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Abstract In this paper we study the variety M,;; of nilpotent elements of a reduc-
tive monoid M. In general this variety has a completely different structure than the
variety G;; of unipotent elements of the unit group G of M. When M has a unique
non-trivial minimal or maximal G x G-orbit, we find a precise description of the ir-
reducible components of M,,;; via the combinatorics of the Renner monoid of M and
the Weyl group of G. In particular for a semisimple monoid M, we find necessary
and sufficient conditions for the variety M,,; to be irreducible.
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1 Introduction

For a reductive group G, the variety G,,; of unipotent elements plays an important
role, both in the study of structure of G and in the representation theory of the asso-
ciated finite reductive groups, cf. [2]. In particular G, is an irreducible variety with
finitely many conjugacy classes. We are interested in the variety Mp,; of nilpotent el-
ements of a reductive monoid M with unit group G. Nilpotent elements are a natural
object of study since an analogue of the Fitting decomposition is valid for reductive
monoids, cf. [7, Theorem 4.1]. When M is the multiplicative monoid of all n x n ma-
trices, the two varieties My;; and G,;,; are isomorphic. But this is where the analogy
ends. In general any connections between nilpotent and unipotent elements is either
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non-existent or subtle. The variety M,; need not be irreducible and the number of
conjugacy classes in My;; is generally infinite. There is of course also the variety g,;;
of nilpotent elements of the Lie algebra g of G. However g,;; is much more closely
related to G,;,; than to M,,;;.

We began the study of the variety M,,;; in [10], in particular finding a close con-
nection with the ‘conjugacy decomposition’ of M. In this paper we obtain an explicit
description of the irreducible components of M,;; when M is [J-irreducible (has a
unique minimal non-zero G x G-orbit) or J-coirreducible (has a unique maximal
G x G-orbit not equal to G). In the first case each component of M,,;; intersects a
unique maximal [J-class (G x G-orbit) J # G. Moreover for a given J, at most
three components of M,; intersect J, and we give a precise description of each. For
J -coirreducible monoids, the irreducible components of M,,;; are described in terms
of the Coxeter elements of the Weyl group that are also minimal length coset repre-
sentatives of an associated parabolic subgroup. In particular we find necessary and
sufficient conditions for M,;; to be irreducible when M is semisimple (has a one
dimensional center).

2 Preliminaries

Let « be an algebraically closed field. By an irreducible algebraic monoid, we mean
amonoid M with zero 0, whose underlying set is an irreducible affine variety and the
product map is a morphism. We will say that M is a reductive monoid if the unit group
G of M is reductive. Equivalently M is regular (a € aMa for all a € M). We refer
to [9, 16, 17] for the general theory of reductive monoids. For a reductive monoid
M, the center Z(G) of G has dimension at least one. M is said to be semisimple if
the center Z(G) of G is one dimensional. Equivalently O and 1 are the only central
idempotents of M. The multiplicative monoid M, (k) of all n x n matrices over x
is such an example. More generally if Go € GL, (k) is a semisimple group then the
lined closure « G in M, (x) is a semisimple monoid.

Let M be a reductive monoid with unit group G. The set E (M) of idempotents of
M is partially ordered in the usual way:

e<f if ef=e= fe

By [6, Section 6] (or see [9, Chapter 9]) there is a cross-section A of the G x G-orbits
(J -classes) of M consisting of idempotents so that for e, f € A,

e< <= GeGCGfG & MeM CMfM

Here the closure is with respect to the Zariski topology. A is a finite lattice and called
the cross-section lattice of M. It is unique up to conjugacy by elements of G. We will
let A, denote the minimal elements of A — {0} and A,,,, the maximal elements of
A — {1}. All maximal chains in A have the same length. This yields rank and corank
functions on A and hence on M (via the decomposition of M into G x G-orbits):

rk: M —{0,...,n}, ck:M—{0,...,n}
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where n is the length of a maximal chain in A. Let

B=B(A)={xeG|lxe=exeforalle € A}
B =B (A)={xeG|lex=exeforalle e A}

Then B, B~ are opposite Borel subgroups of G with maximal torus
T=Cg(A)={xeG|lxe=exforalle e A}

and dim 7 is equal to the length of any maximal chain in A. The set E(T) of ‘diag-
onal idempotents’ of M is a finite lattice isomorphic to the face lattice of a polytope,
with the set of vertices of the polytope corresponding to the set E (T )i, of minimal
idempotents of E(T) — {0}.

