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Abstract Let V denote a vector space over C with finite positive dimension. By a
Leonard triple on V we mean an ordered triple of linear operators on V such that
for each of these operators there exists a basis of V with respect to which the matrix
representing that operator is diagonal and the matrices representing the other two
operators are irreducible tridiagonal.

Let D denote a positive integer and let O p denote the graph of the D-dimensional
hypercube. Let X denote the vertex set of Qp and let A € Maty (C) denote the adja-
cency matrix of Q p. Fix x € X and let A* € Maty (C) denote the corresponding dual
adjacency matrix. Let T denote the subalgebra of Maty (C) generated by A, A*. We
refer to T as the Terwilliger algebra of Qp with respect to x. The matrices A and
A* are related by the fact that 2iA = A*A® — A°A* and 2iA* = A°A — AA®, where
2iA° = AA* — A*Aand i’ = — 1.

We show that the triple A, A*, A® acts on each irreducible T-module as a Leonard
triple. We give a detailed description of these Leonard triples.
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1 Introduction

We start by recalling the definition of a Leonard pair. To describe this object we use
the following terms. Let C denote the field of complex numbers. A square matrix
with entries in C is called tridiagonal whenever each nonzero entry lies on either
the diagonal, the subdiagonal, or the superdiagonal. A tridiagonal matrix is called
irreducible whenever each entry on the subdiagonal is nonzero and each entry on the
superdiagonal is nonzero.

Definition 1.1 [21, Definition 1.1] Let V denote a vector space over C with finite
positive dimension. By a Leonard pair on V we mean an ordered pair of linear oper-
ators A: V — V and A*: V — V which satisfy the conditions (i), (ii) below.

(i) There exists a basis for V with respect to which the matrix representing A is
diagonal and the matrix representing A* is irreducible tridiagonal.

(i1) There exists a basis for V with respect to which the matrix representing A* is
diagonal and the matrix representing A is irreducible tridiagonal.

Leonard pairs have been explored as linear algebraic objects, in connection with or-
thogonal polynomials, and as representations of certain algebras [17-27]. The notion
of a Leonard triple was introduced by Curtin in [5]. We recall the definition.

Definition 1.2 [5, Definition 1.2] Let V denote a vector space over C with finite
positive dimension. By a Leonard triple on V we mean an ordered triple of linear
operators A:V — V, A*:V — V, A® : V — V which satisfy the conditions (i)—
(iii) below.

(1) There exists a basis for V with respect to which the matrix representing A is di-
agonal and the matrices representing A* and A® are each irreducible tridiagonal.

(ii) There exists a basis for V with respect to which the matrix representing A* is di-
agonal and the matrices representing A® and A are each irreducible tridiagonal.

(iii) There exists a basis for V with respect to which the matrix representing A® is di-
agonal and the matrices representing A and A* are each irreducible tridiagonal.

Leonard triples are closely related to Leonard pairs. Indeed, any ordered pair of dis-
tinct elements of a Leonard triple form a Leonard pair. This allows us to take ad-
vantage of the literature concerning Leonard pairs in our study of Leonard triples.
The isomorphism classes of Leonard pairs are in bijective correspondence with the
polynomials in the terminating branch of Askey-Wilson scheme [24, 25]. In partic-
ular, results concerning Leonard pairs also have interpretations as results concerning
such polynomials. Consequently, results concerning Leonard triples also have inter-
pretations as results concerning such polynomials. Leonard pairs play a role in rep-
resentation theory [12, 14, 20, 21, 28] and combinatorics [4, 7, 8, 10, 12, 17-19,
23]. Consequently, also Leonard triples play a role in representation theory and com-
binatorics. Leonard triples are also related to spin models [6], generalized Markov
problem in number theory and the Poncelet problem in projective geometry [15].

In this paper we consider a situation in graph theory where Leonard triples arise
naturally. The situation is described as follows. Let D denote a positive integer, let
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Qp denote the graph of the hypercube with dimension D (see Section 4 for formal
definitions), and let X denote the vertex set of Qp. Let Maty (C) denote the C-
algebra of matrices with entries in C and with rows and columns indexed by X. Let
A € Maty (C) denote the adjacency matrix of Qp. For the rest of this introduction
fix x € X. Let A* = A*(x) denote the diagonal matrix in Maty (C) with (y, y)-entry
D —29(x,y) for y € X, where d denotes path-length distance. The matrix A* is
called the dual adjacency matrix of Qp with respect to x [17]. Let T = T (x) de-
note the subalgebra of Maty (C) generated by A, A*. The algebra T is known as
the Terwilliger algebra of Qp with respect to x [17]. As we shall see, A and A*
are related by the fact that 2iA = A*A® — A®A* and 2iA* = A*A — AA®, where
2iA° = AA* — A*A and i’ = —1. We call A? the imaginary adjacency matrix of Qp
with respect to x. The matrices A, A*, A® are similar; indeed we display an invertible
matrix P € T such that A* = PAP~!, A* = PA*P~!, A= PA*P~ L.

Let W denote an irreducible 7-module. We show that the triple A, A*, A® acts on
W as a Leonard triple. We give this triple a detailed description which is summarized
as follows. Consider the three bases for W afforded by Definition 1.2. For each of
these bases we display two normalizations that we find attractive, and this yields six
bases for W. We compute the matrices which represent A, A*, A® with respect to
these six bases. We display the inner products between each pair of these bases. We
then display the transition matrices between each pair of these bases. We remark that
our paper extends the work of Go [10].

2 Preliminaries

In this section we review some definitions and basic results concerning distance-
regular graphs. See the book of Brouwer, Cohen and Neumaier [3] for more back-
ground information.

Let X denote a nonempty finite set. Let Maty (C) denote the C-algebra of matrices
with entries in C and with rows and columns indexed by X. For B € Maty (C) let B’
and B denote the transpose and the complex conjugate of B, respectively. Let V =
CX denote the vector space over C consisting of column vectors with entries in C and
rows indexed by X. We observe Maty (C) acts on V by left multiplication. We refer
to V as the standard module of Maty (C). For v € V let v’ and v denote the transpose
and the complex conjugate of v, respectively. We endow V' with the Hermitean inner
product {(u, v) = u'v (u, v € V). For y € X let y denote the vectorin V with a 1 in the
y coordinate and O in all other coordinates. Observe that {J|y € X} is an orthogonal
basis for V. The following will be useful: for each B € Maty (C) we have

(u, Bv) = (B'u, v) (u,vev). (1)

Let ' = (X, R) denote a finite, undirected, connected graph, without loops or
multiple edges, with vertex set X, edge set R, path-length distance function 9, and
diameter D := max{d(x, y)| x,y € X}. For a vertex x € X and an integer i > 0 let
['; (x) denote the set of vertices at distance i from x. For an integer k > 0 we say I
is regular with valency k whenever |I'1 (x)| =k for all x € X. We say I is distance-
regular whenever for all integers 0 < h,i, j < D and all x,y € X with d(x,y) =h
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the number
Pl =ITi(x) NT;(y)]

is independent of x, y. The constants pl.}" are known as the intersection numbers of
r. From now on we assume I’ is' distance-regular with D > 1. For convenience set
ci=py;(1<i<D),ai:=p;;(0<i<D),bi:=p);,,0<i<D-1)k:=
p?l- (0<i<D),and cp =0, bp =0. We observe that I' is regular with valency
k =k =bg and that ¢c; +a; +b; =k for 0 <i < D. By [3, p. 127] the following hold
for 0 < h,i, j < D: () pf‘j = 0 if one of A, i, j is greater than the sum of the other
two; and (ii) pf’j # 0 if one of &, i, j equals the sum of the other two.

