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Abstract The pair of groups, symmetric group S,, and hyperoctohedral group H,,
form a Gelfand pair. The characteristic map is a mapping from the graded algebra
generated by the zonal spherical functions of (S,,, H,) into the ring of symmetric
functions. The images of the zonal spherical functions under this map are called the
zonal polynomials. A wreath product generalization of the Gelfand pair (S,,, H,) is
discussed in this paper. Then a multi-partition version of the theory is constructed. The
multi-partition versions of zonal polynomials are products of zonal polynomials and
Schur functions and are obtained from a characteristic map from the graded Hecke
algebra into a multipartition version of the ring of symmetric functions.

Keywords Zonal polynomial - Schur function - Gelfand pair - Hecke algebra -
Hypergeometric function

1. Introduction

It is a well-known fact that the characteristic map ch gives an isomorphism be-
tween the character ring of the symmetric groups and the ring of symmetric functions
A [7, I-7]. This mapping sends the irreducible characters to the Schur functions:

ch(x*) = $,(x),
where x* is an irreducible character of a symmetric group indexed by a partition A.

There are various similar results for other algebras. Below, we introduce two
characteristic maps related to the symmetric groups.
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The first case is the character theory for the wreath products of a finite group with
a symmetric group [7, I-Appendix B]. In this case the characteristic map sends the
character ring of the wreath product into the multi-partition version of the ring of
symmetric functions

A(G) = C[p,(C); C is a conjugacy class of G, r > 1],

where p,(C)’s are r-th power sum symmetric functions indexed by the conjugacy
classes of G with variables (x¢1, xc2, - . . ). Again, the characteristic map can be defined
to be an isometry between these two rings. Then we see that the image of an irreducible
character is a multi-partition version of Schur function.

Secondly, we consider the zonal spherical functions of the Gelfand pair (S,,, H,)
(see [7, VII7-2]), where H, is the centralizer of the element (1,2)(3,4)---(2n —
1,2n). The precise definition of zonal spherical functions shall appear later (see
Section 3). The zonal spherical functions of the Gelfand pair (S,,, H,) are indexed by
the partitions of n. We define a graded ring H as a direct sum of Hecke algebras,

1

H= @ en,CSoen,, where ep, Z h.

n>0 | Hy | heH,

In this case, the characteristic map Ch is an isomorphism between 7 and the ring of
symmetric functions A. The images of the zonal spherical functions are the zonal poly-
nomials (cf. [3, 12, 13]); the Jack symmetric functions J;*(x) [7, 11] at the parameter
a=2.

Several authors have (cf. [1, 2, 8—10]) written about Gelfand pairs of wreath prod-
ucts. In this paper, we generalize the theory of the Gelfand pair (S»,, H,) to wreath
products. It might be expected that the images of the resulting zonal spherical function
are products of zonal polynomials. This expectation is almost true but it runs out that
we shall need the Schur functions as well as the zonal polynomials (see Theorem
11.2).

This paper is organized as follows. In Section 2 we establish notations. In Sec-
tion 3 we recall the theory of Gelfand pairs of finite groups and in Section 4
we define the subgroup HG, of SGy, = G S,. Section 5 analyzes the double
cosets of HG,, in SG,, and shows that the pair (SG,,, HG,) is a Gelfand pair.
We recall the representation theory of wreath products in Section 6 and in Sec-
tion 7 we determine the irreducible decomposition of the permutation representa-
tion IZGGZ Here we compute two special types of zonal spherical functions. In Sec-
tions 8 and 9, we prepare algebraic setting for obtaining our main result. We con-
struct a graded Hecke algebra and the multipartition version of the ring of sym-
metric functions. In Section 10 we define the characteristic map between these two
algebras and in Section 11 we determine the images of zonal spherical functions
of (SGy,, HG,) under the characteristic map (Theorem 11.2). In the last section,
we apply our main theorem to discrete orthogonal polynomials of hypergeometric

type.
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2. Notation

Throughout this paper we use the following notation. Let . = (11, A, ...) be a par-
tition of n. We write |A| = n or A - n. We denote by m, = m,(X) = | {i; »; = r}| the
multiplicity of » in A = (A1, Ap,...) - n and we write A = 1"12723"3 . Let X be
a (finite) set. If p = (p(x)|x € X) is an | X|-tuple of partitions and )" _y [p(x)| =n
then we say that p is a (| X|-tuple of) partition(s) of n and write |p| = n or p - n. If
p(x) = 1Mm@m3m) - (x e X) we put

U p(x) = 1Zrex MY iex MmOy ey ma) -

xeX

Let S, be the symmetric group on n letters. Let p = (p1, p2, ... ) be a partition of n.
Define [p] € S, by

[e]l=12,...,00(01 +L o1 +2,...,00+p) o1 +p2+1,...,)....

Let G be a finite group. Let G* be the set of irreducible characters of G and G the set of
conjugacy classes of G. Let V,, denote the irreducible G-module affording a character
x € G* and let x(C) be the irreducible character x evaluated at an element of the
conjugacy class C. Let CG be the group ring of G. We always identify ) _. f(x)x €
CG with the corresponding function f on G. If H is a subgroup of G the Hecke
algebra is

1

= h.
|H|

heH

H(G, H) = ey CGey, where ey =

Viewed as functions, H(G, H) is the algebra of functions on G which are constant on
each double coset in H\G/H. Let

19 =Ind$ 1 =; C[G/H] =¢ CGey

denote the permutation representation of G on C[G/H]. The scalar product on CG is
defined by

(f. 86 Z f(x)g(0).
~ 6l &

The primitive idempotent corresponding to the V, -isotopic component of CG is writ-
ten by e, or ey, . The following proposition (cf. [7, I, (2.1)]) about double cosets for
the Gelfand pair (S,,, H,) is frequently used in this paper.