Let W = Ng(T)/T denote the Weyl group of G. Then

E(T)= U xAx"!

xeWw
The set
S={ae W|aBa € BUBaB}

of simple reflections of W generates W. We consider S as an unlabeled Coxeter
graph. So for o, B € S, « —— B means «ff # Bu. If S is connected, then we say
that o € S is an endpoint of S, if S — {«} is connected. If S is connected and « € S,
then since W is finite, we see by the classification of Coxeter graphs that any compo-
nent S’ of § — {a} contains an endpoint of S and also contains a unique y such that

o y. G admits a Bruhat-decomposition with respect to W':
G=|]BwB 1)
weW

The Bruhat-Chevalley order on W is given by [3]:
x<y if BxBCByB, x,yeW 2)

Let y e W. Then y =« - - - o, for some o1, ..., o, € S. If m is minimal, then the
length [(y) of y is defined to be m and the support,

supp y ={aq, ..., o}

If B € supp y, we say that B appears in y. If B € S with [(By) < I(y), then by
Matsumoto’s exchange condition [4, 1.7],

By=aj---a;--a, forsomei 3)
Forx,y e W, let
ey =0 if L(ry) =1(x) +1(y)
undefined otherwise
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IfBes,yeW, we will say that 8 commutes with all of y if af = Ba for all o €
supp y. By [1, Lemma 1],

B ¢ suppy, yB =B *y == B commutes with all of y 4)

Ifx,yeW,y=ai---ay,l(y) =m,thenitis known that the Bruhat-Chevalley order
(2) has the following simple description:

X<y<<=x=u; o, forsomei; <- - <i; 5)
For I C S, W; = (I) is called a parabolic subgroup of W. Let
Di={xeW|xa=x*aVa € I},
Dl_1 ={xeW|lax=a*xxVa € I}.
Then
W =D;W;=W;D;' (6)

We refer to [2, 4] for details. We are following here the notation in [2].
By [15] the Bruhat decomposition (1) of G extends to M:

M= |_| Bo B (N

o€R

where R = Ng(T)/T is the Renner monoid of M. R is a finite inverse monoid with
unit group W and

R=||wew ®)
ecA
Moreover WeW, e € A, are the J -classes (W x W-orbits) of R. For M,,(x), R is the
monoid of all partial permutation matrices and called the rook monoid in combina-
torics and the symmetric inverse semigroup in semigroup theory. For e € A, let

Ae) ={a € S|ae = ea} ©)]
and
)= (A rle)=[)r() (10)
fze f<e
Then

W(e) =Wy ={w € Wlwe = ew},
W*(e) = Wix(e),
Wi(e) =W, () ={w € W]we = e = ew}
are parabolic subgroups of W with

W(e) = W*(e) x Wy(e)
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W (e) is the Weyl group of Cg(e), W*(e) the Weyl group of the unit group H (e) of
eMe, and W, (e) the Weyl group of the identity component of

Ge={g€CGlge=e=eg}
Let
D(e) = Dy = {y € W|yB > y forall f € i(e)},
D(e)~! = D;(L) ={ye W|By > yforall B € A(e)}
The Bruhat-Chevalley order (2) on W has a natural extension to R:
0 <@ if BoBC BOB, 0,0 €R (11)

The order has been determined in [5] and more explicitly in [11, 12]. In particular for
e, c A, x,yeW,

e<e = xey<xey (12)
and for y e D(e)™!, y' € D(¢))7!,

ey <e'y <=y <zy for some z € W(e) (13)
In particular for y, y' € D(e)"!,
ey<ey <=y =<y (14)
In the study of reductive monoids, the cross-section lattice A along with the type map
AiA—> 25

takes the place of the Dynkin diagram for a reductive group. This data along with
the Weyl group determines the Renner monoid R, and along with G determines the
structure of the poset (or more precisely the biordered set) E(M) of idempotents
of M. In general the structure of A is very complicated and not well understood.
The exceptions are when |Ain| = 1 (J -irreducible monoids) and when |A;4| = 1
(J -coirreducible monoids). We will discuss these monoids more in Sects. 5 and 6.

We will also need to consider another decomposition of M, related to conjugacy
classes, studied by the author beginning in [8] and culminating in [10, 13]. First,
following [15], let the set of Gauss-Jordan elements of R,

GJ={ey|lecA,ye D)™}

For M, (), this consists of partial permutation matrices in row-echelon form. For
ey, e’y € GJ,define ey ~ €'y’ if weyw ™! = €'y’ for some w € W. This implies that
e=¢.Let C=GJ/~ and let [ey] denote the ~-class of ey. Then by [13], C is a
poset if we define:

1

[ey] <[€/y']if weyw™" <€’y for some w € W (15)
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We call C the conjugacy poset of M, in that the associated decomposition (17) below
leads to a description of the conjugacy classes of M. We note thatin [10, 13, 16], C is
denoted by R*, R and P, respectively. For M, (), C is the poset of all partitions of
m, m < n, with respect to a generalized dominance order. For [ey] € C, let

