that

deg(Tor; (H;, K)) =deg(H;) + j
for j =0,1,2,...,n, hence reg(H;) = deg(H;). The exact sequence
00— B, —>Z7Zi—H —0 22)
gives rise to a long exact Tor sequence
0 — Tor,(B;, K) — Tor,(Z;, K) — Tor,(H;, K) — Tor,_1(B;, K) — --- .

Since Z; is a submodule of a free module, its projective dimension is <n — 1 and
Tor,(Z;, K) = 0. Therefore

deg(Tor,—1(B;, K)) > deg(Tor, (H;, K)) =reg(H;) + n.
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It follows that
reg(B;) +n — 1 > deg(Tor,_1(B;, K)) > reg(H;) + n.

This proves (21).
From (22) and Lemma 4.4 it follows that

reg(Z;) < max({reg(B;), reg(H;)} =reg(B;). (23)

By induction on i we will show that reg(By—;) <d —i+1,reg(Z4—;) <d—i—+1
and reg(Hy—_;) <d —i.Fori =1 we have reg(By_1) =1eg(Cy) =d, reg(Zy—1) <d
by (23) and reg(Hy—1) <d — 1 by (21).

Suppose that i > 1. We may assume by induction that Z;_;, is (d — i + 2)-
regular. From the exact sequence

0—>Z4—it+1—> Cy—it+1—> By—i — 0
it follows that
reg(By—;) < max{reg(Zy—i+1) — 1,reg(Cy—i+1)} <d —i +1
by Lemma 4.4. Now we have reg(Zy—;) <d —i + 1 by (23) and reg(Hy—;) <d —i

by (21).
O

Suppose that G is a linearly reductive group and letAa denote the set of isomor-
phism classes of irreducible representations of G. Let ZC be the set of maps G — Z.

Elements of ZC may be thought of as G-Hilbert series. If M is a G-module such that
every irreducible representation appears only finitely many times, then we define

(M) = (M) € ZC.
For every irreducible represention U of G, (M) (U) is the multiplicity of U in M.

Lemma 4.6 Suppose that G acts on Z such that every irreducible representation of
G appears only finitely many times in S(Z). Then we have

d d—1
D DM =) (DG =) (=D (H)). (24)
=0 (=0

ACX

Proof The first equality follows from the definition (19). For every i we have exact
sequences

0—-Z —-Ci—>imBi_1 >0
and

0— B, —>Z;— H; — 0.
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So we have

D (=DHCH =) (=DZ) + Y (=D (Bi)

=Y (=DUZi) =Y (=D (Bi) =) (=) (Hy). 23

5 Realizable polymatroids
5.1 The tensor trick
Let us fix a field K.

Definition 5.1 An arrangement realization of a polymatroid X = (X, rk) over K is
a finite dimensional K-vector space V together with a collection of subspaces Vi,
x € X such that

rk(A) =dimV —dim V4
for every A C X, where

Vi = ﬂ V.

xeX

Let X = (X, rk) be a polymatroid and set d = | X|. From now on, assume that K is a
field of characteristic 0. Suppose that V' is an n-dimensional K -vector space and Vy,
x € X is a collection of subspaces that form a realization of X.

Let W be another K-vector space and let R(W) := K[V ® W*] be the ring of
polynomial functions on V ® W* = Hom(W, V). Note that GL(W) acts regularly on
K[V ® W*]. Let J, (W) € R(W) be the vanishing ideal of V, @ W* C V ® W*. For
a subset A C X we define

Jaw)y =TT W)

x€eA

and we set J(W) := Jx(W). Define

Ci(W):= @ Ja(W).

ACX
|Al=i

As in (20), we have a complex
0= Cq(W)—= Cqg_i1(W) > --- = C1 (W) = Co(W) = 0. (26)

Let H; (W) be the i-th homology group. By Lemma 4.6, we have

d—1 d
Y (DIHHW) =) (=DHCW) = Y (=D 1aw)). @)
i=0 i=0 ACX
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If f=)", aysn €Zl[ey, e, ...]], then we define

frW =) a(Siw)).

For example, we have
o0
oxW=(s0+s51+52+s3+) W= (Si(W))=(S(W)).
i=0
If f, g € Z[[e1, ez, ...]], then
(f-*xW=(f«W)®(gxW).
5.2 Product ideals and the invariants P[X], H[X](q, t)

Theorem 5.2 We have

(" OPX]) « W =Y (=D A(Ta(W)) (28)
ACX
and
(c"HIXI(e ™", = D) « W = (J(W)). (29)

Proof We prove the statement by induction on d = | X|. If X =, then P[X] =1 and
o x W= (S(W)®") = (S(W @ V")) = (K[V & W*]) = (R(W)) = (Jp(W)),

so (28) holds.
For every A C X, define

Za= Yy (=DElIpW)).

BCA

By Mobius inversion, we get

(Jp(W)) =Y (=D Z,.

ACB
By induction we may assume that
(0" AP A1) * W = Z4

for all proper subsets A C X.
Let us assume that Vx = (0). From (27) and Proposition 4.5 it follows that Z is
a combination of (S, (W)) with |A| < d. Consider

("HIX1(e ™", —D) « W — (J(W))
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=Y (=DA(e"TIPX | 4]) % W — (J (W)
ACX

= (DX (" OPX] W = Zx) + ) (=DM Za = (T (W)
ACX

= (=DM (" OPX]x W — Zy). (30)

In (6"H[X](c~, —=1)) * W and (J(W)) only terms (S, (W)) appear with |A| > d.
On the other hand, in o "*X)P[X] « W and Zy only terms (S, (W)) appear with
|A] < d. It follows that the left-hand side and the right-hand side of (30) are equal to
0.