We now recall the Bose-Mesner algebra of I'. For 0 <i < D let A; denote the
matrix in Maty (C) with entries

Lif a(x,y) =1,
0if 9(x,y) #i
We abbreviate A = A and call this the adjacency matrix of T'. Let M denote the

subalgebra of Maty (C) generated by A. By [3, p. 44] the matrices Ag, Ay, ..., Ap
form a basis for M. We call M the Bose-Mesner algebra of I'. We observe that M is

(Ai)xyz{ (x,yeX).

commutative and semi-simple. By [3, p. 45] there exists a basis Ey, Ey, ..., Ep for
M such that
Eo=|Xx|""J, 2
Eo+E1+---+Ep=1, 3)
Ej=E; 0<i<D), “4)
Ei=E (0<i<D), )
E,‘Ej:(Sl'jE,' (0<i, j < D), (6)
where / and J denote the identity and the all-ones matrix of Maty (C), respectively.
For convenience we define E; =0 if i <0 or i > D. The matrices Eg, Eq,..., Ep
are known as the primitive idempotents of ', and E|) is called the trivial idempotent.
We recall the eigenvalues of I'. Since Ey, E1, ..., Ep is a basis for M, there exist
scalars 6y, 01, ..., 60p € C such that
D
A=Y 0E;. @)
i=0

Combining this with (2) and (6) we find AE; = E;A = 6;E; for 0 <i < D and
0o = k. The scalars 6y, 01, ..., 0p are real [2, p. 197]. Observe that 6y, 61, ..., 0p are
mutually distinct since A generates M. We refer to 6; as the eigenvalue of " associ-
ated with E;. For 0 <i < D let m; denote the rank of E;. We call m; the multiplicity
of 9,' .

By (3)-(6),

V=E)WW+E/V+---+EpV (orthogonal direct sum). (8)
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By linear interpolation,

Ei= [] 0<i<D). ©)

0=j=<D
J#

We now recall the Q-polynomial property. Note that A; 0o A; =§;;A; for 0 <1i, j <
D, where o is the entry-wise multiplication. Therefore M is closed under o. Thus
there exist qihj € C (0 <h,i,j < D) such that

D
EioE;=|X|""Y gliEx  (0<i,j<D).
h=0

By [3, Proposition 4.1.5] the scalars ql.hj are real and nonnegative for 0 < h,i, j < D.

The qihj are called the Krein parameters of I'. The graph I' is said to be Q-polynomial
(with respect to the given ordering Ey, Ey, ..., Ep of the primitive idempotents)
whenever the following hold for 0 < h, i, j < D: (i) qihj =0ifone of 1, i, j is greater

than the sum of the other two; and (ii) ql.hj = 0 if one of A, i, j equals the sum of the
other two.

3 The Terwilliger algebra

In this section we recall the dual Bose-Mesner algebra and the Terwilliger algebra of
I". For the rest of this section fix x € X. For 0 <i < D let E} = E[(x) denote the
diagonal matrix in Maty (C) with entries

w ) 1if 9(x,y) =1,
(Ep)yy = {Oif d(x,y) £i (y € X).

We call E7 the ith dual idempotent of T" with respect to x. We observe

Ej+Ef+---+Ep=1, (10)

Ef'=E 0<i=<D), (11)

E_l.*zE;k (0<i<D), (12)

EfE}=§;E’ (0<i,j<D). (13)

By construction Ejj, ET, ..., EJ, are linearly independent. Let M* = M*(x) denote

the subalgebra of Matx (C) spanned by Ejj, ET, ..., E},. We call M* the dual Bose-
Mesner algebra of T with respect to x. We observe M* is commutative and semi-
simple.

Assume I' is Q-polynomial with respect to the ordering Eg, E1, ..., Ep of the
primitive idempotents. Let A* = A*(x) denote the diagonal matrix in Maty (C) with
(v, y)-entry

A* = |X|Esy (veEX), (14)
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where E = E|. We call A* the dual adjacency matrix of T with respect to x. By
[17, Lemma 3.11] M* is generated by A*. We recall the dual eigenvalues of I'. Since

Eg, ET, ..., E}, is abasis for M* there exist 6, 0}, ..., 0}, € C such that
D
A*=> 0FE}. (15)
i=0

Combining this with (13) we find A*E} = EfA* =0FE} (0 <i < D). By [17,
Lemma 3.11] 63,67, ..., 6}, are real. The scalars 90*, 0f, ..., 0} are mutually dis-
tinct since A* generates M*. Note that 6 is an eigenvalue of A* and E}V is the
corresponding eigenspace (0 <i < D). Using (10)—(13) we find

V=E;V+EV+---+ELV (orthogonal direct sum). (16)

We call the sequence 6, 91*, e, 0;‘) the dual eigenvalue sequence of T'. Observe that
for 0 <i < D the rank of El’k is k;. Therefore k; is the multiplicity with which Oi*
appears as an eigenvalue of A*.

By linear interpolation we obtain

A* —0*]
Ef = 1_[ - )
0<j<D 0 — 9;

j#i
By [17, Lemma 3.2] the following hold for 0 <k, j < D:
E*AE} =0 if and only if p’fj =0; (18)
EjA*E, =0 if and only if qu =0. (19)

Let T = T (x) denote the subalgebra of Maty (C) generated by M and M*. We call
T the Terwilliger algebra of T" with respect to x [17, Definition 3.3].

By a T-module we mean a subspace W of V such that BW C W forall B eT.
Let W denote a T-module. Then W is said to be irreducible whenever W is nonzero
and W contains no 7-modules other than 0 and W.

By construction 7 is closed under the conjugate-transpose map so 7 is semi-
simple [17, Lemma 3.4(i)]. By [17, Lemma 3.4(ii)] V decomposes into an orthogonal
direct sum of irreducible 7-modules. Let W denote an irreducible 7-module. By [17,
Lemma 3.4(iii)] W is the orthogonal direct sum of the nonvanishing E;W (0 <i <
D) and the orthogonal direct sum of the nonvanishing E/W (0 <i < D). By the
endpoint of W we mean min{i|0 <i < D, E;kW # 0}. By the diameter of W we
mean |{i|0 <i < D, EfW #0}| — 1. By the dual endpoint of W we mean min{i|0 <
i <D, E;W # 0}. By the dual diameter of W we mean |{i|0 <i < D, E;W #
0}| — 1. By [12, Lemma 4.5] the diameter and the dual diameter of W coincide. Let r
and r* denote the endpoint and the dual endpoint of W, respectively, and let d denote
the diameter of W. By [17, Lemma 3.9(ii), Lemma 3.12(ii)] the following hold for
0<i<D:

E;W #0 ifand only if r* <i <r*+d, (20)
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EfW #0 ifandonly if r <i <r +d. 21

Let W denote an irreducible 7-module. By [17, Lemma 3.9, Lemma 3.12] the
following are equivalent: (i) dim(E; W) < 1 for 0 <i < D; (ii) dim(El?" W) <1 for
0 <i < D. In this case W is called thin.

