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Abstract Let m,n € N. In this paper we study the right permutation action of the
symmetric group Sy, on the set of all the Brauer n-diagrams. A new basis for the
free Z-module ‘B, spanned by these Brauer n-diagrams is constructed, which yields
Specht filtrations for ‘B,. For any 2m-dimensional vector space V over a field of
arbitrary characteristic, we give an explicit and characteristic-free description of the
annihilator of the n-tensor space V®" in the Brauer algebra 9B, (—2m). In particular,
we show that it is a &,,,-submodule of B, (—2m).
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1 Introduction

Let x be an indeterminate over Z. The Brauer algebra ‘B, (x) over Z[x] is a unital as-

sociative Z[x]-algebra with generators sy, ---,s,—1, €1, -- -, ep—1 and relations (see
[16]):
21 2 _ ye: e — s — g Vi<i<n-—1
st=1, e; = xej, e;s; =e; =s;e;, <i<n ,
$iSj =S5;Si, siej =ejsi, eiej=eje;, Vl<i<j—1=<n-2,
SiSi+18i = Si+15iSi+1, eiejr1€ =e, eiy1eieir1 =ej41, VY1<i<n-2,
siejr1e; = Siy1€i, eiy1€Siy1 =¢ejy18, VY1<i<n-—2.

B, (x) is a free Z[x]-module with rank (2n — 1) - (2n — 3) - - - 3 - 1. For any commuta-
tive Z[x]-algebra R with x specializedto § € R, we define 8,,(8) g := R®z[x] B, (x).
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This algebra was first introduced by Richard Brauer (see [2]) when he studied
how the n-tensor space V®" decomposes into irreducible modules over the orthog-
onal group O(V) or the symplectic group Sp(V), where V is an orthogonal vec-
tor space or a symplectic vector space. In Brauer’s original formulation, the algebra
B, (x) was defined as the complex linear space with basis the set Bd, of all the
Brauer n-diagrams, graphs on 2n vertices and n edges with the property that every
vertex is incident to precisely one edge. If we arrange the vertices in two rows of
n each, the top and bottom rows, and label the vertices in each row of a n-diagram
by the indices 1,2, - - - , n from left to right, then the generator s; corresponds to the
n-diagram with edges connecting vertices i (respectively, i + 1) on the top row with
i + 1 (respectively, i) on bottom row, and all other edges are vertical, connecting ver-
tex k on the top and bottom rows for all k # i, i 4+ 1. The generator e; corresponds to
the n-diagram with horizontal edges connecting vertices i, + 1 on the top and bot-
tom rows, and all other edges are vertical, connecting vertex k on the top and bottom
rows for all k # i, i + 1. The multiplication of two Brauer n-diagrams is defined as
follows. We compose two diagrams D1, D; by identifying the bottom row of vertices
in the first diagram with the top row of vertices in the second diagram. The result
is a graph, with a certain number, n(D1, D7), of interior loops. After removing the
interior loops and the identified vertices, retaining the edges and remaining vertices,
we obtain a new Brauer n-diagram D o Dy, the composite diagram. Then we define
Dy Dy =x"P1:P) D 6D, In general, the multiplication of two elements in 8B, (x)
is given by the linear extension of a product defined on diagrams. For example, let d
be the following Brauer 5-diagram.
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Note that the subalgebra of 9B, (x) generated by s, 52, - -+ , 5,1 is isomorphic to the
group algebra of the symmetric group &,, over Z[x].

The Brauer algebra as well as its quantization (now called the Birman—Wenzl—
Murakami algebra) has been studied in a number of papers, e.g., [2—4, 6, 11, 16—18,
22,23, 29, 35]. The walled Brauer algebra (which is a variant of the Brauer algebra,
see [5]) is also studied in the recent preprint [10]. We are mainly interested in the
Schur—Weyl duality between symplectic groups and certain specialized Brauer alge-
bras, which we now recall. Let K be an arbitrary infinite field. Let m,n € N. Let V be
a 2m-dimensional K -vector space equipped with a non-degenerate skew-symmetric
bilinear form (, ). Then (see [19], [15, Section 4]) the symplectic similitude group
(respectively, the symplectic group) relative to (, ) is

GSp(V):= {g €L (0. qw) =d(v, w), Yv,we V

3d € K with d # 0, such that }

(respectively, Sp(V) = {g e GL(V) ‘ (gv,gw)=(v,w), Vv,we V} )

The symplectic similitude group and symplectic group Sp(V) act naturally on V
from the left-hand side, and hence on the n-tensor space V®”"_ This left action on
V®" is centralized by certain specialized Brauer algebra, which we recall as follows.
Let B, (—2m) := Z ®z[x] B (x), where Z is regarded as Z[x]-algebra by specifying
xto —2m.Let B, (—2m)g = K ®7B,(—2m), where K is regarded as Z-algebra by
sending each integer a to a - 1 . Then there is a right action of the specialized Brauer
algebra B,,(—2m) g on the n-tensor space V®" which commutes with the above left
action of GSp(V). We recall the definition of this action as follows. Let §;; denote
the value of the usual Kronecker delta. For any 1 <i <2m, we set

i"=2m+1-—i
We fix an ordered basis {vi, v2, -+, vam } of V such that
(i, v)) =0=(vir,vj), (vi,vy)=26;;=—(vj,v;), VI=<i j<m.
Forany i, j€{1,2,--,2m}, let
1 ifj=i"andi <],

€ j:=1—1 ifj=i"andi > j,
0 otherwise.
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The right action of B,,(—2m) on V®" is defined on generators by

(i, ® - @ v;,)s;
= _(vil ® tr ® vij,] ® vl’j+] ® vi_]' ® vij+2 ® e ® vin)’
v, ®---Quvj,)e;j

m
=€ Vi @ BV, ® (Z(Uk' Q vk — vk ® Uk’)) R Vi, ® - BV,
k=1

Let ¢, ¥ be the following natural K -algebra homomorphisms.

¢ : (By(=2m)x)” — Endg (V"),
v : KGSp(V) — Endg (V®").

Let k be a positive integer. A composition of k is a sequence of nonnegative in-
tegers A = (A1, A2, ---) with ), A; = k. A composition A = (A1, A2, ---) of k is
said to be a partition if A1 > Ap > ... In this case, we write A - k. The conjugate
of A is defined to be the partition A" = (A}, 1}, ---), where )Jj = #{i|A; > j} for
j=1,2,---. For any partition A = (A1, A2, ---), we use £(A) to denote the largest
integer ¢ such that A, # 0.

Lemma 1.1 ([2-4, 11, 32]) (1) The natural left action of GSp(V) on V" commutes
with the right action of 8,(—2m).
(2) if K is an infinite field, then

(@) (By(—2m)k) =Endggspv)(V®") =Endgspv)(VE"),
(b) Y(KGSp(V)) =Ends, (—om), (VE"),

(3) if K is an infinite field and m > n then ¢ is injective, and hence an isomorphism
onto EndK(;Sp(v)(V@”),

(4) if K = C, then there is a decomposition of V" as a direct sum of irreducible
CGSp(V)-8B,,(—2m)c bimodules

[n/2]

v =P P awe D),

F=0AFn—2f
L)<m

where A()) (respectively, D()\)) denotes the irreducible CG Sp(V)-module (respec-
tively, the irreducible B, (—2m)c-module) corresponding to A (respectively, corre-
sponding to 1).

Historically, the above results in the case of K = C are proved in [2, 3] and [4]. For
arbitrary infinite field K, 2) and 3) are proved in [11] and [32].