Proposition 2.1. A complete set of representatives of the double cosets H,\S,,/H,
is given by

{[2p); 0 = n}.
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3. Gelfand pair of finite groups and their zonal spherical functions

Throughout this section G is a finite group and H is a subgroup of G. We assume
that CGey is multiplicity free so that (G, H) is a Gelfand pair. With this assumption
CGey is a direct sum of non-isomorphic irreducible G-modules, say

1§ = CGen =P i

i=1

Proposition 3.1 [4, pp. 283 (11.27)]. V; = CGejey (1 <i <), where ¢; = ey,.

It follows from Frobenius reciprocity that w; = %eie g is the unique H-invariant
element in the V; isotypic component of 12 such that w; (1) = 1. The functions w; (1 <
i <) are the zonal spherical functions of the Gelfand pair (G, H). In terms of the

inner product,

dim V;
w;i(x) = I|T|eieH(x) = (eien, xejen)g/leien, eiex)g, (1 <i <s, x € G).

From this expression it is clear that the zonal spherical functions are constant
on double cosets. See [7, VII, (1.4)] for other properties of the zonal spherical
functions. The following proposition is useful for computing the zonal spherical
functions.

Proposition 3.2 [7, VII, (1.3)]. Suppose that W is a realization of V; with a
G-invariant Hermitian scalar product {, ). Let F be a non-zero H-invariant element
of W. Then the zonal spherical function w; is given by

wi(x) =(F,xF)/(F, F).

4. The pair (SG»,, HG,)

Let S, be the group of permutationsof {1, 2, ... , 2n} and let H, be the subgroup of S5,
which is the centralizer of the involution (1, 2)(3,4)...(2n — 1, 2n) € S,,. We remark
that H, can be viewed as permutations of {{2i — 1, 2i}; 1 <i < n}. Let G be a finite
group. Let SG,, be the wreath product of G with S,, andlet AG = {(g,g) | g € G} be
the diagonal subgroup of G x G. Let @ be the action of S, on G** given by permuting
the factors and let 6|, be the restriction of § to H,,. Then (AG)" C G*" is an invariant
subset for 0|, . Now let 0 be the action of H, on (AG)" induced by 0|y, and define
a subgroup of SG,, by

HG, = (AG)" x5 H,.
Note that H G, is the normalizer of (AG)" in SG»,,.
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5. Description of double cosets

Letx = (g1, 82, ..., &m;0) € SGy,. The G-colored graph T'(x) = {Vs(x), Eg(x)}
is the graph with vertices

Vo(x) =1{g1,82, ..., &)

and edges

Eg(x) = {{gi-1. 82}, {8oj-1) 8op} 1 < i, j <n}.
Here we call {g2;_1, g2} € Eg(x) broken and {gg(zi_l), gg(Zi)} € Eg(x) straight.

Example 5.1. If G =7/3Z =1{0,1,2} and x =(0,1,2,2,1,0;(123)(56)) € SG¢
then we have

The following proposition shows that I'g(x) = I'¢(y1xy») for yi, y» € HG,,.

Proposition 5.2. Let x = (g1, ... , gon; 0) be an element of SG,. The following con-
ditions are equivalent.

D) {gi, g;} € Eg(x).
(2) {gi, gj} € Ec(y1xy2), where y; =(1,... ,1;h)) € HG, (i =1, 2).

Proof: (2) = (1):
Case 1: {g;, g;} is a broken edge of I'g(x). In this case there is a number &’ such that

{gi.gj} = {gh;‘(zk'—l)v gh(‘(zk/)}

and the right hand side is a broken edge of Eg(yixy»).

Case 2: {g;, g;} is a straight edge of I'g(x). By the definition of I'g(x) we can put
i =0(2k; — 1) and j = 0(2k;) for some k;. Then there exists a number k, such
that {h,(2k, — 1), ho(2k,)} = {2ky — 1, 2k;}. Therefore we have

{gh;'(hlahz(zkrn)» 8h;'(hlah2(2k2))} = {ga(2k1—1)a 8a<2k1)}

and the left hand side is a straight edge of I'g(y;xy>). This establishes (1) = (2).
The claim (2) = (1) is proved similarly. O

Proposition 5.3. Let x = (g1, 82,...,8m;0) € SGop, y1 = (k1  k1y v S ky, ks 1)
€ HG,and y, = (I, 1, ... , 1, 1,;1) € HG,,.

(1) If {ki g2i-1l},, ki, 82il},} is a broken edge of I'g(y1xy>) then iy = is.

(2) If {ki, go2i—1lji s kiy8o2i)l )y} is a straight edge of T'(y1xy2) then ji = jo.

@ Springer



194 J Algebr Comb (2007) 25:189-215

Proof: Since the first claim is clear we have only to show the second claim. Put
I,y =1, = I;. We calculate

xy2 = (gllt;_](l)’ 82ly1) - - ~g2nlc,f—1(2n);‘7)-
We have o il 1(5mi_1y) = 8oi-nli and 8ol 1 ;i) = 8oili- O
Note that any element of HG, can be written as
y=U,..., L)k, ki, ... ks, ky3 1), with he H,andk; € G.
With this in mind the following proposition follows from Propositions 5.2 and 5.3.