Suppose that Vx # (0). Let V/ be a complement of Vy in V of dimension n —
r(X). Define V. =V' NV, forall x € X and V) = V' N Vy =, Vs for all
A C X. We have that Vi, = V' NVy =(0) and Vy, =V, @ Vx forall A C X. It
follows that

tk(A) = dim V — dim V4 = (dim V' + dim Vx) — (dim V + dim Vy)
=dim V' —dim V}.

Let J,(W) C K[V’ ® W*] be the vanishing ideal of V; ® W* inside V' ® W*. Define
Jy(W)=T]lica Ji(W) and set J'(W) = J(W). By the previous case,

(™ OHX (o™, =D)) » W = (J(W))

and
PIXI* W= (=D"(74(W)).
ACX
It follows that
JW)=T' W)@ S(Vs: @ W) =J' (W) @ S(W)@n=kX)
and

(UHH[X](U_I, _1)) *W = (Urk(X)H[X](O’_I, —l)) A W® (S(W)®(n—rk(X))>
= (J' (W) @ S(W)E" =Ny = (J(W)). 31)
Similarly, from

PIX]*W =Y (=DM(7,(W))
ACX
it follows that

(@ OPIXD W =Y (=DMITL(W) @ S(W)Er k)
ACX

=Y (=D)MIaw)).

ACX O
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Corollary 5.3 Suppose that Vx = (0). If we write
PIXI=uo—uy +uz =+ (=D ug_
where u; is a homogeneous symmetric polynomial of degree i for all i, then
ui * W= (H;(W)).
Proposition 5.4 We can write
HIX) (o™ = 1) = wg — war1 +War2 — Way3+ -+,
where d = | X | and w; is a homogeneous symmetric polynomial of degree i. We have
wq+i * W = (Tor; (J(W), K)).

Proof Since J(W) is d-regular and generated in degree d, it has a linear minimal
free resolution. We can choose this resolution to be GL(W)-equivariant. Define

E; (W) :=Tor; (J(W), K).
The minimal resolution has the form
0O—-EW)QRW)—---—> E{\(W)Q R(W) — Eog(W)® R(W) > J(W)— 0,

where ¢ = pd(J(W)) is the projective dimension of J(W). We have

4
("HIXI@ ™ = D)« W = (J(W)) = Y (=D (E;(W) ® R(W)),

i=0
SO
00 . 4 )
HIXIE ™ =D * W= (Q_(=D'wari) W =3 (~DUEW).
i=0 i=0
Example 5.5 Let V =C and let V| = V, = --- = V; = {0}. The rank function is the

same as in Example 3.3.
Lray [ S i—1
H[X](g,1) =1 /i —1)/ ;
[X1(q, 1) H;(l-) JZO< )( ; )sj

The ideal J (W) = m(W)? where m(W) is the maximal homogeneous ideal in K[V ®
W Z K[W* = S(W).
For d =1 we have

HIX](g,t) =1+ qt.
It follows that

HIXIo ™, ~)=1—0""=s; —s11+s111—-.
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This shows that the i-th free module in the free resolution is S(W) ® S1.1,. .1 W =
S(W)® A'(W). So the minimal resolution is

e SW)RS1I(W) = SW)@ W — m(W) — 0,
which is of course the Koszul resolution of the maximal ideal m(W). For d = 2, we
get
HIX1(g, 1) = 1 +2qt +qt*(1 — 51)
and
HIXlo ™ —D=1-0""0+s)=s—s1+s201—.

So this means the equivariant minimal free resolution of m(W)? looks like
Ce = S(W)® S2,1,1 (W) = S(W) @ S$2,1(W) — S(W) ® SH(W) — m(W)* — 0.
5.3 Nonnegativity results for the coefficients of P[X] and H[X](q, 1)

Corollary 5.6 Suppose that X = (X, 1K) is realizable over a field K of characteris-
tic 0.

1.
oM OHX] 0T D) =) @, (32)
s

where A runs over all partitions with || > d and a) > 0 for all A;

PIX]=) (=) bys;.

A

where ) runs over all partitions with |\| < d and by > 0 for all A;

HXle ™, =D =) (=DMeus,
A

where A runs over all partitions A with |\| > d with more than |\|/rk(X) parts,
and c; > 0 for all X.

Proof Assume, as before, that V together with V,, x € X form a realization of X. We
may also assume that Vy = (0).

(1) From Remark 2.5 it follows that no s, with |A| < d appears in the left-hand
side of (32). If we choose dim W > |A| then S, (W) # 0 and (S, (W)) appears with a
nonnegative coefficient on the right-hand side of (31). Therefore, the coefficient of s,
in o™X H[X](o !, —1) is nonnegative.

(2) This follows from Corollary 5.3.

(3) The nonnegativity of ¢, follows from Proposition 5.4. If £ = pd(J(W)) is the
projective dimension of J (W), then we have

£=pd(J(W)) =pd(R(W)/J(W)) — 1 <dimV dim W =1k(X) dim W.
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Suppose A = (A1, ..., k) and the coefficient of s in H[X] (61, —1) is nonzero. If
W is k-dimensional, then S; (W) #0, so EM(W) £ 0 and |A| < £ < rk(X)k. O

Conjecture 5.7 Corollary 5.6 is true, even if X = (X, 1K) is a polymatroid that is not
realizable.