4 The hypercubes

In this section we recall the hypercube graph and some of its basic properties. Let D
denote a positive integer, and let {0, l}D denote the set of sequences (#1, 2, ...,1p),
where t; € {0, 1} for 1 <i < D.Let Qp denote the graph with vertex set X = {0, I}D,
and where two vertices are adjacent if and only if they differ in exactly one coordi-
nate. We call Qp the D-cube or a hypercube. The graph Qp is connected and for
v,z € X the distance d(y, z) is the number of coordinates at which y and z differ.
In particular the diameter of Qp equals D. The graph Qp is bipartite with biparti-
tion X = X+ U X, where X (resp. X ) is the set of vertices of Q p with an even
(resp. odd) number of positive coordinates. By [3, p. 261] Qp is distance-regular
with intersection numbers

D
) O=i=<D). (22)

1

ai=0, bi=D—i, Ci=i, ki=<

Let 6y > --- > 0p denote the eigenvalues of Qp. By [3, p. 261] these eigenvalues
and their multiplicities are given by

D .
) (0<i<D). (23)

9,'=D—2i, mi:<
l

For 0 <i < D let E; denote the primitive idempotent of Q p associated with 6;. By
[3, Corollary 8.4.2], Op is Q-polynomial with respect to Eg, E1, ..., Ep. Moreover,
it follows from [3, Theorem 8.4.4] that

plhj:qlhj (0<h,i, j<D). (24)

Since Qp is bipartite,
pli=0ifh+i+jisodd (0<h,i,j<D). (25)
Let 65,...,0], denote the dual eigenvalue sequence of Qp for the given Q-

polynomial structure. Then Qi* =6, (0<i<D)[10, Lemma 3.7]. Fix x € X. Let
A* = A*(x) denote the corresponding dual adjacency matrix, and let 7 = T (x) de-
note the corresponding Terwilliger algebra. By (15) and since 6 = D — 2i we have

AL, =D=20(x.y) (yeX). (26)

Since Qp is vertex-transitive the isomorphism class of 7' (x) does not dependent on
x. For notational convenience, for the rest of this paper we assume x = (0,0, ..., 0).
By [10, Theorem 4.2] we have

A?A—2ATAA* + AA? =44, (27)
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APA* —2AA*A+ A*A? = 4A%. (28)

Let W denote an irreducible 7-module. By [10, Theorem 6.3] W is thin. By [10,
Theorem 6.3, Theorem 8.1] the endpoint and the dual endpoint of W coincide. De-
noting this common value by » we have d = D —2r and 0 <r < D/2, where d is the
diameter of W [10, Theorem 6.3].

5 The Cartesian product and the Kronecker product

In this section we recall the Cartesian product of graphs and the Kronecker product
of matrices. For graphs I' = (X, R) and I'" = (X', R") let ' x I'” denote the graph
with vertex set X x X', and with vertex (u, u") being adjacent to vertex (v, v’) if and
only if either u = v and u’ is adjacent to v’ in T, or u’ = v’ and u is adjacent to v
in . We call T x I'" the Cartesian product of T and T,

For B € Maty (C) and B’ € Maty/(C) let B® B’ denote the matrix in Maty » x/(C),
with a ((u, u'), (v, v'))-entry equal to the (u, v)-entry of B times the (', v")-entry of
B’. We call B ® B’ the Kronecker product of B and B’. By [9, p. 107]

(B1 ® B})(B>® B}) = (B1B2) ® (B| B). (29)

Also by [9, p. 107]
B® (y1B] + 2By =y1B® B + 2B ® B, (30)
(1Bl +12B}) @ B=y1B]® B+ B, ® B, (31

where y, y» € C. It is also known that
(B® B =B'® B", BB =BQ®B'. (32)

For a matrix B € Maty (C) and an integer r > 0 let B®" denote B B® ---® B (r
copies). We interpret B®0 = 1. Let I" and I’ be graphs with adjacency matrices A
and A’, respectively. By construction the adjacency matrix of I' x I'” is equal to A ®
I'+1® A’, where I and I’ are the identity matrices of appropriate dimensions (see,
for example, [11, Section 12.4]). The hypercube Qp can be viewed as a Cartesian
product Q1 x Q1 x --- x Q1 (D copies). By a simple induction argument we find
that the adjacency matrix A of Qp satisfies

D—1
A=>"19 @A @IPP 0, (33)
i=0
where Aj and I; denote the adjacency matrix of Q1 and the 2 x 2 identity matrix,

respectively. The reader is invited to verify that a similar equation holds for the dual
adjacency matrix A* of the hypercube Qp:

D—1
A=Y If @At (34)
i=0
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6 The imaginary adjacency matrix of O p

In this section we define the imaginary adjacency matrix of the hypercube Qp. We
use the following notation.

Notation 6.1 Let D denote a positive integer and let Op = (X, R) denote the D-
cube. Let A denote the adjacency matrix of Qp and let / denote the identity matrix
in Maty (C). Fix x = (0,0, ...,0) € X, and let A* = A*(x) and T = T (x) denote the
corresponding dual adjacency matrix and the Terwilliger algebra, respectively. We
define the matrix A* = A®(x) by

A® = —i(AA* — A*A)/2, (35)
where i’ = —1.
Note that A® € T. We have the following observation.

Lemma 6.2 With reference to Notation 6.1, for y, z € X the (y,2)-entry of A® is given
by

A5, =i(3(x,2) — 3(x, y)Ayz.
PROOF. Since A* is diagonal we obtain (AA™)y; = Ay A7, and (A*A)y; = A, Ay..

By (26) A;“,y =D —20(x,y) and A}, = D — 23(x, z). The result now follows using
(33). V O

Motivated by Lemma 6.2 we call A® the imaginary adjacency matrix of Qp with
respect to x. The following result will be useful.
Lemma 6.3 With reference to Notation 6.1 the following (i)—(iii) hold.
(1) AA* — A*A =2iA°%,
(i) A*A® — A®A* =2iA,
(iii)) A*A — AA® =2iA*.
PROOF. (i) Immediate from (35).
(i1), (iii) Eliminate A® using (35) and simplify using (27) and (28). O

Lemma 6.4 With reference to Notation 6.1 we have

D-1
A=Y 1A PP, (36)
i=0

where AY denotes the imaginary adjacency matrix of Q1 and Iy denotes the 2 x 2
identity matrix.

PRrOOF. Evaluate the left-hand side using (35) and then (33), (34). Simplify the result
using (29)—(31) and A} = —i(A|A] — ATA)/2. O
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7 The eigenvalues of the imaginary adjacency matrix

In this section we describe the eigenvalues for the imaginary adjacency matrix of Q p.
We begin with a definition.

Definition 7.1 With reference to Notation 6.1 we define
p=p3P (37)

where P; is the matrix with rows and columns indexed by the set {0, 1}, and with
(0, 0)-entry 1, (0, 1)-entry 1, (1, 0)-entry —i, and (1, 1)-entry i.

Lemma 7.2 With reference to Notation 6.1 and Definition 7.1 we have P € T .

PROOF. Observe that the symmetric group Sp acts on X as a group of automorphisms
of Op by the rule

(t1,t2,...,1p) = (s(1): 6 (2), - - -+ Lo (D)) (0 € Sp), (38)

where (t1,1,...,tp) is a vertex of Qp. In fact Sp is isomorphic to the stabilizer of
the vertex x in the full automorphism group of Qp [3, Theorem 9.2.1].

Observe that the above Sp-action on X induces an Sp-action on V. For o € Sp
let M, denote the matrix in Maty (C) that represents o with respect to the basis
{91y € X}. By [16, Subsection I.C] T is the centralizer algebra for Sp on V, i.e.

