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Abstract A lower bound on the minimum degree of the plane algebraic curves con-
taining every point in a large point-set X of the Desarguesian plane PG(2, g) is ob-
tained. The case where IC is a maximal (k, n)-arc is considered in greater depth.
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1 Introduction

In finite geometry, plane algebraic curves of minimum degree containing a given
large point-set KC in PG(2, ¢) have been a useful tool to investigate combinatorial
properties of IC.

When K is the whole point-set of PG(2, ¢), a trivial lower bound on the degree
of such a plane algebraic curve is ¢ 4+ 1. G. Tallini pointed out that this is attained
only when the curve splits into g + 1 distinct lines of PG(2, g), all passing through
the same point. He also gave a complete classification of the absolutely irreducible
curves of degree g + 2 containing all points of PG(2, ¢); see [21, 22] and also [1]. If
K is the complementary set of a line in PG(2, ¢), then the bound is g; see [11].
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When /C consists of all internal points to a conic C in PG(2, ¢) with ¢ odd, the
above lower bound is g — 1. The analogous bound for the set of the external points to
C is g. These bounds were the main ingredients for recent combinatorial characteri-
sations of point-sets blocking all external lines to C; see [4, 10].

When [ is a classical unital of PG(2, ¢), with g square, the minimum degree d of
an absolutely irreducible curve C through K is d = ,/q + 1. For non-classical unitals,
the best known bound is d > 2,/q — 4; see [16].

Our purpose is to find similar bounds for slightly smaller, but still quite large,
point-sets KC, say |K| =gt + o with t < c/q and 0 <« < g, where c is a suitable
constant. Since no combinatorial condition on the configuration of C is assumed,
we are relying on techniques and results from algebraic geometry rather than on the
constructive methods used in the papers cited above.

The main result is that if ¢ > 873 — 12% + 41 — 2a + 2, any plane algebraic curve
" containing every point of /C has degree d > 2¢. The hypothesis on the magnitude
of ¢ can be relaxed to g > 16> — 24t — 2« + 8 whenever ¢ is a prime.

In some cases, the bound d > 21 is sharp, as the following example shows. Let /C
be the union of ¢ disjoint ovals. If g odd, or ¢ is even and the ovals are classical, then
|KC| = gt + t and d = 2¢. The latter case is known to occur when K is a Denniston
maximal arc [9] (or one of the maximal arcs constructed by Mathon and others [12,
14, 18, 23, 24]) minus the common nucleus of the ovals.

On the other hand, some refinement of the bound is also possible. Let K be any
maximal arc of size |[IC| =gt + ¢+ 1, thatis, a (gt +t + 1, ¢ + 1)-arc. Theorem 4.2
shows that if g is large enough comparing to ¢, then no plane algebraic curve of
degree 2t passes through every point of /C. Therefore, the minimum degree is at least
2t + 1 for such ¢ and this bound is attained when /C is one of the above maximal arcs.

The case n = 4 is considered in more detail. For ¢ > 2°, the minimum degree is
7 and this is only attained when K is a Denniston arc and the curve I of minimum
degree splits into three distinct conics with the same nucleus N € /C, together with a
line through N.

2 Some background on plane algebraic curves over a finite field

A plane projective algebraic curve A over the algebraic closure GF(q) of GF(q)
is defined over GF(g) if it has an affine equation f(X,Y) =0 with f(X,Y) €
GF(q)[X, Y]. The curve A is absolutely irreducible if it is irreducible over the al-
gebraic closure GF(g). Denote by N, the number of non-singular points lying in
PG(2, g) of an absolutely irreducible plane curve A of degree d. From the Hasse-
Weil bound follows

Ny <q+1+d—1)d—2)q. M

This holds true when singular points of A lying in PG(2, ¢) are also counted; see [17].