5.4 The Rees ring and the invariant H [X](g,t,y)

Instead of looking at the GL(W)-Hilbert series of J (W), one could also consider the
GL(W)-Hilbert series of the Rees ring

ROW)[yJ(W)]=RW)®yJ(W) @y J(W)? @ ---,

where y is an indeterminate. This Hilbert series is

o0
o'y HIXI(e !, —1)y,
i=0

where
X =XoX® - -oX.
—_—
i

It is therefore natural to define the invariant

HIX1(g.1.y) =Y HIX'I(g.n)y".
i=0

Another interesting ring is the subalgebra 7 (W) of R(W) generated by
WRZNWRZy)--- (W Zy).

The degree kd partin T (W) (or degree k after rescaling) is equal to the degree (kd, d)
partin R(W). If we take

o"HIX](0e~', —1,z71),

7M. for all A and then set z = 0, then we obtain the Hilbert series of

replace s, by
T(W).

It was proven in [6] that the algebra T (W) is Koszul when Z1, Z», ..., Z; are
transversal. If Conjecture 4.2 in that paper is true, then 7 (W) is Koszul for arbitrary
subspaces Zj, ..., Z4. Such a Koszul duality would lead to new interesting interpre-

tations of the coefficients of H.

6 The polarized Schur functor
6.1 The space Sy (Z1, ..., Zq)

Assume again that X = (X, rk) is a polymatroid, K is a field of characteristic 0, and
that we have a realization given by a vector space V and subspaces Vi, x € X. Define
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Z =V*, and for every x € X, let Z, = VXJ- be the set of all linear functionals on V
vanishing on V,.. Also, for any A C X, let

Za=Vi=) Z.
X€A
We have
rk(A) =dimV —dim V4 =dim Z4

forall A C X.

Let X, be the symmetric group on d letters. Its irreducible representations are T,
where A runs over all partitions of d.

Schur-Weyl duality gives a decomposition

Z®d:=Z®Z®---®Z§@SAZ®TA
—_

d A
as a representation of GL(Z) x ¥,. Let

1, 2% > 52T,

be the GL(Z) x Xj-equivariant projection. There is a unique GL(Z) x X4-
equivariant linear map

6,: 2% QT — S,(2)
such that
0, (z ® ) = (1d @), (2)

forevery z € Z%" and ¢ € T;. Note that T, = T), as representations of X .
Definition 6.1 We define

$S(Z1, 22, Za) =0 (Z1 @ Z2® - ® Za ® T)).
Remark 6.2 For a permutation T € X, we have

Sv(Z1,...,2Zg)
=0(Z1®---®ZHRT))
=0 NZ1®  ®Zy®T)))
=0 (2189 ®Z)BT)
=0(Z:(h Q- ® Zra)) ®T))
=85Zs1)s -+ Zs(@))- (33)

In other words, Sy (Z1, ..., Z4) does not depend on the order of Z1, ..., Z,.
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Note that

S(Z,Z,....Z) = S:(2).
| S—
d

6.2 The connection between S, (Z1, ..., Zy) and H[X](qg, )
Proposition 6.3 Let us write

FHIXI@ ™ D= s,
A

where A runs over all partitions with |A| > d. Then we have

a, =dim S (Z1, 22, ..., 24, Z, ..., Z).
S —

IA—d

Proof Let r = |A| and m(W) be the maximal homogeneous ideal of R(W). The de-
gree r part of J(W) is

TI(W) T (W) - Jg(Wym(W) .
SetU=WQRV*=W®Z and U; =W ® Z;. Then Cauchy’s formula tells us that

R(W)=S(W® Z) :@S)\W@SAZ.
A
The degree r part of J(W) is
Up-Up-Ug U™ CS(U) = D SiW @ 5, 2.
|A|=r
So if
Y UeU®---@U — S, (U)
—_—

r

is the canonical projection, then the degree r part of J (W) is

7. (Ui,Us,...,Uyq,U,...,U).
———
r—d

Let ). : S, (U) — S)W ® S, Z be the projection. The isotypic component of J (W)
for the representation S, (W) is

U @ - QU; @ U™™).
‘We have

U =(Z@W)® =22 @W* =P S;(W) @ T, ® 2"
A
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=~ @SA(W) RZ¥ T;.
A

If we first project U®" onto S; (W) ® Z®" ® T, and then we apply
dRnf :SSW)R@ZF Q@T) — S, W S, Z
then we get a nonzero GL(V) x GL(Z) x X, equivariant linear map
U¥ - SWeRS,.Z.

This map must be, up to a non-zero scalar, equal to the composition y,, o 7r,. It follows
that

N U Q- QUsRU ™) =dem(Si(W)®Z1® - ®Zi®Z ) T)
= SSW®S.(Z1,.... 24, Z, ..., 2).
——
r—d

So, as GL(W)-modules, we have an isomorphism

TN =P (21, 22, Za, 2, ..., Z) ® S(W).
A
|x|—d

Since a;, is the multiplicity of S, W in J (W), we get

a, =dim S, (Zy,..., 24, Z, ..., Z).
o ——

e

r—d U
For A C X, let us define
Sia =Wy, sV, Voo V),
S
|A]—k

where k = |A| and A = {x1, ..., x¢}. If |A| <k, then we define S 4 = 0. Define

Cok= @ Si,A-

|Al=k
Then we get

Co=EPCri® s (W).
A

The maps in the complex (26) are GL(W)-equivariant, and by taking the isotypic
component for Sy (w) we get a complex

0> Cre®@SH (W)= - > C 1 Q85(W) = Cyo® Sy (W) =0,
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where £ = min{d, |A|}. Since all maps in this complex are GL(W)-equivariant, the
complex is obtained from a complex

00— C}L’g—>~--—>C)L’1—>C)L,0—>O (34)

by tensoring it by S, (W). The map 0y : Cy x — Ci x—1 can be written as dx =
D AB 8,?’3, where

9S4 — Si.
Suppose that A = {i1, i, ..., ix} withi] <ip <--- < i, then we have
gAB . 0 if BZ A,
kTl (=D"id i B={i1,....ir—1s0rats-.., ik}

Let H, ; be the i-th homology group of (34). From
Hy(W) =P Hy.i ® Si(W)
A

and Corollary 5.3 now follows the following statement.