Now there is a natural question, that is, how can one describe the kernel of the
homomorphism ¢? This question is closely related to invariant theory: see [7]. By
[11, Theorem 1.2], we know that the kernel of the homomorphism ¢ has a rigid
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structure in the sense that the dimension of Ker¢ does not depend on the choice of
the infinite field K, and it is actually defined over Z. Note that in the case of Schur—
Weyl duality between general linear group and symmetric group [7, 8, 33, 34], or
more generally, between the type A quantum group and the type A Iwahori—-Hecke
algebra [14, 24], the kernel of the corresponding homomorphism has already been
explicitly determined in [14] in terms of the Kazhdan-Lusztig basis and in [20] in
terms of the Murphy basis. In this paper, we completely answer the above question
by explicitly constructing an integral basis for the kernel of the homomorphism ¢.
Our description of Ker ¢ involves a study of the permutation action of the symmetric
group Sy, on the Brauer algebra 98, (x). Such a permutation action was previously
noted in [17]. We construct a new integral basis for this Brauer algebra, which yields
an integral Specht filtration of this Brauer algebra by right G,,-modules. The kernel
of ¢ is just one of the Gy,-submodules appearing in this filtration. In particular, it
turns out that Ker g is in fact a &,,-submodule of 8, (—2m). The main results of
this paper are presented in Theorem 2.11, Theorem 2.13 and Theorem 3.4. It would
be interesting to compare the new integral basis we obtained in this paper with the
canonical basis for B, (x) constructed in [17]. It would also be interesting to see how
the description of Ker ¢ we give here can be generalized to the quantized case, i.e., the
case of Schur—Weyl duality between the quantized enveloping algebra associated to
the symplectic Lie algebra spy,, and a certain specialized Birman—Wenzl-Murakami
algebra (see [9]).

2 The &;,-action on 25, (x)

In this section, we shall first recall (cf. [17]) the right permutation action of the sym-
metric group Gy, on the set Bd,. Then we shall construct a new Z-basis for the
resulting right G5, -module, which yields filtrations of 8,, (x) by right &,,-modules.
Certain submodules occurring in this filtration will play a central role in the next
section.

For any fixed-point-free involution o in the symmetric group Sy, the conjugate
wlow of o by w € G, is still a fixed-point-free involution. Therefore, we have a
right action of the symmetric group G, on the set of all the fixed-point-free involu-
tions in Gy,. Note that the set Bd,, of Brauer n-diagrams can be naturally identified
with the set of fixed-point-free involutions in G, as explained below. Hence we get
(cf. [17]) aright permutation action of the symmetric group &7, on the set Bd,, of all
the Brauer n-diagrams. We use “x” to denote this right permutation action.

We shall adopt a new labeling of the vertices in each Brauer diagram. Namely,
for each Brauer n-diagram D, we shall label the vertices in the top row of D by odd
integers 1,3,5,---,2n — 1 from left to right, and label the vertices in the bottom
row of D by even integers 2,4, 6, ---,2n from left to right. This way of labeling
is more convenient when studying the permutation action from S,. We shall keep
this way of labeling from this section until the end of Section 3, and we shall recover
our original way of labeling only in Section 4. Let us look at an example. Suppose
n=4,s1s75¢ = (1,2)(6,7, 8) is a permutation in Gg. Let D be the following Brauer
4-diagram.
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We first identify D with following diagram with 8 vertices.

Then D x (s15756) can be computed in the following way.

We use f to denote the natural identification of Bd,, with the set of fixed-point-free
involutions in &y,. For any w € &5, and any D € Bd,,, D x w = ﬁ_l (w‘l,B(D)w).

For any commutative Z-algebra R, we use B, r to denote the free R-module
spanned by Bd,. Then B, r becomes a right R[&7,]-module. Let B, := B, 7.
Clearly, there is a canonical isomorphism B, r = R ®z B,, which is also a right
R[G5, ]-module isomorphism. Taking R = Z[x], we deduce that the Brauer algebra
B, (x) becomes a right Z[x][G2,]-module. Similarly, the specialized Brauer algebra
B, (—2m) becomes a right K[G,,]-module.
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For any integer i with 1 <i < 2n, we define

. i+1, ifiisodd,
y@):=3. s
i —1, ifiiseven.

Then y is an involution on {1, 2, - - - , 2n}. It is well-known that the subgroup
{w € 6y, | (y(a))w = y(aw) for any integer a with 1 <a < 2n}

is isomorphic to the wreath product ZS,, of Z, and &,,, which is a Weyl group of
type By (cf. [21]).

Lemma 2.1 For any commutative Z-algebra R, there is a right R[S2,]-module iso-
morphism

~ 1. 1R[G2p
B r :de}Z;lG]n] 1z,

where 1g denotes the rank one trivial representation of R[Z::G,,].

Proof Let lss, be the element in Bd, that connects 2i — 1 to 2i for each integer i
with 1 <i <n. Since &,,, acts transitively on the set of all the Brauer n-diagrams, it

is easy to see that the map &r which send 1 to 155, extends naturally to a surjective

R[&7,,]-module homomorphism from Indﬁ{zezzz’gn] 1g onto By, k.

If R is a field, then we can compare the dimensions of both modules. In that case,
we know that the surjection £g must be an injection, and hence be an isomorphism.
In general, since there are natural isomorphisms

R[GZn] ~ Z[GZH] ~
IndeZZan] IRER®y IndZ[Zzanl 17, Bu.rR =R Q7 Bz,

and &g is naturally identified with 1z ®z &7, it suffices to show that &7 is an isomor-
phism. Note also that the short exact sequence

0— Ker&y — Ind%gzz’gn] lz—> B,z—>0

splits as Z-modules. It follows that Ker &g is canonically isomorphic to R ®7 Keré&y,
for any commutative Z-algebra R. Let N := Ker&z. It is enough to show that N = 0.
By [1, Proposition 3.8], we only need to show that N(,) = 0 for each prime number
p. Let kj, := Z/(p), the residue field at the prime number p. It is clear that k), =
Z(p)/(P)Z(p)- Note that

Nipy/(p)Np) =k ®Z(p) Ny =k ®Z(p) Kerfz(p) = Kerékp =0.

Applying Nakayama’s lemma ([1, 2.6]), we conclude that N,y = 0. This completes
the proof of the lemma. (|

For any positive integer k and any composition pt = (@1, - - - , ig) of k, the Young

diagram of p is defined to be the set [u] := {(a,b)|1 <a <s,1 <b < u,}. The
elements of [x] are called nodes of . A p-tableau t is defined to be a bijective map
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from the Young diagram [u] to the set {1,2,---, k}. We denote by t* the u-tableau
in which the numbers 1, 2, --- , k appear in order along successive rows. The row
stabilizer of t*, denoted by &, is the standard Young subgroup of & corresponding
to . For example, if k =6, u = (2,3, 1), then

12
th =345, &, = the subgroup of G¢ generated by {s1, 53, 54}.
6

We define

Xp = Z w, Yu = Z (_1)Z(w)w’

weq, weS,

where £(—) is the length function in &y. If 1 is a partition of k, we denote by t, the -
tableau in which the numbers 1, 2, -- - , k appear in order along successive columns.
Let w, € & be such that t*w,, = t,. For example, if k =8, u = (3,3, 1, 1), then

123 157
tll:‘;56’ tM:§68, wuz(2,5,6’ 8’4)(3’7)'
8 4

For any partition p of 2n, we define the associated Specht module S* to be the right
ideal of the group algebra Z[&,,] generated by y, w, x,. In particular, § 2n) is the

one-dimensional trivial representation of Gy, while S (a2 is the one dimensional
sign representation of Gy,,. By [13, Theorem 3.5] and [31, 5.3], our S# is isomorphic
to the dual Specht module S* introduced in [31, Section 5]. For any commutative Z-
algebra R, we write Sk := R ®z S*. Then {S(S| w = 2n} is a complete set of pairwise
non-isomorphic simple Q[&,, ]-modules.

For any composition A = (A, -+, Ag) of n, let 24 := (2A, -+ ,2As), which is a
composition of 2n. We use P, to denote the set of partitions of n. We define 2P, :=
{20 [ L e Py}

Lemma 2.2 There is an isomorphism of right Q[&,,]-modules:

B,.0= @ S()@.
r€2P,
Proof This follows from Lemma 2.1 and [27, Chapter VII, (2.4)]. [l
Let a be an integer with 0 <a <n. Let 1 <iy, -+ ,ig, j1, ", ja < 2n be 2a

distinct integers. Let
]:2{1’21"' ,27’[}\{11, ’iavjlv"' ’]a}

Let G, be the symmetric group on the set 1. Leti := (i1, -+ ,i4), j := (1, "+, Ja)-
Let B

Bd,(i, j) = {D € Bd,

D connects iy with jg foreach 1 <s < a}.
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Lemma 2.3 With the notations as above, for any w € S, we have
( > D) xw= Y D.
DeBd, (i.)) DeBd, (i)
Proof Forany D # D' € Bd, (i, j), it is clear that
D*w;éD’*weBdn(i,l).
Therefore, the lemma follows easily from a counting argument. U

Definition 2.4 For any non-negative even integers a, b with a + b < 2n, we define

the vertex labeled by i is connected with
the vertex labeled by y (i) whenever ¢,
i<aori>a+b

®

Xg =Y D.