T = {M e Matx (C)|MM, = My M Vo € Sp}.

Pick distinct 1 < i, j < D and consider the involution ¢ = (i, j) € Sp. Since Sp is
generated by the involutions, to show P € T it suffices to show PM, = M, P. For
v,z € X the (y, z)-entry of My is 1 if y° =z and 0 if y° # z. By this and matrix
multiplication the (y, z)-entry of P M, is Py,s and the (y, z)-entry of My P is Pyo.
By (37) and the definition of the Kronecker product Py, = Pys,. By these comments
(PMs)y, = (Mg P)y;. Therefore PMy =MsP so PeT. O

‘We have an observation.

Lemma 7.3 With reference to Notation 6.1 and Definition 7.1 the following (i)—(iii)
hold.
(i) PP'=P P=2PI,
() P}=2Pa1-0Pr;
(iii) P! exists.

PROOF. (i) We first observe that Plﬁt = 211, where I denotes the 2 x 2 identity
matrix. Using (29) and (32) we now obtain

PP =PEP (A = (P P)*” = @1)®P =2°1.
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(i) We first observe that P = 2(1 — i)/;. Using (29) we now obtain

P3 = PR pEP PP — (P)*P = (201 —i)1})®” =2P (1 — )P 1.
(ii1) Clear from (ii) above. O
Theorem 7.4 With reference to Notation 6.1 and Definition 7.1,

A*=PAP!, Af = PA*P!, A=PA*P.
PROOF. To verify the equation on the left, evaluate A* using (34) and PAP~! using

(29), (33), (37). Comparing the results using A7 = P1A; Pl_1 we find A* = PAP~L.
The other two equations are similarly obtained. g

Corollary 7.5 With reference to Notation 6.1 the following (i)—(iii) hold.

(1) The matrix A® is diagonalizable.
(ii) The eigenvalues of A® are D —2i (0 <i < D).
(iii) For 0 <i < D the eigenvalue D — 2i of A® has multiplicity (Il))

PROOF. Use (23) and the equation on the right in Theorem 7.4. g

8 The primitive idempotents of the imaginary adjacency matrix

In this section we consider the primitive idempotents for the imaginary adjacency
matrix of Qp. We start with a definition.

Definition 8.1 With reference to Notation 6.1, for 0 < i < D we define Ef =
P~YE; P, where P is from Definition 7.1 and E; is the ith primitive idempotent

of QD.

Adopt Notation 6.1. Using Definition 8.1, (3)—(7), (9), Lemma 7.3(i), and the equa-
tion on the right in Theorem 7.4 we routinely find

Ef =Ef (0<i<D), (40)
D
A* =Y (D —20)Ef, (42)
i=0
APEf = EFA® = (D —20)Ef (0<i<D), (43)
Af—0;1
Ef = 1‘[ — ) (0<i<D). (44)
. 0 —0;
0<j<D
J#i
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For 0 <i < D we note that E is the primitive idempotent of A® associated with
the eigenvalue D — 2i. It follows from (44) that Ef € T. We call E} the ith imagi-
nary idempotent of Q p with respect to x. For the rest of this paper we consider the
following situation.

Notation 8.2 Let D denote a positive integer and let Op = (X, R) denote the D-
cube. Let A denote the adjacency matrix of Q p and let / denote the identity matrix in
Matx (C). Let V denote the standard module of Maty (C). Fix x = (0,0, ...,0) € X,
and let A* = A*(x) and A® = A®(x) denote the corresponding dual adjacency and
the imaginary adjacency matrix, respectively. Let T = T (x) denote the corresponding
Terwilliger algebra. Let E;, E ;k, E f (0 <i < D) denote the primitive idempotents, the
dual idempotents and the imaginary idempotents of Q p, respectively. Let the matrix
P be as in Definition 7.1.

We record the following for later use.

Lemma 8.3 With reference to Notation 8.2 the following (i), (ii) hold.

(i) For0<i <D, E?V is the eigenspace of A® for the eigenvalue D — 2i.
(i) V=E{V + E{V +---+ E}V (orthogonal direct sum).

PROOF. (i) This follows from (43).

(i) Evaluate V = P~'TPV using (3) and Definition 8.1 to obtain V = ZiD:O EV

(direct sum). This sum is orthogonal by (40) and (41). Il

Lemma 8.4 With reference to Notation 8.2 the following holds for 0 <i < D:
Ef=PE;P", Ef=PE/P !, E;=PE/P "

PROOF. To verify the left equation, simplify the right-hand side using (9) and the

equation on the left in Theorem 7.4. Compare the result with (17) and recall 6; = 91'*

for 0 <i < D. The other two equations are similarly obtained. O

Corollary 8.5 With reference to Notation 8.2, let W denote an irreducible T -module.
Then the following holds for 0 <i < D:

PE;W =E!W, PE'W =E;W, PEW =E;W.
PROOF. Immediate from Lemma 8.4 and since P~!W = W by Lemma 7.2. O

Corollary 8.6 With reference to Notation 8.2, let W denote an irreducible T -module.
Then dim(EW) <1 for0 <i < D.

PROOF. This follows from Corollary 8.5 and since dim(Ei* Wy<lforO<i<D. U

Lemma 8.7 With reference to Notation 8.2, let W denote an irreducible T-module
with endpoint r and diameter d = D — 2r. Then the following (1), (ii) hold.
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() EfW #0ifand only ifr <i <r +d (0 <i < D);
(i) W=E:W + Ef+1 W+ 4 Ef+dW (orthogonal direct sum).

PROOF. (i) By Corollary 8.5 we have EfW = PEFW. By (21) we have E/W # 0 if
and only if r <i <r +d. The result follows.

(ii) Recall that W = Z?:o EY ;W (direct sum) by (21). Therefore PW =
Zf’lzo PE} ;W (direct sum). Simplify this equation using W = PW and Corollary
8.5 to obtain W = Z?:o Ef 4 (direct sum). This sum is orthogonal by (40) and
4D). O

Lemma 8.8 With reference to Notation 8.2 the following (1)—(v) are equivalent for
O0<h,j<D:
@ pi;=0;
(i) ELA°E; =0;
(iii) Ej;A® E;‘ =0;
(iv) EEAEj =0;
(v) E;A*EJS =0.

PROOF. By Theorem 7.4 and Lemma 8.4 we have PE;:AE;?P*1 = E;A*ES,
P?EfAE*P™? = E4A°Ej, PE,A*E;P~! = EfA°E* and P’E,A*E;P7? =
EZAE; The result now follows in view of (18), (19) and (24). O

9 Six bases for an irreducible 7-module

With reference to Notation 8.2, let W denote an irreducible 7-module. We are going
to show that the triple A, A*, A® acts on W as a Leonard triple. We start with a
lemma.

Lemma 9.1 With reference to Notation 8.2, let W denote an irreducible T-module
with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold.

(1) For anonzerou € E, W, each of the following two sequences is a basis for W:

Efu,Ef u, ..., Ef u; (45)

Efu,E; ju,...,Ef_u. (46)

r

(ii) For a nonzero u* € EXW, each of the following two sequences is a basis for W:

Efu®, E; u*, ... Ef u™; 47)

Erl,t*, Er+11/t*, ey Er+du*. (48)
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(iii) For a nonzero u® € EEW, each of the following two sequences is a basis for W:
Equ®, Er+1us’ ceey Er+dus; (49)
Efu®, Ef uf, ... Ef ju®. (50)
PROOF. It follows from [10, Corollaries 6.8 and 8.5] that the pair A, A* acts on W as

a Leonard pair. Therefore (45) and (48) are bases for W by [24, Lemma 10.2].