Corollary 6.4 Suppose that Vx = 0, which means that Zx = Z. Write

PIXI=) (=D bysy.

A

Then we have

e L AT e
d““H”—{bA ifIx =i.

The dimension of
SHZ=8Z,Z,...,7)
—_——
d

(where d = |A|) is exactly the number of Young Tableau of shape A and entries in the
set {1,2,...,n}. In fact, given a basis of Z, an explicit basis of S, Z can be given in
terms of these Young tableaux (see [14, §8.1, Theorem 1]).

Problem 6.5 Give a combinatorial interpretation of
dim S, (Zy, Z>, ..., Zq),

perhaps in terms of certain fillings of Young diagrams. Moreover, can one give an
explicit basis of S(Z1,...,Z4)?

Such a combinatorial setup might still have a meaning for non-realizable polyma-
troids. An explicit bases of S;(Z1, ..., Z4) was given in [6, Corollary 5.10] in case
the subspaces Z1, ..., Z; of Z are generic.

Also, one can ask the same questions for Hj := H, ;. Such results might prove
Conjecture 5.7.

@ Springer



J Algebr Comb (2009) 30: 43-86 69

7 Quasi-symmetric functions associated to polymatroids
7.1 The Hopf algebras Mat and PolyMat

Although most of the Hopf algebras in this section can be defined over the integers
Z, we will choose to define them over Q for simplicity. In [32] the matroid Hopf
algebra Mat was introduced (see also [9—11]). This construction easily generalizes to
polymatroids.

Let us first introduce the Hopf algebra of polymatroids, PolyMat. For a polyma-
troid X = (X, rk), we denote its isomorphism class by [X]. As a Q-vector space,
PolyMat has a basis consisting of all isomorphism classes of polymatroids. We de-
fine a product by

X]-[Y]:=[X® Y]
Also, a coproduct A : PolyMat — PolyMat ® PolyMat is defined by
AX]= ) [X |4l ® [X/A].
ACX

This coproduct is coassociative, but in general not cocommutative. The unit is [(J]
where (J denotes the empty polymatroid. A counit € : PolyMat — Q is given by

1 ifX=0
0 otherwise.

e(X]) = {

The bialgebra PolyMat has a grading such that [X] has degree | X| for every poly-
matroid X = (X, rk). This makes PolyMat into a connected graded bialgebra. It was
shown in [27] that one can define an antipode such that PolyMat becomes a Hopf
algebra.

Let Mat be the subspace spanned by all [X] where X is a matroid. Then Mat is
sub-Hopf algebra of PolyMat.

7.2 The Hopf algebra NSym
Let NSymQ({p1, p2, p3, - ..) be the ring of noncommutative polynomials in the inde-
terminates pi, p2, p3, .... We define a Hopf algebra structure on NSym as follows.
The comultiplication A : NSym — NSym @ NSym by

Alp)=pi@1+1® pi
for all i. The counit € : NSym — Q is defined by

€(pi)=0

for all i. The antipode is defined by

pPi—> —pi
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for all i. A basis of NSym is given by all noncommutative monomials in p1, pa,....
It is also convenient to have a different basis. We define /1, A2, ... by the following
equality of generating functions in NSym[[¢]]. Define

H(t) = hit + hat? + hat> + - ..
and

P(t) = pit + pat® + p3t> + -+
Then k1, hy, h3, ... are defined by

14 H(t) =exp(P(2)).

Here exp(#) denotes the power series of the exponential function

2 3
eXP(t)—1+t+ 2T +L T
So we have
k
1
=Zr— > puphpi)- 35)
r=1 i +tip=k
If « = (i1, ...,ir) is a sequence of positive integers, then we will write p, instead

of pi, pi, - -- pi, and hy instead of h; h;, - - - h;, . The length of « is £(«) :=r, and we
define |a| =i{ + iy + - -- 4+ i,. We can rewrite (35) as
Pa
hy = —_— 36
k @) (36)

| =k
Inverting gives
P (1) =log(1+ H(1)),
where
2 3

t
log(l+1)=tf——4—=——---,
og(1+1) > +3

SO

( 1)r 1
pk—Z Z hishiy -+ hi,

r=1
11+ +1r71\

Again, we can rewrite this as
(_ 1)@(01)—1 h
= (37

o
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From
AP@)=PO®L+1Q P()
it follows that
A1+ H()) = Alexp(P(t)) =Axp(P)®14+1® P(1)))
=exp(P(N @ Dexp(I @ P(1)) =((1+ H())®D - (1® 1+ H(t)))
=(0+H®) A+ H(®)
inside the ring
NSym & NSym[[t]] = NSym[[t]] ®qi 1y NSym[[t]].

If we use the convention g = 1, then we have

k
Alhi) =) hi ® hii.
i=0

The Hopf algebra NSym is not commutative, but it is cocommutative.
7.3 The Hopf algebra QSym

Let QSym be the Hopf algebra of quasi-symmetric functions (see [15, 16, 18, 19]).
For a sequence o = («1,...,®,) of positive integers we define an element M, €
Qlx1, x2,...]1by
M, = Z xptxg? e
O<iy<ip<--<iy

The ring QSym is the subring of Q[x1, x2, x3, ... ] spanned by all M. The QQ-vector
space QSym is closed under multiplication. We will view QSym as the graded dual
vector space of NSym where the {M,} form a dual basis of the {hy}. As such, QSym
is a Hopf algebra in a natural way. Also, let { P,} be a dual basis of {p,}. We have
that

Po,P,g=ZP ,
YV

where y runs over all

(5(06) + ﬁ(ﬁ))
()

shuffles of « and 8. If @ = (¢, ..., «), then

A(P)= > Pp®P,.
B.y:By=a

The antipode on QSym is given by

Py (—D'@p,.
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From (36) it follows that

PBiB2By
hgy=hi ---h; = —_— 38
: ' 2 B! (B! 9

1Byl=igselBri=ir

where o = (i, ..., i,). Dualizing (38) gives

Mgy),....181
P - .
' Zr: ﬂlz; (BB - (B!

