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Abstract Itis known thatin PG(3, ¢), ¢ > 19, a partial flock of a quadratic cone with
q — ¢ planes, can be extended to a unique flock if ¢ < %\/— , and a similar and slightly
stronger theorem holds for the case g even. In this paper we prove the analogue of this
result for cones with base curve of higher degree.
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1 Introduction

A flock of a cone of PG(3, ¢) is a partition of the points of the cone different from the
vertex into ¢ disjoint plane sections. The case of the quadratic cone was investigated by
several researchers. Associated with flocks of the quadratic cone are some line spreads
of PG(3, ¢) and translation planes; g-clans and some elation generalised quadrangles
of order (qz, q); hyperbolic fibrations; BLT-sets (when ¢ is odd); and, when q is even,
families of ovals in PG(2, g), called herds.

Parts (i) and (ii) of the following theorem were proved in [10] in a short way, while
part (iii) is due to Storme and Thas [11].

Theorem 1. Let g > 19. Assume that the planes E;, i =1, ..., q — ¢ intersect the
quadratic cone C C PG(3, q) in disjoint irreducible conics.

1) Ife < i /4 then one can find additional € planes (in a unique way), which extend
the set {E;} to a flock.
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(i) Ifq = pisaprime and ¢ < 4—10 p + 1 then the partial flock can be extended to a
unique flock.

(iii) Ifg isevenand e < ,/q if q is a square and ¢ < ﬁﬂ if q is a nonsquare then
the partial flock can be extended to a unique flock.

In Section 2 of this paper we prove the following analogue of this result for cones
with base curve of higher degree. The proof will be more complicated than in the
quadratic case.

Theorem 2. For 2<d <q consider the cone {(1,t, t9,72):t,z €
GF(g)} U{(0,0,1,2): z € GF(g)} U {(0,0,0,1)} = C C PG3,q) and let C*
= C\{(0,0,0, 1)}. Assume that the planes E;, i =1,...,q —¢, E; $(0,0,0, 1),
intersect C* in pairwise disjoint curves. If ¢ < Ldl—zﬂj then one can find additional
& planes (in a unique way), which extend the set {E;} to a flock, (i.e. q planes
partitioning C*).

The proof (see below) starts like in the quadratic case. Using elementary symmetric
polynomials we find an algebraic curve G(X, Y), which “contains” the missing planes
in some sense. The difficulties are (i) to show that G splits into ¢ factors, and (ii) to
show that each of these factors corresponds to a missing plane. For (i) we use our new
Lemma 3. For (ii) we have to show that most of the possible terms of such a factor do
not occur, which needs a linear algebra argument on a determinant with entries being
elementary symmetric polynomials; this matrix may be well-known but the author
could not find a reference for it. To be self-contained we include that half of the proof
which is common with the one in [10].

2 Proof
Lemma 3. Choose three constants 1 <d < q, a > d%l + W and n <

5[ —d+ % Let C,, be a curve of order n defined over GF(q), and denote by N
the number of its points in PG (2, q). Suppose that C,, does not contain a component
defined over GF(q) of degree < d. Then N < nqa.

For curves without linear component a similar lemma can be found in Sziklai [9],
which is a variant of alemma by Sz8nyi [12]. For curves without quadratic component
see [10].

Proof: (i) Suppose first that C,, is absolutely irreducible. Then Weil’s theorem ([15],
[6]) gives N <g+1+4+(n—1)(n—2)/q. We want g + 1+ (n — 1)(n — 2),/qg <
nqo. As it is quadratic in n it is enough to check it forn =d + 1 and n = % q —
d + 3, and it holds indeed.

