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Abstract In this paper we prove that an elementary Abelian p-group of rank 4p — 2
is not a CI®-group, i.e. there exists a 2-closed transitive permutation group con-
taining two non-conjugate regular elementary Abelian p-subgroups of rank 4p — 2,
see Hirasaka and Muzychuk (J. Comb. Theory Ser. A 94(2), 339-362, 2001). It was
shown in Hirasaka and Muzychuk (loc cit) and Muzychuk (Discrete Math. 264(1-3),
167-185, 2003) that this is related to the problem of determining whether an elemen-
tary Abelian p-group of rank » is a CI-group.

As a strengthening of this result we prove that an elementary Abelian p-group E
of rank greater or equal to 4p — 2 is not a CI-group, i.e. there exist two isomorphic
Cayley digraphs over E whose corresponding connection sets are not conjugate in
AutE.

Keywords Cayley graph - CI-group - Schur ring - 2-closure

1 Introduction

Let H be a group and S a subset of H. The Cayley digraph of H with con-
nection set S, denoted Cay(H, S), is the graph with vertex set H and edge set
{(h1, hy) | hlh;] € S}. Two Cayley digraphs Cay(H, S) and Cay(H, T) are said to
be Cayley isomorphic if there exists an element g € Aut H such that S8 =T. A sub-
set S of a group H is said to be a CI-subset (or Cayley isomorphic subset) if for each
T C H the digraphs Cay(H, S) and Cay(H, T) are isomorphic if and only if they
are Cayley isomorphic. Finally, a group H is said to be a CI-group if each subset of
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H is a CI-subset. We refer the interested reader to the survey article [5] for details,
examples and the main results on CI-groups. We remark that the classification of CI-
groups is not known and at the time of this writing it seems that the classification
problem strongly depends on whether an elementary Abelian p-group of rank » is a
CI-group, see [5].

It was proved in [1] that S € H is a CI-subset if and only if any regular subgroup
of Aut(Cay(H, S)) isomorphic to H is conjugate to H in Aut(Cay(H, S)). This result
is the starting point of most of the results on CI-groups.

In [3] the authors proved that if V is a regular elementary Abelian p-subgroup of
rank n (n <4, p > 2) of a 2-closed permutation group G, then any regular subgroup
W of G isomorphic to V is conjugate to V in G. In particular, by the former para-
graph, as the automorphism group of a digraph is a 2-closed group we have that an
elementary Abelian p-group of rank less than or equal to 4 is a CI-group. Motivated
by this result the authors of [3] gave the following definition, see [3] page 341.

Definition 1 The group H is said to be a CI®-group if for any 2-closed permutation
group G containing the right regular permutation representation of H, we have that
any two regular subgroups of G isomorphic to H are conjugate in G.

Clearly if H is a CI'®-group, then H is a CI-group. The authors of [3] asked for a
complete classification of the CI®-elementary Abelian p-groups. At the time of this
writing it is known that if an elementary Abelian p-group of rank n is a CI®®)-group,

thenn <2p—1+ (2"17_1), see [6], and, if n < 4, then an elementary Abelian p-group

of rank n is a CI®-group, see [3].
In Sect. 3 we prove the following theorem.

Theorem 1 An elementary Abelian p-group of rank n > 4p — 2 is not a CI'® -group.

We remark that a proof of Theorem 1 could be given using cohomological argu-
ments. As a matter of consistency we present a proof closely related to the arguments
in [6].

Finally, in Sect. 4, we prove Theorem 2, which is the main result of this paper.

Theorem 2 An elementary Abelian p-group of rank n is not a Cl-group ifn > 4p —2.

We remark that although Theorem 1 is a corollary of Theorem 2, the proof of the
former is needed in order to prove the latter.

We refer to the precious book [9] for the main results on Schur rings and to [3]
and [6] for their connections to CI®-groups and for the notation. We strongly advise
the reader to use [6] as a crib.

2 Preliminaries

Let p be a prime number, let V, W be non-trivial elementary Abelian p-groups and
let U = Vwry W be the wreath product of V with W actingon Q =W x V in its
natural imprimitive action. We recall that (x, W = x4+ w,y+ f(x +w)) for any
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(x,y) € Q and wf € U. We denote by B = V" the base group of U. We denote
by &, (U) then mth term of the upper central series of U. In particular, the centre
&1(U) of U consists of the constant functions of B. We shall often identify a constant
function of B, i.e. an element of & (U), with its image. Let G be a subgroup of U
containing W& (U). Note that W& (U) is an elementary Abelian regular subgroup of
U. Furthermore G = WL where L = G N B. We denote by L the stabilizer in G of
the element (0, 0) of 2. The group Lo definesamap H: W —2Y ={S| S C V} by
H(w)={f(w)]| f € Lo}.