5=ﬂ|"‘/3r
From (37) it follows that
(—1)€(51)+m+2(ﬂ’)_rhﬁ|ﬂ2-~ﬁ
= pi, i, = iy (39)
Pa=Pu b Z (B LBy
1By =i oo |Br =iy
Dualizing (39) yields
Pl
Mg = (=DiP=r el (40)
re Z Z (BB
B= ;‘31 ﬁr

7.4 Combinatorial Hopf algebras and the invariant F[X]

Billera, Jia and Reiner defined a homomorphism of Hopf algebras
F :Mat — QSym

(see [3, 26]). One way to define this map is using a universal property of QSym.

A combinatorial Hopf algebra (over Q) is a pair (H,¢) where H = @, - Ha
is a graded Hopf algebra with Hy = Q and H, is finite dimensional for all d, and
¢ :'H — Qs a character (i.e., an algebra homorphism). A morphism ¢ : (H', ') —
(H, ¢) is a Hopf-algebra morphism ¢ : H' — H such that o p = ¢’.

Aguiar, Bergeron and Sottile proved that there exists a terminal object in the cate-
gory of combinatorial Hopf algebras over Q, namely (QSym, ) where ¢ = {gsym is
defined by

1 ifl(x) <1;
0 otherwise.

;(Ma) = {
We can define a character { = &y, on Mat by

1 if X completely splits into loop and coloop matroids;
0 otherwise.

(XD = {
Since (QSym, {psym) is terminal, there is a unique homomorphism
f: (Matv é‘M) g (QSym’ CQSym)
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of combinatorial Hopf algebras.
Although F is a powerful invariant for matroids, it cannot distinguish between a
loop and an isthmus.

7.5 The new quasi-symmetric function invariant G[X]

It sometimes is convention to shift the indices by 1, so for a vector a = (ay, az, ..., aq)
of nonnegative integers, we define

Uayay,....a) = Pay+1,a5+1,....a0+1-
Definition 7.1 We define a Q-linear map
G : PolyMat — QSym
defined by
GIXI=) Urx)
X

where X runs over all maximal chains
X:P=XoCX1C---CXg=X
and
r(X) := (tk(X1) — 1k(Xo), rk(X2) — rk(X1y), ..., tk(Xgq) — tk(X4-1)).

We call r(X) the rank sequence for X. The multiset of all »(X) where X runs over
all maximal chains in X, we will call the rank sequences for X. If X = (X, rk) then
there are exactly | X|! rank sequences.

Lemma 7.2 The linear map G is a homomorphism of Hopf algebras.
Proof If X has a rank sequence y = r(X) and y = «f, then « is a rank sequence for

X |4 and B is a rank sequence for X/A, where A = X; and i = £(«) is the length of
. So we have

G®GoA(X]) = Z gIX a4l ® GIX/A]

ACX
=YY 3 Ua®@Up=A)_Uy)=A@IX])., @)
ACX o B Y

where « runs over all rank sequences for X |4, B runs over all rank sequences of X/A
and y runs over all rank sequences for X.

To see that G commutes with the product, note that the rank sequences for X @Y
are exactly all shuffles of rank sequences for X and Y.

It is easy to verify that G is compatible with the unit and counit. O
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For a vector o = (a1, a2, ..., tgq), define
' =0—ag, 1l —ag_1,...,1 —ap).
Lemma 7.3 For a matroid X = (X, 1k) we have

GIXV1=> Uy
X

Proof For a maximal chain X, define a chain X" by X /==X \ X4_;. Note that
k" (X;) = | X| — rk(X) + rk(X4-;)
and
kY (X)) — kY (X)) = 1 — (k(Xg—i11) — 1k(Xq—1)).
If « runs over all rank sequence for X, then « ¥ runs over all rank sequences for XV. [J

7.6 G specializes to F

Let us define another character y : QSym — Q by

y(Py)=0

if o is not weakly increasing. Otherwise, write o = (a]f' , 0/2‘2, e ,aé“) with

o) <o <. <0y,
and define

(Py) = !

Ve = kg
Suppose that o’ = (alll, e ,aé“). Then
) k [ k ) k
PPy = 1+ K1 2+ K2 s + ks Ps+ P,
ki ko ks

where § = (a]f'H', ey afSHS) and P’ is a linear combination of Ps’s where § is

not weakly increasing. The binomials appear from the fact there are (I" ;k") ways to

shuffle af" and af". If we apply y we get

11+k I+

TR IR
(i +kD)!--- s+ k) kaleokg! Il

This shows that y is multiplicative. Since (QSym, ¢) is the terminal object for the
combinatorial Hopf algebras, there is a unique morphism of combinatorial Hopf al-
gebras

Y (PoPy) =y (Ps) = ; =V (Pe)y (Po).

0 : (QSym,y) — (OSym, ¢).
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Theorem 7.4 We have
0o g |Mal= f,

where G |pqr is the restriction of G to Mat.