The Stohr-Voloch bound depends not only on the degree d, but also on a positive
integer, the Frobenius order v of A; see [20]. This number v is either 1 or ¢, where
&7 is the intersection number I (P, A N £) of A with the tangent line £ at a general
point P € A. It turns out that ¢; is either 2, or a power, say ph, of the characteristic
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p of the plane, and is the minimum of 7(Q, A Nr), where Q ranges over the non-
singular points of A and r is the tangent to A at Q. If ¢ = p, then &, = 2, and either
v=1,o0r v=2and p =2. With this notation, the Stéhr-Voloch bound applied to A
is

2N, <v(d —3)d +d(q +2). 2)

The following algebraic machinery can be used to compute v. Let P = (a, b) be a
non-singular point of A such that the tangent line to A at P is not the vertical line
through P. The unique branch (or place) centred at P has a local parametrisation,
also called a primitive branch representation,

x=a+t,y=b+ )
where f(x,y) =0 and ¢(t) = bit* + ... with k > 1 is a formal power series with

coefficients in GF(q)[[¢]]; see [19]. Then, v is defined to be the smallest integer such
that the determinant

a—al+t—t1 b—>b1+¢(t)— )4
I DY (p(1))

x—x9 y—yl
RIS

does not vanish. Here D, denotes the v-th Hasse derivative, that is,

D (p(1)) = (ﬁ)bktk” +....

The above idea still works if osculating conics are used in place of tangent lines,
and, in some cases, the resulting bound improves (2). Before stating the result, which
is the Stohr-Voloch bound for conics, a further concept from algebraic geometry is
needed. Recall that the order sequence of A with respect to the linear system X,
of the conics of the plane is the increasing sequence 0, €] = 1, €3 = 2, €3, €4, €5 of
all intersection numbers I (P, A N C) of A with conics at a general point P. The
Frobenius X;-order sequence is the subsequence vy = 0, vy, V2, V3, V4 extracted in-
creasingly from the ¥;-order sequence of A, for which the following determinant
does not vanish:

x—xt x?—x¥M  y—yl xy—xiyl y*—yM
1 2x - DM@y DMy DMGH
0 1 D™ DM™ay) DM
0 0 Dl(”3)(y) D,(V3)(xy) Df”3)(y2)
0 0 DM@ DMy DM

Assume that deg A > 3. The Stohr-Voloch bound for conics, that is for ¥, is
SNy <[(vi +...+v4)(d—3)d +2d(q +5)]. 3)
For more on the Stohr-Voloch bound see [20].
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3 Plane algebraic curves of minimum degree through all the points
of a given point-set

In this section, K stands for a set of g7 4+« points in PG(2, ¢), with0 <t < g and 0 <
a < gq. Let T denote a plane algebraic curve of degree d containing every point /C. As
already mentioned, g + 1 is the minimum degree of a plane algebraic curve containing
every point of PG(2, ¢). Thus, since we are looking for lower bounds on d, we will
only be concerned with the case where d < gq.

A straightforward counting argument gives the following result.

Lemma 3.1 Ifd <gq, thend > t.

Proof Since d < g, the linear components of I' do not contain all the points of
PG(2, g¢). Choose a point P € PG(2, g) not in any of these linear components. Each of
the g + 1 lines through P meets I' in at most d distinct points. Thus, (¢ + 1)d > |K]|,
that is

d> qt +ao >f— L
q+1 q+1
Since t < g + 1, the assertion follows. O

Our aim is to improve Lemma 3.1. Write § for the set of all lines of PG(2, ¢g) meeting
K in at least 1 point. Set mg = min{|[£ N K| : £ € §} and My = max{[£ N K| : £ € §}.

Theorem 3.2 Let " be an algebraic plane curve over GF(q) of minimal degree d
which passes through all the points of KC. If

g > 8t — 161> + 2t + 4 — 2mo(21> — 5t 4+ 2) + 2Mo(2t — 1), 4)
then deg ' > 2t. For prime q, Condition (4) may be relaxed to

g > 8t> — 16t 4+ 8 — 20 + 2My(2t — 1). 5)

Proof We prove that if d < 2t — 1, then (4) does not hold. For g prime we show that
also (5) is not satisfied. Since I" is not necessarily irreducible, the following setup is

required.