Lemma 1 H satisfies the following properties:

(i) H(w) is a subspace of V

(i) H(0) ={0};

(i) H(Bw)= H(w) forany B #0inF,;

(iv) H(wi+wy) € H(wy) + H(wy) for any wi, wy € W.

Proof (i) Lo is an IF,-vector subspace of B so H(w) is an [F ,-vector subspace of V.

(i7) By definition of Lo we get that H (0) = {0}.

(iii) Let f bein Lo and w in W.If B € IF, then gg = FPY — f(Bw) (here we
are identifying f(Bw) € V with the constant function x — f(Sw)) is an element in
Lo (in fact gg(0) = 0) and gg(w) = f((B + Dw) — f(Bw). Thus f(w), f(2w) —
fw),...., f((p —Dw) — f((p —2)w) and — f((p — 1)w) are elements of H(w).
So f(Bw) € H(w) for any B € Fp,. In particular H(Bw) € H(w) for any B € F,. If
B #0, we have H(w) = H(Bw).

(iv) Now let f be in Ly and wi, wy € W. Consider g = f~"2 — f(w) (as
usual f(wy) denotes the element of & (U) with image f(w;)). Now g € L and
g0) = (f7" = f(w2)(0) = f(w2) — f(w2) =0, so g € L. Moreover g(w;) =
f(wy+wz) — f(wy), therefore f (w1 +w2) = g(w1) + f(w2) € H(wy)+ H(wz). O

We denote by Der(W, L) the group of derivations from W to L and by Inn(W, L)
the group of inner derivations, see [8].

Lemma 2 Any regular elementary Abelian subgroup of G is conjugate to W& (U) if
and only if Der(W, L) = Hom(W, &1 (U)) 4+ Inn(W, L).

Proof Let § be an element in Der(W, L). Then H = Xs&1(U) is a regular elementary
Abelian subgroup of G, where X5 = {ww? | w € W}. In particular if H is conjugate
to W& (U), then there exists [ € L such that X5 C Wlél(U). In other words, for
any w € W there exists a unique ¢y, € £1(U) such that w? = [w, 1] + ¢y. The map
C_ W > ¢y is an homomorphism of W into &1 (U). In fact
[wi, 11" + [w2, 1]+ cwy + cw, = (w1, 11+ )™ + [w2, 1]+ cu,
= w)"? + w)

= (w1 +wp)’ = [wy +wy,1] + Cwi+wsy

and SO ¢y 4w, = Cw; + Cuy. Thus 8§ =c_ + [—,[] € Hom(W, & (U)) + Inn(W, L).
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As any regular elementary Abelian subgroup H of G is of the form Xs&;(U), for
some & € Der(W, L), the other side of the implication is totally trivial. O

Assume that the group G is 2-closed. Every orbital of G corresponds to an orbit
of the point stabilizer Ly, i.e. every orbital of G corresponds to a suborbit of the form
(w, v)lo = {(w, f(w) +v)| f €Lo}=(w,v+ H(w)). The group G contains the
regular subgroup W& (U) and so every orbital is a Cayley digraph over W x V. In
particular the orbital corresponding to the suborbit (w, v)X0 is {((w1, v1), (w2, v2)) |
(w1 —wo,v1 —v2) € (W, v+ H(w))} =Cay(W x V, (w, v+ H(w))). Furthermore
G= ﬂ(w’v) Aut(Iy,v)), Where 'y = Cay(W x V, (w, v + H(w))).

Let us define the IF ,-vector space

Hompg (W, V) ={¥ € B| ¢y (w; +wz) — ¢ (wy) — ¥ (w2) € H(wy) N H(ws)
for any wy, wp € W, ¥ (0) = 0},

see [0].
Next if 6 € Der(W, L), we define 8(8) : W — V by 6(5)(w) = (w%)(0).

Lemma 3 6 is an injective homomorphism of Der(W, L) into Homy (W, V). If G is
2-closed, then 0 is an isomorphism.