X(ey)=|_J ¢BeyBg™" (16)
geG

The conjugacy decomposition of M, obtained in [10, 13], is:

M= |_| X (ey) a7)
[ey]eC

The conjugacy classes of M in X (ey) are in a natural 1-1 correspondence with the
twisted conjugacy classes of a finite collection of reductive groups with automor-
phisms. For [ey], [¢/y'] € C,

X(ey) S X(e'y) < [ey] <[€'y'] (18)
and for [ey] € C,
Xen= [|] xEy) (19)
le'y']<[ey]

Now let ¢ € A gy, A(€) = A*(e) = I. Then for y, y’ € D; ', we have by [13, Theo-
rem 2.9] that

[ey] < [ey'] &= wy’ < yw for some w € W, (20)
Then

[(w) +1(y) = l(wy") <1(yw) <l(w) +1()
So I(y") < I(y). If further I(y) = I(y’), then I(wy") = I[(yw). This implies that

w * y = y x w and hence that y = y’. Thus for e € Ay,

eyl <ley' 1= 1Y) <1(y), ley]l <ley1==1()) <I(y) (21)

3 Linear and Coxeter elements

Let W be a finite Weyl group with generating set S of simple reflections. We will call
w € W linear if w=qay1---a, withay,...,a, € § distinct. If further m = |S|, then
w is called a Coxeter element. Thus linear elements of W are Coxeter elements of
parabolic subgroups of W. In this section we prove some technical results concerning
linear and Coxeter elements that will be needed in our study of the nilpotent variety
of a reductive monoid.

Lemma3.1 Lety = ---ay belinear, B € S, By < y. Then B = a; for some j and
Bai=aif for1 <i<j.
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Proof If B # o for all j, then clearly By > y. So B = «; for some j. By the ex-
change condition (3), there exists k such that

ﬁal...am:al...dk...am
So

oo = Borg ok

So ay = B and k = j. Hence
Oll...aj :ajal"'aj—l
By (4), ajarj = atjoyj for 1 <i < j. -

Lemma 3.2 Let S be connected, a € S. Then there is a unique Coxeter element cs (o)
of W in D!

{a}
Proof We prove by induction on |S|. Let Sy,..., S, t <3, be the components of
S — {o}. Then there exist unique B; € S;, i =1, ..., such that « —— §; and y =

acs, (B1) -+ -cs, (Br) is a Coxeter element of W and is in D.;—l{a} by Lemma 3.1.

Conversely let y be a Coxeter element of W in DS__I{Q}. Then oy < y. Let y =
a * yo. Then yo = y1---y, where y; is a Coxeter element of Ws,. We claim that
Vi € Ds_ii{ﬂi}. Otherwise yy; < y; for some y € S;,y # B;. Then yo =y and y
commutes with all y;, j #i. Hence

VY=yayo=yayr Yt =0y yYyi Y <Yy yr =0y =Y,

a contradiction since y € D;_l{a}. Hence y; € D;.l_{,gl.},i =1,...,t. By induction
hypothesis, y; = cs;(8i),i =1,...,t. Hence

y=ayo=ayi -y =acs;(B1)---cs,(Br)

This completes the proof. U

Lemma 3.3 Let I, K C S such that no component of K is contained in I. Then there
is a Coxeter element 7 of Wk in Dl_l.

Proof Let Ky, ..., K; denote the components of K. Then there exists «; € K;,«; ¢ 1,
i=1,...,t. Letz; =ckg;(a;),i =1,...,t as in Lemma 3.2. We claim that z; € Dl_l.
Otherwise Bz; < z; for some B € I. So B € supp z; € K;. Since g € I, B # ;. So
Zi ¢ D1_<,«1—{af}’ a contradiction. Thus z; € DI_], i=1,...,t.Clearly z=12z1---z;isa

Coxeter element of Wk . Also z € DI_1 by Lemma 3.1. This completes the proof. [J

Lemma3.4 LetI CS,y¢€ Dl_l. Then there exists linear yo € DI_l such that yg <y
and supp yo = supp y.
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Proof Let K = supp y. We prove by induction on /(y). Let y = x * g, &g € K. Then
X € Dl_l. If ap appears in x, we are done by the induction hypothesis. So assume
that «p does not appear in x. By the induction hypothesis, supp x = {«1, ..., ¥},
=0y 0] € Dl_l. Then yo = zag < y. we claim that zog € Dl_l. Otherwise for
some B € I, Bz < zayg. Since Bz > z, we see by Lemma 3.1 that 8 = g and that 8
commutes with all of z. So y = x *ag = ag *x and By = agy = x < y, a contradiction
since y € Dl_l. Hence yp =z € Dl_l. This completes the proof. (]

Lemma 3.5 Let [ €S, a9 € S — 1,1 a component of S — {ag} contained in I. Let
at,...,ag €I’ be distinct such that g —— oty —— - - - —— ot Then

: -1
(i) yo=oaoo1---ar €Dy .
(i) Ify e DI_1 is linear with ayy <y and if oy appears in 'y, then yo <y.