By Lemma 8.4 and Corollary 8.5 the sequence (47) (resp. (49)) is the image under
P (resp. P?) of the sequence (45), provided u is normalized so that Pu = u* (resp.
Py =ut ). Similarly, the sequence (50) (resp. (46)) is the image under P (resp. P2)
of the sequence (48), provided u* is normalized so that Pu* = u® (resp. P2u* = u).
Since P is invertible, the sequences (46), (47), (49) and (50) are bases for W. O

The following result will be useful.

Lemma 9.2 With reference to Notation 8.2, let W denote an irreducible T-module
with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold.

(i) For anonzerou € E, W,

M_ZEr+l M_ZEr+z (51)

(ii) For a nonzero u™ € EXW,

d
u —ZE,+Z . wr=) Eput. (52)
i=0
(iii) For a nonzero u® € EXW,
d
u =Y Erpuf, u _ZEHZ . (53)
i=0

PROOF. (i) Evaluate u = u using (10) and (21) to obtain the equation on the left in
(51). Evaluate u = Tu using (39) and Lemma 8.7(i) to obtain the equation on the right
in (51).

(ii), (iii) Similar to the proof of (i) above. O
For future use we record an idea from the proof of Lemma 9.1.

Lemma 9.3 With reference to Notation 8.2, let W denote an irreducible T-module
with endpoint r and diameter d = D — 2r. Then the following (1), (ii) hold.

(i) The basis (47) (resp. (49), (45)) is the image under P of the basis (45) (resp. (47),
(49)), provided u (resp. u™, u®) is normalized so that Pu = u* (resp. Pu™ = u®,
Pu® =u).
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(i1) The basis (48) (resp. (50), (46)) is the image under P of the basis (46) (resp. (48),
(50)), provided u (resp. u*, u®) is normalized so that Pu = u* (resp. Pu™ = u®,
Pu® =u).

Remark 9.4 With reference to Notation 8.2, let W denote an irreducible 7T-module
with endpoint r and diameter d = D — 2r. Note that the definition of a standard basis
for W [10, Definition 6.4] is different from the definition of the basis (45). However,
it turns out that these definitions are equivalent. Similarly, the definition of a dual
standard basis for W [10, Definition 8.2] is equivalent to the definition of the basis
(48). We will therefore prove all the results of Section 10 and Section 11, although
some of these results were already proven in [10].

10 The action of A, A*, A¢ on the six bases

With reference to Notation 8.2, let W denote an irreducible 7-module with diam-
eter d. In this section we display the matrices which represent the action of A, A*
and A® on W with respect to the six bases from Lemma 9.1. We use the following
notation. Let Mat, 1 (C) denote the C-algebra of all (d + 1) x (d 4 1) matrices with
entries in C. The rows and columns of matrices in Mat;(C) shall be indexed by
0,1,...,d. Let vg, vy, ..., vy denote a basis for W. For B € Mat; | (C)and Y € T
we say B represents Y with respect to vg,v1, ..., vq Whenever Yv; =) "7 Bjjv;
for 0 < j <d. We have a comment. For an invertible S € T the following are equiv-
alent: (i) the matrix B represents Y with respect to vg, vy, ..., vg; (ii) the matrix B
represents SYS—! with respect to Svo, Svy, ..., Svg.

Theorem 10.1 With reference to Notation 8.2, let W denote an irreducible T -module
with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold.

(1) The matrix which represents A with respect to the basis (48) of W and with
respect to the basis (49) of W is diag(d,d —2,d — 4, ..., —d).

(ii) The matrix which represents A* with respect to the basis (45) of W and with
respect to the basis (50) of W is diag(d,d —2,d — 4, ..., —d).

(iii) The matrix which represents A® with respect to the basis (46) of W and with
respect to the basis (47) of W is diag(d,d —2,d — 4, ..., —d).

PROOF. (i) Recall that the basis (48) of W is of the form E,u*, E, ju*, ..., E,yqu®,
where u* is a nonzero vector in EW. Similarly, the basis (49) of W is of the form
Eu®, Erqqu®, ..., E.4qu®, where u® is a nonzero vector in ELW. For 0 <i <d
each of E,;ju*, E,;uf is an eigenvector for A with eigenvalue 6, ; = d — 2i. The
result follows.

(ii), (iii) Similar to the proof of (i) above. [l

Theorem 10.2 With reference to Notation 8.2, let W denote an irreducible T -
module with endpoint r and diameter d = D — 2r. Consider the following matrix
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in Matg41(C):

0d 0

10d -1

2 | (54)
o

0 do

Then the following (1)—(iii) hold.

(1) The matrix (54) represents A with respect to the bases (45) and (46) of W.
(ii) The matrix (54) represents A* with respect to the bases (47) and (48) of W.
(iii) The matrix (54) represents A® with respect to the bases (49) and (50) of W.

PROOF. (i) Recall that the basis (45) is of the form Eu, E:‘Hu, e E;"+du where u
is a nonzero vector in E, W. Let B denote the matrix in Maty1(C) which represents
A with respect to this basis. We show that B is equal to the matrix (54).

For 0 <i < D we have AE;"V C E;‘l]V + E;“HV by (18) and (25); there-
fore AEYW C E \W + E} W, implying that B is tridiagonal with diagonal
entries 0. Further, (A — dl)u = 0 since u € E,W and 6, = d. Therefore (B —

dI(1,1,..., 1) =0 by the equation on the left in (51). By these comments
Bo,1=d, Bii-1+Biit1=d (1=<i=<d-1), Bia-1=d. (55

By (19), (24) and (25) we find A*E,V C E,_1V + E,;1V. By this and since W has
endpoint r we find A*E, W C E,|W. Therefore A*u € E,1W. Now (A — (d —
2)[)A*u =0 since 0,41 =d — 2. As A*u = Zflzo Or1i E;ﬂriu by construction, this
implies (B — (d —2)I)(6;,0y41, ..., 0;1+4)" = 0. Combining this with the fact that B

is tridiagonal with diagonal entries O we find
Bii—10r4i—1+ Biit10r4i+1 = (d —2)0r4i (I<i<d-1). (56)

Combining (55) and (56) and using 6, j =d —2j for 0 < j <d we obtain B; ;1 =i
for1 <i <dand B; 11 =d—ifor0<i<d— 1. Therefore B is equal to the matrix
(54).

Next recall that the basis (46) is of the form Efu, Ef+1u, ey Ef+du where u is
a nonzero vector in E, W. Let B’ denote the matrix in Maty41(C) which represents
A with respect to this basis. We show that B’ is equal to the matrix (54). Since the
proof is similar to the proof that B is equal to the matrix (54), we just indicate the
main steps.