PI‘OpOSitiOH 54. Let x = (gl, 82,..., gzn;U) S SGzn, y1 = (k[, kl, ey kn, kn;h])
€ HGy,andy, = (i, I, ... ,1,, s ho) € HG,. Suppose that {g;, g;} € Eg(x). Then
(1) tkn, gilm,, kn,8jlm,} € Ec(y1xy2) for some 1 < ny,my, ny, my < n,

Q) If tkn,gilm,» kn, 8 jlm,} € Eg(y1Xxy2) is a straight edge then I, = I,,,

3) If {kn, gil, s kn, 8 jlm,} € Eg(y1XYy2) is a broken edge then k,, = k,,.

Fix an element x = (g1, g2, ..., &m;0) € SGy,. Let L be a cycle of I'g(x). As-
sume that L has vertices {g,'j; 1 <j <2k}.Let {{giz,;] , gizj}; 1 < j < k}bethe broken
edges of L and {{gi,,, 8i,;,,}> {8in» 811} 1 < J < k — 1} the straight edges of L.

Definition 5.5. The circuit product of L is
k
L) =]T]e' 8,
j=1

If L has 2k edges then p(L) is a circuit product of length k.
Example 5.6. The circuit products of x for Example 5.1 are
—0+1—-2+4+2=1 and —-140=2.
Note that the circuit product p(L) is not unique. Indeed there are two choices, the

starting point and the orientation, clockwise or counterclockwise. Nonetheless, any
circuit product p(L) is an element of the set

{xp(L)xil,xp(L)flel;x € SGzn}.
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Now we define
G.={R=CUC™;CedG,l, where C!={g7';geC}.

A circuit product p(L) determines a unique R € G, such that

R = {xp(L)x_l, xp(L)_lx_l;x € SGy,}.
We call a conjugacy class real (resp. complex) when C = C~'(resp. C # C71).
Definition 5.7. Put

mi(R) = |{L; L is a 2k-cycle of I'¢(x) and p(L) € R}|.
Define a tuple of partitions
p(x) = (p(R); R € Gy,

where p(R) = (1™ ® 2m®) = pm(R) This tuple of partitions p(x) is called the
circuit type of x.

Example 5.8. If G =7Z/3Z =1{0,1,2}, then G..={Ro=1{0}, R, ={1,2}}. For
Example 5.1,

p(x) = (p(Ro), p(R1)) = ((¥), (2, 1))
is the circuit type of x.
The following proposition is a consequence of Proposition 5.4.
Proposition 5.9. Put x € SGy, and y,, y, € HG,. Then
p(x) = p(y1xy2).
We will show that the converse of Proposition 5.9 holds. If x and y are elements of

the same double coset write x ~; y. We may assume thato = h[2p]hy € Sy, (p - 1),
where & and h, are elements of H,. Then

x =(81,82,.-.,8n0)
= (81, 82: - - » 8  M1[2p]h2)
~a (8n(1)> 8y @)s - - - » &hy2m)3 [20])
~e (oo e oo ey, 1,0 e [20]) = X

P1 P2 Pe
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In the last relation above, can be any element of G which is conjugate to

Pi i—1
—1
l_[ Eniui+2j—-1)8hQui+2j) (’41 =0andu; = Z Pk)
j=1 k=1
which is obtained by solving

(ki ks oo ks ks D8R (1)s 81 @) - -+ 5 8wy [20DUns L1y oo Ly Iy 1) = .
Fix an element y € SG,, with the same circuit type as x and let y’ be such that

y=>0,....Len Lo L, Lo o) ~a

P1 P2 pe

Because of our assumptions we can choose an element c; € K’ which satisfies
cjorc,! € K,where K = {c;;p; = k}and K’ = {c}; pi = k}.Let(K')™' = {¢™" |c €
K’}. Then the converse of Proposition 5.9 will be established by showing that
K’ U(K')""is an HG, double coset. Consider the following four operations.

(OP1) If p; = p;r then multiply y’ by

pi—1
(1, L[] + 4120 + )+ DR+ )+ 2,20 + )+ 2)) €HG,
=0

on both sides. Here u; = Y.0_} py and 1, = Y00 py for 1 < k, k' < €.
(OP2) Multiply y’ by

(,....Le e 1, 151 e HG,
—_——
2014420

on the left.
(OP3) Multiply y’ by
(o L Qui+1,2u; +3, ..., 2u; + 20 — D7 Quy +2,2u; + 4, ..,

2u; +2p) ) e HG,
on the right, where u; = Z’]_:lo pj-
(OP4) Multiply y’ by

j=1

u;—1
(l, N (H(Zui + . 2ui +2pi — j — 1)) Qi + pi) — 1, 2(u; +,0i))> €HG,

on both sides, where u; = Z;;lo 0.
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The following example illustrates these operations.
Example 5.10. We take an element
x=(81,---,86,87,---,812;(1,2,3,4,5,6)(7,8,9, 10, 11, 12)).
(OP1) Take a = (1, 7)(2, 8)(3, 9)(4, 10)(5, 11)(6, 12) and compute
axa=x=1(g7,..-,812,81,---,86:(1,2,3,4,5,6)(7, 8,9, 10, 11, 12)).
We take
y=0,1,1,1,1,1,1,¢;5(1,2,3,4,5,6,7, 8)).
(OP2) Take b =(1,1,1,1, cg_l, c’i_l; 1) and compute
by'=(1,1,1,1,1,1, cfl, 1;(1,2,3,4,5,6,7,8))
(OP3) Takec=(1,1, 1,1, 1, 1; (7, 5, 3, 1)(8, 6, 4, 2)) and compute
byc=(1,1,1,1,1,1, c;_l, 1;(8,7,6,5,4,3,2, 1)).
(OP4) Taked = (1,1, 1,1, 1, 1, 1, 1; (1, 6)(2, 5)(3, 4)(7, 8)) and compute
dby'ed = (1,1,1,1,1,1,1,¢,7(1,2,3,4,5,6,7, 8)).
The role of (OP1) is to interchange any two elements of K’. Operations (OP2), (OP3)
and (OP4) make it possible to change ¢’; to c’i_l, namely
(..l L 2eD~a o L LT s 201).
This establishes the following proposition.
Proposition 5.11. Ifx, y € SGy, and x and y have the same circuit type then x ~4 y.
Moreover, using the operations (OP2) and (OP3) gives the following proposition.
Proposition 5.12. x ~; x~!, forall x € SG,,,.