@
DeBd())

Bd¥ : = {D €Bd,

For any even integer k with 0 <k <2n,let X :=X E,?; .

Definition 2.5 Let A = (A1, ---, Ay) be a composition of 2n such that %; is even for
each i, and define

e v©0 ) Gt
X =XanXoy  Xoy) € By

Note that X, is nothing but a sum of all the Brauer n-diagram D which satisfies the
following cpndition: for each integer 1 <i < s and each integer a with Z’j_:]l Aj+
1<a< le=1 Aj, the vertex labeled by a in D can only be connected with a vertex
labeled by b for some integer b with 23;11 Ai+1<b< Zz':] Ajand b #a.

Corollary 2.6 Let A = (A1, -+, As) be a composition of 2n such that )\; is even for
each i. Then, for any w € G,, we have that

X xw=X,.

Proof For any non-negative even integers a, b with a + b < 2n, the set BdEZ; is just
a special case of the set Bd, (7, l ) we defined before. Therefore, by Lemma 2.3, for

any w € Sg41,a42,. ,a+b}> WE have

(@) _ y@
X(b) W = X(b).

Now we note that the elements X ((?»)1 X X &2‘;, X &';r A=) pairwise commute

with each other. Hence the corollary follows at once. U

@ Springer



290 J Algebr Comb (2008) 28: 281-312

Let k be a positive integer and . be a composition of k. A p-tableau t is called
row standard if the numbers increase along rows. We use RowStd(u) to denote the
set of all the row-standard p.-tableaux. Suppose u is a partition of k. Then t is called
column standard if the numbers increase down columns, and standard if it is both
row and column standard. In this case, it is clear that both t* and t,, are standard pu-
tableaux. We use Std(u) to denote the set of all the standard p-tableaux. Let A € 27P,,.
For any t € RowStd(}), let d(t) € &, be such that td(t) = t. Let Xyt =X xd(t).
For any commutative Z-algebra R, we define

My = R-Span{xv,t ‘ teSdW), 1 <ve 279,,},

where “>>” is the usual dominance order, defined for example in [31]. We write M=
M%. We are interested in the module M)}e- In the remaining part of this paper, we
shall see that this module is actually a right G,,-submodule of B, g, and it shares
many properties with the permutation module x;Z[S,,]. In particular, it also has a
Specht filtration, and it is stable under base change, i.e., R ®z M= M)}e for any
commutative Z-algebra R.

For our purpose, we need to recall some results in [31] and [28] on the Specht
filtrations of permutation modules over the symmetric group &z,. Let A, u be two
partitions of 2n. A p-tableau of type A isamap S : [u] — {1,2,---,2n} such that
each i appears exactly A; times. S is said to be semistandard if each row of S is weakly
increasing and each column of S is strictly increasing. Let 7p(u, A) be the set of all
the semistandard p-tableaux of type A. Then Zg(u, A) # ¥ only if u > A. For each
standard p-tableau s, let A(s) be the tableau which is obtained from s by replacing
each entry i in s by r if i appears in row r of t*. Then A(s) is a u-tableau of type A.

For each standard p-tableau t and each semistandard p-tableau S of type XA, we
define

X5 4= > d(s) ' x,d ().

seStd(u), (s)=S
Then by [31, Section 7], the set
5.0 |s € o, 1), te 8o, 1 2 pu 20}
form a Z-basis of x3Z[S,,]. Furthermore, for any commutative Z-algebra R, the
canonical surjective homomorphism R ®z x3Z[S2,] — x) R[S2,] is an isomor-
phism.
For each partition u of 2n and for each semistandard u-tableau S of type A, ac-
cording to the results in [31, Section 7] and [28], both the following Z-submodules
M} ::Z-Span({)cs,,5 | s €Std(w)}
U x| T To(v, 2), te Sdv), u < v -2n}),

M§,> i= Z—Span{xT,t ‘ TeTo(v,A),teStd(v),u vk 2n},
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are Z[ Sy, ]-submodules, and the quotient of M by M 1s canonically isomorphic
to S so that the image of the elements xs s, where s€ Std(,u) forms the standard
Z-basis of S*. In other words, it gives rise to the Specht filtrations of x; Z[S,,], each
semistandard p-tableau of type A yields a factor which is isomorphic to S* so that
X, Z[&2,] has a series of factors, ordered by <, each isomorphic to some S, u > A,
the multiplicity of S* being the number of semistandard p-tableaux of type A.

We write A = (A, Ap,---) = (al ,a2 ,-++,), Where a; > ar > ---, k; € N for
each i, where afi means that @; repeats k; times. Let S, be the subgroup of G,
consisting of all the elements w satisfying the following condition: for any integers
i, j with A; = A;, and any integers a, b with 1 <a,b <A,

(b, a)w=1t.(j,a) ifandonlyif (t.(i,b)w =t (j,b). 2.1)

Let D; be a complete set of right coset representatives of S,in6& » - By convention,
we set 0! = 1.

Lemma 2.7 For any partition A € 2P, let

mo=l]00 =Mk =Y D

i1 weD;,
Then |é,\| =n;, and
X % (wayw) = na(Xo % (wihy)),
and for any commutative Z-algebra R, 1g ®z (X, * (wphy)) # 0 in B, g.

Proof By definition,

= 2 D w= (3 0w,

weS,, weS,

Note that the condition A € 2P, implies that for any w € & 1, £(w) is an even integer.

Therefore,
Yy = < Z w)hk.

wes;,
Since for each w € 6;,
X, x (wyw) = X, * (wkww)fl) *w) = X % wy,

it follows that

X)L* (w,\ Z U)) :nAXA * Wy,

u)EG)L

from which the first statement of this lemma follows. Let d be the Brauer n-diagram
in which the vertex labeled by ¢, (i,2j — 1) is connected with the vertex labeled by
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6.(i,2j) forany 1 <i < ’\/1’ 1 < j < A;/2. Then it is easy to see that d appears with
coefficient 1 in the expression of X, * (w;h,) as linear combinations of basis of
Brauer n-diagrams. It follows that for any commutative Z-algebra R, 1 Q@7 (X, *
(wphy)) #01in B, g, as required. U

Let t be a tableau with entries in {1, 2, - - - , k}. For each integer a with 1 <a <k,
we define res¢(a) = j — i if t(i, j) = a. Following [30], we define the Jucys-Murphy
operators of Z[ G, ].

Li:=0,
Ly:=@—-la)+@—-2,a)+---+{1,a), a=2,3,---,2n.
Then for each partition XA of 2n, and each integer 1 < a < 2n, we have (by [13, (3.14)])
(xrwayn)La =res, (@) (xawiy)-
For each standard A-tableau t, we define
" L; —resy (i)
ou=[] [ —sirem@
i1 weSue) res¢(i) —resy (i)
resy (i) F#rest (i)

For each partition A € 27P,, by Corollary 2.6 and Frobenius reciprocity, there is a
surjective right Z[S,, ]-module homomorphism 7, from x;Z[G>,] onto X, Z[S2,]
which is defined by x;h +— X, * h, Vh € Z[G3,]. In particular, by Lemma 2.7,

(XA * wkh;\) % La =TI€S¢, (a)(X)\ % (w)\hx)).
Proposition 2.8 For any partition A € 2P,, we have that
[X,QI62,]: S5 =1.

Proof By Lemma 2.2, we have
B, = @ S(S.
ne2p,

It is well-known that each S, has a basis {v¢} satisfying

teStd(u)
veL; =res¢(i)vg, VI1<i<n.

Let X be a fixed partition in 2P,. Since X, Q[&2,] € B, @, we can write

X % (wyhy) = Z Z Aqvg,

ne2P, teStd(n)

where A € Q for each t.
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For each u € 2P, and each t € Std(u), we apply the operator ®¢ on both sides of
the above identity and use Lemma 2.7 and the above discussion. We get that A¢ #0
if and only if 4 = A and t = t,. In other words, X, * (w;h,) = A, v, for some
0 # Ay, € Q. This implies that the projection from X, Q[S2,] to S@ 1S nonzero.