Proof We claim that

{=y0G IMar -
Suppose that X = (X, rk) is a matroid with d := |X| and n := tk(X) < d. Then
y (G[X]) is equal to ﬁ, where N counts the number of maximal chains
Xo=0CXj1C---CXy=X
with
0=rk(Xg)=---=1k(X4—,) =0 (42)
and

tk(Xg—nti) =i 43)
fori=1,2,...,n.LetY =X;_,and Z= X \Y. For asubset A C X, we have

rk(A) > rk(X) —rk(X \ A)
and
k(X \ A) <tk(Y \ A) +1k(Z\ A) =1k(Z\ A) <|Z|—-|1ZNA|=n—|ZNA|
It follows that
tk(A) > k(X)) —tk(X\A)=n—(n—|ZNA|)=|ZNA|.
We also have
k(A) <tk(AUY) <rtk(Y)+ |[AUY|—|Y|=|ANZ|.

‘We conclude that

tk(A)=1ANZ|
for all A C X. This implies that
X,%k)=0-0---0-1-1---1, (44)
—— ——
d—n n

where 0 is the loop matroid, and 1 is the isthmus matroid. In particular, if (X, rk)
does not split completely, then y (G[X]) = 0.

Suppose that X = (X, rk) splits completely as in (44). Without loss of generality,
we may assume that X = {1,2,...,d},andrk(A) = |ANZ| where Y ={1,2,...,d —
nfand Z=X\Y.
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A flag
Xo=0CX1C---CXg=X
satisfies (42) and (43) if and only if X4—,, = Y. There are (d — n)! flags
P=XogC---CXg_n=Y
and n! flags
Y=Xq-n CXgnt1C---Xg=X.
It follows that N =n!(d — n)!, and

N

y(GIXD = m =1

It follows that ¥ o G |yar= ¢ = ¢([X]). By the uniqueness, we get 6 o G |yar=F. O

Note that
G(Mat) € QSym,,

where QSym, is the sub-Hopf algebra of QSym spanned by all Q,’s where « is a
sequence of 0’s and 1’s. The algebra QSym, is the graded dual of the Hopf algebra
Q(p1, p2). Now @ restricts to a homomorphism

02 : OSymy — QOSym.

Proposition 7.5 The homomorphism 6, is surjective, and the kernel of 0, is the prin-
cipal ideal generated by Py — Py = U@y — U(o).

Proof The surjectivity follows from the fact that F is surjective. We choose the grad-
ing on OSym, where P, has degree £(c«r). There are 24 basis elements P, of degree
d. So the Hilbert series of the QSym, is

2.2 1
1+2t 427"+ = 2
Note that OSym, is not finitely generated as a commutative algebra.

On QSym, we choose the grading where P, has degree |«|. There is one basis
element of degree 0, namely P(, and for d > O there are 2¢~! basis elements of
degree d, because there are 2¢~! decompositions of d. So the Hilbert series of QSym
with this grading is

1 1—1¢
14+t+202 4223 +---1 = .
T + + + 1—-2r 1-2¢
Therefore, the Hilbert series of the kernel of 0, is
1 1—1¢ t

1—2t 1—-2 1-2t
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The kernel contains the principal ideal (Pp) — P(1)). It is not hard to see that P —
P(1y is not a zero divisor, so the Hilbert series of the principal ideal is ﬁ Since this
is equal to the Hilbert series of the kernel of 6, we must have

ker@z = (P(z) — P(l)). O
7.7 G specializes to H

Theorem 7.6 There exists a homomorphism t : QSym — Sym|q, t] of commutative
algebras such that ©(G[X]) = H[X] for every polymatroid X.

Proof We will inductively define a symmetric function P(«) for any vector

o = («1,...,aq) of nonnegative integers as follows. We define P() = 1. Then
P(ey, ..., aq) is the unique symmetric function of degree < d such that
d d ‘
Z(.)P(al,...,a»(—l)la“l"'D’f (45)
i=0 !
vanishes in degree < d. For a vector o = («y,...,0q) and i < d, let alll =
(ag, ..., a;) be the truncated vector. So (45) becomes
d

2 (C.J)P<a“']>(—1>"o‘“[”. (46)
i=0 !
Define

~ 1
PIXI=— ijm(z)) (47)

for every polymatroid X = (X, rk) such that d = | X|. Here X runs over all maximal
chains in X. N

We claim that P[X] = P[X]. The claim is clearly true when |X| =0 or |X|=1.
Note that P[X] is a symmetric polynomial of degree < d = | X|. To prove the claim
it suffices to show that

> PIX |al(—1) Ao~k (48)
ACX

vanishes in degree < d. The symmetric polynomial (47) is equal to

d
> %ZP(r(A))(—l)"o—ka (49)

i=0 AcX T A
|Al=i =

where A runs over all maximal chains in A. Every such chain A can be extended to
(d — i)! maximal chains in X. Therefore, (49) is equal to

d

1 . . [i]
[(_1)ig—Ir ™
Eoi!(d—i)! EX P@rX)")(=D'o
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d
:$ZZ< )7’“0‘)" ) (=)o (50)
X

i=0

which vanishes in degree < d.
For a vector o« = (a1, ..., ag), define

d

1 ; lily ;
_ 1yl i
t(Uy) = _Eoi!(d—i)!P(a )q .

If X = (X, rk) is a polymatroid with | X| = d, then we have

tGIXD =1t Urx) = Y tWUrx) = TP IrQOt i
; ) Z x) ;; v ( - q
(5D
For every subset A € X with |A| =i, and every maximal chain ‘A in A there are
exactly (d — i)! maximal chains X in X extending A. Therefore, (51) is equal to

Z > ZP(r(A))qu“‘) M=% " PIX [alg™ P = HXI (g, 1)
g

i=0 ACX;|A|=i ! A ACX

Corollary 7.7 The quasi-symmetric function F[X] specializes to P[X] for matroids
X.