Remark 5.13. A consequence of Proposition 5.12 is that the pair (SG,,, HG,) is a
Gelfand pair (cf. [7, VII, (1.2)]).

Consequently we have the following theorem.
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Theorem 5.14. Let x,y € SGy,. Then
(D) x ~4y & px) = p(y).
(2) p(x) = p(x~h.

We know that there is a one-to-one correspondence between the double cosets
HG,\SG»,/HG, and the set of |G .|-tuples of partitions of n;

1:1
HG,\SG2/HG, < {p = (p(R)IR € G..);|p|l = n}.

The remainder of this section is devoted to computation of the cardinality of the
double cosetindexedby p = (0(R); R € G,) = p(R) = (1™ B 2maR) - pma(R)y.
First, we recall a proposition about the double cosets in H,\S»,,/H,,.

Proposition 5.15 [7, VII, (2.3)]. Let o = hi[2plh; € S5, (hy, hy € H,)  then
2
|H,o H,| = HE \phere 2, = 12" omylmy!. L for p =127 L

22p ’

Suppose that the circuit type x € §G,, is p= (p(R)|R € G,) and let p =
URec** Po(R). Then the multiplicity of r in p is

my= Y my(R)

ReG,

and an easy computation gives

—1
H2 [P !
220 [lrec,, 220 \Ilreg,, me(R)!

This is the number of elements in S,,xS,,. Then, for each element of S,, as in
Proposition 5.15, there are

mk!/ ]_[ mi(R)!
ReG,.

ways of distributing my cycles of length 2k in the G-colored graph and for each cycle
there are

(G R™®
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corresponding elements of G which correspond to the same distribution. Hence,

1—[ l—[ (IG1 R]y™ B ]_[ ercw mk(R)'

22p =1 ReG,.

_ |H, > TTiz) HREG**(|G|2k_1|R|)mk(R)
- [Treg,, 2RI TmE2m®) - gma® [To o m.(R)!

|H, * TTiz) Tgeq, IGPHRD™

[kec.. 2200
L(p(R;
|Hn|2|G|2" l_[REG** |R| (p(Ri))

- x )

[Tkec., 2200 |G|“P

|H, |

|HG,xHG,| =

Proposition 5.16. Suppose x € SG», has circuit type p(x) = (p(R)|R € G.), where

p(R) = (1B gmaB) - (R Lot ¢ = IC\ Y1 for C € Gy. Then

L(p(R
|Hn|2|G|2n y HREG** |R| (p(R))

|HG,xHG,| =
[1rec.. 2208) |G
1 1
_ 2 2n I
= |H,|"|G]| Ry < Up(R) "
R=C<G.. 22p(R)Sc R=CUC"'€G., Zp(R)S e
c=C"! C#C™!

In Section 8 we will use this result to properly normalize the inner product on the
multi-partition version of the ring of symmetric functions.

Definition 5.17.

R L(p(R
=[] 2wec™ > Tl zwec™™. where p=(o(R)IR € G,
R=CeG,, R=CUC™'€G.,
c=C"! C#C!

6. Representation theory of wreath products

In this section we recall a method of constructing the irreducible representations of a
wreath product SG,, = G S, (cf. [6, 14]). Let c be the cardinality of G*.
Let

an{ﬂz(nx;x GG*);anzl’la ny ZO}

x€G*
be the set of c-compositions of n. Forn € C, let

P(n) = {(A*x € G*); A" Fnyl
@Springer
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The elements of P(n) are c-tuples of partitions. The product SG(n) =[] ve+ SGn,
is an inertia group of SG,,. Define two SG(n)-modules forn € C, and A = (A(x)|x €
G*) € P(n),

R = @)V, and S1) = Q) $**,

x€G* x€G*

where S* denotes the irreducible module of the symmetric group indexed by the
partition A. The action of SG(n) is defined by

&1, 80V R - QU = g1V51(1) @ -+ @ guVs-1(n) ON R(n),
(g1,..., 8 0)v=0vonSQ).

For an irreducible representation S(A) = R(n) ® S(A) of SG(n) let G() =
SG,
S 5an.

Theorem 6.1 ([6]). {&(A);n € C,, L € P(n)}isacomplete system of irreducible rep-
resentations of SG,.

7. Gelfand pair (SG,,, HG,)

The following theorem is a result of the analysis in Section 5 (cf. Remark 5.13).
Theorem 7.1. (SG,,, HG),) is a Gelfand pair.
Since (SG»,, HG},) is a Gelfand pair ISHGG“ is multiplicity free as SG,,-module.

Definition 7.2. A character x € G* is real if x =¥, and complex if x # x. Let G
be the set of real characters and G the set of complex characters. Define a relation
~on G{. by

x~x ©x=xorx=x, andput G*=GLRUGE/~.

Throughout this paper we view G** as a subset of G* by fixing representatives of the
equivalence classes in G{./~.

Let us record the following basic results (cf. [7, VII-2]).
Proposition 7.3. (Sy,, H,) and (G x G, AG) are Gelfand pairs.