Hence, [ X, Q[&2,]: S&] =1, as required. O

For each partition A € 2P,, by the natural surjective Z[S,,]-module homomor-
phism 7, from x; Z[S,,] onto X, Z[ S, ], we know that the elements 7, (xs,f), where
S eTy(u, r),teStd(n), r <t 2n, span X, Z[S,,] as Z-module.

Proposition 2.9 For any two partitions A, i of 2n, and for any S € To(u, A), we have
that ), (Mé‘) C M*. In particular, X, Z[S,] € M”.

Proof We first prove a weak version of the claim in this proposition. That is, for any
two partitions A, u of 2n, and for any S € 7p(u, A),

We consider the dominance order “<I”” and use induction on A. We start with the
partition (2n), which is the unique maximal partition of 2n with respect to “<”. In this
case, x(on) ZIS2, ] = Zx2n), and X (20)Z[S2,] = ZX o), it is easy to see the claim in
this proposition is true for A = (2n).

Now let A <1 (2n) be a partition of 2n. Assume that for any partition v of 2n
satisfying v > A, the claim in this proposition is true. We now prove the claim for the
partition A.

Let w > X be a partition of 2n with Zo(u, A) # . We consider again the dominance
order “<9” and use induction on w. Since 7y((2n), A) contains a unique element S,,
Std((2n)) = {t®V} and

TT), (xs*,t@")) =m(x@n) = X2n) € M.

So in this case the claim of this proposition is still true.
Now let i > A be a partition of 2n with Zo(u, 1) # ¥ and pu < (2n). Assume that
for any partition v of 2n satisfying 7o(v, 1) # ¥ and v > u, and for any S € 7y(v, A),

Let S € To(u, A). The homomorphism 7, induces a surjective map from M¢/ M§,|>
onto

(M) /(M) ).
Hence it also induces a surjective map 7, from
(Q ®z Mé)/(@ ®z MS{D) =Q®z (Mg/Mg,D) =Sy
onto

Qez (m(M)/m (M 1))
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Since S5 is irreducible, the above map is either a zero map or an isomorphism. If it
is a zero map, then (by induction hypothesis)

(M) € m (MG ) S M,

It remains to consider the case where 7, is an isomorphism. In particular,
Q@ (m.(M)/m.(M ) = Sh.

Applying Lemma 2.2, we know that u € 2P,,.
On the other hand, the homomorphism 7, also induces a surjective map from
XMZ[62'1]/M§J,|> onto

(e ZU2D) )/ (7 (MG, 1)) = X, ZUS2a)/ ( (MG, )

where Sg is the unique semistandard p-tableau in 7o(u, 1). Hence it also induces a
surjective map 77, from

(@ ®z xMZ[Gzn])/(Q ®z Mg(),b) =Q@&xz (xMZ[Gzn]/Mé‘O’D) = Sg
onto
Q@2 (XuZISa)/mu (MY 1)) = (X, QS 1)/ (Qz 7 (MY, ).

By the Specht filtration of M., we know that S(’é does not occur as composition
factor in Q ®z Mé‘o - Hence S(S does not occur as composition factor in Q ®z
nu(Mgo ). By Proposition 2.8, Sa occurs as composition factor with multiplicity

one in X, Q[&7,]. Therefore, X, Q[&2,] # Q ®z ﬂﬂ(MgO ). It follows that Tu
must be an isomorphism. Hence

Q7 (X, ZIS1/mu (M, 1)) = 55,

We write A = n;L(Mé‘), B = X, Z[67,]. Since S(S appears only once in B, @, it
follows that S(S must occur as composition factor in the module

(Q®z A) N (Q®z B) =Q &z (AN B).

Hence S(g can not occur as composition factor in the module

(@®z4)/(Qez(ANB) =Qoz (4/ANB).

Therefore, the image of the canonical projection Q ®7 A — Q®z7 (A/AN B) must be
contained in the image of Q ®z m(Mé ). However, by induction hypothesis, both

) (MS)‘:.|>) and B are contained in the Q-span of {X ,|u € Std(e), A Ja € 2P, }. It
follows that

m.(Mg) € Mg,
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as required.
Now we begin to prove (MSA) C M?*. Suppose that

ﬂA(Mé) ,Q_ M}\.

Then (by the Z-freeness of B, there exist an element x € M, )‘, some integers a, ay,
and a prime divisor p € N of a, such that

am )= Y Y aXexdw),

A<ae2P, ueStd(x)

and
)= {(x € 2P, | A <a, ptay, for some u € Std(oc)} £ .
We take an o € X, such that o is minimal with respect to “<”. Then we take an

u € Std(w) such that p tay and £(d (1)) is maximal among the elements in the set
{ueStd(a) | ptay}. Let oy be the unique element in Sy, such that d(u)oy = we
and £(wy) = £(d(w)) + £(0oy). We consider the finite field IF, as a Z-algebra. By [12,
(4.1)], we know that for any partitions 8, y of 2n, and element w € Gy,

xgwy, # 0 only if y &> B; while xgwyg # 0 only if w € Sgwg.
Hence by Lemma 2.7 and the homomorphism iy,

Xp * (why) #0onlyif y > B; Xg* (whg) #0 only if w € Sgwg.

Using Lemma 2.7 again, we get

0=1p, ®z (am).(x) * (ouha)) = 1¥, @z (auXa * (Waha)) #0,

which is a contradiction. This proves that 7, (M%) € M. O

Corollary 2.10 For any partition A € 2P, and any commutative Z-algebra R, M)k
is a right Gop-submodule of B, R.

Proof This follows directly from Proposition 2.9. (]

Theorem 2.11 For any partition A € 2P, and any commutative Z-algebra R, the
canonical map R @7 M* — ./\/l);e is an isomorphism, and the set

{XM ( tesd(v), A<y e 27?,,}
forms an R-basis of M;\e. In particular, the set
{XU ‘ teSd(), A € 27>n}
forms an R-basis of B, r.
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Proof We take A = (2"), then X, Z[S7,] = *B,,. It is well-known that B, g = R ®z,
B, for any commutative Z-algebra R. Applying Proposition 2.9 and counting the
dimension, we get that for any Z-algebra R which is a field, the set

[X:.| tesuoy.ne2m,)

must form an R-basis of B, g. Since for any commutative Z-algebra R, the natural
mapr @z d+>rd,Vr € R,d € ‘B, defines an R-module isomorphism R ®z B, =
B,,.R, it follows that the above set is still an R-basis of ‘B, g for any commutative
Z-algebra R.

By the R-linear independence of the elements in this set and Corollary 2.10, we
also get that, for any partition A € 27P,, the set

{Xv,t ( teStd(v), A v e 27Dn}

must form an R-basis of M)I‘Q. Therefore, for any commutative Z-algebra R, the
canonical map R ®z M* — M% is an isomorphism. O

Remark 2.12 Note that for any partition A € 2P,, X3 Z[S2,] € M*. But X;Z[S,,]
is not necessarily equal to M* in general. For example, one sees easily that

X6, ¢ X4,4Z[6g].

In fact, if this is not the case, then we can write

X@6,2 + ZaiX(4,4) * W = ijx(4,4) * w}v
i J

1

for some positive integers a;, b; and some elements w;, w} € &y,. However, if we
express both sides into linear combinations of Brauer 4-diagrams and count the num-
ber of terms, we find that this is impossible (as the equation 15 4+ 9a = 9b has no
solutions in Z).

Theorem 2.13 For any partition ) € 2P, and any commutative Z-algebra R, we
define

M;)‘ = R-Span{XU,t ’ teStdwv),A v e ZPn}.

Then MR?)‘ is a right R[Sy, ]-submodule of M?%, and there is a R[G2,)-module
isomorphism

Mip/ MG = S.