Proof Clearly 6(6)(0) = (0%)(0) = 0. Let wy, wy be elements of W. Set u)‘ls =f+g
where f € Lo and g € £ (U). We have

0(8) (w1 + w2) — O(8)(wr) — O(8)(w2) = (w1 + w2)* (0) — w$ (0) — wh(0)
= ((w1)*)"2(0) + w}(0) — wi(0) — w3 (0)
= wl (—wp) — wi(0) = f(—wy) € H(wy).

By symmetry (the group W is commutative) we get that
0(8)(wi +w2) —0()(wy) —0(8)(w2) € H(wy).

Therefore 6(8) € Hompg (W, V).

The map 6 is an homomorphism. If §1, §2 € Der(W, L) and w € W, then 6(§; +
82)(w) = w1 2(0) = wd (0) + w2 (0) = (B(81) + 6(82))(w). Moreover 6(0) = 0.
Finally w*® = ow?® for any « € F, and so 6 (ad) = af(3).

The map 6 is injective. 6(8) = 0 if and only if w®(0) = 0 for any w € W. So w® €
Lo for any w € W. In particular 0 = (w + w1)°(0) = (w®)*! + w?)(0) = w®(—wy)
for any w1, w. Thus w® = 0 for any w. Therefore § = 0.

Assume that G is 2-closed. Let ¥ be an element of Homyg (W, V). Define n(w) =
Y (—w) for any w € W. The function 7 lies in the base group B. Furthermore n
lies in Homg (W, V), in fact n(0) = ¥ (0) = 0 and n(w; + wy) — n(wi) — n(wy) =
Y(—wi —w2) =Y (—w1) — ¥ (—w2) € H(—wi) N H(—w2) = H(wi) N H(wz). We
claim that n normalizes G, i.e. [W,n] C L. Let w’ be in W. We have to prove that
[w,nleL,ie.g=n— " +n(—w') € L. We claim that T8 = [ (w,v) for every

(w,v)

@ Springer



J Algebr Comb (2007) 26: 343-355 347

(w,v) € Q. Let ((wy, v1), (wa,v2)) be in 'y, y). In particular w; — wy = w and
v] — v = v + x for some x in H(w). We have

(wr, v1), (W2, v12))® = ((wy, v1 + g(w1)), (w2, v2 + g(w2)))
and
v+ g(wr) — (24 g(w2)) = v+ x 4+ n(wi) — n(w; —w') = n(w2) +n(wz —w).
Now, the function 5 lies in Homg (W, V), therefore

n(wy +w) —n(wz) — n(w) € H(w)
—n(wz +w —w') +n(wy —w) +n(w) € H(w)

so n(wy) — n(wy — w') — n(wz) + n(wz — w') € H(w). Hence vy + g(w1) —
(v2 + g(w2)) € v + H(w). This yields Ffw!v) = [,y for every (w,v) € Q.
So, g € G® = G. Therefore [W,n] € L and [—, (—n)] € Der(W, L). Finally
(= (=mDw) = [w, —n10) = " — N(O0) = n(—w) — n0) = Y (w), so

0([—, (—n)]) = . This proves 6 is surjective and Der(W, L) = Homg (W, V). O

Lemma 4 Assume that G is a 2-closed group. Any two regular elementary Abelian
subgroups of G are conjugate if and only if for any v € Hompy (W, V) there exists
A € Hom(W, V) such that (y — A)(w) € H(w) for every w e W.

Proof Assume that any two regular elementary Abelian subgroups of G are conjugate
and let ¥ € Hompy (W, V). So, by Lemmas 2 and 3 we have v = 6([—,[] + A) for
some [/ € Lo and A € Hom(W, & (U)). Clearly

O, 11+ A) — A)(w) = w12 0) — A(w)
= [w, [](0) = (=) (0) = (1) (—w) € H(w)

for any w € W. Conversely, by Lemma 3 it is enough to prove that Der(W, L) =
Hom(W, & (U)) +Inn(W, L). Let § be an element of Der(W, L). By hypothesis there
exists A € Hom(W, V) such that (6(§) — A)(w) € H(w) forany w € W. Set g(w) =

@) — A)(—w) for any w € W. Clearly Ffw’v) = I'w,vt+gw)) = Fw,v for any
(w, v) € Q. This yields g € L. We leave the reader to check that 6 = [—, (—g)] + A.
Thus the proof is complete. i

Summing up so far, a 2-closed subgroup G of U contains two non-conjugate ele-
mentary Abelian regular subgroups if and only if there exists ¥ € Homgy (W, V) such
that there does not exist A € Hom(W, V) such that (¢ — A)(w) € H(w) for every
w € W, see Proposition 7 in [6]. Note that this description is based on the knowledge
of H and in particular the group G does not appear.