Proposition 7.4. 13" = @,,, % and 1$3° = @, .5 Vy ® Vi
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In particular, (S, x S,, AS,) is a Gelfand pair and I‘Z”Sjs” =®,., S* ® $*. Using
notations as in Section 6 define a subset of C,, by

C* ={(ny|ny, =2m,(x € Gy, my € Zxp), ny =ng(x € G¢)) € Can}.

Example 7.5. Let n;(0 <i <n — 1) be the irreducible characters of the cyclic group

Z/nZ=1{0,1,2,... ,n — 1} given by n;(j) = exp(LZY=),

I

IfG = Z,/2Z thenC** = {(n,,. ny,) = (2n — 2k, 2k);0 < k < n}andif G = Z/3Z
then C** = {(nyy. 1y, y,) = (21 — 2Kk, k, k);0 < k < n}.

Define a subset of P(n) (n € C;*) by
P = {(M|x € GV =2u*(x € Gy), M =1 (x € GO}
Put P = UQEC,’;* P**(n).

Example 7.6. 1f G = Z,/27 then P** = {(A\™, A™) = (24, 211); |A| + || = n} and if
G = Z/3Z then P;* = {(A™, A", A1) = (2A, p, ) |A| + || = n}.

We shall decompose liIGGZ” in terms of P;*. For irreducible representations of SG,
S() = V" ® S and A = (WX |x € G*) € P*(),
S =) SOX(x)
x€G*

are irreducible representations S(A) of an inertia group of SG,, (see Section 6).
Now we consider two special types of representations: The irreducible SG,-
modules

SCrx)), for x € G%,
and the SG, x SG, modules
S(ux, 10) = (Vy ® V' @ (8" @ $") = S(u(x)) ® S((x)), for x € G¢.
Then
S(x )G = (v, ® V,)29®" @ (§**)  is 1-dimensional,
and

S (G, 1)) = (V, ® Vp)29)®" @ (8" @ §*)*5C"  is nonzero.
@ Springer
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Define idempotents

deg2X1(x) _
= —" 2A d
€2.(x) 5G| X;Z GO()x  an
deg pu(x, X) _—
e = TSGR xeSCZ;SG w(x, X)(x)x,

where 2A(x ) (resp. u(x, X)) is the character of S (2A(x)) (resp. S (u(x, X)))-

Definition 7.7. For . = (\X; x € G*) € P put

W =Q enn® Q enien

xeGy x€GE/~

For n € C}* define a subgroup H G(n) of SG(n) by

HGm) =HG,NSGm) = [ HGw x [] ASGw.
x€Gy X€GE/~

By Proposition 7.3,
(SG(n), HG(n)) is a Gelfand pair
and thus, by Proposition 3.1,
CSGaeMencm = CSGay ®csom CSGme(MNencm (A € PrF)
is an irreducible SG,,-module. Consequently,
CSGueMerncm

are irreducible representations of SG, indexed by |G**|-tuples of partitions A € P;*.
We recall a lemma of Brauer (cf. [5, Chapter 6 (6.32)]).

Proposition 7.8. |G**| = |G ../
This proposition induces the following proposition.
Proposition 7.9. |HG,\SG»,/HG,| = |P;*|.

Therefore, if we can prove that CSGo,e(A)eng) has a non-zero H G,-invariant
then we have determined the irreducible decomposition of lf,GGZn If Q% is the function
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on SG,, given by

QX (x) = (eng,e(r), xeng,e(M)sc

then

QA(x) = (eng,e(l), xeng,e(M)sc, = (enc,x 'eng,e(A), eM)g

1 —
= 5G] 2 enotenc, el e®E)
"l geSG,

1
1SG ol

> enc,x lenc,eM(@)e)(g ™)

g€SG(n)
1
|SG2n|

1 1
= — - (1) =
|SG2n|€HG,,X erg,e(A)(1) 5G]

enc, X 'eng,e(Me(M)(1)

encg,e(Meng,(x).
When x =1,

Q*(1) = (eng, eV, eng,e(M))c = {eng,e(L), e(M)e

1 -
= A A
G g; enc,e()(g)e)(g)
1
= A (g™ !
G gESZG@ eng,e(M)(ge(g™")
! AMe(M)(1 ! A 1
|SG n|€HG,,€( Je(M)(1) = |SG2n|€(_)€HG,,( )
__ 1 IHGwI (1)~ dimS@) |HGw)
T 1SGa| |HG,| OSSN T SG, 1SG)| |HG,|

In particular, Qr # 0and so CSGy,e(Men has an HG ,-invariant. This proves the
following theorem.

Theorem 7.10.

ne, = P sw

APy

Example 7.11. Let ng, n; and 1, be defined as in Example 7.5. If G = Z /27 then

o= S( 2% ),
kb= T
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and if G = Z/3Z then

SGo __
16, —WEB_ S(2h. 1. 1)
ul=n Mo ) m

At the same time we have proved that

Theorem 7.12. The complete set of the zonal spherical functions for the pair
(SGva HGn) is

L 2 ISGWIHG,|
© Q1) dim SW)|HG,|

erg,eMeng,; A € 73:*} .

Let Q*% be the zonal spherical function corresponding to S(2A) 459> and let
QM1 be the zonal spherical function corresponding to S(u(x, X)) 15¢2". Then

QL — M(ﬂ)eHG,, ® Q)»(X) ® ® QH(X’Y)eHGn

x€Gy x€G/~
for A € P;*, where

|HG,|

M(n) = .
[Tieei 1HGpooll X [yeqr). 1HG g1l

We shall compute value of two zonal spherical functions, Q0 and Q*-), on each
double coset.
First assume y = . Then

|SG2n|
dim V,,** dim $*
|G|*"2n!