In particular, B, r has a multiplicity free Specht filtration.
Proof 1Tt suffices to consider the case where R = Z. We first show that
MG = Brauerr, S MG = Brauerr, So-
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For each u € 2P, we use ,oﬁ to denote the composition of the embedding M@ —
B, and the projection B, g — Sg- Suppose that p; 7 0. Then pj; must be a sur-
jection. We claim that u > A. In fact, if © % A, then forany A Jv € 2P, % v, and
X Z[Sopwyxywyy,y =0, hence X, ¢ * (wyx,wuyy) =0 for any t € Std(v). It
follows that M@(w”rxuwuyur) = 0. Therefore, Sé(wu/xuwuyu/) = 0. On the other
hand, since S(S = xpw, y,wQS2,], and by [25, Lemma 5.7],

xuwu’yu’(wu’xuwu)’u’)=< l_[ hffj)’fuwu’yu’?éov
@, j)€lul

where hf‘ ; is the (i, j)-hook length in [u], we get a contradiction. Therefore, pﬁ #*
0 must imply that u > A. Now counting the dimensions, we deduce that M@ =
®r<aue2P, S(S. In a similar way, we can prove that MEA = @y querp, S(S. It follows
that /\/lﬁé//\/lgA = 8%

We now consider the natural map from x;Z[S,,] onto M* //\/l'>A =~ §*. Since
Q®z M§0,> does not contain S& as a composition factor, it follows that (by Propo-
sition 2.9) the image of M§0,> must be contained in M>*. Therefore we get a sur-

jective map from §* onto M*/M>* = §*_ This map sends the standard basis of S*
to the canonical basis of M*/M>*_ So it must be injective as well, as required. [J

3 The n-tensor space V®"

In this section, we shall use the results obtained in Section 2 and in [11] to give an
explicit and characteristic-free description of the annihilator of the n-tensor space
V®" in the Brauer algebra B, (—2m).

Let K be an arbitrary infinite field. Let m,n € N. Let V be a 2m-dimensional
symplectic K-vector space. Let Sp(V) be the corresponding symplectic group, act-
ing naturally on V, and hence on the n-tensor space V®" from the left-hand side.
As we mentioned in the introduction, this left action on V®" is centralized by the
specialized Brauer algebra B, (—2m)g := K ®z ‘B, (—2m), where K is regarded as
a Z-algebra by sending each integer a to a - 1 x. The Brauer algebra ‘B, (—2m) acts
on the n-tensor space V®" from the right-hand side. Let ¢ be the natural K -algebra
homomorphism

@ (B, (—2m)g)°” — Endg (V®n).

By the discussion in [11, Section 3], V®" is a tilting module over K Sp(V). By
[14, (4.4)], the dimension of EndKSp(v)(V®") is independent of the choice of the
infinite field K. Therefore, the dimension of Ker¢ := {y € B, (—2m)k | o(y) =
0} is also independent of the choice of the infinite field K. That is, the dimension
of the annihilator of the n-tensor space V®" in the Brauer algebra B, (—2m)g is
independent of the choice of the infinite field K.
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Lemma 3.1 With the notations as above, we have that

dim(Ker¢) = Z dim §*.

re2P,
A1>2m

Proof By Lemma 2.2 and Lemma 1.1, it suffices to consider the case where K = C
and to show that

dim EHdtCsz,,,(V) Z dim §*.

rE2P,
A <2m

Note that dim $* = dim $* , and
Sp(V)
Endcsp,,, (v) (V") = ((V®”) ® (V®”)*) " () Sm),

Therefore, it suffices to show that

dim(V®2” S[’(V) Z dlmS)‘

A€2P,
M =<2m

By the well-known Schur-Weyl duality between the general linear group GL(V)
and the symmetric group &y, on the tensor space V®', we know that there is a
(GL(V), G3,)-bimodules decomposition

vers (@ K es
AM=2n
(()<2m

where A, denotes the irreducible Weyl module with highest weight A over GL(V).
Here we identify A with A1e1 + - - - 4+ Ao €2m, & 1s the weight of GL (V) defined by

ei(diag{tr, 1, -+, tom}) =ti, V1, tom € K,
fori=1,2,---,2m. It follows that
dim(ver) ¥V = dim((ZA ¢g,,(v>)5"<v>) dim(S%).
A2n
€(0)<2m

By the branching law (see [26, Proposition 2.5.1]) from GL(V) to Sp(V), we know
that

clim((ZA ¢Sp(v))5P<V>) -1

if A" € 2P,; and 0 otherwise. This proves that

dim(v®>) 7Y = 3™ dims*,

r€2P,
A <2m

@ Springer



J Algebr Comb (2008) 28: 281-312 299

as required. U

Let a, b be two integers such that 0 <a, b <n and a + b is even. Let
199:=1(1,3,5,-.. ,2a — 1}, I§*":={2,4,6,---,2b).

If a > b, we define Bd,, (a, b) to be the set of all Brauer n-diagrams D such that:

e for each integer s with a + 1 <s <n, D connects the vertex labeled by 2s — 1
with the vertex labeled by 2s;

e for each integer s with 1 <s < (a — b)/2, D connects the vertex labeled by 2b +
4s — 2 with the vertex labeled by 2b + 4s.

If b > a, we define Bd, (a, b) to be the set of all Brauer n-diagrams D such that:

e for each integer b + 1 < s <n, D connects the vertex labeled by 2s — 1 with the
vertex labeled by 2s;

e for each integer 1 <s < (b —a)/2, d connects the vertex labeled by 2a +4s — 3
with the vertex labeled by 2a + 4s — 1.

For example, let D be the following Brauer 7-diagram
1 3 5 11 13

¢«

4 8 10 12 14
Then D; € Bd;(5, 3). Let D> be the following Brauer 7-diagram

1 3 5 U 11 13

4 8 10 12 14
Then D, € Bdy(3,5).

Lemma 3.2 Leta, b be two integers such that0 < a,b <n and a+b is even. Suppose
thata +b > 2m + 2, then

Z D e Kerg.
DeBd, (a,b)

The proof of Lemma 3.2 is somewhat complicated and will be given in Section 4.
Given any two subsets AV C {1,3,---,2n — 1}, A® C {2,4,---,2n} with
IAD| + |A@)] is even, we set 2ng = |[AD | + |AP)|, and
{alya2v ) a2n72no} = {19 27 ) Zn} \ (A(l) U A(z))

Let (i1, j1,i2, j2, s in—ng» Jn—n,) be a fixed permutation of

{alv az, -, apn—2n }
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Let
ii=(,02,-, in—no)v .] =1, J2 s jn—n())-

We define Bd; (AD, A(z)) to be the set of all Brauer n-diagrams D such that: for
each integer s with 1 <s <n — ng, D connects the vertex labeled by i; with the
vertex labelqd by js. Note that the set Bd, (a, b) we defined before is a special case
of the set Bd,;’ (A", A®) we defined here.

Corollary 3.3 With the notations as above and suppose that 2ng = |AV |+ AP | >
2m + 2, then we have

Z D e Kerg.
DeBdii (A, A2)

Proof Let ny = |AD| ny = |AP|. If ny > ny, then for any Brauer diagram D e
Bd) (AW, AD), there exist at least % bottom horizontal edges between the ver-
tices labeled by the integers in the following set

{2,4,6,---,2n) \ A@.

As a result, we deduce that there exist elements o,1) € &(1,3,... 20—1), 0@ €
&(2,4,... 2n) and a Brauer diagram Dy, such that

(1) for any integer a with 1 <a <nj, D1 connects the vertex labeled by 2a — 1 with
the vertex labeled by 2a.
2

aA<1>( 3 D)UA(z) - Dl( 3 D).

DeBdi (A, A@) DeBd, (JAW],|A@])

In this case, since both ¢(o41)) and ¢(o4)) are invertible, it follows directly from

Lemma 3.2 that ZDeBdi;j(A“),A(Z)) D € Kerg.

If n1 < ny, then for any Brauer diagram D € Bdi;j (A(l), A(2>), there exist at least
@ top horizontal edges between the vertices labeled by the integers in the follow-
ing set

{1.3,5,---,2n—1}\ AD.

As a result, we deduce that there exist elements o40) € &(13,... 20—1), T4 €
S(2,4,... 2n) and a Brauer diagram D5, such that

(3) for any integer a with 1 <a <nj,, D, connects the vertex labeled by 2a — 1 with
the vertex labeled by 2a.

4)

oo( Y Doe=n( > D)

DeBd (A, AQ2)) DeBd, (JAD],|A@))
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By the same argument as before, we deduce that ) DeBdH(AD, AD) D € Ker ¢ in this

case. This completes the proof of the corollary. O

The following is the main result of this section, which gives an explicit and
characteristic-free description of the annihilator of the n-tensor space V®" in the
Brauer algebra B,,(—2m).