Conversely, we show that a map H satisfying (i), (ii), (iii), (iv) is intimately re-
lated to a 2-closed subgroup of U. For (w,v) € W x V define I'(,,.) =
{((w1,v1), (w2, 12)) | w1 — w2 = w,v; — v2 € H(w) + v}. Finally define, only
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for the remainder of this section, A = ﬂ(w’v) Aut(Iy,v)). Note that W x V act-
ing via right multiplication is a regular subgroup of Aut(I'(y,.)). In particular
Cw,v) =Cay(W x V, (w, v+ H(w))).

We claim that A is a subgroup of U. Firstly we prove that ¥ = {{w} x V}yew
is a block system for A. Let g be an element of A and A be {w} x V. As-
sume that A8 N A # @. So, (w, v1)® = (w, v2) for some vy, vy € V. Let (w,v) €
A. Then ((w,v), (w,v1)) € Fu—v)) s0 ((w,v), (w,v1))¥ = (w,v)%, (w,12)) €
I0,u—v;)- This implies that (w,v)® € A, so A8 = A. Next, we prove that A
acts regularly on ¥. The group A is transitive on € and so A is transitive
on . Assume that g fixes {w} x V and let w; € W. Now, (w,0)® = (w,v)
for some v € V and (w;,0)® = (wy, vp) for some wy, € W and vy € V. Now
g € Aut(l'(y;—w,0)) and ((w1,0), (w,0)) € Ty —w,0) so (wy,0)%, (w,0)8) =
(w2, v2), (W, v)) € I'(w,—w,0), 80, w2 —w = w1 — w. Thus wy = wy. This says that
A acts regularly on X. Let us denote by L the kernel of the permutation representa-
tion of A on X (i.e. the stabilizer of the set {Ow} x V). It remains to prove that L acts
regularly on {Ow} x V. The group L contains {Ow} x V and so L acts transitively on
each set of the form {w} x V. Let g be in L. Assume that (0, 0)$ = (0, 0). Let v be
in V and let us prove that (0, v)é = (0, v). Note that ((0, v), (0,0)) € I'¢,,) and so
((0,v), (0,0))8 = ((0, v1), (0, 0)) is an element of I"(g,,) = Cay(W x V, (0, v)), so,
v = v. This proves that A is a subgroup of U.

3 The construction

Since the elementary Abelian 2-group of rank 6 is known not to be a CI-group, see
[7], we assume that p > 3.

We strongly use the well-known structure of the upper central series of the group
U, see [4].

Let V be the Galois field F,», where n =2p — 1, and let €1, ..., &, be an IF ,-basis
of V. Also, let W be an IF,-vector space of dimension n with basis e, ..., e, and
dual basis e, ..., e;. Let S be the symmetric V-algebra on e, ..., e, and natural
filtration S = @,,eNSy,; (recall that S, is spanned by the monomials e;.klj '® - ®
i
*J1
i

e.” of degree m). Let M,, be the V-subspace of S, spanned by the monomials

e/t @ @ e}’ of degree m such that ji,...,jx <p—1l.Letm:S—> B=V"

be the valuation map and Z; = 7 (M;). For instance n(e;:“ ® - ® e;{j")(w) is the
element of V defined by (e; (w)))! - (e (w))’* for any w € W. It is known that
BN&,u(U) =®i<m-1Z; and that may, is injective. Without loss of generality we
identify ¢! ® --- ® ¢;”* in M,, with its image under 7.

Let X betheset{1,...,n}and X; ={AC X ||A|=i}fori=0,...,p.If Aisa
subset of X, then we denote by ¢’ the element of B defined by ®;¢ Ae;k. Similarly €4
denotes ) ;4 & € V. Welet ¢ and e denote ex and ) _; _y ¢;, respectively.

Consider

f= Z SX\AejZ € B.

AeX,
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Define L = [W, f]. If wi, wy € W, then [w; + wy, f] = [wy, f]1*? 4 [w2, f]. This
shows that G = (W, L) = WL. Since [G, f]=[W, f] € G, we have that f normal-
izes G.