" dim V, > dim 5%

Y
QM0 (x) = €HG,eSnx)CHG, (X)

eHGneVaneHGn (x)eHGn eszerG” ()C)

Here we regard S>* as the irreducible representation V1®2” ® S where V/ is the trivial
representation of G. Assuming that x € SG, has a circuit type p = (o(R)|R € G..)
and writing p = (gcg,. P(R),

dim %
@,
2n! F

eyG,esreqG,(x) =

where “’2 is the zonal spherical function of (S,,, H,) evaluated at the double coset
indexed by p.
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We remark that V, is a unitary representation. To compute e HG,eve» €HG, (x) we
consider a G-invariant scalar product (, )y, on V,. If {vy, va, ..., v4} of V, is an
orthonormal basis of V, the corresponding matrix representation is given by

d
Ay =Y xij(xvi.
i=1
Let

f= ) auie,

I<ij<d
be a AG-invariant elementin V, ® V,.If A = (a;;) then
€ef =) ajgu®@gu;= > { > Xik(x)alelj(xl)} vi®u; = f
1<ij<d 1<ij=d \1<lk=d

gives Ay A = AA,. So A is a scalar matrix. In the following we put

1 d
f=— v; Q v;.
Vi

Define an inner product on (V,)®*" by

2n
W QU W ® - @ W) = H(Uz‘, w;)y, -

i=1

Then f®" e (V,® V,)®" is an HG,-invariant and (f®", f®) =1. If x =

(X15 Y15 -+ s Xns Yu; (12...20)) € SG,, then the zonal spherical function is determined
by
®n ®n 1 —1 —1 —1
(fe", xf" = d—ntrAX(x1 ViXy, Y2...X, yn)
1

= d—nx(xflylxglyz...x;lyn).

Repeating the same computation with a general x € SGy, of circuit type p =
(P(R)IR € G.) gives

|G[*" Cp(R)
———epg,eveneng,(X) = —— | | x(C)PE,
2 n n n
dim V" x dimV," 2o
R=CUC™!

This computation establishes the following proposition.
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Proposition 7.13. If x € G Sy, has a circuit type p = (p(R)|R € G ) then

1
QK(X)(X) = — | | X(C)K(p(R))(!)A.
dim V)" g ?
R=CuC™!

Now assume y 7 x and consider the zonal spherical function;

2"|G[*"n!?
i . €HG,€ NNEHG, -
(dim V,)*(dim S*)? G, Cu(x.X)€HG,

QHXX —

For convenience write SG, x SG, for the inertia group of SG, given by
{(g1, 82, - s 83 0,00)|0,(2()=2i,0,2i —1)=2i—1(1 <i <n)} = SG, x SG,,.
Define
C,={(1,...,;2i —1,2i);1 <i <n)
and putzo = (1,...,1;(12)(34)...(2n — 1, 2n)) € C,. Note that

B IG[2"n 2
Pree0 = (dim V, )2 (dim S*)?

€ASG,Cu(x, 1EASG,

are the zonal spherical functions of the Gelfand pair (SG, x SG,,, ASG,). We have

u 2n|G|2nn!2 "
= ec e e 7)€ e = er W —e
(dim V, )21 (dim $*)? C,€ASG, €u(x, )¢ ASG,€C, CoOu(x,0)€C,
and
1
ec, Wu(x.nec,(X) = o Z Wy, ) (EXE).
g,ecC"
exeeSG,xSG,
Ifxo = (x1, Y1, .o s X0, Yy (1,2,3,4,...2n — 1, 2n)) € SG,, then

expe € SG, xSG, & e=1,e =zgore =zp,€ = 1.

Recalling the zonal spherical function of (SG, x SG,, ASG,) [7, VII, Ex. 9] and the
characters of the wreath product [7, I-Appendix B] and making the identification
Xozo <> ((x1, %2, ... s X5 [0]), (Y15 o, yus 1)) € SGy XSGy,
X020 <> (V15 - -5 Y5 D)y (X1, x2, .., x5 [1]) € SG, X SGy,
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we compute

@i, 0@020) = X (x5 yaxy yaxg o e ) xy
= x (e v yaxs o e ) X
®pu(x.50(20X0) = X(yn xnyn_flxnflyn_flz ce yg_lxzyflxl))((l,i)
= x (o7 vy yaxs o v ) X

We remark that x; 'y, yaxs .o x ! yas1x !y, ds the circuit product of xo. If
X =(X1, Y15 Xn, Yn3[20]) € SGy, and exe € SG, x SG, then p is a cycle type
of the S, -part of exe. Repeating these computations with x in place of x( establishes
the following proposition.

Proposition 7.14. If x € G Sy, has circuit type p = (p(R)|R € G ) then

1 X,
QK - - C F(C))HeR) 2P
® = G mv R];[ (X(©) +T(OY P L
R=CUC~!

8. The ring A(G)
In this section we define the multi-partition version of the ring of symmetric functions.

For R € G, let p,(R)(r > 1)be the power sum symmetric function in the variables
(XR1s XR2s XR3y + - - ). IfB = (p(R); R € G,,) is a |G ,|-tuple of partitions put

PB(G**) = l_[ p,o(R)(R)'

ReEG.,
The multi-partition version of the ring of symmetric functions is
A(G) =CIp,(R); R € Gyl
with scalar product given by
(Py(G). Po(Gu)) i = 8y0p-
Here z,, is as in Definition 5.17. Change variables by setting

c C)+ x(C)
po0= Y ?pr(kw OO ),

R=CUC—'€G.,, R=CUC—'€G.,, fe
c=c-! c£C!
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for x(C) = x(x) (x € C). For a tuple of partitions L = (AX; x € G**) put
PG = [] pae0)

x€G**

and note that p,(x) = p,(x). The second orthogonality relation gives

PR =Y x(Op(x) ifR=CUC.