The curves Ay, ..., A; are the absolutely irreducible non-linear components of I"
defined over GF(q), respectively of degree d;; r1, ..., ry are the linear components
of I over GF(q); E1,..., B are the components of I which are irreducible over

GF(q) but not over GF(q).

The idea is to estimate the number of points in PG(2, g) that each of the above
components can have.

Let N; be the number of non-singular points of A; lying in PG(2, ¢). Then, (2)
holds for any A;. Let v¥) denote the Frobenius order of A;. If v = max{v(® | 1 <
i<lyands=Y"'_,d;, then

l [
23 Ni =Y v Ddi(d; = 3) + (g +2)d; <v8(8 —3) + (g +2)8. (6)

i=1 i=1
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For ¢ prime, v = 1; see [20]. Since v =1 can fail for ¢ > p, an upper bound on
p® depending on d; is needed. As v < eg), a bound on 8;0 suffices. Since N; > 0
may be assumed, A; has a non-singular point P lying in PG(2, g). If € is the tangent
to A; at P, then

di= Y HQENA)=I(PUNA)+ Y 1(Q.LNA) =&y +mo—1,
QelnNA; QelnA;
Q#P

whence v® < d; —mg + 1. From (6),

(6 —mo+1)8(6—-3)+ (g +2)5 otherwise. )

I .
ZZNiS 8(6—3)+(g+2) q > 3 prime
i=1
If A; has M; singular points, from Pliicker’s theorem M; < %(di — D(d; — 2).
Hence,

I I
2Y M <) (di = 1)(di —2) < (-1 —2). ®)
i=1 i=1

The number of points of K lying on linear components r; is at most kMo < d My.
For every E = E;, there exists an absolutely irreducible curve ®, defined over
the algebraic extension GF(¢%) of degree & > 1 of GF(q) in GF(g), such that the
absolutely irreducible components of E are ® and its conjugates O1, ..., ®¢_;. Here,
if ® has equation Zaijij =0and 1 <w <& — 1, then ®, is the curve of

equation ZaZ;!Xk Y/ =0. Since E, ® and the conjugates of ® pass through the
same points in PG(2, g), from Bézout’s theorem, see [15, Lemma 2.24], E has at
most 62 points in PG(2, ) where 6 = deg ©. Note that deg E > 26.

Let N/ denote the total number of points (simple or singular) of E; lying in
PG(2, g). From the above argument,

s s N A N
1 1
2 2 - \2 —
.ElNi/S.Elei <(219,-) §Z(Eldegai) <§(q+2) Eldegai. 9)
1= 1= 1= 1= 1=

l s
gt +o <Y (Ni+ M) +kMo+ Y _ N, (10)

i=1 i=1

from (7), (8), (9) and (10) it follows that

2d%? —6d +2+2dMy+ (g +2)d g >3 prime
20qt+a)=y 5 .
d>—d°—6d+2—mod(d —3)+2dMy+ (g +2)d otherwise.
Since d <2t — 1, the main assertion follows by straightforward computation. O
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Remark 3.3 As 1 <mg < My <d, the proof of Theorem 3.2 shows that Condition
(4), and, for g prime, Condition (5), may be replaced by the somewhat weaker, but
more manageable, condition ¢ > 813 — 12244 —2a+2 (and ¢ > 16¢> — 241 — 20+ 8
for g prime).

Remark 3.4 As pointed out in the Introduction, Theorem 3.2 is sharp as the bound is
attained by some maximal (k, n)-arcs.

Corollary 3.5 If " has a component not defined over GF(q), then
degl' > 2r + 1.

Proof We use the same arguments as in the proof of Theorem 3.2, considering that
8 < d. In particular, we have

2(qt +a) <d> — (4 +mo)d® + (g + 5mo + Dd + (4 — 4mo — q) + 2d Mo,
which for d < 2t proves the assertion. O

Remark 3.6 Corollary 3.5 implies that a plane algebraic curve of degree 2¢ containing
K is always defined over GF(gq).