Proof (i) Let B € I such that Byp < yo. Since ap ¢ I, we see by Lemma 3.1
that 8 = «; for some 1 <i < k and that o;;—; = @;—1;, a contradiction. Hence
yoe Dyl

(i) We prove by induction on /(y). Since apy < y, we see that y = g * y; and
supp y1 € S — {ap}. So y1 = y2 x y3 with o € supp y» C I’. Hence agy; € D[_1
and opy2 < y. So by induction hypothesis we may assume that «gy, = y. Hence
y1 = y2 € Wp. Since W is finite, ag commutes with all elements of I’ other than o;.
Since y € D;l, yi=ajxz.Lety €I,y #aj, yy; < y1. Then

VY =Yooy =ooyYyr <@oyr =Yy

a contradiction since y € D;l. Hence y; € D;ll, where I} = I’ — {a}. Since
y1 € Wy, the induction hypothesis implies that o1 - - - ox < y1. S0 yg = gy -+ - ot <
apy1 =y, completing the proof. O

Lemma 3.6 Let S be connected, I C S, y € D;], y linear. Suppose that for any
o € S with no component of S — {«a} contained in I, o appears in y. Then y is a
Coxeter element of W.

Proof If I = @, the result is clear. So let I # (). We prove by induction on |§ — I].
First suppose that |[S —I|=1and I = S — {ag}. Let @ € I, I’ the component of o
in 1. Then

o0 o] cee o cee [07%

with o being an endpoint of S. Now S — {o} is connected and not contained in /.
Hence oy appears in y. Since y € Dl_l, apy < y. By Lemma 3.5, o, o appear in y.
Hence y is a Coxeter element of W.

Next assume that |S — I| > 1. First suppose that 8y > y for some 8 € § — I and
let Iy =1U{B}. The I # S and y € DI_II. Let @ € S such that no component of
S — {«} is contained in /1. Then no component of S — {«} is contained in /. Hence «
appears in y. Since |S — I1| < |S — I|, we see by the induction hypothesis that y is a
Coxeter element of W. Hence assume that 8y < y for all 8 € § — I. Then § appears
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inyforall € §—1I.Leta € I.If no component of § — {«} is contained in 7, then «
appears in y. So assume that some component I’ of § — {«} is contained in 1. Then
I’ contains an endpoint y of S and

a=a aj ar=y, oap,...,axel

Now S — {y} is connected and not contained in /. So y = o appears in y. Since
o € 1, there exists 8 € S — I such that

B=5Bo B1 Bn=ca withB,....,B,€el

Let I” be the component of 8 in S — {«}. Thensince I’ C T and 8¢ 1,1 #1". So
Bos .-, Pm—1€1” and

B=Po Bm o] o

Since B ¢ I, By < y. Since also oy appears in y, we see by Lemma 3.5 that o = 8,
appears in y. Hence y is a Coxeter element of W, completing the proof. (]

4 Nilpotent variety
For a reductive monoid M, the nilpotent variety

M, =1{a e M| a* = 0 for some k}
This closed subset of M is in general not irreducible.

Example 4.1 Let
M={A®B| A, Be M>(k)}

Then M,;; has two components:
{A® B|A>=0} and {A® B| B>=0)}
The variety M,;; is best studied by analyzing the conjugacy poset C. Let

Cuit = {[ey] € C| (ey)* = 0 for some k}

The following result is proved in [10, Theorem 3.1(i)]. We include a proof here
since the proof given in [10] needs minor elaboration.

Theorem 4.2 Let 0 £ e € A, y € D(e)~". Then [ey] € Cyi; if and only if supp y €
A(f) forall f € Apiy with f <e.

Proof If N = |W|, then by [10, Equation (32)],

fo=n" =]]rev e
i
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Then fp <e and

y € W(fo) = W*(fo) Wi (fo) € W (e)Wi( fo)

Since y € D(e) !, y € Wi(fo). So if ey is not nilpotent, then fo # 0 and fy > f for
some f € Ayin. Soe > f and

supp y © )\*(fO) - )\*(f) :)‘(f)

Conversely suppose that supp y € A(f) for some f € Apin With e > f. Then y €

W(f) =Wi(f) and yf = f.Hence fof = (ey)" f = f and fo > f. So [ey] ¢ Cuir-
This completes the proof. U

The following result is proved in [10, Theorem 3.1(ii),(iii)].
Theorem 4.3 The variety My;; decomposes as:

Mu= || Xy

[ey1€Cuir

The irreducible components of My are X (ey), where [ey] is a maximal element of
Cni1 with respect to the order (15).