If C, is not absolutely irreducible, then it can be written as C, = D; U --- U D,
where D; is an absolutely irreducible component of order i, so Z‘;:l ij=n1fD;
cannot be defined over GF(g), thenithas atmost N; < (i j)z < ijqapointsinPG(2, q)
(see [6], Lemma 2.24). If D; is defined over GF(g), then the Weil-bound implies again
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that N; < i;jqo. Hence

N = XS:Nj < stijqoc = nqa.
j=1 j=1

O

Proof of Theorem 2. Suppose that the plane E; has the equation X4 = a; X +
bin—}—c,-Xg,fori = 1,2,...,6] — €&.

Define fi(T)=a; +b;T 4+ ¢;T?, then E;NC = {(1,1,t, fi(t)) : t € GF(q)} U
{(0,0,1,¢;)}. Letoy(T) = or({ fi(T) : i =1, ..., q — €}) denote the k-th elementary
symmetric polynomial of the polynomials f;, then deg; (o) < dk. As for any fixed
T =1t € GF(q) the values f;(¢) are all distinct, we would like to find

X7 —X
[L(X — fi®)’
the roots of which are the missing values GF(¢) \ {fi(#):i =1,...,q9 — ¢&}.

In order to do so, we define the elementary symmetric polynomials o j‘(t) of the
“missing elements” with the following formula:

X=X =X —o1(OXT T + oa(0)XITET = oy (1)
X (XE —of (X + o (OXETE— £ 0l (1));

from which ajf‘(t) can be calculated recursively from the oy ()-s, as the coefficient
of X477, j=1,...,qg —2is0 = a_;"(t) + 0}‘_1(t)01(t) + ot ol (1) +o;(1);
for example

of (1) = —o1(1); 05 (1) = 01(1)* — 0a(1);

o3 (1) = =01(1) + 201 (Do (1) — 03(1); . . o)
etc. Note that we do not need to use all the coefficients/equations, it is enough to do
itforj=1,...,¢.

Using the same formulae, obtained from the coefficients of X7 “Iji=1,...,8,
one can define the polynomials

of(T) = —o1(T);  o5(T) = o1(T)* — oa(T);
03(T) = —o1(T)* + 201(T)oo(T) — o5(T); ... (1%)

up to o,". Note that degy(0;) < dj. From the definition

(X7 = ol(T)X™ 7 4+ 0y(THXT 77 — - 0y o(T)) X

(Xf — o (X +0o3(T)X 2 — - £0X(T))
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is a polynomial, which is X¢ — X for any substitution 7' = t € GF(q), so it is of the
form X7 — X + (T? — T)(...). Now define

GX,T)=X* —of(T)X* ' + 0} (T)X* 2 — .- £ 0(T), )

from the recursive formulae it is a polynomial in X and T, of total degree < de and
X-degree ¢.

Forany T =t € GF(q) the polynomial G(X, ) has ¢ roots in GF(g) (i.e. the missing
elements GF(g) \ {f;(t):i = 1,...,q — €}), so the algebraic curve G(X, T) has at
least N > gq distinct points in GF(q) x GF(g). Suppose that G has no component
(defined over GF(q)) of degree < d. Let’s apply the Lemma with a suitable ﬁ +

1+dd—1)/g [ 1= 3
W§a<z,n—degG§d£§d\/§ d+2,wehave

eq < N <deqa < ¢q,

which is false, so G = H| G|, where H is an irreducible factor over GF(q) of degree
at most d. If degy Hy = dx > 2 thendegy G| = ¢ — dx, which means that H; has at
most g + 1 + (dx — 1)(dx — 2),/q and G has at most (¢ — dx)q distinct points in
GF(g) x GF(q) (at most ¢ — dx for each T =t € GF(q)), so in total G has

eq <N < (s —dx + g + 1+ (dx — D(dx — 2)/q.

a contradictionif 2 < dy < /g + 1,sodegy H; = 1.
One can suppose w.l.o.g. that both H; and G, expanded by the powers of X, are
of leading coefficient 1. So Hj is of the form H\(X, T) = X — f,_.+1(T), where

Jo—er1(T) = agev1 +byg—e1 T + que+1Td + 8g—e+1(T),

where 8,_.41(T) is an “error polynomial” with terms of degree between 2 and d — 1.
At the end of the proof we will show that 8,_. | and other error polynomials are zero.