Theorem 3.7 If the curve T in Theorem 3.2 has no quadratic component, and

75013 — 1725¢% 4+ 10(10M¢ + 113)1 — 184 — 40(x + My)

, 11
q> 20 1D
then

5

d>—t.

2

If g > 5 is prime, then Condition (11) may be relaxed to
125¢2 + 2(10My — 105)t — 8(c + My — 9)
q> (12)

8

Proof We prove that if d < %(r — 1), then (11) (and, for g prime, (12)) does not
hold. It is sufficient to just change slightly the proof of Theorem 3.2. Let v(()i) =0,

- vfli) be the Frobenius orders of A; with respect to conics. If g is a prime greater
than 5, then v}i) = j for 0 < j < 4. Otherwise, set v = Zj‘:l vﬁ.i). Since v <

2+ &3+ &4+ &5 and &5 < 2d;, we have that v < 6d; — 1. From 3),

(13)

52’:]\,_ _ 1086 -3+ @+5)2s g > 5 prime
LT =68 — 185 —3) + (g +5)28,  otherwise.
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Using the same argument as in (10),

2
K 1 s ) K
E N~/<— E deg E; —q+5 E deg B;. 14
p = pa g & <5( ) g & ( )

i=1

Using now (8), (9), (13) and (14) we obtain

5.2 11 2 .
sd°— 5d+dMy+ 5qd + 1 > 5 prime
ar+e = {%d3 B2y a4 Mo+ Jad + 1 otnern (1
547 — pd- + g + 0+ 359d+ otherwise.
Then, (15) does not hold for any g. If g is prime, also (12) is not satisfied. O

4 Algebraic curves passing through the points of a maximal arc

Remark 3.4 motivates the study of plane algebraic curves passing through all the
points of maximal (k, n)-arc in PG(2, g).

In this section K always denotes a maximal (k, n)-arc. Recall that a (k, n)-arc IC
of a projective plane 7 is a set of k points, no n + 1 collinear. Barlotti [8] proved
that k < (n — 1)q + n, for any (k, n)-arc in PG(2, ¢); when equality holds, a (k, n)-
arc is maximal. A purely combinatorial property characterising a (k, n)-maximal arc
K is that every line of PG(2, ¢) either meets /C in n points or is disjoint from it.
Trivial examples of maximal arcs in PG(2, ¢) are the (g% + ¢ + 1, g + 1)-arc given
by all the points of PG(2, ¢) and the (¢2, ¢)-arcs consisting of the points of an affine
subplane AG(2, g) of PG(2, ¢). Ball, Blokhuis and Mazzocca [6, 7] have shown that
no non-trivial maximal arc exists in PG(2, g¢) for g odd. On the other hand, for g
even, several maximal arcs exist in the Desarguesian plane and many constructions
are known; see [9, 12, 14, 18, 23, 24]. The arcs arising from these constructions, with
the exception of those of [23], see also [14], all consist of the union of n — 1 disjoint
conics together with their common nucleus N. In other words, these arcs are covered
by a completely reducible curve of degree 2n — 1, whose components are n — 1 conics
and a line through the point N.

Remark 4.1 From Corollary 3.5, if I' has a component defined over GF(g) but not
over GF(g), and it passes through all the points of /C, then its degree d is at least
2n — 1.

The following theorem shows that the above hypothesis on the components of I" can
be dropped as far as g is sufficiently large.

Theorem 4.2 For any n, there exists gy < (2n — 2)? such that any plane algebraic
curve I defined over GF(q) with g > qo, passing through all the points of a maximal
(k,n)-arc I of PG(2, q) has degree d > 2n — 1. If equality holds, then T has either
one linear and n — 1 absolutely irreducible quadratic components or n — 2 absolutely
irreducible quadratic components and one cubic component.
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The proof depends on the following lemma.

Lemma 4.3 Assume that I is reducible and that the number of its components is less
than n — 1. Then, the degree d of I" satisfies

d>Yq.