The open problem then is to determine the maximal elements of C,;;. We will
solve this problem for 7 -irreducible and 7 -correducible monoids in Sects. 5 and 6,
respectively. We end this section with the following auxiliary result for semisimple
monoids.

Theorem 4.4 Let M be a semisimple monoid. Then My; N J # @ for all J-classes
J#Gof M.

Proof Let e € A,e #0, 1. If wp and vy are the respective maximum elements of
W and W (e), then x = vowg is the maximum element of D(e)~!. Let f € Apin,
e> f.Suppose x € W(f). Then for all y € D(e)~!, y < x and hence y € W(f). So
D(e)~' € W(f) and by (6),

W=W(e)D(e)"' CW(Ee)W(f)
Let w € W. Then w = wywy, wy € W(e), wy € W(f). So

-1

[ |
w ew—w2 wl

ewlw2=w2_1€U)2 > wz_lfwzzf

Hence

Clearly we’ = ¢'w for all w € W. By [9, Theorem 6.30], ¢’ € Z(G). Since ¢’ # 1
and M is semisimple, ¢’ = 0. Hence f =0, a contradiction. So x ¢ W(f). By Theo-
rem 4.2, [ex] € Cyi;. So My N GeG # @, proving the theorem. U
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5 J -irreducible monoids

If Gy is a semisimple group and 6 : Go — GL,(x) an irreducible representation,
then x6(Gy) is a reductive monoid with a unique non-zero minimal 7-class. Call
a reductive monoid M, 7 -irreducible, if |A,in| = 1. Let Ay = {eo}. Then Jy =
GeoG is the unique non-zero minimal 7 -class of M. Let A(eg) = I. We then say that
M is a J-irreducible monoid of fype I. Now no component of § is contained in /.
For suppose some component S’ of S is contained in /. Then W = Wg x Wgr. Let
e € E(T)min. Then x~'egx = e for some x € W. Since Wy C W (eg), w leow = e
for some w € Wgr. So foru € Wy,

uleu = u_lw_leowu = w_lu_leouw = w_leow =e

If fe E(D), f # 0, then f is the join of some elements in E(T)pin. Hence
u™! fu= f. So by [9, Chapter 8], u = 1. Hence S’ = @, a contradiction. Thus no
component of § is contained in /. Let Sy, ..., S; be the components of S, I; = §; N1,
j=1,...,t. Then |I;| <|S;|, j=1,...,t. We say that M is J-irreducible of max-
imal type if |1;| =|S;| — 1, j =1,...,t. This concept is not used in this paper, but
its dual concept is used in Sect. 6. Rather amazingly, the cross-section lattice A and
the type map A of a J-irreducible monoid are completely determined its type /. The
following result is proved in [14].

Theorem 5.1 Let M be a J -irreducible monoid of type 1. Then

(1) M is semisimple.
(ii) Ife, e € A — {0}, then e < €' if and only if L*(e) C A*(€').
(iii) Ife € A — {0}, then A (e) ={a € I|af = Ba for all B € L*(e)}.
(iv) If K C S, then K = 1*(e) for some e € A — {0} if and only if no component of
K is contained in I.
(v) Ife € A—{0}, then |\*(e)| = rk (¢) —1 = |S|— crk (e). In particular if e € A4y,
then A(e) = L*(e) = S — {a} for some a € S.

We now proceed to determine the irreducible components of M,,; for a 7 -irre-
ducible monoid M of type /. We begin with:

Theorem 5.2 Let M be a [J-irreducible monoid. Then every component of My in-
tersects a unique maximal [J-class J # G of M.

Proof We only need to prove existence of the maximal 7 -class, since the uniqueness
then follows from Theorem 4.3. We proceed by induction on |S]|. Let 0 # [ey] € Cyi;.
By Theorem 4.2, y ¢ W;. If e € Apax, there is nothing to prove. So assume e ¢
Amax- Since y ¢ Wy, y =y *w with w € Wy, 1 £y € D(e)~! N D;. Then by
(14), ey < ey; and by Theorem 4.2, [ey;] € Cy;;. Thus we may assume that y = y; €
D(e) ' N D;. Let f € Apax, € < f. Suppose y ¢ W(f). Then y = w % y’ with
weW(f)and 1%y € D(f)~' N D;. So by (13), ey < fy’ and by Theorem 4.2,
fy' € Cpis. So assume that y € W(f) for all f € Aqr With e < f. Let f € Ajpax
with e < f. Then applying induction hypothesis on the 7 -irreducible monoid fMf,
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we see that [ey] < [e1z] with [e1z] € Cpi; and f covering e; in A. Thus we may
assume that f covers e in A. Then by Theorem 5.1, A(f) = A*(f) = S —{a}, A*(e) =
S —{a, B}. If S — {B} has no components contained in /, then by Theorem 5.1, there
exists [/ € Apax such that A(f") =A*(f) =8 — {B}. Thene < f' and ff' =e. So