Theorem 3.4 With the notations as in Lemma 1.1 and Lemma 3.1, we have that

n—m-—1
Kergp = /\/l(,?erz’2 ),

n—m—1
where 2m +2,2" "=y .= Qm +2, 2,---,2 ), M%mﬂ'z ) is the right
——
n —m — 1 copies
K[Sy,]-module associated to (2m + 2, 2"_’"_1) as defined in Section 2. In particu-
lar, Ker ¢ is a Sy, -submodule.

Proof 1t is easy to see that for any partition p € 2P,, u > (2m + 2,2"~"~1) if and
only if ;1 > 2m. Therefore,

n—m-—1
dim M) = 3 dim s*,

re2P,
A1>2m

Applying Lemma 1.1 and Lemma 3.1, we see that to prove this theorem, it suffices to

show that M(I?m“’zn_m_]) C Ker¢. Equivalently, it suffices to show that for any par-
tition A = (A1, - -+ , Ay) € 2P, satisfying A > 2m, and any w € Gy, ¢(X) * w) =0.

By the definition of the element X, the action “x” and the multiplication rule of
Brauer diagrams, we deduce that

vow-Y Y o
Lj peBdii(AM,A@)
where

AD :=[(i)w‘i=1,2,3,-.-,xl]0{1,3,5,...,2;1—1],
A@ ::[(i)w‘i=1,2,3,--~,A]}ﬂ{2,4,6,-~-,2n],

and |A(1)| + |A(2)| = 2”0 = )"1’ and i := (ll’ i21 ) in—no)s j = (jls j29 ) jn—no)
such that (i1, j1,i2, j2, "+, in—ng» Jn—ne) 1S @ permutation of the integers in {1, 2,000,
2n} \ (AD U A@). We now apply Corollary 3.3. It follows immediately that
@ (X * w) =0 as required. This completes the proof of the theorem. (|

Let Vz be a free Z-module with basis {vy, va, - - - , vo5, }. For any commutative Z-
algebra R, we define Vg := R ®7z Vz. We have an action of the algebra 9, (—2m)

on VZ®" which is obtained by restricting the earlier action, and hence an action of
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B, (—2m)g on VI?”. Let S;y(m, n) (see [11, Section 2] and [32]) be the symplectic
Schur algebra over R. If R is a field, then S}y (m, n) is a quasi-hereditary algebra over
R, and VI?" is a tilting module over S}y (m,n). Applying [14, (4.4)], we know that,
for any commutative Z-algebra R, there is a canonical isomorphism

R @z Endgo ,  (VE") = Endgo . (VE"). 3.1

Note that <p(£Bn (—2m)(c) = End sy (Vg’ "). By restriction, we get that

(m,n)
0(Bu(=2m)z) € Endgo,, ) (VE")-
Hence for any commutative Z-algebra R,
0 (B, (—2m)k) S Endgor i, (VE").

By the main result in [11], we know that the above inclusion “C” can be replaced
by “=" when R = K is an infinite field. Counting dimensions, we see that the above

2

inclusion “C” can be replaced by “=" when R = K is an arbitrary field.
Corollary 3.5 For any commutative Z-algebra R,
0 (B, (—2m)g) = Endgor,,, (VE").

In particular, Theorem 3.4 is always true if we replace the infinite field K by any
commutative Z-algebra R.

Proof By (3.1), it suffices to show that
(ﬂ(‘Bn(—Zm)Z) = EndS%v(m,n) (Vgn) :

Let N := (Ends%v(m‘n)(Vg’”))ﬁp(%n(—Zm)Z). It is enough to show that N = 0.
By [1, Proposition 3.8], it suffices to show that N(,) = 0 for each prime num-

ber p. Let k, := Z/(p), the residue field at the prime number p. It is clear that
kp = Zpy/(p)ZLp). Note that

Nip)/(PINp) = kp ®z,,) Np) =kp ®2 N

= (Endszi; (m,n) (Vkéjn)>/(ﬂ(%n(—2m)kp) =0.

Applying Nakayama’s lemma ([1, 2.6]), we conclude that N(,) = 0. This completes
the proof of the corollary. U
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4 Proof of Lemma 3.2

We shall first fix some notations and conventions. Since the element ) _ eBd, (a.p) P
in Lemma 3.2 actually lies in ®8,,, we can choose to work inside the Brauer algebra
B,,(—2m)c in this section. Furthermore, throughout this section, we shall recover our
original way of labeling of vertices in each Brauer n-diagram. That is, the vertices in
each row of a Brauer n-diagram will be labeled by the indices 1, 2, - - - , n from left to
right. This way of labeling is more convenient when we need to express each Brauer
diagram in terms of the standard generators s;, e¢; for 1 <i <n — 1 and to consider
the action of Brauer diagrams on the n-tensor space V&,

Let f be an integer with 0 < f < [n/2], where [n/2] is the largest non-negative
integer not bigger than n/2. Define

2j—Dd<@jydforl<j<f,
’szz{dGGH ld<3d<---<Qf —1)d,
Qf+1d<Qf+2d<---<nd
For each partition A of n — 2f, we denote by Stdys(A) the set of all the stan-
dard A-tableaux with entries in {2 f + 1, ---, n}. The initial tableau t* in this case
has the numbers 2f + 1,---,n in order along successive rows. Again, for each

t € Stda r(A), let d(t) be the unique element in Sz741,... ny € &, with tkd(t) =t
Let 0 € S(2+1,...,n) and dy,d> € D y. Then dl_lele3 ---exf_10dy corresponds to
the Brauer n-diagram where the top horizontal edges connect (2i — 1)d; and (2i)d],
the bottom horizontal edges connect (2i — 1)d> and (2i)d,, fori =1,2,---, f, and
the vertical edges connect (j)d; with (j)od, for j=2f+1,2f +2,--- ,n.

Lemma 4.1 ([11, Corollary 3.3]) With the above notations, the set
{dl_1€1€3 creaf10dy |0 f <[n/2],0 € Gpfy1,... n), d1,d2 € @f}

is a basis of the Brauer algebra By, (x) g, which coincides with the natural basis given
by Brauer n-diagrams.

Given an element d; 16]63 ---epf_10dy as above, let D be its representing Brauer
n-diagram. Let v; := v;, ® v, ® - ® v;, be a simple n-tensor in V&".

Lemma 4.2 With the notations as above, we have that
ULD = (—l)e(d;]GdZ)(vio D)),
where v; o D can be described as follows:

(1) If(j)dl_lodz = (k) for j € {(2f + Ddi, Qf +2)dy, -, (n)dl}, then the kth
position of v o D is vj;;

(2) Foreach 1< j < f,the ((2j — 1)da, (2j)d2)th position of v; o D is the following
sum:

m
€ij-ndy i) Z(vk' ® vk — vk @ ).
k=1
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Remark 4.3 Intuitively, the action of the Brauer n-diagram D on v; can be thought as
follows. Let (a1, b1), - -+, (ay, by) be the set of all the horizontal edges in the top row
of D, where a; < by foreachs anda; <az <--- <ay.Let (c1,dy), -+, (cr,dy) be
the set of all the horizontal edges in the bottom row of D, where ¢ < dy for each s
and ¢y <cp <--- <cy. Then foreach 1 < j < f, the (c;, d;)th position of v; o D is
the following sum:

m
€ig;.ip; Z(Uk’ Q vk — vk @ ).
k=1
We list those vertices in the top row of D which are not connected with horizontal

edges from left to right as ix, ., iky;,,» -+ + ik, - Then, for each integer j with 2 f +
1 < j <n, the (jod>)th position of v; o D is Uikj~

Given an arbitrary element d € D ¢, we define
Bd(f)(n; dy) = {dl_le163 ~-ef_10d i d) e @f, o€ 6{2f+1,2f+2,...,n}},

Note that B4 (n; do) consists of all the Brauer n-diagrams whose bottom horizontal
edges are

((Dda, )d2), (B)dz, (4)dr), -+, (2f — Dda, 2f)d>).
Lemma 4.4 Let [ be an integer with 0 < f < [n/2]. Let dy € D y. Then for any
oe®6,,
cr( > D) - Y b
DeBdP) (n;dy) DeBd (n;dy)

Proof 1Tt suffices to show that for each integer 1 <i < n,
s,-( 3 D) - > b (4.1)
DeBdY) (n;dy) DeBdY) (n;dy)

In fact, for D, D' € BdY) (n; dy) with D # D/, it is clear that s; D # s; D', and both
s;iD and s; D’ are still lie in Bd\) (n; d2). Now counting the number of Brauer n-
diagrams occurring in both sides, we prove (4.1) and hence also prove the lemma. []

Similarly, given an arbitrary element d; € D , we define
BdY)(dy;n) = {df1€163 ceerf_10dy |dr €Dp,0 € Gpfi12f42, )

Then BdY)(d;; n) consists of all the Brauer n-diagrams whose top horizontal edges
are

((Dd1, D)d1), (Bdy, Ddy), -+, (2f = Ddy, 2f)dy).