Proof We use the same setup as in the proof of Theorem 3.2. This time the Hasse-
Weil bound is used in place of the Stohr-Voloch bound. The number of points of A;
in PG(2, q) is N; + M;; from (1),

M; +N; <q+1+(d; —1)(di —2)/q. (16)
From (9),

DON/ <@+ 1)+ (deg& — 1)(deg Ei —2)/7. (17)

i=1 i=1

If I" has w components, then

K 1
w(g+1)+) (deg 8 — 1)(deg E; —2)/g+ Y _(di = 1)(d; —2)/q = (n—D)g +n.
i=1 j=I1
(18)
Since w <n — 2, (18) yields

(d=1DWd-2)/9=>q+2
hence, d > ¥/q. O
Proof of Theorem 4.2 Suppose I' to have degree d < 2n — 1. By Remark 4.1, all
components of I" are defined over GF(q). If T" is absolutely irreducible, then (1)
implies that I" contains at most ¢ + (2n — 3)(2n — 4),/q + 1 points. However, for g
large enough, this number is less than (n — 1)g + n; a contradiction.
When I' has more then one component, denote by #; the number of its components

of degree j. Let u be the maximum degree of such components. Then, u <2n — 3
and

u
d:thjgzn—z.
j=1

From (1),

ICNKI<nt+) g+ G =D —2yg+ D= (th)q+cﬁ+d,

J=2 J=2

where

u u
=Y ;G -DG-2. d=nn+) 1.
j=2

j=2
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Both ¢ and d are independent from g; therefore,

rnK -
n—1= lim | '—Zz,-. (19)
j=2

q—)OO q -
Hence,

u u
2n—1)=2) t;<n+y jtj=d.

j=2 j=2

Since d <2n — 2, by Lemma 4.3, for g > 2n — 2)4 the curve I" should have at least
n — 1 components. This would imply thateitheru =2, =1, =m —1) oru =3,
t1 =0, 1, = (n — 2), 13 = 1. In particular, in both cases d =2n — 1. O

Remark 4.4 As mentioned in the Introduction, case d = 2n — 1 in Theorem 4.2 occurs
when C is a Denniston maximal arc [9] (or one of the maximal arcs constructed
by Mathon and others [12, 14, 18, 23, 24]). This result may not extend to any of
the other known maximal arcs; they are the Thas maximal (¢> — g% + ¢, ¢)-arcs in
PG(2, q2) arising from the Suzuki-Tits ovoid of PG(3, ¢); see [13, 23]. In fact, 22
is the minimum degree of a plane curve which passes through all points of a Thas’
maximal (456, 8)-arc in PG(2, 64); see [3].

5 Maximal arcs of degree 4

From Theorem 4.2, for ¢ > 6*, a lower bound on the degree of an algebraic curve
" passing through all the points of a maximal arc K of degree 4 is 7. Our aim is to
prove in this case the following result.

Theorem 5.1 Let IC be a maximal arc of degree 4 and suppose there exists an alge-
braic plane curve U containing all the points of K. If degl" =7, then " consists of
three disjoint conics, all with the same nucleus N, and a line through N .

Proof From Theorem 4.2, the curve I" splits either into one irreducible cubic and two
irreducible conics or into three irreducible conics and one line . These two cases are
investigated separately.

Let C denote any of the above conics of nucleus N. We show that every point
of C' = C U{N} lying in PG(2, g) is contained in K: in fact, if there were a point
P € C’\ K, then there would be at least % lines through P external to /. All these
lines would meet C’ in % distinct points, which, in turn, would not be on K. Hence,
I" would have less than 3¢ + 4 points on the arc /C, a contradiction.