x€G*

Therefore A(G) = C[p.(x); x € G**]. Let Z,(x) be the zonal polynomial in the
Po(x)’s (see [7, VIL (2.13)]). Set

c
x(©) C=C' R=cuc,
KR =1 :
x(O)+x(C) -1 _ -1
MO ¢zl R=CUC

and expand 2;\()() in the basis {PB(G**)},

1 4 _ m,
v =3 G ehpa(x) = an lmr<p)'<2r>m (p)l"[mx) o)

pkn pkn
m,(p)
F(R)pr(R)
; [T- lmr(p)'(Zr)’"’(p) H {Rg
)L
; [T- lmr(p)'(2r)’”'<")
« ﬁ Z mr(p)!HReG**(X(R)pr(R))m'(p(R))
r=1 | Sem (o(Rp=m, (p) [keg.. m(p(R))!
= (i (R)) PR Por)(R)
D p— HREG* o RIE_G[M Rl;[w
L X(©) + XK€
= — AT A R
) prp 1_[ ( > l_[ Por)(R)
p=(p(R)REG .)Fn <P ReG.., REG..,
- R=CuC"!
1
= —o) [] x@©“® T pow(®)
p=(p(R)REG o )n 2P ReG., ReG.,
- R=CuUC™!
(dim V)"
=Y IDIP(Gu),

2
|HGn| P=(p(R)|REG ,,)n

where, for the last equality we use Proposition 7.13. As in the classical setting the
zonal polynomials are considered as generating functions of the Q*0’s,
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Next we analyze the case of %), Here the Schur functions play the role of the
zonal polynomials. Define S, () to be a Schur function in the p,(x)’s and expand
S;.() in the basis {Po(G)},

5,00 = ZZEIX,pr(X) Z T, m (p)'rmr(/’) l]p’(X)mr(p)

pkn pkn

my(p)
Z [1_, m, (p)‘rmr(P) H{ Z X(R)p,(R)]

pkn ReG..

Z Hr | mr(p)'rmr(/))

pkn

- m,(0)![Tgeg,, (X (R)pr(R))" )
gl - [Teg., mr(p(R))!

r=1 | Xg m(p(R)=m,(p)

Xhhc X [T GRY D TT por(R)

ZP(R) ReG** ReG..

1
Yoo =TI w©@+7@nye® I pory(R)

p=(p(R)[REG . )rn <P ReG., ReG..
R=cuc™!

_ (2dim V,)" dim §* Z
B |HG,|?

1D, | QU T Py(G)
P=(p(R)|REG . )n B

The augmented Schur functions are defined by S, = h(2)S;., where h()) is the product
of the hook lengths of A. The augmented Schur functions are the Jack symmetric func-
tions at the parameter &« = 1. These computations establish the following proposition.

Proposition 8.1. If x = then

LY 20 = —
dimv, ) “* T HG,)

1D, Q% Py(Go)
p=(p(R)REG . )Fn h

If x # X then
|G| )l‘l . )\ -
. RS (x) = |D,| QU*PP,(G ).
(dlm VX |HGn | E:(p(R)lzReG**))—n B 2 B

Definition 8.2. Put

Gl
dim V,

Gl
dim V,,

Z,(x) = < ) Z,(x) and 8, (x) = ( ) h()8,(x)-
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9. The graded algebra H(G)

LetH, = eng,CSGaumencg,(n > 1), Hop = C, and let H(G) be the graded vector space

H(G) = D Ha.

n>0

If f= ano foand g = ano gn with f,, g, € H,, define

(fr@dn=D (fu@)n,»  where  (fu,g@dw, = D ful)ga(x).

n>0 xeSGoy

Since the zonal spherical functions of (SG,,, HG,) form an orthogonal basis of H,,
they also form a basis of H(G). The multiplication of H(G) is defined by

U*V=eHG,,, U X V)eHG,,,,

where we view u x v as a function on the parabolic subalgebra CS,, x CS,,, of
CS82,+2m- In this way H(G) has the structure of a graded algebra.

10. The characteristic map
Define a linear map CH : H(G) — A(G) by
CH ( > f(g)g> = Y F(&)Pue)(Gr),
2€SGy, geSGyy,

where p(g) is the circuit type of g € SGo,. Let Wy be an element of SG,, whose
circuit type is p and define

V), = eng,WpeHa,-

Let D, be the double coset containing w,. Then

W00 |D,|~!, if x has circuit type p,
x) = £ =
£ 0, otherwise.

The W, form a basis of H(SG2,, HG,) and the image of W, under CH 1is
CH(Y,) = Pp(G.s).

Suppose that x € SGo, and y € SGa, have circuit type p and o respectively. The
G-colored graph

Fo(x x y) =Te(x)UTa(y),
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where x x y € §Gy, X SGo C SGayyom. Therefore the circuit type of x x y is p U
o =(p(R)Ua(R); R € G,,). Since

v, « ¥y = eng,,, (€, Woena,) X (€HG, WaHG, )CHG,.,

= CHG, 1 Wp X W €HG, ., = \DQUQ

it follows that

CH("IIQ * \Ijg) = PBUQ(G**) = PQ(G**)PU_(G**)a

and hence CH is an isomorphism of graded C-algebras. Together with the fact that

Py(Gis) Py(Gou
(W Wo)r = 801Dyl ™" = 8902 | HG| > = < TTRATT )> :
A

|HG,| " |HG,|
this establishes the following theorem.
Theorem 10.1.

|HG,|"'CH : f + |HG,|"'CH(f)

is an isometry of H(G) onto A(G).

11. Zonal polynomials for wreath products

In this section we compute the images of the zonal spherical functions under the map
C H. The following proposition follows from Proposition 8.1.