The following result can be proved in the same way as Lemma 4.4.
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Lemma 4.5 Let f be an integer with 0 < f < [n/2]. Let dy € D y. Then for any

o€ G}‘l’
(Y pp= X »
DeBdY) (dy;n) DeBdY) (dy;n)
Leti = (i1,i2, -+ ,in), where 1 <i; <2m for each j. An ordered pair (s, 1) (1 <

s <t <n)is called a symplectic pairin i if iy = i]. Two ordered pairs (s, ¢) and (u, v)
are called disjoint if {s, 7} N {u, v} = 0. We define the symplectic length £(i) to be
the maximal number of disjoint symplectic pairs (s, ¢) in i. Let

1@m,n):={i= (i, ,ip) | 1<ij <2m,i; eN,Vj}.

For an arbitrary element v € V®", we say the simple tensor v; = v;; @ -+~ ® vj,
is involved in v, if v; has nonzero coefficient in writing v as linear combination
Zle[(Zm,n) kivi of the basis {Uﬂl e I1(2m,n)} of V®*. We now consider a special
case of Lemma 3.2.

Proposition 4.6 We have that

Z D e Kerg.
DeBd,, (m+1,m+1)

Proof By the above discussion and the definition of Bd, (m + 1, m + 1), any Brauer
diagram D € Bd, (m +1, m+ 1) only acts on the first m 4- 1 components of any simple
n-tensor v;, ® vj, ® - -+ @ v;, € V®". Therefore, to show that > DeBd, m+1.mi1) D €
Ker ¢, we can assume without loss of generality that n = m + 1. Note that

2. P= > 3 20D

DeBd,(m+1,m+1) 0<f<I[n/2]d,e®y DeBd(f)(n;dz)

- > ¥ ¥ »

0<f<[n/21d1€D ; peBd (d;:n)

Suppose that > DeBd, m+1.m+1) D & Kerg. Then there exists a simple n-tensor v; =
Vi, ® Vi, @ -+ ®v;, € V", such that

vi > D #0.

DeBd, (m+1,m+1)

Suppose that £;(i) = f for some integer 0 < f < [n/2]. By Lemma 4.4, for any

oe6,,
o ! Z D= Z D.

DeBd,, (m+1,m+1) DeBd, (m+1,m+1)

Therefore, replacing v; by v;s if necessary, we can assume without loss of generality
that ip;_1 = iés <ipg foreachinteger 1 <s < f,i1 <i3 <---<izy_1andizfy1 <
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ipfy2 < --- < i,. Furthermore, if i ; = i for some integers j # k, then
145k
vL Z D= vi% Z D = 0,
DeBd, (m+1,m+1) DeBd, (m+1,m+1)

where s(;j x) denotes the transposition (j, k) in &,, and we have used the fact that

the length of s(; &) is an odd integer. Therefore, we can deduce that iy, iz, -- - , i, are
pairwise distinct. Hence, ios—1 = iés < ips foreachinteger 1 <s < f,ij <iz<--- <
izp—1 and irfqq <infyp < --- <iy. Since n =m + 1, iy,ip, -+, i, are pairwise

distinct implies that f must be bigger than 0. Hence 0 < f < [n/2].
Note that if g > f and D € Bd‘®(d}, n), then v; D = 0. Hence we get that

vi Z Z Z D #0. 4.2)

0=g=fdi€Dy DeBd® (dy:n)

By Lemma 4.5, it is easy to see that for any o € &,,,

vi Y, Y. Y, Do=v Yy > > D (43

0=<g=fdi€Dg DeBd® (d);n) 0=<g=fdi€eDg DeBd® (d};n)

Given any simple n-tensor vy, 1= vp, ® -+ ® vp, which is involved in the left-hand
side of (4.2), we claim that ¢,(b) = f and by, --- , b, are pairwise distinct. In fact,
since £;(i) = f, it is clear that £,(b) = f. Suppose that b; = by for some integers
J # k and v, appears with coefficient Aj, # 0 in the expansion of the left-hand side
of (4.2), then vy, also appears with coefficient A;, # 0 in the expansion of

vy, Y, ), Dsjw=uwio)y, Y, >, D

0=<g=fdi€eDg DeBd® (d,;n) 0<g=fdi€D; peBd®(d;;n)

As aresult, vy also appears with coefficient A, # 0 in the expansion of

v Y Y Y DU +sga)/2.

0<g=fd1€Dg peBd® (d);n)
which is impossible, since
(p ® -+~ @ vp,)(1 +5(,1))/2=0.

By (4.3), for any o € &,,, vp, is involved in the left-hand side of (4.2) if and only
if vps is involved in the left-hand side of (4.2). Therefore, we can choose a simple
n-tensor v, which is involved in the expansion of the left-hand side of (4.2) such that
brs_1 =b’2s < bys foreachinteger 1 <s < f, by <b3z <--- <byy_y,and by, --- , by
are pairwise distinct. We now consider the intersection of indices in i and b. By
Remark 4.3, the symplectic pairs in b \ i must be produced through the action of
contraction operators (i.e., horizontal edges in top row), while the symplectic pairs
in b Ni may be produced through either the action of contraction operators or the
permutation action of vertical edges. Therefore, by the argument at the beginning of
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this paragraph, we can further require that there exists an integer 0 <r < f such
that:

(a) by =i, for each integer 2r + 1 <t <n, and
(b) {b1,ba, -+, boy} N iy, 02, -+ ,in} =1.

Since n = m + 1, the above conditions and the fact that i, - - - , i,, are pairwise distinct
imply that r must be less than f. Hence 0 <r < f.
Let g be aninteger with0 < g < f,d1 € D¢, D € Bd(g>(d1 ;n), where

~1
D=d; eie3---erg 10d, 0 € S2g41,2842,.n)» d2 €Dyg.

We claim that vj, appears with nonzero coefficient in the expansion of v; D if and only
if

(1) g=r,o=1,and

(2) the horizontal edges in the top row of D are of the form

(172)1 (3s4)7 Tty (2}’ - 1,2}’), (2a1 - 19 2a1)7 (2a2 - 19 2a2)7 Tty
(2ag7r -1, 2agfr)»

where ay, - -- , ag—, are some integers satisfyingr +1 <a; <az <--- <ag_, <
f,and

(3) the horizontal edges in the bottom row of D is the same as those in the top row
of D,ie., d» =dj.

In fact, for any Brauer diagram D satisfying the above conditions (1), (2), (3), by
Remark 4.3, v, does appear with nonzero coefficient in the expansion of v; D, and
the coefficient is (—1)¢; on the other hand, suppose that v, appears with nonzero
coefficient in the expansion of v; D. By our assumption on i and b, it is easy to see
that the tensor factor vy, ; ® vp,, with 1 <s <r can only be produced through the
action of ey, for some 1 <t < g. This implies that g > r. For each integer j with
2g +1 < j <n, by Remark 4.3, the action of D on v; moves the vector in the jd;th
position of v; (i.e., vj, o) 10 the (jod)th position. By our assumption on i, b again,
we deduce that jd| = jod,. But by the definition of D,

Qg+ 1)d1 < 2g+2)d; <--- < (n)d,
Qg+ Ddr < 2g+2)dr < -+ < (n)ds.

It follows that o = 1, and jd; = jd, for any 2g + 1 < j < n. Now the remaining
statements of our claim follows easily from the fact that o = 1, our assumption on
and b as well as Remark 4.3.