Now assume that I" splits into a cubic D and two conics C;, with i = 1, 2. Denote
by N; the nucleus of C; and set X = C; U Cp U {N1, N2}. Since |X'| < 2g + 4, there
exists a point P € IC\ X. Obviously, P € D. Every line through P meets K in four
points; thus, there is no line £ through P meeting both C; and C; in 2 points; other-
wise, [ NX NK| =4 and |¢NK]| > 5, a contradiction. Hence, there are at least g — 1
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Fig.1 Case 1 in Theorem 5.1 N, A N, N
I I _ 2 3
Cs
Fig. 2 Case 2 in Theorem 5.1 N; = N;
j NS'
Cs Ci G
Fig. 3 Case 3 in Theorem 5.1 Ny =Ny=N;
Cs el Co

lines through P meeting D in another point P’. There are at most 5 bisecants to the
irreducible cubic curve D through any given point P € D, namely the tangent in P
to D and, possibly, four other tangents in different points to D passing through P.
Hence, there are ¢ — 6 lines through P meeting D in three points. If this were the
case, D would consist of at least 2(¢g — 6) + 6 points, which is impossible. Therefore,
we may assume that I" splits into three conics, say C1, C2, C3, with nuclei Ny, N,
N3, and a line r.

Recall that, as seen above, the nuclei of all the conics belong to K. Now we show
that at least one nucleus, say Ny, lies on the line r. Since I" is a curve containing K of
minimum degree with respect to this property, there is at least a point P on r N K not
on C;. Each line through P is a 4-secant to & hence, it meets X in an odd number of
points. If P # Ny, then the number of lines through P meeting & in an odd number of
points is at most 15, which is less than ¢ + 1 for ¢ > 2%, a contradiction. Actually, all
the nuclei N; lie on r. In fact, suppose that N; ¢ r for j € {2, 3}. Then, N; € C;, with
s # 1, j and the line N1 N; joining Nj and N; is tangent to C; and C ;. Consequently,
N1N; meets C, in another point different from N; that is, it is a 5-secant to K, again
a contradiction.

We are left with three cases, namely:

I. Nt #N2#N3,C;NCj={A}forany i # jand A € N{ N.
2. Ni=Nj, Nj#N;,N; € G5, C;NCj =0, with i, j,s €{1,2,3}.
3. NN=N=Nzand C;NCj =@ fori # j.

We are going to show that cases (1) and (2) do not actually occur.

Lemma 5.2 Let C1, Cy be two conics with a common point A but different nuclei
N1, Na. If A € N1 Nj then there is a line s with A € s and s # N1 N, such that for
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any point on s \ (C1 U Cy) there passes a line £ with
€N (C1UCU{Ni, Nop)| = 3.

Proof Let (X, Y, Z) denote homogeneous coordinates of points of the plane PG(2, g).
Choose a reference system such that A = O = (0,0, 1) and the line joining N and
N, is the X-axis. We may suppose C; to have equation

G X2+ XY+ Y+ 1,YZ=0,

where «;, Bi, A; € GF(g) andi =1, 2.

Since both C; are non-degenerate conics, we have «; # 0 and X; # 0. Furthermore,
A1 # A2 as the nuclei N1 and N; are distinct.

Denote by T(x) the trace of GF(q2) over GF(2). If T((a1A2 + agr1)(B1Az +
Bar1)) = 0, then the two conics C; and C, have more than one point in common,
which is impossible. Hence, T(a1hy + wi)DBirr +  Barr)
= 1; in particular, B1Ay # Ba)1.

A generic point P,; of C; \ {A} has homogeneous coordinates

i < Aim )»l )
Pm= 2 I 2 71 ’
oaim”+m+ B oaim”+m+p;

with m € GF(g) \ {0}. Consider now a point P, = (0, €, 1) on the Y-axis, with ¢ €
GF(g) \ {0, ’;—1, 2—;}. The points P,},, Pt2 and P; are collinear if and only if

Am MM
aym?+m+p1 aym?+m+ By
Aot Ao

a2+t 4 B a2+t 4 B
0 € 1

that is

a1roem’t + aphiemt® + Ay + A)mt + (ex B2 + AiA2)m + (€ra By + A1ra)r = 0.
(20)
Equation (20) may be regarded as the affine equation of a cubic curve D in the in-
determinate m and ¢. Observe that (0,0, 1) € D. The only points at infinity of D
are Yoo =(0,1,0), Xoo = (0,1,0) and B = (%—g?, 1, 0). Therefore, D does not split
into three conjugate complex lines. Thus, by [15, Theorem 11.34] and [15, Theorem
11.46], there is at least one affine point T = (m, ¢, 1) on D different from (0, 0, 1).
Since T((a1A + a2r1)(Bi1r2 + BoAr1)) =1, the line m = is a 1-secant to D in
(0,0, 1); hence, the point T is not on this line.
This implies that, for any given ¢ € GF(q) \ {0}, there exist at least two distinct
values m, f € GF(q) \ {0} satisfying (20). Hence, P%, sz and P, are collinear and