Proof We define & : QSym, — Sym by
§(Qa) =1"7(Qu)(1.17Y) |10
One easily verifies that £ is a homomorphism of algebras, and
§@IXD =HIX](1, ™ o= PIX]

for every matroid X = (X, rk). Since Q1) — Qo) lies in the kernel of &, & factors
through 0 : QSym, — QSym = QSym, /(Q) — Q()), say & =n o 6. Then we have

PIX] =&(@GIXD =n@@IX)D) = n(FIXD. O
7.8 Speyer’s invariant
For a matroid X David Speyer defined an interesting polynomial gx (¢). It has the mul-
tiplicative property (gx;@X, (t) = gx, (1)gx, (t)), it is invariant under matroid-duality

and has various other nice properties.

Conjecture 7.8 The invariant G specializes to Speyer’s invariant.
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8 Polymatroid base polytopes
8.1 The valuative property of G

We will denote {1,2,...,n} by n. For a polymatroid X = (n, rk) we define its base
polytope Q(rk) = Qx (k) C R" by

Quk)={veR" |} vi=rk(n) and VA Cn, Y, 4 v; <tk(A)}.

The i-th basis vector is denoted by e; .

Theorem 8.1 ([20]) A compact convex polytope in R" is the base polytope of a poly-
matroid if and only if every vertex of the polytope has nonnegative integer coordi-
nates, and every edge is parallel to e — ey for some j # k.

For a compact convex polytope IT C R”, its characteristic function [IT] : R” — R
is defined by

me={ Seh

Let (R") be the R-vector space spanned by all [I1] where II is a compact con-
vex polytope. The Euler characteristic is a linear function x : (R") — R such that
x ([TT]) = 1 for every compact convex polytope IT (see [2, Theorem 7.4] where yx is
defined for the slightly larger algebra of closed convex sets).

Definition 8.2 Suppose that V is a Q-vector space. A Q-linear map f : PolyMat —

V is called valuative if it has the following property. For a finite set X and polyma-
troids X = (X, rk;),i =1, 2, ..., r and rational numbers ay, ..., a, € Q such that

> ailQ@k)] =0

i=1

we have that
-
D ai fIXi1=0.
i=1

Moreover, let us call f additive if it is valuative and f ([X]) = O whenever the poly-
matroid base polytope Q(rk) of X = (X, rk) has dimension <n — 1.

Theorem 8.3
G : PolyMat — QSym

is valuative.
The proof of the theorem is in the next subsection.

Corollary 8.4 Since G specializes to 'H and P, these invariants are valuative as well.
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A polymatroid base decomposition is a decomposition

0(k) =|_J 0@k (52)

i=1
such that
Q@k;) N Q(k;)

is a common face of Q(rk;) and Q(rk;) for i # j. Let us call such a decomposition
proper if r > 1 and Q(rk;) € Q(rk;) for all i # j. The polytope Q(rk) is called
indecomposable if it does not have a proper decomposition. For a fixed base field
K, a polymatroid is called rigid if it has only finitely many realizations over K as
a subspace arrangement up to isomorphism. The work of Lafforgue implies that a
realizable matroid is rigid if and only if its matroid base polytope is indecomposable
(see [24, 25]). It is therefore of interest to know whether a given matroid polytope is
indecomposable. Valuative and additive invariants can be useful to determine whether
a matroid polytope is decomposable. For a valuative invariant f, we have, by the
inclusion-exclusion principle

fE=Y"(=DT 3 flki i)
k=1 i1 <ip<--<if

where rk;, ; is the rank function whose polymatroid polytope is
Q(rk;) N+ N O(rk;y).
If f is additive, then we have
,
fak) =Y frkp).
i=1

Additive invariants can also be constructed from the Billera-Jia-Reiner quasi-
symmetric function (see [3]).

Conjecture 8.5 Is G universal with respect to the valuative property? lLe., is it true
that for every Q-linear valuative map f : PolyMat — V there exists a Q-linear map
¥ 0Sym — V such that y oG = f?

8.2 The proof of Theorem 8.3

The basis vectors of R” are denoted by ey, ..., e,. Let A be the (n — 2)-dimensional
simplex spanned by e; —e2,e2 —e€3,...,e,—1 —€y.

Lemma 8.6 Choose ¢ such that 0 < & < 1. For v € Z", and a rank function 1k :
Pow(X) — R, the following statements are equivalent.

LY _jvi=tk(s) fors=1,2,...,n;
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2. ve Q@k),and v+ce(ej —er) & QUK) forall j <k;
3. (W+eA)NQuk) =0 and v € Q(k).

Proof (1) = (2): Suppose that (1) holds. Suppose that A = {iy, ..., i} with i <
..+ < Iy. Then we have

tk({iy, ..., i ) —1k({i1, ia, ..., i1—1}) <tk({1,2,...,i:)—1k({1,2,...,i;—1}) = v,
(53)
by the submodular property of the rank function.
Summing (53) fort =1,2,...,s gives

tk({in, ooy ig)) S v+ v =) v
i€A

This implies that v € Q(rk). If j < k and w =v + (e — ei), then we have

j J
Zwi :Zvi +8=I‘k(l)+8>rk(l)a
i=1 i=1

so w ¢ Q(rk). This proves that (2) holds.
(2) = (1): Conversely, assume that (2) holds. A subset S C n is called tight if
Y ies Vi =1k(S). Clearly, n and ¥ are tight. If S, T' are tight, then

tk(SUT) + k(SN T) < rk(S) + rk(T)

=Zvi+2vi

ieS ieT
=Y v+ Y vi=<k(SNT)+rk(SUT), (54)
ieSNT ieSUT

so all inequalities are equalities, and S U T and S N T are tight as well.
Suppose that j < k and set w =v + £(e; — ex). Because g ¢ Q(1k), there exists a
set A x such that

> wi > k(A ).
I€A;k
Since

> v <tk(Aj ),

i€Ajk

we must have j € Aj; and k & A ;. We obtain

rk(Aj i) > Z v = Z w; —e>T1k(Aj ) —e.