supp y € A(f) NA(f) S A(ff") = 1(e)

and y € W(e), a contradiction. So S — {8} has a component contained in /. Since
S — {a, B} = 1*(e) has no components contained in 7, it follows that {«} is a com-
ponent of S — {8} and contained in I. Thus A.(e) = {«} and A(e) = S — {B}. So
ay =yaforally € S—{B}.If also «f = Ba, then {«} is a component of S contained
in 1, a contradiction. Hence a8 # Ba. Since 1 # y € D(e)™! and A(e) = S — {8}, we
see that y = 8 * yg. Let

ay=asxy=wskx,weW(f),xeD(f)"! (22)

Then by (13), ey < fx. So if [ fx] € Cyi;, we are done. So assume that fx is not
nilpotent. Then by Theorem 4.2, x € W;. By (22), a(wx) = y < wx. Also since
W(f)=S — {a}, o does not appear in w. So by the exchange condition (3),

y=awx=w*x, x' <x, I(x)=I1x)—1

Sox’ € Wy. Since y € Dy, x’ =1.Sol(x) = 1. Since a does not appear in w, we see
by (22) that x = «. Hence we = «y and by (4), « commutes with all of w. Since S
appears in y, B appears in w. Hence a8 = Ba, a contradiction. This completes the
proof. (]

For a maximal J-class J # G of M, we proceed to determine precisely the com-
ponents of M, that intersect J. Let « € S, S, the component of « in S. Then
Se € I = A(eg). Let A(I, ) denote the set of all linear elements y = «g - - - o of
S such that

o =g, oo o o, o ¢ 1, aj €l fori <k
Thus
All,a)={a} <= a ¢l (23)
Since S, — {«} has at most 3 components, we see by the classification of Coxeter
graphs of finite Weyl groups that
1 <|A(l,a)| <3 (24)

Theorem 5.3 Let M be a [J-irreducible monoid, e € Apyax, J = GeG, A(e) =
S —{a}. Then A(1,a) C D(e)~! and the distinct irreducible components of My
that intersect J are X (ey),y € A(I, ). In particular, at most 3 components of My
intersect J.
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Proof If yo € A(I, @), then yo € D(e)~!' by Lemma 3.5(i), and [eyo] € Cpi; by The-
orem 4.2. Let [ey] € C,;; be maximal with respect to the order (15). Then by (14),
Lemma 3.4, and Theorem 4.2, y is linear. Let S, denote the component of « in S.
Since y € D(e)™!, supp y C Sy. Let B € suppy, B ¢ I, y =y, * B * y>. Then
y1, 1B € D(e)~!. By (14) and the maximality of [ey], y = y18 and y; € W;.
Since y € D(e)™!, ay < y. There exist distinct « = ay, ..., ax = B € S such that
o7 o ak. By (14), the maximality of [ey], and Lemma 3.5(ii),
y=apo---a. Henceaj € I for j <k.Soye A(l, a).

Let y,y € A(l,a),[ey’] < [ey]. Then by (23), a € I. There exist distinct
o, ..., € S and distinct o), . ..., ; € S such that

a=ay=0a) oo ¢l, ai,a}elfori<k,j<l

and

y=0aoay - Qk, Qo o] (875

/ 7 / / / /
y :aoal ...ah ao al al

We prove by induction on k that this is not possible. By (20), there exists w € W (e)
such that wy < y'w. So «a does not appear in w and

w ok (o - o) < e e oqw (25)
Hence waa; - - oy £« ---ojw. Thus
awaa] - < AW
Hence o does not appear in cwaag - - - a,. Thus
a(waay - o) < wooq - -

By the exchange condition (3), cwa = w. So w * & = « * w and by (4), « commutes
with all of w. Since o1 # oo, o1 does not appear in w. So by (25),

w k(o) og) <o eoqw (26)

Since o does not appear in w, a; = oz;. for some j. So o = oz(’)—oe} and j = 1.
By (26) and the induction hypothesis, o - - - = o --- ;. Hence y =y, a contra-
diction. Thus [ey], y € A(I, «) are distinct and maximal in C,;;. This completes the
proof. O
Example 5.4 Let

Go={A®(A™N)|A € SL3(x))

and let M = k Gy. See [9, Example 10.3]. Then S = {«, 8} where « = (1 2) and 8 =
(2 3). M is a J-irreducible monoid of type ¥ and A,qx = {eq, eg} Where A(ey) =
S —{a}={B} and A(eg) = S — {B} = {a}. The irreducible components of M,;; are:

X(eqr), X(egP)
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corresponding to the elements A ® B of M;; withtk B <1 and rk A < 1, respec-
tively.