Similarly as in the first part of the proof, but using Lemma 8.8 instead of (18), we
find that B’ is tridiagonal with diagonal entries 0. Since (A — dI)u = 0 we obtain
(B’ —dI)(1,1,...,1)" =0 by the equation on the right in (51). Hence

B(/),l =d’ Bi/,i—l + Bi/,i-‘,-] =d (1 =< i =< d— 1), Bt/i,d—l =d. (57)

Further, A*E, W C E,1W by Lemma 8.8 and (25), implying (A — (d — 2)I) x
Afu = 0. This gives us (B — (d — 2)I)(6y,6,11,...,0,14)" = 0 since Au =
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>, 6r+i E; ;u. Hence
B,(,,'f]er—&-i—l + Bl{yi+19r+i+l =(d~- 2)9r+i (I<i<d-1). (58)

Combining (57) and (58) we find that B’ is equal to the matrix (54).
(ii), (iii) Use Theorem 7.4, Lemma 9.3 and the comment above Theorem 10.1. O
Theorem 10.3 With reference to Notation 8.2, let W denote an irreducible T -

module with endpoint v and diameter d = D — 2r. Consider the following matrix
in Matg41(C):

0 d 0
-1 0d-1
il 0| 59)
-1
0 —dO0

Then the following (1)—(iii) hold.

(1) The matrix (59) represents A with respect to the basis (47) of W.
(ii) The matrix (59) represents A* with respect to the basis (49) of W.
(iii) The matrix (59) represents A® with respect to the basis (45) of W.

PROOF. (i) Let B, B* and B? denote the matrices in Mat, | (C) which represent A,
A* and A® with respect to the basis (47) of W. We have B = —i(B*B® — B*B*)/2
by Lemma 6.3(ii). Recall that B is equal to diag(d,d —2,d — 4, ..., —d) by The-
orem 10.1(iii) and that B* is equal to the matrix (54) by Theorem 10.2(ii). By these
comments B is equal to the matrix (59).

(ii), (iii) Use Theorem 7.4, Lemma 9.3 and the comment above Theorem 10.1. (I
Theorem 10.4 With reference to Notation 8.2, let W denote an irreducible T -

module with endpoint r and diameter d = D — 2r. Consider the following matrix
in Matg41(C):

0—d 0
101—-d
| R (60)
.1
0 d 0
Then the following (1)—(iii) hold.

(1) The matrix (60) represents A with respect to the basis (50) of W.
(i1) The matrix (60) represents A* with respect to the basis (46) of W.
(iii) The matrix (60) represents A¢ with respect to the basis (48) of W.
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PROOF. (i) Let B, B* and B? denote the matrices in Mat; 1 (C) which represent A,
A* and A® with respect to the basis (50) of W. We have B = —i(B*B® — B*B*)/2
by Lemma 6.3(ii). Recall that B* is equal to diag(d,d —2,d — 4, ..., —d) by The-
orem 10.1(ii) and that B? is equal to the matrix (54) by Theorem 10.2(iii). By these
comments B is equal to the matrix (60).

(ii), (iii) Use Theorem 7.4, Lemma 9.3 and the comment above Theorem 10.1. O

Corollary 10.5 With reference to Notation 8.2, let W denote an irreducible T -
module. Then the triple A, A*, A® acts on W as a Leonard triple.

PROOF. Immediate from Theorems 10.1 — 10.4. O

11 The inner products

With reference to Notation 8.2, let W denote an irreducible 7-module. In Lemma 9.1
we displayed six bases for W. Later in the paper we will find the transition matrices
between these bases. Before we get to this it is convenient to find the inner products
for the vectors in these bases.

Theorem 11.1 With reference to Notation 8.2, let W denote an irreducible T -module
with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold for 0 <
i,j=<d.

(i) For anonzerou € E, W,
* * d —d 2 £ £ d —d 2
(B, B ) =8 ()27l (B B =8 ()27 .
(ii) For a nonzerou®™ € EXW,
£ * £ * d —d %2 * * d —d %2
<Er+iu ,Erﬂu ) =4&ij ; 277, (Epgiu™, Ergju’) =6 ; 274w e.
(iii) For a nonzero u® € EXW,

d\ ._ d\,_
<Er+,-u€,Er+ju8>=3,-,-< )2 u 1, <E;k+,~u€,E:+,u8>=sij(l.)2 ut ).

i

PROOF. (i) Concerning the equation on the left, it holds for i # j since E, ;u and
EY, ju are orthogonal by (16). To verify the equation for i = j we first claim that

||E;‘+iu||2 = (‘ll) | E}u||?. To prove the claim we assume i > 1; otherwise the result is
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clear. By (1) and since A' = A we have
(AE[; qu, E7u) =(E[; qu, AET u).

In this equation we evaluate both sides using Theorem 10.2(i) and simplify the result

using the fact that Ej'u, EY u, ..., E},_,u are mutually orthogonal; we obtain

HESull> = —i+DIES,; ull.

The claim follows from this and induction on i. Next we claim that ||E;*u||2 =

274||u||. To see this, recall that E*u, EY ju,...,E} ,u are mutually orthogonal
and that u = Z —o E},;u by the equation on the left in Lemma 9.2(i). By these com-
ments and the first claim,

)l = Z||E,+lu||2—||E*u|| Z( )zzdnE:‘un2

and the second claim is proved. Combining the two claims we get the equation on
the left for i = j. We have now verified the equation on the left. The proof for the
equation on the right is similar, so we just indicate the main steps. If i # j then
ES ;u and EE .u are orthogonal by Lemma 8.3(ii). Assume now i = j. By (1) we
have (AE;; _u,E; ju)=(E; ,_ u, AE; ;u). Evaluating and simplifying this us-
ing Theorem 10.2(i) and the fact that Efu, E; s E £, qu are mutually orthog-
r+lu||2 d—-i+ 1)||E5+l 1u||2 Using induction on i we find

u||2 ( )||E8u||2 Using this and the equation on the right in Lemma 9.2(i)

onal we obtain i || E

||Er+t
we find |ju|? = 2¢ |E: ull?. Combining the above results we get the equation on the
right.

(ii), (iii) Use (1), Lemma 7.3(i), Lemma 9.3 and (i) above. O

‘We have a comment.

Theorem 11.2 With reference to Notation 8.2, let W denote an irreducible T -module
with endpoint r and diameter d = D — 2r. Then the following (i)—(iii) hold for 0 <
i <d and nonzero vectorsu € E.W,u* € EXW,u® € EEW.

() Eppiu® =i (1 =)W, u*)u* ||*2Er+,u .
(i) Ef u=i(1—D9u,uf)|u®|2EF uf
(i) Ef u* =i (1 =D, u)llul| 2EZ u.

PROOF. (i) Each of E,;u®, E,;;u* is a basis for E,; W so there exists a nonzero
Ai € C such that E,;u® = ) E.;ju*. We first claim that A; = i'A9. To prove the

claim assume i > 1; otherwise the result is clear. Note that A*E, ;u® = A;A*E, ;u*
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Evaluating both sides of this equation using Theorem 10.2(ii) and Theorem 10.3(ii)
and then comparing the results we find that ; = i);_;. The claim follows from this
and induction on i . Next we claim that Ao = (1 —i)4 (u®, u*)||u*|| 2. To see this recall
that u® = 3% E,u® and u* = Y9 E,;u* by Lemma 9.2(ii),(iii). By this, (8),
Theorem 11.1(ii) and the first claim we find

d d
Whou*y =Y (Epsiu, Eryi®) =0 ) i Ergirt*|?
i=0 i
d .
_xonu*nzz d\oi _ Mol P+ i)
oo i) 24

i=0
and the second claim follows. Combining the two claims we obtain the desired result.