Let C be a subset of X of size p —i. Define

8c = Z EX\(BUC)€g-
BeX;,CNB=0

Lemma 5 The group L is generated by the set {gc | C € X;,1 <i < p}and Ly is
generated by {gc |C € X;, 1 <i<p—1}.

Proof If i € A, then (})% (w) =[],cq €h(w —e;) = e}y (w) — ez\{i}(w) and so

. 0 ifi¢A,
(1) [lei,exl= Sy i €A

Using () we get

lei, f1= Z ex\(Buiipep =&y €L foranyi e X.
BeX, 1,i¢B

More generally we have

le; 1= 0 ifieC,

B8CI= geuyy ifigcC.
The group L is generated by the left-normed commutators [ f, e;,, ..., e; ] for k > 1
and therefore L is generated by {gc | C € X;, 1 <i < p}. Our claim on Ly is just an
easy remark. O

Corollary 1 G contains & (U).

Proof By Lemma 5 we have that L N&1(U) is generated by {gc | C € X} ={ex\c |
C € Xp}. As usual we are identifying the elements of V with the elements of & (U).
We leave the reader to show that {ex\c | C € X} spans V. ]

By Corollary 1 we have that U D G 2 W& (U) and so we can apply Section 2 to
G.

Let ¢ be the non-degenerate bilinear symmetric form on V defined by ¢(¢;, €;) =
d;j, where §;; is the Kronecker delta.

Lemma 6 H(e;) = sl.lfor anyi € X.
Proof We have that gc(e;) =0 for any C € X,,_;, j > 2. Therefore, by Lemma 5,
H(e;j) = (gc(ei) | C € Xp—1) = (ex\cupip | 1 ¢ C,C € Xp—1), while it is an easy

exercise in linear algebra to prove that this vector space is eiL. (]

Lemma 7 Ifi # j, then H(e; +e;) = (¢; — 8]-)J-.
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Proof Arguing is the same way as in Lemma 6 we have H(e; + ¢j) =
(gc(ei+ej) | Ce Xy 2UX, ). Itis routine computation in linear algebra to prove
that (gc(e; +¢;) | C € Xp2UXp_1) = (ex\(cui,j): Ex\c'utip T+ Eexvcruyy | C €
Xp2,C' €Xp_1,i,jgCUC) = (e —&j)T. O

Lemma8 H(e) =¢t.
Proof Let C be aset of size p —i, where 1 <i < p — 1. Then

o(gcle).e)= Y glex\sueno)= Y. (p=1D

BeX;,CNB=Y BeX;,CNB=y

i — 1
i

IfCe Xp_l, then we have gc(e) = Zigéc EX\(CU{i}) = —E€X\C- Thus &+ DH(e) D
(gc(e)|CeXpo1)=(ex\c | CE€Xp 1) =6, U

Lemma9 H(e —e¢;) = (¢ +¢&)* foranyi € X.

Proof Let C be a set of size p — j, where 1 < j<p—-1.1fi ¢ C,Be€Xj,
i¢ B, BNC =, then p(sx\(cup),€+¢;)=0.Ifie C,Be X;,CNB=4, then
@(ex\(cuB), € + &) = p — 1. The function e’ is not 0 on the element e — ¢; if and
only if i ¢ A. Thus

) ggcle—e),e+e)= Y elex\puc),s+a).
BEXj,iéB,CﬂB:VJ

So, if i ¢ C, then (%) is equal to 0. If i € C, then (%) is equal to

i — 1
> <p—1>=<p—1)(”+]f. )=o.

BeX;,CNB=Y

If Ce X, g and i ¢ C, then gcle — ¢) = Zj¢C,j;£i EX\(CU(j}) = —&X\C —
ex\culip- If C € Xy and i € C, then ge(e — €i) = ) juc EX\(CULj) = —EX\C-
Now, (e+&) D H(e—e;)) D (gcle—ei) | C € Xp_1) = (ex\c, exrc’ HEx\ (Ui |
C,CeXp1,icC,igC)=(c+e)t. U

Lemma 10 f(¢;)) =0, f(e; +¢;) =0, f(e) =¢, f(e —e¢;) =&, forany i, j € X,

i#j.