the line PmlP;2 meets C; U C> U {Nj, N} in at least three points. O

From Lemma 5.2, in case (1) the set C; U C> U {N1, N3} cannot be completed to
a maximal arc just by adding a third conic C3, together with its nucleus N3, since, in

@ Springer



542 J Algebr Comb (2008) 28: 531-544

this case, there would be at least a 5-secant to C{ U C, U C3 U {Ny, N>, N3}. Hence,
case (1) is ruled out.

Lemma 5.3 Given any two disjoint conics C1, Cy with the same nucleus N, there is
a unique degree-4 maximal arc containing X = C1 U C».

Proof There is a line r in PG(2, g) external to X, since, otherwise, X would be a
2-blocking set with less than 2¢g + +/2¢ + 1 points, which is a contradiction; see [5].

Choose a reference system such that N = O = (0, 0, 1) and r is the line at infinity
Z = 0. The conics C;, for i = 1, 2, have equation:

G X2+ XY +BY +12%=0, Q1)

where «;, B;, A; € GF(g) and T(¢; B;) = 1.

Since both C; are non-degenerate, A; # 0. We first show that, A1 # Ap, as C
and C, are disjoint. We argue by contradiction. If A1 = A5, then we could assume
o F# ap; in fact, if @] = ap and A1 = A, the linear system generated by C| and C;
would contain the line Y = 0; thus their intersection would not be empty. Let now

[B1— B2
V= ;
o] — o)

ay’+y+pi=awy’+y+ b,

and the line X = Y would meet the two conics in the same point

hence,

1 1

A 7 A 7
P= (y(a1V2+]V+ﬂ1 ) 5 (al}'2+ly+ﬂ1 ) 5 l)’

contradicting C; N Cy = 0.
We also see that o1 Ay # apA1 and B1 A2 # o)1, since, otherwise, the points

P=(/E0n=(/201, 0=0 /D=0 /21D

would lie on both conics.
Let now C3 be the conic with equation

A A A A
aiir + a2 ]X2+XY+/81 2+ B
M+ A2 AL+ A

Y24+ (0 +21)Z%=0.

Set
b (a1A2 +2r1)(BiA2 + Bokri1)
A2+ 3 '

The collineation H of PG(2, g) given by the matrix

al 00
0 a 0],
b c 1
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_  [aihtonh _ [ 14ay/a? _ . [Bith ; L
where a = FEw v b= o and c=a T, maps the conics C;, i =

1,2, to

Cy: X2+ XY +0¥2 4+ 4,22 =0,
and C3 to
Ca i X2+ XY + Y2 + (A +42)Z% =0.

If €(v) =0, then 6; and fi would share some point in common on the line at
infinity. Hence, T(v) = 1. In particular, 6;, E§ and 63 together with their com-
mon nucleus O, form a degree-4 maximal arc C of Denniston type; see [2, 9] and
[18, Theorem 2.5].

It remains to show the uniqueness of . We first observe that X is a (0, 2, 4)-set
with respect to lines of the plane. No point lying on a 4-secant to X can be added to
X to get a degree-4 maximal arc.

Take P ¢ X and denote by u; with i = 0,2,4, the number of i-secants to X
through P, that is the number of lines meeting X in i points. The lines through P
which are external to X’ are also external to /K and the converse also holds. Therefore,
when P € K, we have ug = %q. From

uo+ux+us=q+1,
2142—}—4114:26] +2,

also ug = %q. Hence, no point P ¢ IC may be added to X’ to obtain a maximal arc of

degree 4. g
Finally, Lemma 5.3 shows that case (2) does not occur. O
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