(i1), (iii) Use (1), Lemma 7.3(i), Lemma 9.3 and (i) above. O

Corollary 11.3 With reference to Notation 8.2, let W denote an irreducible T -
module with endpoint r. Let u, u*, u® denote nonzero vectors in E,W, EXW, EEW,
respectively. Then each of (u®, u™), (u, u®), (u*, u) is nonzero.

PROOF. The vectors E,u®, Efu and EZu* are nonzero by Lemma 9.1. Combining
this with Theorem 11.2 we get the result. |

Theorem 11.4 With reference to Notation 8.2, let W denote an irreducible T -module
with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold for 0 <
i, j <d and nonzero vectorsu € E,W,u* € EfW,u® € EEW.

() (Epgiu, Eppju) = 8; 1 (D) (1 +D)7 s, u*).
(i) (Efu, Ef, u) =3 (A -+ (w, u®).
(i) (Ef 0, B2, u) =8 i () (1+ )~ (u*, u).

PROOF. Immediate from Theorem 11.1 and Theorem 11.2. [l

Before proceeding we recall a definition. For an integer n > 0 and a € C we define
(@p=a@+1@+2)---(a+n-1).

We interpret (a)o = 1. For integers 0 <i, j <d we define

F( i ) zd: —)n(— J)n 61)
2 e (—dyn!

The sum (61) is an example of a hypergeometric series [1, Section 2.1]. We will use
the fact that

ZFI(_i;j;z) - dd—_iijl 2F‘<1 _—iiz_j;z) - d:-lu 2F1(2_—i;z_j;(26)2)
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provided i > 2. Line (62) follows from [13, Equation 1.10.3] and since each side of
(61) is equal to K;(j; 1/2,d) [13, Definition 1.10.1] where the K, (x; p, N) are the
Krawtchouk polynomials.

Theorem 11.5 With reference to Notation 8.2, let W denote an irreducible T -module
with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold for 0 <
i, j <d and nonzero vectorsu € E,W,u* € EXW,u® € EZW.

@
d\(d\ . —i—j
(Er+iu*,E;‘+ju)=2d(u*,u)<i)(j> A0 2).
(i)
* & e * — & % d\ (d —i,—J
EF o B ) =2 d<u,u><l.><j>m( ).
(i)

_ d\ (d —i,—J
d ’ .
(Ef iM,Er+jI/l8>—2 <M,M£><l><]> 2F1( d ’2)

PROOF. (i) We first claim that

d\ (d —i,—j
(Eyyiu*, Efy ju) = (Eyu®, Efu)(i)(j) 2R o :2). (63)

We will follow the approach of Go [10, Theorem 9.1] and prove the claim using
induction on i + j. It is clear that (63) holds for i = j = 0. Assume now d > 1;
otherwise we are done. To show that (63) holds for (i, j) = (0, 1) observe by (1),
Theorem 10.1(i) and Theorem 10.2(i) that

(E-u™, Ef u) = (E-u*, AEfu) = (AE,u*, Efu) = d(E,u*, E}u). (64)
Similarly (63) holds for (i, j) = (1, 0) since
(Ery1u™, Efu) = (AYE,u™*, Efu) = (E,u™, A"Efu) = d(E,u”, E]u).

To show that (63) holds for (i, j) = (1, 1), observe by (1), Theorem 10.1(ii) and
Theorem 10.2(ii) that

(Epru, Efyu) = (A*Epu, Efyu) = \Equ*, A*Efyu) = (d—2{Epu*, Ef,qu),

and that the last expression is equal to d(d — 2)(E,u*, Eu) by (64).

For the rest of this proof assume d > 2 and i > 2 or j > 2; otherwise we are done.
We first assume i > 2. By Theorem 10.2(ii),

1 d—i+2
Er+iu* = l_.A*EV"ri—lu* — Z%E;q_i_zu*.
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Using this, (1) and Theorem 10.1(ii) we obtain

d—2j d—i+2
e

(Eryiou”, E:(+j”)~

(65)
By the induction hypothesis the right-hand side of (65) is equal to (‘lj) (’j) (E u*, Efu)
times

i

d—12j 1—i,—j i—1 2—i,—j

7.2171( ;2)—7.2171( ;2).
d—i+1 —d d—i+1 —d

Evaluating the above expression using (62) we obtain (63). Now assume j > 2. By

Theorem 10.2(i),

d—j+2

E* . ,u.
r+j—2
bi J

1
Ey,ju= 7AE:+j—1” -

Using this, (1) and Theorem 10.1(i) we obtain

_d-2i

d—j+2
(Er+iu*, E;kﬂ'u) = T(Er-w‘u*a E;k+j_1u> I —

(Ei’+iu*v E:(+]_2u)
(66)
By the induction hypothesis the right-hand side of (66) is equal to (%) (‘]1) (E,u*, EXu)

times
d— i il — i
-— : 2F1< l ];2>—7] - ZFI( l ];2)-
d—j+1 —d d—j+1 —d
Evaluating the above expression using (62) we obtain (63) and our first claim is
proved. Next we claim that (E,u*, Efu) = 274 (u* u). To see this, observe by (1),
(11), (12), Lemma 9.2(ii) and (63) that

d
(¥, u) = (Efu*,u) = (u*, Efu) = Y (Eryu*, Eu)
i=0
4 rd
= (E,u*, Efu) Z() = (E,u*, E¥u)2¢
1
i=0

and the second claim follows. Combining the two claims we get the desired result.

(i1), (iii) Use (1), Lemma 7.3(i), Lemma 9.3 and (i) above. (I

Theorem 11.6 With reference to Notation 8.2, let W denote an irreducible T-module
with endpoint r and diameter d = D — 2r. Then the following (i)—(iii) hold for 0 <
i, j <d and nonzero vectorsu € E,W,u* € EXW,u® € EEW.

0)
. d\ (d i, —j
. —d ’ .
(Epyiu, Efy ju’) =12 (M*,M8><i><j>2F1< o).

@ Springer



J Algebr Comb (2008) 28: 397424 419

(ii)
. d\ (d i —j
e = d; e ’ .
ut ES u) =1 27 ,u)<i><j)2F1( "),
. d\ (d i =
. —d ? .
(Ef ju, Epqju®) =12 (u,u*)<i>(j)2F1< 4 ,2>-

PROOF. (i) By Theorem 11.2(ii) and (63),

y d\ (d i, —j
(Eysit™, Efy ) =V (Equ”, E;‘zf)(i) <;> 2F1< oy I, 2). (67)

We claim that (E,u*, Efu®) = 274 (y*, u®). To see this, observe by (1), (11), (12),
Lemma 9.2(i1) and (67) that

<E;k+l

(iii)

d
(u* u®y = (Efu*,u®) = (u*, Efu®) =Z Eqiu®*, Efu®)
i=0

d

d
= (E,u*, Efu®) Z (l) = (E,u*, Efu®)2¢

i=0
and the claim follows. Combining (67) with the claim we get the desired result.
(i1), (iii) Use (1), Lemma 7.3(i), Lemma 9.3 and (i) above. O
Theorem 11.7 With reference to Notation 8.2, let W denote an irreducible T -module

with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold for 0 <
i, j <d and nonzero vectorsu € E,W,u* € EXW,u® € EEW.

()
. d\ (d i —j
(Ersiu®, Efyju) =1 2d(u€,u)<i)<j)2F1( l_dj;z).
(i1)
* e * sin— * d\(d —i,—J
(Efyju, Eyy ) =i'2 d<u,u>(i><j>m( "),
(i)

o d\ [d —i,—J
(Ef ju*, Erqju®) =12 d(u*,ug)(i>(j> 2F1( 4 ;2).