Example 5.5 Let S ={a, B, y, 6} be of type D4 with B, y, § being the endpoints:

Y
/!
B—u
\8
Let I C S and consider a J -irreducible monoid M of Type . Then by Theorem 5.1,
Amax consists of those e, m € S, with A(e;) = S — {7} having no components con-
tained in /.
1) If I =0, then Ajyax = {eq, g, €y, es} and My has 4 irreducible components:

X(eqw), X(egpB), X(eyy), X(esd)

(i) If I = {a}, then Apyqx = {eq, ep, ey, es} and My, has 6 irreducible compo-
nents:

X(eotaﬂ)s X(eaa)/)» X(eﬂtaa)a X(eﬂIB)v X(ey)/)» X(eéa)

(iii) If 1 = {B}, then Auux = {eg, ey, es} and M,;; has 3 irreducible components:

X(eyy), X(esd), X(eppa)

@) If I = {a, B}, then Auax = {eg, ey, es} and M,; has 4 irreducible compo-
nents:

X(eyy), X(esd), X(epPay), X(eppad)

W I I ={B, y}, then Ayux = {eg, ey, es} and My;; has 3 irreducible components:

X(egBa), X(eyya), X(esd)

(vi)If I = {a, B, ¥}, then Ayux = {eg, e, } and M,;; has 2 irreducible components:

X(epBasd), X(eyyad)

(vii) If I ={B, y, 8}, then Ayqx = {ep, ey, es} and M,,; has 3 irreducible compo-
nents:

X(egBa), X(eyya), X(eséa)

Example 5.6 Let M be a J-irreducible monoid of type @#. Such a monoid is called
a canonical monoid and is of considerable importance in embedding theory, cf. [16].
Fora € S, let e, € A be such that A(e,) = S — {«}. Then the components of M,,;; are
X(eqa),x € S.
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6 J -coirreducible monoids

Call a reductive monoid M, [J-coirreducible, if |Apqc] = 1. Let Apax = {eo},
A(eg) = I. We then say that M is J-coirreducible of type I. Then by the dual of the
argument given in the beginning of Section 5, no component of S is contained in /.
Let S1,..., S; be the components of S, I; =§; NI, j=1,...,t. Then |I;| < |§;|,
Jj=1,...,t. We say that M is [J-coirreducible of maximal type if |I;| = |S;| — 1,
j=1,...,t. The proof of Theorem 5.1 given in [14] dualizes to yield the following
result.

Theorem 6.1 Let M be a J -coirreducible monoid of type I. Then

(1) M is semisimple.
(ii) Ife, e € A — {1}, then e < €' if and only if L«(e') C Ly (e).
(iii) Ife e A — {1}, then A*(e) ={a € I|af = BaVB € A.(e)}.
@iv) If K C S, then K = A.(e) for some e € A — {1} if and only if no component of
K is contained in I.
v) Ifee A —{1}, then A.(e) = crk (e) — 1 = |S|— rk (e). In particular if e € Apin,
then A(e) = Ay(e) = S — {a} for some a € S.

We now describe the irreducible components of M,; for a [J-coirreducible
monoid.

Theorem 6.2 Let M be a [J-coirreducible monoid of type 1. Then the distinct irre-
ducible components of My;; are X (eox) where x is a Coxeter element of W in Dl_l.

Proof Let [ey] € Cyi;. We first show that [ey] < [egx] for some [egx] € Cpj;. By (14),
Lemma 3.4, and Theorem 4.2, we may assume that y is linear. Let A,(e) = K and let

Y=Yk W] kY2 kW k- -k Yy k Wy, Wj € Wk, y;i € We_i

Let y = y1y2--- ym. We claim that y’ € D(e)~'. Otherwise there exists a € A(e)
such that oy’ < y’. Then o € supp y' € § — K. So o € A(e) — A4(e) = A*(e). Since
ay’ <y’ and y’ is linear, we see by Lemma 3.1 that ay; < y; for some i and that o
commutes with all of y; for j <i. Since a € A*(e), af = Bo for all B € L(e) =K.
So a commutes with all of w;, j < i. It follows that ay < y, a contradiction since
yeD(e)~!. Thus y' € D(e)™ .