Proposition 11.1. |HG,|"'\CH(Q?0) = Z,(x) and |HG,|"'\CH(Q"XD) =
Su(x)-

Let 2 = 2400, 1(x's X)Ix € G x' € G&) € P;*. Then

Qr — Mneyc, ® QM0 & ® QM(X,Y)eHG”

x€Gy X€GE/~
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(see Section 7, formula after Theorem 7.12). Viewing ®xe G QM0
Q) ez X as an element of a parabolic subalgebra of H(G),

CH(Q) = M@CH | enc, Q) XX e Q) 2"*Peyq,

x€Gy x€GE/~

=M [] cH(@%)x ] cH("*?)
x€Gy X€GE/~

= |HG,| 1_[ Zyon(x) X l_[ S'u(x,Y)(X)'

x€Gy X€GE/~
This establishes the main theorem of this paper.

Theorem 11.2. Let A = QA(x), u(x’, xDlx € G**, x' € G¢)) e Py*. Then we
have

|HG,|"'CH@) = [] ZiowO x [ S (0-
x€Gy X€GE/~

Define

Z), = 1_[ Z(x) x 1_[ SM(X,Y)(X)’ fora € P
x€Gy X€GE/~

Since |HG,| 'CH is an isometry we have

Corollary 11.3.

|SGo|
Z 2N = QL’ Q¢ =35 )
( A ,u)A - ( *>H — A,Edi G()\.)

Via CH we obtain
Corollary 11.4.

2, =|HG,| ) 2,' % P)(G.),
a4

where p runs over {p = (p(R)|R € G..);|p| = n}.

The orthogonality relation of the zonal spherical functions gives the following
Frobenius formula.
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Corollary 11.5.

dim G(R) iz,

PE(G**):|HGn| Z |SG2 | P

AP

12. Orthogonal polynomials of hypergeometric type arising
from frobenius formula

In this section we apply our main theorem to discrete orthogonal polynomials. Mul-
tivariate orthogonal polynomials of hypergeometric type are considered in [1, 8, 9].
These papers are devoted to multivariate orthogonal polynomials which are expressed
in terms of the (m + 1, n 4 1)-hypergeometric functions

—n—1 .
[Tz (e )Z’}:l aij [T5" 6 )Z”‘:,”*‘ aji ]_[xfjf/
Fa.piy.X)= Y. = nL
(@1)EMy 1 (No) WL, 0 [Ta!

where o= (a1, ...,2)eC, B=QB1,...,Bwn_1)€C"™ ! and X =
(x,-j)l i, If (G, H) is a Gelfand pair then the zonal spherical functions of

the Gelfand pair (G S,, H:S,) can be written in terms of (m + 1,n + 1)-
hypergeometric functions as follows.

Proposition 12.1 [9, Remark 2.1]. If the zonal spherical function values for (G, H)
are given by the matrix = (w;j)o<ij<r—1 then the zonal spherical function values for
(G S, H1S,) are given by the matrix

(F(=m, —k; —n|J — Q) k-

where m = (mo, my, ... ,m,_1) € Z_, and k = (ko, k1, ... , k,_1) € Z%, runs over
ko+--+k_1=mog+---+m,_; =nandJ isr x r-all-one matrix.

The following generating function can be considered as an integral expression of
hypergeometric functions.

Proposition 12.2 [8, Proposition 4.1].
r—1 f/r—1 mi n .

= b e _ k -
U(;xjitj> _Z<ko,...,krl>F( k, —m;—n|lJ — X" ... 1,75,

k

=l

where k = (ko, k1, ... ,k-—1) € Z’ZO runs over ko+---+k._1=n, and X =
(xij)o<ij<r—1 With xo; = x;0 = 1.

@ Springer



214 J Algebr Comb (2007) 25:189-215

Let p = (1"*|R € G.). Then the left hand side of formula in Corollary 11.5 can
be written as

I1 (Z X(C)pl(x)>mR-

R=CUC~'€G,, \x€G*

Putr = |G..l, t, = p1(x) and let d, be the degree of x. Note that ¢, = #;. Proposi-
tion 12.2 gives

I (zxwx) -z )
xeG*

R=CUC~'€G,, \ x€G* R=CUC-'€G,, X
|
(k. —m:—nlT = X) [ @) ] @),

K erG** ! X€G% X€GE/~

where X' = (M)XEG**,RzCUC“EG** and k = (ky|x € G™) € Zg*‘ runs over
D e ky =1 We have

G
('—ltx) = |Hj, | Z hM) 1 Z(x), for x € G*%, and

dy Mk
1G] \“ <
(th) =|Skx|§h(x)*2sk(x), for x € G.
Compute
[T @ ] @
HXEG** X x€Gy xeGg/~
k k
n AN L ANRSNL AR
= — x) =500
(k)xl;[*(|a|) ;kh(zx) g ﬂ <|G| %kahmz ’

n!
= <|G|) ZdlmS(k)Z,\,

where L = (AX|x € G™)runs over AX - kX(x € G*). By comparing coefficients on
each side of the Frobenius formula, we obtain the following theorem.

Theorem 12.3. Letk = (2ky, k,/|x € Gy, x' € G¢) € Pi*, A € P(k) andput k™ =
(kylx € G*)and m = (mg|R € G**). Then

Q4 F(—m, —k™;—n|J — X).

(I"R|REG ) —
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Remark 12.4. Since the table of zonal spherical functions of a Gelfand pair
(SG,, HG)) is given by X, the same orthogonal polynomials are obtained from a
Gelfand pair of (SG1 S,,, HG S,) (cf. [9, Remark 2.1]).
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