PROOF. (i) By Theorem 11.2(i),(ii) and (67),

. d\ (d —i,—j
(Er+,-u8,E;*+ju):1’(E,u8,E;‘u)<i><j>zFl( iy ;2). (68)
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We claim that (E,u®, Efu) = 2_d(u£, u). To see this, observe by (1), (4), (5), Lem-
ma 9.2(i) and (68) that

d
W, u)y = W, E;u) =(Euf,u)= Z(E,u , Efﬂ-u)
j=0
4 d
= (E,uf, E}u) Z (J) = (E,uf, Efu)2¢
=0

and the claim follows. Combining (68) with the claim we get the desired result.
(ii), (iii) Use (1), Lemma 7.3(i), Lemma 9.3 and (i) above. O
Theorem 11.8 With reference to Notation 8.2, let W denote an irreducible T -module

with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold for 0 <
i, j <d and nonzero vectorsu € E,W,u* € EfW,u® € EEW.

(i)
i _ d\ (d —i,—j
. o —d 2 s .
(B, EE, ju*) =177 @ =20 |ju”| <i><,~)2F‘( "),
(ii)
—j—7 o —, d d _i’ _J
(Efut, Eppju®) =772 - 2i) d“u8”2<i><1) 2Fl( —d ;2>'
(iii)

i o d\ (d —i,—j
(EZ,u, Efy ju) =i (2= 2i) dnunz(l.)(j) (70 2).

PROOF. (i) By Theorem 11.2(i),

2
flu* I

Erqiu* Ef, "y = —— ———
< r+i ) i’(l—i)d(us,u*>

ey (Epyiu®, Ef+ju*>-

The result now follows from Theorem 11.7(iii).

(i1), (iii) Use (1), Lemma 7.3(i), Lemma 9.3 and (i) above. O

12 The inner products between u, u* and u®

With reference to Notation 8.2, let W denote an irreducible 7-module with endpoint
r, and pick nonzero vectors u € E, W, u* € EfW, u® € E;W. In this section we
display some equations involving the inner products between u, u*, u®.
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Theorem 12.1 With reference to Notation 8.2, let W denote an irreducible T -module
with endpoint r and diameter d = D — 2r. Then the following (1)—(iii) hold for
nonzero vectorsu € E,W,u* e EXW,u® € EZW.

(@) Null® = (14D, u*) @, u)u®, u) =t
(@) 112 = (14 D% e, ) o, ) o, )
(i) [ufl?> = 0+ D, u) w*, u®) u*, u)~!

PROOF. (i) Using Theorem 11.2(iii) and Theorem 11.5(ii) we obtain

llael|? (0, u*)
24 (1 + )9 (u, u*)’

(Efu®, Efu) =
Comparing the above value for (E¥u®, EZu) with the value given in Theorem 11.6(i1)
we obtain the desired result.
(ii), (iii) Similar to the proof of (i) above. O
Corollary 12.2 With reference to Notation 8.2, let W denote an irreducible T -

module with endpoint r and diameter d = D — 2r. Pick nonzero vectors u € E, W,
u*e€ EXW,u® € EEW. Then the scalar

(e, w*) 0, u®y @l u) (1 +1)? (69)
is real and positive.

PROOF. By Theorem 12.1(i) the scalar (69) is equal to [Ju||> (u*, u®) (u®, u*). By con-
struction [u||? is real and positive. Also (u*, u®)(u®, u*) is real and positive since
(uf, u*) = (u*, u®) by construction and (u®, u*) # 0 by Corollary 11.3. The result
follows. O

With reference to Theorem 12.1, the inner products (u, u*), (u*, u®) and (u®, u) are
independent in the following sense.

Lemma 12.3 Leta, b, ¢ € C be such that abc(1 + i)d is a positive real number. Then
there exist nonzero vectors u € E,W, u* € EfW, u® € EEW such that (u,u*) = a,
(u*,u®)=b, (u®,u) =c.

PROOF. Note that each of a, b, ¢ is nonzero. Pick arbitrary nonzero vectors u; €
E,W,ut € EXW, uf € EEW and define § = abe(1 + )| lcuf]|~2. Also define A =
a6’1/2(u1 uy)” ! k*—&l/z M=bs" 1/2( uT)’l.These scalars are well-defined
by Corollary 11. 3 We now define u = Aul, = AM*uj, u® = A*uj and routinely
obtain (u, u™) = a, (u*, u®) = b, (u®, u) = c using Theorem 12.1. O

13 The transition matrices

In this section we display the transition matrices between the bases introduced in
Section 9. We start with a comment. With reference to Notation 8.2, let W denote an
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irreducible 7-module with endpoint r and diameter d = D — 2r. Let uo, ..., u4 and
Vo, . .., Ug denote bases for W. By the transition matrix from ug, ..., uq to vo, ..., Vg
we mean the matrix C € Maty1(C) which satisfies

d
UjZZCijui 0O=<j=<ad).
i=0

We recall a few properties of transition matrices. Let C denote the transition matrix
from ug, ..., uq to vy, ..., vs. Then C is invertible and C~! is the transition matrix
from vy, ..., vg to ug, ..., uq. If ug, ..., ug are mutually orthogonal then the entries
of C are given by
(vj, ui) .
Cij:W O=<i,j=<ad). (70

In order to display the transition matrices in a compact form we abbreviate
d —i,—j
Py = (J) A0 )

D; =diag@®, i, ....i%),

and

D> =diag(i™°,i™",...,i7%).

Theorem 13.1 With reference to Notation 8.2, let W denote an irreducible T -module
with endpoint r and diameter d = D —2r. Pick nonzero vectorsu € E,W,u* € EXW,

u® € EEW. Then the transition matrices between the bases (45) — (50) are given in
Tables 1 and 2.

PROOF. Combine Theorem 11.1, Theorems 11.4 — 11.8 and (70). O
Table 1
to the basis (45) to the basis (46) to the basis (47)
from the . 1 fe—ii d (* u) rs—i d
d 1,1,...,1 —— i @y | 2 Lo,
basis (45) el ) o [ @il im0 a2 [ ®isij=o
from the 1 it d . A=D9 (w* ,u)
ROTE] diag(1,1,...,1 T
basis (46) (1+i)4 [l 1}]1,]:0 iag( ) 2 1
from the u*) 1 d A+ (u,u*) :
. [OFEN o =D d 1,1,...,1
basis (47) ez 1 il j=o W2 2 iag( )
from the (u,u*) d (u,u*) 14 d 1 it d
basis (48) 1|2 [CDU]t,j:O lu* )12 [l q>l]]1,/=0 (1404 [l q)lj]z,jzo
from the (48 [oei d (u,uf) d W*ub) 1. j d
basis (49) 12 [l (Dll]i,j:() ue |2 [(Dl]]i,j:O e |2 [l Cbl]]i,j:O
from the (1= (u,u®) (uuf) [— i d (u*,uf) d
basis (50) e 21 Nl 112 [' @iili.j=o a2 (il j=o
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Table 2

to the basis (48) to the basis (49) to the basis (50)
ir;?; t(tl;) el - Tt eulli %
SRl e ARE el
iy Al ol Rl
lf)r;’s‘i‘; ‘(Z) diag(1,1,..., 1) U=l p, e L
tf::srir; t(l::)) bl i oy arli ™ eulin  diasidD
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