By Theorem 6.1, no component of K is contained in /. So by Lemma 3.3, there
is a Coxeter element z of Wk in DI_I. Let x =z x y'. Then x is linear. We claim that
X € DI_1 .Leta € I suchthatax < x.Since z € Dl_l, oz > z. Since x is linear, we see
by Lemma 3.1 that oy’ < y’ and that o commutes with all of z. Since z is a Coxeter
element of Wk, af = Ba for all 8 € K = A (e). By Theorem 6.1(iii), @ € A*(e) €
A(e). This is a contradiction since y’ € D(e)~!. Hence x € Dl_l. Next let f € Apin.
Then by Theorem 6.1(v), A(f) = A«(f) = S — {B} for some g € S. First suppose 8 ¢
K = Xi(e). Then Ly(e) € A * (f) and by Theorem 6.1(ii), f < e. Since [ey] € Cpj1,
we see by Theorem 4.2 that 8 € supp y. Since B ¢ K, B € supp y’ C supp x. Next
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let B € K. Then since z is a Coxeter element of Wk, 8 € supp z € supp x. Thus in
all cases x ¢ W(f). So by Theorem 4.2, [egx] € Cpj;. Also by (13), (14),

ey <ey <epx

So [ey] < [eox].

Now let [egx] be a maximal element of C,;; with respect to the order (15). Then
by (14), Lemma 3.4, and Theorem 4.2, x is linear. Let « € S such that no component
of § — {«} is contained in /. Then by Theorem 6.1, there exists f € A, such that
A(f) =S — {a}. By Theorem 4.2, « appears in x. By Lemma 3.6, x is a Coxeter
element of W. Conversely if x is a Coxeter element of W in D,_1 ,then [egx] € Cyj; by
Theorem 4.2. Finally if x, x” are Coxeter elements of W in D,_1 and if [egx] < [egx'],
then x = x’ by (21). This completes the proof. O

Example 6.3 Let

Go={A® (A7 | AeSLs(k)}

and let M = kGy. See [9, Example 10.4]. Then S = {«, 8} where o = (1 2) and
B=23). M is a J-coirreducible monoid of type @. If A,,4x = {eo}, then the irre-
ducible components of My,;; are X (epaf) and X (egBc).

Example 6.4 Let S ={a, B, y, 6} be of type D4 with B, v, § being the endpoints:

4
/S
—a
B N
Let I € S and consider a J-coirreducible M of type 1. Let Ay,qx = {eo}.
(i) If I =@, then M,; has 8 irreducible components:

X(eoBayd), X(eoyaBd), X(epdaBy), X(eoByasd),
X(epBéay), X(egydapB), X(eoByda), X (epaBys)

(i1) If I = {«}, then M,;; has 7 irreducible components:

X(eoBayd), X(egyapd), X(eodaBy), X(eoByasd),
X(epBday), X(epydapB), X(eoByda)

(>iii) If I = {B}, then M,,;; has 4 irreducible components:

X(eoyapd), X(eodaBy), X(eoydap), X (eoafys)

@iv) If I = {w, B}, then M,;; has 3 irreducible components:

X (eoyapd), X(eodapy), X(eoydap)

(v) If I = {8, y}, then M,;; has 2 irreducible components:

X (egdaBy), X(egaByd)
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(vi) If I ={«a, B, v}, then M,,;; = X (egdaBy) is irreducible.
(vii) If I = {8, y, 8}, then M;; = X (egae By S) is irreducible.

Example 6.5 Let M be a J -coirreducible monoid of type ¥. Such a monoid is called
a dual canonical monoid. Let A4 = {eo}. Then the irreducible components of My,;
are X (eyc), where c is a Coxeter element of W.

Finally we give necessary and sufficient conditions for M,,; to be irreducible when
M is a semisimple monoid,

Theorem 6.6 Let M be a semisimple monoid. Then My; is irreducible if and only if
M is a J -coirreducible monoid of maximal type.

Proof By Theorems 4.3 and 4.4, we may assume that M is [J -coirreducible of type /.
Let Apax = {eo}. Let Sy,..., S; be the irreducible components of S, I; =1NS§;,
Jj=1,...,t. Assume first that M is of maximal type and I; =S —{«}, j =1, ..., 1.
Then by Lemma 3.2, y = cg,(a1) - - - cs, (o) is the unique Coxeter element of W
in Dl_l. By Theorem 6.2, M,;; = X (epy) is irreducible.

Assume conversely that M is not of maximal type. Leto; € S; — [;,i=1,...,¢.
Then for some j, there exists a;. €eSj—1Ij,a;# oz}. By Lemma 3.2, z; = cs, (@),

i=1,...,tand z’j :csj(oz}) are in D;l.Moreover
ojzj <Zj, ojZ;>27;
Hence z; #z’j. Thus
!/ /
Z:zl...zj...zt’z:Zl...zj...zt

are Coxeter elements of W in D;l, 7z # 7. By Theorem 6.2, M,; has at least two
irreducible components, This completes the proof. O
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