Proof Clearly the first two identities are trivial. We have f(e) =, X, EX\A =
2p-2 : 2p-3

( pp )Ziex g =¢. Finally f(e —¢;) = ZAex,,,i¢A EX\A = ( pp )Zjex,j;ﬁi gj+
(2pp_2)8i —¢. O
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Let g be the linear map defined by

2! Z Sx\{i}e;ﬁ.

ieX

We have g(e)) = 27lex\iiy, glei + ¢j) = 27 ex\iy + exvy), gle) =
21 ZjeXEX\{j}:_S andg(e—ei):—s—z_lsx\{i}.

Lemma 11 There exists no linear map A : W — V such that (f — A)(w) € H(w)
for every w e W.

Proof By the preliminary remark on the map g and by Lemmas 6, 7, 8, 9, 10 we
have that (f + g)(e;) € H(ei), (f +g)(ei +ej) € H(ei +e¢j), (f +g)(e) € H(e).
Therefore it suffices to prove that there exists no linear map x such that x(¢;) € 8#,
x(ej+ej) e (g — ej)L, x(e) € et and px(e—ey) — 2’18X\{n}, &e+¢&,) =0. By way
of contradiction let us assume that we have suchanx =) ",y a;ef, fora; € V.

In particular we have ¢(a;, &;) = ¢(a;, ¢;) for any i # j and ¢(a;, &;) = 0. This
yields

p(x(e).e) =Y ¢laj.e) =Y ¢laie))=pa.e).
jeXx jex

Furthermore

p(x(e—en),e+en) =p(x(e), &) +o(x(e), en) —@lan, &) — p(an, &n) =0.

So ¢(x(e — en) — 27 ex\(n}, € + &) = =27 '@ (ex\(n), € + &1) = 1 # 0, a contradic-
tion. Thus the result is proved. (]

Theorem 1 An elementary Abelian p-group of rank n > 4p —2 is not a CI'® -group.

Proof By construction the element f normalizes the 2-closure G® of G. We have
G® = WL®@ and clearly G and G induce the same map H. Therefore [—, f] €
Der(W, L) and 6([—, f]) € Homg (W, V). We have 6([—, f])(w) = [w, f]1(0) =
—f(—w). Thus f € Homg (W, V). The group W x V has rank 4p — 2. Therefore,
by Lemma 4 and Lemma 11, the group W x V is not a CI®-group. It is an easy ap-
plication of the first paragraph of Sect. 5.1 in [5] to see that any elementary Abelian
p-group of rank n > 4p — 2 is not a CI® -group. (]

Based on some computer evidence we present the following conjecture.

Conjecture The group G is 2-closed.

4 Proof of Theorem 2

As in Section 3, we assume that p > 2. In this section we shall repetitively use Propo-
sition 22.1 (Schur-Wielandt principle), Propositions 22.4,23.5 and Theorem 23.9
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in [9]. For the computations inside the group algebra Q[W x V] we shall stick to the
notation and to the terminology of Sect. 2 and 4 in [6].

In the proof of Theorem 1 we have shown that f € Homgy (W, V). Moreover, it
was proved in [6] (Proposition 5 page 173) that the linear span, Ay, of the simple
quantities {(w, H(w) 4 v)}yew vey is a Schur ring.

Let E be {e;}iex U{e; +¢;}ixj U{e, e —e,}. Note that in the proof of Lemma 11
we proved that there exists no linear function A such that (f — A)(w) € H(w) for
every w € E.

Proposition 1 [f S is an Ap-subset such that
(w, H(w)) € {(S) foreveryw € E, (D

then S is not a Cl-subset of W x V. In particular W x V is not a Cl-group ({(S))
denotes the Schur ring generated by S).

Proof The following argument mimics Proposition 4 in [6]. Assume S is a CI-
subset. Since f € Hompg (W, V), it is easy to check that Cay(W x V, 7 =
Cay(W x V, T/) for any simple quantity T in A (see Proposition 6 in [6]). So, since
S is an A -subset, we have Cay(W x V, sH= Cay(W x V, $)f = Cay(W x V, 5).
Therefore, since S is a CI-subset, we get S/ =S¢ for some g in Aut(W x V). Then,
Cay(W x V, 8)/ =Cay(W x V, §/) = Cay(W x V, §8) = Cay(W x V, S)8. There-
fore fg~! is an automorphism of Cay(W x V, §).