Therefore, the coefficient of v, in the expansion of

>, ) wuD

di€Dg DeBA® (dy;n)

(i)

is equal to
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Note that 0 <r < f, it follows that the coefficient of v}, in the left-hand side of (4.2)

1S
F=r\_
> (—1>g<g_r)_o,

r<g=<f

a contradiction. This completes the proof of the proposition. ]

Next we consider a more general situation than Proposition 4.6, which is still a
special case of Lemma 3.2.

Proposition 4.7 Let a, b be two integers such that 0 < a,b <n and a + b is even.
Suppose that a + b > 2m + 2 and a > b; then

Z D e Kerg.
DeBd, (a,b)

Proof By the assumption that a > b and the definition of Bd, (a, b), any Brauer di-
agram D € Bd, (a, b) only acts on the first a components of any simple n-tensor in
V®" Therefore, we can assume without loss of generality that n = a. Also, because
of Proposition 4.6, we can assume that n = a > b. In particular, n + b > 2m + 2
and n =a > m + 2. Suppose that Y,y (, » D & Kerg. Then there exists a simple
n-tensor v; € V®" such that

vi Y. D#O0. (4.4)

DeBd,, (n,b)

Applying Lemma 4.4, we know that for any o € G,,,

o Y D= ) D

DeBd, (n,b) DeBd, (n,b)

Therefore, using the same argument as in the proof of Proposition 4.6, we deduce
that iy, ---,i, are pairwise distinct. Furthermore, let f = £,(i), we can choose i
such that ir,_; = iés < iy for each integer 1 <s < f, i; <i3 <--- <izy_1 and
D] <lyfyn <+ <lIp.

We define

Zfz{(l,Z),(3,4),~~,(2f—1,2f)].

For each D € Bd, (n, b), let ¥+ (D) be the set of horizontal edges in the top row of D.
Let ¢ := (n — b)/2. The assumption (4.4) and the definition of Bd,, (n, b) imply that
f=c.If f=c,then (asiy,---,i, are pairwise distinct) we must have ¢ + b < m,
equivalently, n + b < 2m, which is a contradiction. Therefore, f # c. So c < f <
[n/2].

By our choice of i, it is clear that v; D # 0 only if >t(D)c 2 r. Therefore,

v Y D=v Y  D#0. 4.5)

DeBd, (n,b) DeBd,, (n,b)
=H(D)cxy
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By the definition of Bd, (n, b) and Remark 4.3, if the simple n-tensor vy := vk, ®
-+ ® vy, is involved in the left-hand side of (4.5), then

/ / /
kb+1 =kh+2, kb+3 =kh+4, cecy, kﬂ—l zkl’l'

For any o € G, it is easy to see

> Do= ) D

DeBd, (n,b) DeBd, (n,b)

It follows that, for any o € &, vy is involved in the left-hand side of (4.5) if and only
if vy is involved in the left-hand side of (4.5). Therefore, we can choose a simple 7-
tensor v; which is involved in the left-hand side of (4.5) such that k»; 1 = ké o < kos
foreachinteger 1 <s < f —c, ko(r—c)+1 <ka(f—c)42 <--- <kp,and ky, - - - , kp are
pairwise distinct. Using the same argument as in the proof of Proposition 4.6, we can
further require that there exists an integer 0 < r < f — ¢ such that k; = i; for each
integer 2r + 1 <t < b, and {ky,kp, -, kor} N {i1,i2, -+ ,in} = 0. We claim that
r # f —c.Infact, if r = f — c, then the above empty intersection condition on r and
our assumption on i imply that f —c+n—2f + f <m, equivalently, (n+b)/2 <m,
which is impossible. This proves our claim. Hence, 0 <r < f —c.
Let g be aninteger with0 < g < f,d1 € Dg, D € Bd(g)(dl; n), where

-1
D:d1 ele3---ex,10dy, 0 € 6{2g+1,2g+2,-~,n}a dy €©g.

We claim that vy appears with nonzero coefficient in the expansion of v; D if and only
if

(1) g=r+4+c,o0=1,and

(2) the horizontal edges in the top row of D are of the form

(172)a (354)7 T (2}" - 1,2}"), (201 - 1,20]), (202 - 1,202), T,
(zag—r -1, zag—r),

where ay, - - -, ag_, are some integers satisfyingr +1<a; <ax <--- <ag_, <
f,and
(3) the horizontal edges in the bottom row of D are of the form

(172)1 (374)7 Tty (2}" - 1,2}"), (2a1 - 19 2611), (2a2 - 19 2612), Tty
(2agfcfr -1, zagfcfr)’ b+1,b+2),(b+3,b+4),
-, (m—=1,n).

In fact, for any Brauer diagram D satisfying the above conditions (1), (2), (3), by
Remark 4.3, vy does appear with nonzero coefficient in the expansion of v; D, and
the coefficient is

c
—1)8¢
(1_[ 6k§;+2x71*kb+2:—1>( D :
s=1
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On the other hand, suppose that v; appears with nonzero coefficient in the expansion
of v; D. By our assumption on i and k and the definition of Bd, (n, b), it is easy to see
that the tensor factor vg,, ;| ® vi,, with 1 <s <r and vg,,,,_; ® Vg,,,, With1 <t <c¢
can only be produced through the action of ey, for some 1 <t < g. This implies
that g > r + c. For each integer j with 2g 4+ 1 < j <n, by Remark 4.3, the action
of D on v; moves the vector in the jd;th position of v; (i.e., Vijg, ) to the (jody)th
position. By our assumption on i, k again, we deduce that jd; = jod,. But by the
definition of D,

(2g+ Ddi < 2g +2)dy <--- < (n)dy,
(2g+Ddo < 2 +2)dp < -+ < (n)d>.

It follows that o = 1, and jd; = jd, for any 2g + 1 < j < n. Now the remaining
statements of our claim follows easily from the fact that o = 1, our assumption on
and k as well as Remark 4.3.

Therefore, the coefficient of v, in the expansion of

> X wD
d1€Dg DeBd® (d);n)
is equal to

(e )0 (1 77)

s=1

Note that 0 <7 < f — c, it follows that the coefficient of v, in the left-hand side of
4.2)is

—eff—1
Y. DE (g_r>=o,

c+r<g=<f

c
<1_[ 6k2+2s71vkb+2s4)
s=1

a contradiction. This completes the proof of the proposition. (]
Finally, thanks to Proposition 4.7, to complete the proof of Lemma 3.2, we only
need to prove the following proposition. We are grateful to the referee for providing

the following simple proof.

Proposition 4.8 Let a, b be two integers such that 0 <a,b <n and a + b is even.
Suppose that a +b >2m + 2 and b > a; then

Z D e Kerg.
DeBd, (a,b)

Proof Given a Brauer n-diagram D, we define D by reflecting D top to bottom. For
example, let D be the following Brauer 4-diagram:
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1 2 3 4

1 2 3 4
then D is the following Brauer 4-diagram:

1 2 3 4

1 2 3 4

Extending this linearly to the whole of the Brauer algebra, and it gives an anti-
automorphism of the Brauer algebra.

Given this automorphism, we have a contravariant duality on modules: if M is a
module for the Brauer algebra 98, (—2m)c, then the dual space M* is also a module,
with

(fd)(m) := f(md),

for f e M*,m € M, d € B,(—2m)c. For eachinteger i with 1 <i <2m,letv; € V*
be defined by v;‘(vj) =34, j, V1< j <2m.For any simple n-tensor v; = v;; ® --- ®
vi, € V&, let v} := Vi ®--®uf € (V*)®", We identify (V*)®" with (V®”)* ina
natural way, i.e., such that

v;(vi) =6i,j, Vi, j€1(@2m,n).

We claim that the map

0: Z a;jvi > Z ajv;, Ya; €C,

iel(2m,n) iel(2m,n)

defines a 9B, (—2m)c-module isomorphism V& = (V®”)*. In fact, it suffices to
check 6(v;x) = 0(x)v; for each simple n-tensor v; € V®" and each generator x
of 9B,,(—2m)c, which is actually trivial. As a result, we get that for any D € Bd,,
i,j € I(2m,n), the coefficient of v; in v;D is the same as the coefficient of v;

in viﬁ. Therefore, Kergp = Ker¢. Now applying Proposition 4.7, we deduce that
3 DeBd, a.b) P € Kerg. This completes the proof of the proposition.
(]
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