€Ak €Ak

Because v is an integer vector, the first inequality is an equality and A ; is tight. To
prove (1) we need to show that i is tight fori =0, 1, ..., n. We do this by induction on
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i, the case i = 0 being trivial. Suppose thati > 0 and i — 1 is tight. Theni — 1 U A;
istight fork =i +1,...,n. We have

n
i= ) G=1UAip
k=i+1

becausei Ci — 1 U A;  foralli,and k ¢i —1U A, ;. Hence i is tight.

(3) = (2): This implication is clear because (¢; — ex) € A forall j < k.

(2) = (3): Suppose v € Q(rk) and v + £(e; — ex) ¢ Q(k) for all j < k. Suppose
that v + §(e; — ex) € Q(rk) for some j, k with j <k and § > 0. Set z :=e; — . If
the inequality

Z v; <tk(A) (55)
i€A

is an equality, then

tk(A) +8) zi =) (vi +52) <tk(A)

i€eA ieA

because v + 8z € Q(rk). So we obtain

ZZ;‘ <0.

icA
Therefore, we have
Z(vi +ez;) <rk(A).
icA
If (55) is not tight, then
Z vi <rk(A) — 1
icA
and
Y i ten) <tk(A) —1+e Yz <tk(A) — 1+ <rtk(A),
icA icA
So we conclude that
> (Wi +e2) <tk(A)
icA
for all subsets A € n. So v + ¢z € Q(rk), but this contradicts our assumptions. We
conclude that v + 8(e; — ex) & Q(1k) for every j < k and every & > 0.
Suppose that v lies in the interior of a face of positive dimension of Q(rk). This
face is parallel to e; — e; for some j < k. This means that there exists a § > 0 such
that v+6(ej —er), v—3(ej —ex) € Q (k) for some § > 0. This gives a contradiction,

therefore v must be a vertex of the polytope Q (k). Let vy, va, ..., v, be other vertices
of Q(rk) such that the edges of Q(rk) meeting at v are vvy, vvy, ..., vv,.. For every
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v;, V — v; is a positive multiple of e; — e; for some j < k. This means that Q(rk) is
contained in cone

C:=v+Rxo(e2 —e1) +Rxo(e3 —e2) + - + Rxolen — en—1),
where R ( denotes the nonnegative real numbers. We conclude that
W+eA)NQEK) S (w+eA)NC =0.
So (3) follows. O

For v € Z", define a valuation u, : L(R) — R by
My (h) =h(v) — liﬁ}x([v +eA]-h).
&

Let

r:(r17r27"'arl’l)v
where r; =rk(i) —rk(i — 1) for all i.
Corollary 8.7 We have

1 ifv=r

wy([Poly(k)]) = {() otherwise.

Proof Suppose that v = r. By Lemma 8.6, we have v € Q(tk) and (v 4+ ¢A) N
QO (rk) = @. Therefore, we get

x([v+eA]l-[QUK)]) = x([(v +eA) N Q@] = x([4]) = x(0) =0

and [Q(k)](v) = 1, s0 uy ([Q(K)]) = 1.
Suppose that v # r. Assume that v ¢ Q(rk). Since Q(rk) is closed, there exists a
& > 0 such that

(v+ (eA)) N Q(rk)

for all & with 0 < & < §. This implies that , ([Q(rk)]) = 0.
Suppose that v € Q(rk). Then (v 4+ ¢A) N Q(rk) is a closed nonempty convex
polytope. Hence we have

x([v+eA]-[Q0k)]) =1.

Therefore, we conclude that £, ([Q(k)) =1—-1=0. Il

Proof of Theorem 8.3 The symmetric group X, acts on R” by permuting the coordi-
nates. Define

W3 (h) = py(h o o)
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for every o € ¥, and every h € IC(R). We have that

my ([Q@K)])

= o ([Q(rkoo)])

_ { 1 ifv; =tk(fo (1), ..., o)) —tk({o (1), ..., 0@ — 1)}) for all i;

0 otherwise. (56)

Define

M, = Z M‘J~

gex,

From the definition of G follows that

GIX1=) M, ([Q)DU,.

From the linearity of M, and G it follows that

> aigldl,....n}, k)] =0

1
whenever

Y ailQ (k)] =0.

1

This completes the proof of the theorem.

9 Future directions

For a polymatroid X we defined symmetric functions P[X] and H[X]. In the case
where the polymatroid comes from a subspace arrangement, we gave interpretations
of the coefficients of these symmetric functions in terms of the Hilbert series and the
minimal free resolution of the associated product ideal, and in terms of the polar-
ized Schur functor. We hope for similar interpretations and nonnegativity results in
the case where the polymatroid is not realizable (Conjecture 5.7). We also defined a
quasi-symmetric function G[X]. This invariant has many interesting properties, and
it specializes to P[X], H[X] and to the Billera-Jia-Reiner quasi-symmetric function
FI[X]. We would like to know whether G[X] specializes to Speyer’s invariant in [34]
(Conjecture 7.8). The invariant G behaves valuatively with respect to (poly-)matroid
base polytope decompositions. We wonder whether G is universal with this property
(Conjecture 8.5).
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