Now, using Equation (1), the reader can verify (see Theorem 2.4 in [6]) that
fg_1 is an automorphism of Cay(W x V,(w, H(w))) for every w € E. Thus
(w, H(w))! = (w, H(w))? for every w € E. Hence (w, H(w)) is a Cl-subset for
every w € E and

[(w, Hw))wer Zcay [(w, Hw)) lyek.

Now, Proposition 7 in [6] yields that there exists A € Hom(W, V) such that (f —
A)(w) € H(w) for every w € E, a contradiction.

This proves that S is not a Cl-subset of W x V. Therefore W x V is not a CI-
group. U

Proof of Theorem 2 Like in Theorem 1, it is enough to prove that W x V is not a
CI-group (see the first paragraph of Sect. 5.1 in [5]). Let S be the Ay -subset

(U(o, m) U( U (i+ej Hee +ej))) Uten, H(en))

ieX i,jeX,i#j
U(e—en,H(e—en))U< U (jezj,H(ezj)))U(e,H(e))
I<j=<p-1
U( U <jez,-1,H<e2j1>+{ie}>).
I<j=p-1
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By Proposition 1, it remains to prove that Equation (1) holds for the set S. Let us
denote by A the Schur ring ((S)).
Case p > 5. The element (S + S) o S lies in A and it can be written as

> Aa.b)a.b).

(a,b)es
where A(a, b) is the number of solutions of the equation
#  @x)+ @ y)=(,b)
with (u, x), (v, y) € S. It can be easily shown that
(S+8)oS=0T1W2p" 2T W2(n—2)T3 W (2(n —2) W2p" )Ty
WQRn —2)Wap" HTsw2(n — DT W 2 — 1) W6p" )Ty
where

T1 =4 0,2) W (e — ey, Hle —ey)),
ieX

Ty = (e, H(e)),

Tz = H‘J (ei +ej, H(ei +ej)),
i<jfi,j}g{1,2,n}

Ty = (e2 +en, H(ea + en)),

Ts = (e1 + ez, H(e1 +e2)) W (e1 + ey, H(er +en)),

To= 4 Gey He)w |4  Geajor, Hierj1) + (£e)),
2<j=<p-1 2<j=<p-1

T7 = (e1, H(e1) +{£e}) W (ez, H(e2)) W (en, H(en)).

For instance, if a = 0, then (i) has no solution and so A(0, ) = 0. Also if a = ¢, then
($) has solutions with u =0, e,, e2p,_2 + €y, —€2p_2, €253 + €5, —€2p_3. Studying
all this possibilities we get A(a, b) = 2(n — 1) W 6p" 2. All the other computations
are similar.

Note that 0, 2p" 2, 2(n — 2), 2(n —2) +2p" %), 2(n —2) +4p"2),2(n — 1),
(2(n — 1) 4+ 6p™~2) are all distinct. So, by Schur-Wielandt principle, 71, ..., T lie in
A.

Ifi, j #n,then H(e —e,) + & = H(e —e,) +¢;. Thus

(&J (o,eo) +(e—en Hle—e) =t (e —en, Hle —e) + )

ieX ieX

=n—1(e—en, H(e—en) +e1)

W(e —en, H(e —en) + &n).
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Therefore, we have

T+ T =4 0.26) w2 [+ (0.6 +£) W2(n — 1) (e — en. H(e — en) +£1)

ieX i<j

W2(e —en, H(e —e,) +,) W p" 1 (2(e — €,), H(e — ep)).

By Schur-Wielandt principle t = (2(e — e,,), H(e — ey,)) is an element of 4 and so,
by Theorem 23.9 in [9], (¢ — e,, H(e —¢,)) = 27t € A.

Note that (e, H(e))+(—e+e,, H(e—e,)) = (e, V) isasetof A, so (e,, V)oS =
(en, H(ey)) € A.