Now one can repeat everything for G, which has at least (¢ — 1)q distinct points
in GF(g) x GF(q) (as H has exactly g and H, G has at least £g). A similar reasoning
giVCS G1 = Hsz, where Hz(X, T) =X - fq,g+2(T) with fq,g+2(T) = Qg—c+42 +
by—et2T + cq,HzT" + 84—e4+2(T). Going on we get fy_cy3, ..., f; (where for j =
g—¢e+1,...,gwehave f{(T) =a; + b;T +c;T? + §;(T), where §;(T) contains
terms of degree between 2 and (d — 1) only). Hence

q

GX,T)= [] X — fuT)).

q—e+1
For any t € GF(g) the values fi(1), ..., f,(¢) are all distinct, this is obvious from
(X =X + o)X — - oy (1)) X

(X = fg—er1@) - (X = f,(1))) = X7 - X.
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For j =g —e+1,...,q let the plane E; be defined by X4 =a;X; +b; X, +
¢jX3. We are going to prove that {E; : j =1, ..., g} is aflock.

First we check the case “r = 00”: we have to check whether the intersection points
E; N C on the plane at infinity X; = 0, i.e. the values ¢y, ..., ¢g—¢; Cg—pt1, ..., Cq

r I
are all distinct (for I' we know it). (Note that even if ¢ planes partition the affine part
of C* then this might be false for the infinite part of C*.) From (1*), considering the
leading coefficients in each defining equality, we have

o1(T*) = —o1(1); 0a(T™*) = 01(1)* — a(T);
03(I") = —01(I')* + 201(Mox(I") — o3(1);
etc., so
X=X =X - o(DXI '+ (DX 72— ... £ 0, _.(I")
X (XF— o) (TH)X '+ on(THX 72— ... £ 0, _(TY)),

which we wanted to prove.

Now we want to get rid of the §,’s, i.e. we are going to prove that §,_. 1, ...,8;, =
0. Let s be the maximal T-exponent appearing in any of 8,41, ...,d,, so each
8j(T)y=d;T*+---(for j=qg—¢+1,...,q;als0 2 <5 <d — 1 and there exists
ad; # 0). In the equation

GX,T)= X’ —of(T)X* ' +o(T)X* 2 — .. £ 0(T)

&
=[[X = agesi = bgoeiT — cgoeriT* = 84— c1i(T)),
i=1

the coefficient of X*~/T9U=D+s j =1, ... ¢, is zero on the left hand side (i.e. the
coefficient of 79U~ D+s ip o, it can be seen by induction from (1*) for instance), and
it is

O‘jfl(r* \ {queJrl})dqferl + O’jfl(r* \ {qué‘+2})dq*8+2 + -+ O‘jfl(r* \ {Cq})dq

on the right hand side. Hence we have a system of homogeneous linear equations for

dy—g41, - .., dy with the elementary symmetric determinant
1 1 . 1
oM \{eg—eq1}) a1 \{cg—e2) ... 1T \{cs})
o (I \ {quval}) o (I \ {Cq76+2}) cee o (I \ {Cq})
o1 (I'\ {CL]*EJrl}) o1 (I'\ {querZ}) e o (I {Cq})
= 1_[ (Cg—eti = Cq—etj)s
I<i<j<e
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which is non-zero as the ¢;’s are pairwise distinct. Hence the unique solution is

dg—et1,...,dg =0and f;(T)=a; +b;T +chd foreach j =1,...,q.

Our final and the last missing argument we need is that for j = 1, ..., g the plane
E intersects Cin {(1, ¢, 19, fi@®) 1t € GF(g)} U {(0, 0, 1, c;)}, so these intersections
are pairwise disjoint, Ey, ..., E, is a flock of C. O
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