Similarly, (e; + ey, H(ez + e,)) + (—eu, H(ey)) = (e2,V) is a set of A, so
(e2, H(e2)) =(e2, V)0 S € A

We have

To+Te=2p" 2U1 W8p" U, Wdp" 2Us w2p" ' Usw p"~'Us

where

U= H‘J (Jrezj, + j2e2j5, V),
2<ji<jp<p-1

Uy = H—J (jrez2ji—1 + j2e2j,—1, V),
2<ji<j<p-1

Us=  [#  Gieajs +hre2j-1. V),
2<jp=<ji<p—1

Uy = H‘J (2jezj—1, H(ezj-1)),
1<j<p-1

Us= |# Qjerj, He)w |4 (Qjerjo1, Hezj1) + {£26)).
2<j<p—1 2<j<p-1

The elements 2p" 2, 8p" 2, 4p" =2, 2p"~ !, p"~! are all distinct and so using Schur-
Wielandt principle we have that Uy, ..., Us lie in A.
We have

Fi = (ex—1+ ey, H(ey—1 +ex)) = 1" H(Us 0 (DT3) € A,

for2<li<p-1.
We have

(Us + (=21 F1) o ((=2)S) = p"~*(=2lex, H(ex)) € A,

forevery2 <l <p—1.So, (ey, H(ey)) e Afor2<l<p—1.

Now (e —1 + e, H(ey + ex—1)) + (—ex, H(ey)) = (ey—1, V) is a set of A
for 2 <1 < p — 1. Therefore (ey—1, H(ez—1)) = (e21-1, V) o (((21)71)U4) € A for
2<l<p-1.
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So far we have proved that (e;, H(e;)) € A fori > 2. In particular, by the definition
of Ty, we get g = (e, H(e1) + {*¢}) € A. We have

qg+q=2p"""Qe1, He1) W p" ' ey, H(er) + {£2¢)).

Therefore, arguing as usual, we get (e1, H(e1)) € A.

Now (e;, H(e;)) + (ej,H(ej)) = (e + ¢;,V) is a set of A So
(ei+ej,H(e;+ej)=(ej+ej,V)oSe Aforanyi, j withi # j.

This proves that .4 is a Q-Schur ring with the required properties and so W x V is
not a CI-group. Once again using the first paragraph of Sect. 5.1 in [5] we have that
any elementary Abelian p-group of rank n > 4p — 2 is not a CI-group.

Case p = 3. We have

S+80S=0T"w2p" ' T*W2p" L W2 -~ DT3W 2> —2) W 2p" DTy
W(2(n —2) +4p" ) T5 02 — DTs W 2n — 1) +6p" )T

where 7" =3,y (0,&),T* = (e —e,, H(e —¢,)) and T, ..., T are defined as in
the case p > 5.

Note that 0, 2p*, 2p"~2,2(n —2), 2(n —2) +2p"2), 2(n —2) +4p"2),2(n —
1), 2(n — 1) 4+ 6p"2) are all distinct. So, by Schur-Wielandt principle, the elements
T',T*,Ts, ..., Ty lie in A. Now the computations are exactly the same as in the case
p>5. O

Acknowledgements The author thanks Dr. Joy Morris for drawing his attention to the isomorphism
problem of finite Cayley digraphs and for her many helpful suggestions during the preparation of this
paper. Furthermore the author is in debt to the GAP group [2] and mainly to Prof. L.Soicher’s package
GRAPE.

References

1. Babai, L. (1977). Isomorphism problem for a class of point-symmetric structures. Acta Math. Acad.
Sci. Hung., 29(3-4), 329-336.

2. The GAP Group (2005). GAP—groups, algorithms, and programming, version 4.4, http://www.
gap-system.org.

3. Hirasaka, M., & Muzychuk, M. (2001). An elementary Abelian group of rank 4 is a CI-group. J. Comb.
Theory Ser. A, 94(2), 339-362.

4. Lakatos, P., & Sus¢ans’kii, V. I. (1976). The coincidence of central series in wreath products, I. Russian.
Publ. Math. Debrecen, 23(1-2), 167-176.

5. Li, C. H. (2002). On Isomorphisms of finite Cayley graphs—a survey. Discrete Math., 256(1-2), 301—
334.

6. Muzychuk, M. (2003). An elementary Abelian group of large rank is not a CI-group. Discrete Math.,
264(1-3), 167-185.

7. Nowitz, L. A. (1992). A non-Cayley-invariant Cayley graph of the elementary Abelian group of order
64. Discrete Math., 110(1-3), 223-228.

8. Robinson, D. J. S. (1980). A course in the theory of groups. Berlin: Springer (pp. 304-305).

9. Wielandt, H. (1964). Finite permutation groups. Berlin: Academic.

@ Springer



	Elementary Abelian p-groups of rank greater than or equal to 4p-2 are not CI-groups
	Abstract
	Introduction
	Preliminaries
	The construction
	Proof of Theorem 2
	Acknowledgements

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


